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Abstract

An example shows that there are well-behaved infinite signaling games with no
sequential equilibria. We explore the relationship between equilibrium outcomes of the
infinite game and those of approximating games. Consider a sequence of signaling games
approaching a limit game. A (sub)sequence of equilibrium outcomes of the approximating games
will converge to a limit distribution. That limit distribution will be an equilibrium outcome of
the limit game if it can be realized by strategies of the limit game. As a result of this general
convergence result, we prove the existance of sequential and weak-best-response equilibria for
strongly monotonic games. In a companion article we explore the role of cheap talk in solving
the non-existence problem.
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1 Introduction

Most aspects of the theory of extensive-forin games require that playvers’ choice variables have only a
finite number of passible values (e.g.. Kreps and Wilson 19582). In many economic applications of game
theory, however, choices are more conveniently modeled as continuous variables. As a result. there is

LAt present. there is no satisfacrory

a growing literature extending the theory to infinite cholce sets.
definition of sequential equilibrium for general extensive-forin games with infinite information =ets and
action spaces. Furthermore, there are some recent examples {Harris (1990), Reny and Ralson (1991}
and Seidmann (1992}) of well behaved infinite gamnes that have no equilibrium. As a first step, this
paper concerns the special case of infinite signaling games.

In a signaling game, player 1 first learns some private information, called his type. and then gends
a signal to player 2. Player 2 observes this signal. makes an inference about plaver 1's probable
type, and then responds with an action. The game ends with the players receiving pavotfs that in
general depend on player 1's type and signal and player 2’s action. Signaling garnes liave generated
considerable interest of their own. They have been extensively applied in economics and finanee.”
Several authors have used these games to analyze refinements of the sequential equilibritin coneept.®
There is also a developing literature on signaling ganes with cheap talk (costless signaling).”

We first extend the definition of Sequential Fquilibrium (SE) to signaling games with infinite type
and action spaces. We then prove general theorems concerning convergence of SE for continuous
games (in which the action and type spaces are compact metric spaces and the payolf functions are
continuous), and existence of SE for a class of continuous signaling games. A general existenee theorem
is not possible; we discuss an example (due to Eric vin Damme (1957)) of a simple continuaus signaling
game that has no sequential equilibria.

Given a game, we consider a sequence of ganies that approximates it. The outcone of a SE is the
probability distribution on the types and signals of player | and the responses of player 2 resulting

from playing the SE strategics. Qur convergence theoremn states that a hunit of SE onteomes for the

1See, for example, Borgers (1989, 1991), Chakrabarti (198%a, b}, Cotter {1991). Dasgupta and Maskin [1086),
Fudenberg and Levine (1986}, Harris {1983a, 19830, 1990}, Hellwig and Leininger (1957). Hellwig. Leininger. Reny
and Robson {1991}, Milgrom and Weber (1935), Simen and Stinchcombe (1989, 1901). Simon and Zanee {(1900), and

Stinchcombe {1992a, b).
2Papers using signaling games {or variants) include Bhattacharya (1978), Leland and Pyle (1077)0 Milgrom and

Roberts (1982), Myers and Majluff (1984}, Riley (1979). and Spenrce {1971).

3See Banks and Sobel (1987}, Cho and Kreps (1957}, and Cho and Sobel (1957).
4See, for example, Farrell and Gibbous (1956.1989), Matthews, Oknoo-Fujiwara and T'ostlewaite (1900}, Seidmann

(1990}, and Stein (1989).



sequence of approximating games is a SE outcome {for the limit game) provided it can be realized
by a pair of strategies of the hmit game, in which player 2's strategy 15 continnous. As parr of the
convergence theorem, we show how to obtain equilibriuvin strategies supporting the outeome for the
limit game and how to derive plaver 2's equilibrium beliefs from her beliefs in the approximating
games.

Since finite games have SE, approximating an infinite gatne with a sequience of finite ganies leads
{through the convergence theorem) to existence results: SE exist for strongly monotonic. continions
signaling games. In a companion essay (I-M 1993), we apply the convergence results to explore
the question of existence in signaling games by using cheap-talk. player ’s ability to send a payoll
irrelevant message to player 2.

In many finite games, a plethora of SE exist. To pare down the number of equilibria. a number of
authors have proposed and analyzed refinetnents of the SE concept. We extend our convergenee and
existence theorems using one of the strongest of these refinements, the Weak Best Response test of
Kohlberg and Mertens (1986).

As we sald, we prove our existence results using a sequence of finite approximating games amd
a convergence theorem on outcomes. The antecedents of this convergence methad probably begin
with Harris (1985), who in proving the existence of pure strategy subgame perfect equilibria for a
class of infinite games shows that the the map from histories Into continuation paths 1s upper heini-
continuouns.® Hellwig, Leininger, Reny and Robson (1990) explicitly use the convergence of subgate
perfect equilibrium paths to prove existence in Harris’ games® Bérgers (1991) defines a norien of
approximation for a class of games and proves that the map from games to pure subgame perfect
equilibrium outcomes is upper hemi-continuous. Borgers” result. as the previous ones. only applies
to outcomes generated by pure strategies. Since finite games may not have pure strategy equilibrin.
the convergence result is not enough to vield existence i Borgers' games. Our method ineorporates
mixed outcomes, the result of randomization by the players.”

One can envision at least three olher approaches to proving existence of equilibriun. First. one
could try using a fixed-point argument as Milgrom and Weber (19583) do for one-shot. sunultaneous-
move games with incomplete information. This does not seetn possible with signaling games hecause
even though payofls are continuous, expected payofls are not with respect to any commnn topology

on strategies that makes the space of strategies compact,

“Hellwig and Leininger {1987) provide an alternative proof of Harris result.

$Borgers (1989) obtains a related upper henti-continuity result fur truncations of infinite-horizon games.

"Harris (1991) provides a counter example to the existence of vquilibria in Birgers” ganes. and proves the existence

of stage correlated equilibria. We further discuss his result in BN (1043),



A second alternative is to use a sequence of fluite approximating games and a convergence theorem
on strategies (instead of ocutcomes). Oue has to impose severe restrictions on a gamne fo guarantes
that a sequence of strategies will converge. We prove a convergence and existence result along these
lines as a particular case of our convergence theorem. We have abandoned this approach because of
the additional assumptions needed and because it does not seem to be applicable to more general
extensive-form games.

A third alternative is to construct SE strategies using the equilibrium conditions of the garne. Cho
and Sobel (1987), Crawford and Sobel (1982}, and Riley (1979) use this approach. All these papers
show the existence of SE for certain ciasses of signaling games. All iimpose strong assuptions on the
players’ payoff functions, e.g., differentiability and restrictions on the cross derivatives. Becanse of
their strong assumptions, all can analyze the properties of equilibria, such as how mucl information
player 1 will reveal. Also assuming differentiability, Mailath (1987) shows that in a class of signaling
games, separating equilibria imply differentiable equilibrium strategies. He provides necessary aud
sufficient conditions for the existence of separating equilibria in that class of games. This type of
approach will also be difficult to apply to more general games.

The paper is organized as follows. Section IT introduces the game. notation and detinitions. Seetion
111 discusses the cause of the non-existence problen with four examples. Section I'V presents and proves
the convergence result on SE outcomes. Section Vo derives an existence theoremn for a class of gatnes,
Section VI extends our results to equilibria satisfving the Weak Best Response test. An Appendix

caontains some of the proofs,

2 Notation and the Game

We summarize a game by ' = [(T" p}. Y. Y. U7 0730 In this game. plaver 1 first privately observes his
type ¢ from the set T of possible types and then sends asignal » from the ser X, Player 2 observes this
signal, infers player 1’s probable types, and then selects an action y fromn the set Y. The gmine ends
and each player 1 receives payofl U''{¢, . y). To complete the specification of the game. we assune 1hat
player 2 has prior beliefs p about the possible types f of player 1: g is a Borel probability distribution
on T that is common knowledge. We denote the support of p by supp[p] and assuuie for convenience
that supp[p] =T.

We shall be concerned in this paper with games that are continuous in the following sense.

Definition 1 T = [(T,p), X, Y. UV U2 w5 continuous of T XN and Y are compact wetvic spuces and

U and U? are conlinuous.



For the remainder of this section, fix a particular game I' = [(T.p). X. Y. 70 77

For any metric space A, let M {A) denote the set of Borel probability distributions on 1. Define
an event of A to be a Borel-measurable subset. Given another metric space I and p € M4 x B).
let 44 and up denote the marginal distributions.

Kreps and Wilson {1982) defined sequential equilibrium for finite games. We adapt their definition
to infinite signaling games as follows. A Sequential Equilibrinm (SE)} for game ' is a triple (o5, .3).
where & denotes a strategy for player 1. 5 denotes a strategy {or player 2. and 7 denotes a system of
beliefs of player 2 about the type of player [. To be a SE, the strategles and beliefs mimst satisfy three
sets of requirements: the strategies must be admissible.  the beliefs of plaver 2 miust he consistend
with the strategy of player 1, and the strategios of both plavers st be sequentially mtronal. We
next discuss each of these elements individually and then summarize the discussion with a formal
definition of sequential equilibrium. The admissible strategies for the players are belhiavior strategies
conditioned on their information. For player 1. a beliavior strategy is a function « from types in T
to probability distributions in M (V). Given a type t € T and an event EC X, o(£)(£) denotes the
probability assigned to E by the distribution off).

Admissible strategies must be measurable so that they will induce well-defined joint probability
distributions on the endpoints (¢, .y} of the game and thereby allow the plavers™ expected pavoffs to
be computed. Let a e p denote the joint distribution on 7" x X induced by the behavior strategy o
when combined with the distribution g on 7. # It is defined for all event rectangles 1) x £ C 1 x X

as

{acep)(D x L):f alt)E) pldty.

D
We define the set of admissible strategies for player 1 in the game [* as

SHTY = {a - T—M (X)) | s measurable }.

and shall require for a SE (4.7, 3) that a € XTI},

The set of admissible strategies for player 2 in [ 1s denoted by
CAHT) = {n: N—27(Y) | 5 is measurable}.

The form of a strategy for player 2 will tnake it convenient to work with the space (Y] insread

of with the space Y directly. We extend the players” payoll functions [7% from ¥ to 3 (Y} by taking

3 The distribution a ¢ p will be well-defined if we require the function t—a (t){L£) 1o be measurabde for each fixed
event £ C X (Billingsley 1979, p. 391). This requirement is equivalent to putting the tapology of weak convergence of
measures on M (X} and requiring that a : T— M (X)) be a measurable function (Bertsekas and Shreve 1978 Proposition

7.26).



expected values: for each {({,z. ) €T x X x MY}, we let

Uitz ) = f), e oy y(dy). (1

[/i is a continuous function on T x X x ¥ if and enly if the extension of I' to T x X x M(Y) is
continuous {Lemma 4 below proves the non-trivial half of tlis statement),

We represent the beliefs of player 2 about player I's type conditional on plaver 1's signal as a
function 8 : X —M(T); 8{z) is a probability distribution on playver 's types T given that player 1
has sent signal z.

For finite signaling games, Kreps and Wilson's consistency requirernent onty implies thar the beliefs
3 must be derived using Bayes' Rule from player 1's strategy o and the prior distribution p. That 1=,
3 must be a conditional probability distribution of ¢ given » derived from the joint distribution noe

From the general definition of conditianal (stribution. this means
(Bl) /3 is measurable, and
(B2) Seuxy =u, where y —aep,

Define
YY) = {{ 4. a) | (4. o) satisfy Bl and B2).

Our consistency requirement on beliefs for a SE (¢, 5. 3) will be that {(J.a) € X3 (1).

The last two requirements for a sequential equilibrium are sequential rationality of strategies. Let
7 be player 2’s strategy. The first requirement is that player 1 must ouly send signals v that maxinize
his expected payoff /(¢  x d{z)) given that his type is £ Let 3 be plaver 2's beliefs. The second
requirement is that player 2’s response 3 € M(Y) to a signal r must maximize lier expected payoil
I UR(t,z,n) B(x)(dt). These conditions are stated as 53 and S4 below.

We summarize this discussion with the following

Definition 2 A Sequential BEquilibrium (SE) for U= [{T.p). N. Y. 0702 15 a triple (0., 3) safis-
fying

(S1) & e YD), ne T,
(52) (3,6) e T(T);
(S3) viteT, fx Utz i)y a(fi(de) > UMt 2’ pla’)) Yo' € X

(S4) Ve e X, [, Ut,z,0(2) 3(x)(dty > [, Ut gy 3(r)(dt) ¥y M(Y).



3 Examples

Any infinite game may be approximated by a sequence of finite games obtained through ncreasingly
finer discretizations. Any sequence of SE outcomes of the finite games will converge (in a subsequence)
to a limit distribution. The following examples, variations of an example due to Eric van Dannme”
(1987), illustrate why the limit distribution may fail to be a SE outcome of the limit game. This, in
turn, explains why SE need not exist in infinite games.

Example 1 shows that SE may not exist because the linit of SE outcomes cannet he realized by

strategies of the limit game. Define the game T by
T={-11}.p(-1y=pl) = /2. X =Y = [-1.1].

Cliory) = —2° + iy, Ul y) = 2y

To simplify notation, we write p{—1} when we mean p({—=1}) since p is a measure. For shuplicity,
we will consider in this section mainly pure strategies, although all the claits are valud for hehavior
strategies as well. We will denote pure strategies by real-valued functions,

The game T is continuous, hut it has no sequential equilibrivm. To see this, observe that sinee
player 2’s payoff function is independent of £, hier hest responses do not depend on her beliefs concerning
t. Letting the function § denote player 2's strategy. in any potential sequential equilibrivm we must

have

wo={ 7T
Now player 1 will choose = given ¢ 1o maximize his pavoll 1z g(r). This amounts to player |
choosing a maximizer for U! from the graph of the function j. On this graph. the pavoff for either
type of player 1 is strictly increasing as r — 0 from either above or below. But no matter how ()
is chosen {even randomly), the graph of 7 will not be closed at & = 0, so that a maximizer will not

exist for at least one type of player 1. Hence, a sequential equilibrium cannet exist.

Let {X™} be a sequence of finite subsets of X' that are increasingly finer approximations te X say
Xt ={(=D%/n|l=1 2andk =1 ..n}.

Let {¥™) be an analogous sequence for ¥, say Y™ = X", The game
" = [(T,p), X", Y™, U U is finite. so it has a SE. SE strategies are 2" (=1) = —=1/n.0"(1) = 1/n.

and 3" (z) = (&) given by (2).

¥ We thank Subir Chakrabarti for bringing an example of van Damme’s 1o onr attention.



Now look at the sequence of outcomes for these SE for ['™". This is a sequence of distributions A
on T x X" x Y™ given by A (=1, =1/n.=1) = A" (1. 1/n.1) = 1/2 (again simplifying the notation for

measures). ' This sequence will converge weakly to the distribution A on 7 x X x Y given by
M—=1,0,—1)= A{1.0.1) = 1/2. (3)

This limit distribution cannot be a SE outcoine because it cannot e implemented by a pair of
strategies. We can construct a pure strategy for playver 1 out of A it s £{=1) = (1) = 0. We cannot,
however, construct a response for player 2 because there 1s no unique conditional value of ¥ given a:
to be consistent with the limit distribution A player 2 must respond to z = 0 with ¥y = —1 (when
t = —1) and with y = 1 (when t = 1). In each game '™ in this example, there is coordination between
player 1 and player 2-player 2 plays high or low depending on whether plaver 1s tvpe 1= higho or low.

But this coordination is lost in the limit game I

Example 2 shows that SE may not exist even though the limit distribution is iimplementable

the infinite game. Define the game I' by
T=X=Y ={-1.1]. p is uniformon 7.

UMtz y)= =t —r+ )" Uey) = vy

As n the first example, a SE does not exist. In any potential SE player 2's strategy must follow {2).
Type t = 1 of player 1 prefers to send a negative signal » to any positive one. amd his pavefl sreietly
increases as x [ 0. Similarly, ¢t = —1 prefers ro send a positive signal to any negative one. and his
payoft strictly increases as = | 0. Since the graph of j is not cloged at 0. independent of how (0}
1s defined, no SE can exist. [ntuitively, types £ = | and { = —1 would like to separate themselves.
Although any signal 2 < 0 for f = | and & > 0 for t = —1 would allow themn to separate, nons can
be used in equilibrium because a less expensive one (for instance /2) is always available. Therefore.
separation in equilibrium must be costless. Since there is a unique costless signal for hoth plavers
(x = 0), they cannot differentiate themselves: no cquilibrium exists.

Define X and YY" as in Example 1, and T similarly. Let p? assign equal probability 1/2n to all
elements in 7". Thus, {p™) = p. Consider I = [(77.p"). X" Y UL U7 Player 2's equilibrium

strategy is given by §" = 7 as defined in (2). Let

i(i):{ t=1 ifl>t20

-t f=1<t<

1071 the next section, we use a slightly different definition of vutcome to acconmnodate behavior strategies.



Player 1’s SE strategy z" in ™ is #"(1) = —=1/n, "(=1) = I/n. and 2" (1) = 2{t) evervwhere else.
These strategies implement the SE outcome A" that assigns equal probability 1/2n to all elements
of
{8 F), 5 e T YUl =1/n. —1) (=L I/n 13},

As n — o0, {5‘“) = A, the uniform distribution on
{tt=1L-1):1>t>0 u{{t.l-¢t1):1 <t <}

The limit distribution A is implemented in T' by any strategy pair (2. y) in which #(1) respects (4), and
y (2). Regardless of how z(1), #{—1), and (0) are defined, types f = 1 or t = —1 of player 1 will not
satisfy sequential rationality S3. Any strategy for player 2 that implements A must he discontinnons
at r = 0, and 53 requires that both ¢ = 1 and { = —1 play » = 0.

Implementability of the limit distribution is not enough to guarantee that that distribution will
be a SE outcome: Altering a strategy on a set of measure zero will not change the outeoine of plaving
that strategy. The definition of SE, however. requires that sequential rationality (83 and 54 hold
everywhere.

We prove in Theorem | that the limit distribution is a SE cutcome of the lindr game if it is

implementable with a continuous strategy for player 2. Given that player 2's strategy 1nust respect

(2), typest = 1 and t = —1 of player 1 alwavs prefer to send smaller signals. In turn. for any definition
of §(0), either type { = 1 or £ = —1 of player 1 will be Letter off by sending a shghtly different signal

(r < 0 or > 0 respectively.} This occurs because small changes i signals (at » = 0) generate very
different responses from player 2 and. therefore. considerable changes in pavolls for player L0 the
limit distribution were implementable by a continucus strategy for player 2. small variatioms i the
signal would effect small variations in responses (2 could not hold). This argwiment highlights that a
weaker condition than continuity would also vield existence: [t suffices that the pavolls to types § = 1
and ¢ = —1 of sending similar signals be sitnilar, given the responses that those signals elicit. We
formulate this weaker condition after introducing Theorem 1.

Finally, note that the failure of S3 in the example occurs for a set of types of weasure zero, I the
failure occurred over a set of positive measure, the outcotne could not he impletnented by strategies

as 1s the case in the first example.

Example 3 shows that it is nat possible to find necessary and soflicient conditions (hased solely
on the limit distribution) to determine whether that Limit distribution 13 a SE outeome of the Tt
game. Modify I' in Example 2 by adding one point to the signaling space X so that X = [=1. [JU [F}.

Ut &,y) = —(1 — )% and Ui i,y) = .



A sequence of approximating games {I') will yield the sanme limit distribution A found in Exanple
2. Although the limit outcome X is not iniplementable by a contimious strategy for plaver 2. it is.
nonetheless, a SE outcome of the modified limit game. The SE strategies are y = gif + £ 0, y{0) = —1.
and #(z) = 1; #(t) = (&) o [t] £ 1. z(1) = I, and &(=1) = 0. There are now twa costless signals
(r=0and ¢ = Z) that types t = | and { = —1 can use to differentiate themselves. 83 is satistied.

The same limit distribution A is obtaimned in Examples 2 and 3. In the latter A s a SE outeorne:
in the former it is not. Thus. necessary and sufficient conditions (based solely on A} o «deterine

whether the limit distribution is a SE outcome are not fortheoming.

Example 4 shows that the limit distribution A may fail to be a SE outcome of the limit game
because 54 is not satisfied. Player 2 chooses an inferior response to some signal.

Consider the game in Example 2 with X = [=L 1Ju{s}, UNtr.y) = —(1 =) —{y+ 1). and
U%(t,z,y) = —(y*). The same strategies that itnplemented Ain Example 3 implement A Lere. S3 is

satisfied but not 84 because at + = F player 2 chooses an mferior response,

4 Convergence of SE Outcomes

Standard usage defines the outcome of a 5E to be the distribution generated by the equilibrimn
strategies on the end-points of the game. For a SE {a.7,.2) for I'. this outcome. which we shall call
the standard outcome, is a distribution » on T x .U x Y defined by v = 15 o (rv @ p). We will need a
more refined concept of outcome.

We will conserve notation by using ¥ in place of M{Y). An np € ¥ will denote a generic miixed
response by player 2. We define an vutcene analogously to the standard outcome. but as a distribntion

on T x X x ¥instead of T x X x Y.

Definition 3 The distribution A on T = X x W s an ouleome of T if there ws a strateqy pair (0.3)
in T such that A = {adep)o fﬁ_l. where the function f” N —T % X x ¥ s defined by f”(f..r) =
(£, 2, 0(x)). We say that the strategy pair (e, y) tmplements or generales the valeone A SE(T)
denoles the sel of SE for T and SEO(T) the sct of SF oulcomes.

To clarify the concept of outcome. consider the game T = [(T. p). X M (Y). 071 0720 an equivalent
representation of .11 Player 2's response in [ to a signal & 1s an element of MM (V)) = M {¥). We

intend T and I'' to be two different formulations of the same signaling game. Thus, for any <trategy
o [x IR 4l " [Ty

' The payoff functions in T are extended acconling to (1),



i of player 2 in T, there is a corresponding strategy in I, the function vy N—A{¥} such that
g,}(.z:) = 51){1_) where 67}(;—) is the degenerate distribution at p(x}. For any strategy pair (o ) in I
there is an equivalent strategy pair (r’t.g,-}) in [V, Its “standard outcome™ in I 15 the distribution A

on T x X x ¥, given by A= a5 (v o p). This distribution is precisely the “outcome™ of T Thus,

(e p) <:>f7-f_l = A= Yy ® (ceep).

It is not difficult to see that auy outcome generates a unique standard outcomme and vice versa.'”
Although our results are valid when stated and interpreted in terms of the standard cuteonme. we need
the concept of outcome in the proofs. We Lhope that its role will become clear in Section 4.2 where we
discuss the proof of Theorem 1.

We will consider a sequence of games, say [ = [(T™.p") N7 Y 07 0¥ for no= 1020 and
a hmit game T = [(T,p)}, X, Y, U %], We assine that all the type and action spaces are eonnpact
subspaces of ambient compact metric spaces 7. XN and Y. Convergence of any sequence is always
relative to the relevant ambient space.

Convergence for probability distributions on a sequence {A”} of metric spaces means weak conver-
gence on the ambient space 4. Given a sequence of distributions ("), we write {i"} = i when the
sequence converges weakly to .

Convergence for the type and action spaces means closed convergence. or equivalently. convergence
using the Hausdorfl metric on sets (see Hildenbrand 1974, p. 13). Given a sequence of setx (A}
define Li {A"™) as the set of limits of sequences (&™) with 2" € A" for all n: define Ls {47} as the
set. of limits of subsequences. We write {A™)—— A [ and only 1f Li {47") = 4 = Ls {A"}. and we say
A is the closed fimit of the sequence {A™). One can show {A™)——A if and only if (M{A7)) = M)

Convergence for the payoff functions (™" means continuons convergence. We say that (177" —1I"
continuously for ({,z,y) € T x X x Y when for all sueh (¢ox ). {7 27, "y —(f 1 y) inplies

U@,z y"))—Ui(t,z, ).

Definition 4 A sequence of conlinucus games {I") converges fo a continuous game T {1y —1T. 4f
(H1) (X™)—X, (¥Y")—Y (TH—T. (") = o

(H2) (U™Y—U* continuously for (t.r.y) € T x X x Y. i=1. 2

Theorem 1 Consider a sequence of continuous games ™ = [(T", p" ) X" Y70 U 0= 1020

and a continuous game U = [(T.p). XY, UL U2] Suppose {I™")—T . and

12In a I-M {1993), we discuss in more detail the relationship between both wotions of cutrome.

i1



[}

(H3) there exists (A ) = A uuth A e SEO(T™). and
(H4) there exists a continvous n' @ supp[Ay]—¥ such that A= AP v o fnlfl.
Then A € SEO(T).

H3 requires that a sequence of SE outcomes of the approximating games converge to a lunit
distribution A. Since the space of distributions Is compact, given any sequence of SE outcomnes 1t is
always possible to find a converging subsequence, 1 requires that there be a pair of strategios of the
limit game I that generate the limit distribution A, and that player 2s strategy be continmous: In onr
setting, conditional probabilities exist (for instance Theoremn V.58.1 in Parthasarathy {1957)). Thus.

there is a strategy a’! for player | such that al ey = ’-\T x - Wecould then restate Hi as.

Jal € T, 3yt € 2 such that A =(alep)o ffll ~boand 4t is continuous.

Requiring that the limit distribution be implementable means that it must be an onteome of the
limit game; it must be feasible for the plavers in [ to abtain that limit distribution. Example § shows
that the limit distribution A may be infeasible in the limit gatne, Example 2 and 4 show that feasibility
does not suffice; the limit outcome may fail to be a SE outcome because it is not possible to sarisfy
sequential rationality (83 and §4).

Theorem 1 proves that given a sequence of games converging to a limit game. and a sequence of
SE outcomes converging to a limit distribution A. if A is continuously implementable {1I14). then it is

a SE outcome of the limit game.

Remark: We can replace the continuity assumption in Hd by the requirernent: (f.r. 5 £

supp[Al and (¢, z, 1) € supp[A] = 'Yt woy) = UM r ).

4.1 General Lemmas

We now summarize several technical results that we use in our proofs. The first three lewnnas are

simple measure theoretic facts.

Lemma 1 If p € M{A x B} has a compact supporl. then supplpa) = Proj, supp[p]. where Proj,

denotes the projection ontoe the A space.

Lemma 2 : If {u”) = g and 2 € supplp]. then there erists a sequence {2™) = xwath 2™ € suppip]

for each n.
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Proof: This follows from liminf;?((7) > w () for all open sets 7 (Billingsley, 14963, Theorsm

2.1). QED

Lemma 3 - Let i € M(S) have a compact support. Let g : S—2Z be measurable, and let A = poy™!.

Let the event B C S have ji-measure ! and let A = g(B). Then (1) AMA) = L.oand (i7) supp[A] € A
Furthermore, if g is conlinuous, then (I11) supp[A} = g( supp[u]).

Proof: B C g~ Yg(BY) = ¢7H{A). so AMA) = p{y™(A)) > u(B) = 1. This shoews (). (i) follows
since () implies the closed set A has A-measure | and supp[A] is the smallest such set.

To show (fif), take B = supp[u]. Then A = g(B) is closed since g 1s continnous and /3 s compact.
From part (if), supp[A] C g(8). To show the reverse, let = € supp[A]. Then there exists an open sel
G containing z such that A{G) = 0 and thus p{g='{()) = 0. This hnplies gy 1Y N B = B sinee g 1{E)
1s open by the continuity of g, Then (7N g(B) = ¢{y~ G N B) = O also. and since = € (7. 3 € y{ B,
Thus = € supp[}] implies 2 € y(B). which weans g(f) C supp[A]. QED

The next two lemmas are continuity results.
Lemma 4 Let UV : X x Y—N be a measurable function. Forn=1.2._. ety € M(Y). letsr e X

and let U™ : XY =R be measurable. Assume (") = 5. (0" = 20 and ('Y = 07 confinucusiy for

(x,4) € X x Y. Then {f, U™(=" y) y" (dy))— [, (oo yd nldy).
Proof: Follows from Theorem 5.5 of Billingsley (1063). QED
Define the mixed best-response correspondence for player 2 as
MBR(z,Y, T, Uy = {(0.8) € M(Y) x M{T) | / Ut eoy) 3(dt) > / Ut ey HdD Y oy € MY )Y

Given that player 1 signals ., M BR(2, Y. 7" ) is the set of pairs of a responge y from M {Y) and
a belief 8 on T where 7 is a best response given the belief .7 and given that player 2°s payotl funetion
1s U/, This definition differs from the standard one 1o the [iterature in that we associate tooeach hest

response the belief that supports it and we allow the set ¥ and the function 77 1o vary.

Lemma § The M BR correspondence ts upper hemi-conlinuous in the following sense. Forn=1.2....
let (3, 0") € MBR(x™, Y, T U™, Let (2") = =, (™M) —Y ({T")—T., and {I'"") = {7 rontinu-
ously for (L, e, ) € T x X x Y. Then (y*, 3" = (1..3) tmplies that (1. 3) € MBR(». Y. T.07).

Proof: First {(Y")—Y and (T™)—7T tmply {M (¥} x M(T"))—M{Y) x M(T). This with
(™. 8" e M(Y") x M(T") and {5y*. 3"} = (9. 3) imply (1..3) € M(Y) x M(T) by the definition of

closed convergence.



The proof of upper hemi-continuity is the standard one of the Thearem of the Maxinmn (Hilden-
brand 1974, Theorem B.II1.3). [t uses the continuity of the mtegral f('”(i. 27y FHARY as a funetion
of n and n (Lemma 4). QED

The next lemma establishes the existence of a measurable function and the last nne 1s a gener-
alization of Lusin’s Theorem. We will use it to approximate player 2's strategies with continuous

functions.

Lemma 6 Let B C X x Y and lel X = Proj 3. If B 1s comprcl. then fhere exists a measurable
function 8 : X—Y such that (r. J(r}} € B forallr € X.

Proof: The set B is the graph of a correspondence 8 0 X—Y defined by B(r) = {y = ¥
(x,y} € B}. Since B is compact, B is a closed correspondence with a compact range and thus s
upper hemi-continuous. Therefore by Proposition B L in Hildenbrand (1974). for each closed =et
FCY theset { x| B(.l:) N F = 0} is closed, hence measurable. It then follows from Hildenbrand's
Lemma D.I1.2.1 that B has a measurable selection, i.c.. a measurable function .3 @ N —3" sueh that

for every z, 3(z) € B(r) and thus (x. 3{r)) € B. This proves the letnma. QED

We will need to approximate plaver 2's strategies with continuous functions, which will require the
plaj 4 l

following variation on Lusin’s Theorem for real-valued funetions.

Lemina 7 : Let X and Y be compact metric spaces. lef po € M(XN) and let 3 0 XN—M{(Y) I
measurable. Then given € > 0, there crists a continvous funclion y' - X—M(Y) and a compacl sel

CCXsuchthatp=n" on C and p{C) > 1 —¢.

Proof: Since M(Y') is a compact metric space. there exists a sequence of siimple functions con-
verging uniformly to 5 on X. Then the standard proof of Lusin’s Theorem (e.g.. Parthasarathy 1957,
Lemma 11.4.1) shows there exists a compact set (" with z(C) > 1 — ¢ such that the restriction (s
continuous. To complete the proof, (" is extended to a continucus function 3’ on X using a version
of Tietze’s Extension Theorem generalized to the range space M(Y). The proof of the {atter thearem
is tedious, so we omit it, but it hinges on the following convexity property of the Proliorov wuetric p
on M(Y): let ¢; be a set of positive numbers sutmming to 1, and let 5y and ¢ come from (Y ). Then

(3 cimi, ¢) < Y eip(ni, ¢). QED

4.2 Two Key Propositions

To prove Theorem 1 we must find admissible steategies (S1) that mpletent the limit outeome A,

and satisfy sequential rationality (53 and 51) with respect to some cansistent beliefs (82}, For this
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endeavor, we have a SE, (& ,r}",,ﬁn). with outcome A" for each of the approxinating ganes [

Consider first the sequential rationality of player 1 (83}, roughly. that any type ¢ of plaver | will
only randomize among actions ( supp[ai¢}]) that maximize his payofl given the strategy of player 2.
With our definition of outcome, this equilibrium property of (6", 5", 3") extends to all elements in
the support of z {Proposition 1).!% No type f of player 1 is worse off hy sending a signal = when the
response is n, provided (¢, z, ) belongs to the support of A

Weak convergence of ()\n) implies that any element in the support of the limit outcomne A is
approximated, by a sequence of elements in the the supports of the converging outeames A" Then. a
continuity argument shows that the support of the limit outeome A inherits the equilibriunm properties
of the approximating outcomes (Lemma 10).

We must also show that the procedure can be veversed: the equilibrinm conditions of the suppeort
of the limit outcome can be transferred to implementing strategies of the limit game. We o so by
constructing implementing strategies in which both players select their actions (in the equilibrinim
path,) within the support of A. We make this approach precise by defining as a working tool. a regular
SE.

Second, we must verify that the implementing strategies satisfy sequential rationality (52 and 51)
for player 2; player 2’s response n(r) to the signal » must maximize her expected payoll given ler
beliefs ,é'(;r) about what types of player 1 may have sent that signal, Propoesition 2 addresses this
question. Its two main hypotheses are the continuonws inmplementability of A (H4). and the existence
of beliefs justifying player 2's behavior when she observes a signal & not prescribed by player 17s
strategy (i.e. x is off the equilibrivin path). If player 2's strategy (implementing A) is the best one
player 2 has among all continuous strategies. then it is possible to construet heliefs that would make
player 2 sequentially rational. The limpertance of Propesition 2 is rwofold, It provides the appropriate
beliefs, and permits to verify S4 in T by considering the sequence A e otly need to compare »{-)
against continuous strategies 7'(-). Since any #'(-) can be {continuously) approximated hy cantinnons
strategies (/" € ZH(I™)}, S4 in the limit game follows from S4 in the approximating gaies.

Finally, to complete the skeleton of the proof we must deseribe the construction of heliefs and
strategies off the equilibrium path. Let & be any signal not sent in equilibrinm (r 35 not in suppliy]).
Any limit of responses and beliefs (a}”(.r“)..}ﬂ(r”)) in the approximating games (with (" —5)

constitutes a valid response ()(x), 3(x)) for player 2 in I' (Lemma 9).

13Note that (¢™, =™, 9") may belong to supp[,‘\”} even though »™ is not in the support of 3™ (™) ar o™ # 57 ().
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Given a SE (&, 7, 3) for T'. we define the equilibriun payoils to plaver 1 of tyvpe ¢ to be

VIE) = sup DM ().
TEX

Condition S3 implies

VI = [ UM eonle))ad)(dr).

The next proposition derives analogous conditious from the vutcome,

Proposition 1 Let T = [(T.p). X. Y. UL U?] be conlinuwons. Let (v, 3) be a SE for U with vuteomr

A and equilibrium payoff function V' for player 1. Then
(i) Yt eT, Iz, n) such that (L r )€ supp[A]:
(ii) (t,z,m) € supp[d] = Viey= Ui xoy):
(iii) (', ') e supp[A] = VIO > UM oy Ve,
Proof: Part (i) follows from
Projp supp[Al = supp{Ar] = supp[p] = T

which tn turn follows from Lemima 1. the construction of AL and an assumption on p and 7T

Begin the proof of part (i7) by defining the sl
E={(.o) |V = e,

By the Theorem of the Maximum. V"' is continuous. The continuity of 1! and U and the measura-

bility of # imply that the set E is measurable. Let g = o e p. 83 implies that g(F) = 1.

To prove part (if), consider (£,.x.7) € suppld]. By delinition. A = o f',jfl. where J"”(f..r) =
(t,z,9(x}). Since j(E) = 1, Lemma 3 asserts (L2, ) € supp[A] is in the closare of the set f”(E)A
Therefore there exists a sequence (£ o™ g™ ) —(1 o ) with (£ &™) € E for all n. By definition of
E, V(™) = U(en, 2™, (x™)). Taking limits using the continuity of V6Vand 170 VI8 = 1711, ».1).

This proves part ().
To prove part (i), let (', 2. 4") € supp[A]. Asbelore, there exists a sequence (7 27yl (1 0" )

with (¢",z") € F for all n. By 83,
VI 2 N e o).

and part {ii{) follows taking the limit. QED



Conclusion (i) is a simple technical fact. {ii) states that any element (4,2, 5) in the support of
a SE outcome gives type t of player 1 his equilibriuin payoff. (1) shows that any tyvpe f prefers
his equilibrium payoff to that achieved with any signal-response pair (&', 7'} iu the equilibrium path
((z',n) e supp[i}). (111) has no conseqguence for pairs (2, ') off the equilibrium path: 3" need not be
part of an optimal response by player 2. Thus, il some type ¢ prefers a pair (&', #") 10 Lis equilibriun

payoff, that alternative is not feasible: player 2 would not respond to the signal »* with 3’

As we mentioned, we define a regular SE as a tool. SE in finite games are always regular. Our

results hold for regular SE as well.

Definition 5 Given a SE (6.3}, It A= (nep)o [, 71 be the outcome. The SE (a3 4) 1s regular
if

(R1) (t,z) € supplhp o x] = V()= UNeoroga),

(R2) teTandz € suppla(t)] = {t.r) € supp[dp o v ]

(R3) z€ supplhxlandt e supplI(e)] = (t.x) € sump[Ap o x]-

A SE cutecome is regular tf there is a requler SE that supporis i,

Conditions R1 and R2 together iluply 83 and are used to show 53 holds. Example 3 in Section 11
gives a game whose unique SE outcome is nat regular becanse condition R1 cannot he satisfied.

Conditions R2 and R3 are symmetrical in 77 and X since supp[,\r] = supp[p] = T by assumption.
Condition R3 says that when player 2 receives a signal x on the equilibrium path (# € supp[Ax]). she
should concentrate her beliefs on the tvpes ¢ of player 1 that may have sent this signal given that he
plays the strategy &. R3 is only necded in Seetion VIon WBR equilibria. R1 will be used there alse

To show R3 and by symumetry R2. we will need the ©llowing result.

Lemma 8 Let :\T w x €E M{T x X). Then lhere exwsts a measwrable function 30 N—M(Ty such
that ;\T « X = .B’ 5\); and 3 and AT w 0 osalisfy B3

Proof: By Theorem V.8.1 of Parthasarathy (1967). there exists a measurable funciion 3
X—M(T) such that ij v = J3' e Ay and @ measurable set. N1 with Ay measure 1 such 3!
and ;\T x x satisfy R3 on X'1. Applying Lemua 6 with 8 = supp[Ap  v]. there exists a measur-
able function ¢ : su])p[:\x}—-T such that (o g(r)) € supp[rp o y]forall » € supp[Ax]. Define
B° : supp[Ax]—A{T) by letting 3°(r) put unit mass on g{z). Then 3° is measurable and satisties

R3. Finally, define H by setting J’(.L] = () for all v € X1 and 3(1) = 3%() otherwise. Then 3 s
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measurable and satisfies R3, and ’\T o v =3 edx = Je Ay since 3 = F almost evervwlhere [Ax].

QED

Proposition 2 : Let ' = [{T,p). N. Y. UL L9 be continuous. Let 6 € THT). n € S, and
Ae M(Tx X xW). Let ’\T w ¥ =aep el be continuous on supp[Ax]. and let 30 N—7M{T)
be a measurable function salisfying (n(r). 3%(2)) € MBR(r Y. T.072) for all 2 € XN\ supp[ry].
Suppose that for all continvous functions ' - N —,

fT % ¥ U2(t, x,9(x)) A v (dt xdr) > fT < X U2 e of (1) A oy ldt xddr)
Then there ezrisis 3 X—A(T) satisfying B such that (a5, 3) satisfies 52 and S4.

Proof: For k=10, 1, 2, we define measuralle sets Xk that together partition X and measnrahble
functions 3% : X*—A7{T). We then set

)= F Lk,

k=
where 1y is the indicator function for the set Yk,
We take 3% as given in the statement of the theorem and define X° = X'\ supp[Ax]. Let 3! be
any version of a conditional distribution of ¢ given r derived from /\1 « - By Lemua 8. we may

assume that ' satisfies R3. Let

X ={z e supp[hx] | (). 3'(4)) € MBRI2}.

o

and X% = supp[Ax]\ X 1. Assume that X7 is measurable and that Ay (V?) = 0. We will show this
below. Then X' is dense in X'|J.V* awd given this we will use 3" on X1 1o define a measurable
function 3% on X2 such that (5(x), 3°(2)) € MBR(e. Y. T.07%) for all ¢ € X2 and 32 satisfies R,

To define 3%, let C = {{z.9(x). 3" (&)} |+ € X'} Applving Lemma 6 to the closure . there exists
a measurable pair (9%, 3%) such that (o, 2%(2). 3%(0)) € C for all # € Projy . Sinee X' s dense in
X'UJA? wehave Projy € = X'UN? By hypotlesis. g is continuous on X' J X2, 50 we have 4 = 1.
Since ((z),8'(z)) € MBR(x. Y. T.U'*) for ¥ € X1. we have (3j(x). 3*(r)) € MBR(e. Y. T.0"%) for
z € X* by the upper hemi- continuity of M IR (Letina 5).

To show 37 satisfies R3, let £ € N2 and ¢ € supp[.3%(r)]. We must show that (£ 1) € suppiAr . vl
Using the definition of 3% and Lenuna 2. there exists a sequence (7, 2™ 3 ™)V —(t. 0. ()} with
™ € X1 and " € supp[3'(e™)] for all n. Since 3' satisfies R3. (7. 0" € supp[Ay o v] for all o

This implies (¢, z) € supp{Ar , y]since this set is closed. Hence 3% satisfies R3.



Thus, under our assumptions that X? is mweasurable and Ay ((V?) = 0. we can define a measne
able function ﬁ(:c) =3 B¥ () g (). 3 satisfies R3 because both 3! and 3% do. (nir). 3{r)) €
MBR(z,Y,T,U?) for all x € X because for each k. (n{x). 3%(x)) € MBR2 for all » € X*. Thus 3 and
8 satisfy S4. 3 is a conditional distribution derived froin AT o v because F equals the conditional
distribution 8! on X1 and ix(.\'l) = 1. Since Ay v = d e p. we have (3.n) € Y and so they
satisfy S2. Hence, the triple (a, 7, 7) satisfies all the conclusions of the lemmna.

To complete the proof, we now have to show that X7 is measurable and Ax(X7) = (. We =keteh

the proof of this. To show X7 is measurable. define a function
hy(z) = f?‘ (20 zoy{e)) = 172t e ) 34,

and let ¥ be a countable, dense subset of ¥. The function A, is a conditional expectation and thus is
measurable. The function k, is also continuous in 3 for fixed » by Lemnma 4. For each y £ . define

Ay = {z | hy(z) < 0}. These are measurable sets, The continuity of 4, with respect to 5 ilplies

Xr= ) A
el
Since this is a countable union of measurable sets, .\” 1s measurable,
To show Ax{X2) = 0, we show all the sets Ay have Ax-weasure 00 Given € ¥, define a function
7' € Z¥(T) by setting 7/(z) = 5 on A, and »'(x) = 5(x) on X\ A,. Now if Ax{d,) > 0. we can use
Lusin’s Theorem (Lemma 7) to find a continucus function 3 that approximates n° closely enongh so
that 5" violates condition (i) of the leinma. This contradiction implies we must have Ax(1,) = 0 for

each 1, and the proofl is complete. QED

Proof of Theorem 1: We will construct the promised SE for I from A and from the sequenee of
~n

SE {&™, 7", 8 ), supparting the outcomes (,\”) fur {I'™).

We first show how to construct player 2°s strategy and beliefs off the equilibrinm path. Let
A = () ) fe e XY

and B = Ls (A"). B is non-empty and compact. B is the set of all (x,2.3) € X x M(Y) = M(T)
such that there exists a subsequence {x"* 7™¥(2"¥), 3 (™)) = (r.n.3). The strategy and beliefs
for player 2 off the equilibriuni path are provided by an arbitrarily chosen imeasurable seiection (4%, 4"

from the set B.

Lemma 9 : There exists a measurable function (1°. 37y 1 N—W x M{(T) such that (o 35" (#). 37(+)) =

B for allz € X. Furthermore, (r.7.3) € B implies (3. 3) € MBR(>. Y. T.1"%),
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Proof: B asaclosed limitis compact. Let X = I-’roj‘\:. I, By Lenumna 6. there exists a measurable
function (5%, 8%) : X —M(Y) x M(T) such that (z.7%(¢). 3"(x)) € B for all 2 € Xh.

We must show that (7°, 3°) is a function from X to ¥ x M{(T). {(XN")—X anplies X' ==
Projs B = X, so (3°,3% is a function on X. Given » € X. let (x.9"(x).3°(#)) be the lanit
of a slequence (t",i}“(;r:"),,gn(.r“)) with 2™ € X™. Since (3" (2"). :3“(.17")) € MBR(»" Y. T" 1777
on the sequence, the limit (n, 3) € MBR(x, Y. T.0[7%) by Lemma 5. This inplies in particular that
(1°(2), B%(z)) € ¥ x M(T) for all 2 € X and also proves the last statement of the lema. QED

The next lemma shows that the limit outcome inherits sonte equilibrium properties on and off the

equilibrium path.

Lemma 10 : Let {t,x,n) € supp[A]. {fcither (£ 0507y € supp[X] ev (&' 9/ 3V € B thew UV 0o
Uitz n').

Proof: Let both (t,z,n) and {£'. " 9") come from supp[A]. Then ()-\”) = A and Lemma 2 imply
there exist sequences (I, 2", ") = (t.o.n) and (. 2" 9"y = (F.r'oy') with (707 9") and

("2, ™) in supp[;\n] for each n. By Proposition 1,
L’in“n‘ .1,'”‘ 7)“) — Irln(in) 2 (rlnun. -f"”. i,’m )
Taking limits using 2 and Lemma 4, we have
UMtoeon) > 0N e 2 0.

This proves the lemma when (t', 2. %'} € supp{A].
A similar argument establishes the case (2. 9", 31 € B. By definition of B, there exists a sequence

(‘.c’",7}"(Im),ﬂ}n(1‘m))—-(1:" v, 3. By Proposition 1 and S3.

Lrln{!n . .lfrl, ”n) - 1’111(;!1) 2 (']n(!n.‘rf“. i””(J'I“ )J
Taking limits as above completes the proof. QED

We now show that A € SEOQ(I). We construct a SE (o, 1.3} supporting A in three steps, Fiest,
we define the strategy « of player 1 and show 1t satislies S1. Second. we define the strategy y for
player 2 so that 1t satisfies 51 and then show that @ and y result in outcome A and satisfy 83, Lastly,
we apply Proposition 2 to show there exist beliefs 3 such that (a.5..3) satisties 82, S el B3 o
the process, we will show that R1 and R2 also hold, 0 the SE (a.5. ) 1s regnlar.

To construct &, we must first show thatd € AM(T x X x ¥) and Ay = p. Define " = 1/7(¥7").
Now {T" x X" x ¥} —T x X =V only if (M(T" x X" x W0 — A (T x X x W) Therefore. HI
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and (;\n) = Aimply A € M(T x X x ¥). Similarly, since ()\']) = A iplies ()\%—) = /\,];. we have
(,igr'n) = Ar. Since :\aﬂn = p™ and {p") = p, Ar = p as we set out o show,

Now let & be a conditional distribution of » given ¢ derived from Ap , . Then since A €
M(T »x X x ¥}, we have & € XI(TI'), and since Ay = . we have a o p = Ap . v By Lemma 8. we
may assume that & and AT « \ satisfy R2.

Define the strategy 7 : X —¥ for plaver 2 using the function ' given in H4 and the function 7"

derived in Lemma 9: )
D) = ' (r) ifz e supp[Ax].
n°(r)  otherwise.

The strategy 7 is a measurable since it is defined from measurable functions on measurable sets, so p

satisfies 51. Because of H4 and that c e p = Ap v and gy = n!on supp[Ax]. we have

A= AT w X Of,l,l_l = (n olu)of7»]_l

Thus & and 7 result in outcome A.
We show that & and 7 satisfy S3. Let ¢t € T, 0 € supp[a{t}] and choose »* € X arbitrarily. By

construction, « satisfles R2. so (¢, z) € supp[)\T « ] We will show that

UMt e ong(r) > U0 2 ('), (:

N
R

which implies R! and S3.

By Lemmall, (t,z) € supp[/-\T w ] only if there exists an n € ¥ such that (1.0 n) € supp{A].
Since A = ;\Tx x o f,«)_1 and 7 s continuous or supp[Ay]. Lemuna 3 asserts that supp[A] =
f’I( supp[Ap o v1), and thus (¢, 2. y) = (L 2. 5(0)). Henee (£0) € supplAy o ylitphes (£ roie)) €
supp[A].

Take the case where 2/ € supp[Ax]. By the same logic as above. there exists /* such that
(tz Hz') e 5111)])[;\]. Applyving Lemmma 10 vields (5} for this case.

Now take the case where 2" € supp[Ax]. Then (y(2). 3(«") = (#*(£'}. 39(27)) and thus from
Lemma 9, (z', ﬁ(.t'),ﬁ(:c")) € B. Applying Lemnma 10 in this case also vields (5). R1 and 53 follow.

We have shown that @, 5 and A satisfy the first five requirements of Proposition 2. Le.. a € YT},
€ ZHT), A € M(T x X x ¥, Apooo v = e poand g is continious on supp[Ay . The next
requirement is that there exists a measurable function 3%+ X—3/(T) such that (5{+). 37(+)) €
MBR(z,Y,T,U?) for all € X'\ supp[Ay]. This holds using 3" from Lenuna 9.

The final requirement of Proposition 2 is that for any continuous function 7 @ N ——%. we st

have
fT % X U2(t,r, ?.)(J)) /\’T % -\'((“ X (1.!.') 2 j’] w X\ [""(f..l.‘.iq’(.l‘)) /\T % ‘\'(lH X r[..").
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To demonstrate this, choose a continuous function ' arbitrarilv. Define ¥ = 1{¥™), One can
show that H1 and the continuity of #" imply there exists a sequence (") of measurable functions
7" o X"—¥" such that (p")—' continucusly for 2 € X. Sinee {a”". 4", .')’”) s a SE for T7. 54
implies

123 H

Jpm UMt 2 e)) 3 (e)dt) 2 fpn U (0 207 (2)) 3 ()00

. o . C . i . R
for all z € X. Since 3 s a conditional distribution derived from Apn o yno both sides of this
" . e . - h ~ .

inequality are conditional expectations derived from Apn o yn. Therefore, we may integrate hoth

. . qn
sides using A y» to get

<. Tl 1

Fyn frn Ut o™ (2)) 3 () AN (dey > [yn fpm U3 007 (0)) 3 () d0A N ().

and thus by definition of conditional expectation,

f m o XN UQ"(t,z,J}"(r]) j\;’rl % “\'ﬂ((.!'f . ({J‘) 2 jl"rn w \'n [.vr"n(f..I'. i’[n(d')) )-\I}‘n v ’\"‘i(l'lf * rl'J').

T

230) it fullows that

- N . - .
Since A is the outcome for (™. 7"

- n

an X XP % ‘I’n Ugﬂ(f,.l,“.’r]) A ((l'f x dr x (!I]) 2 f}r‘n w V1w \Il” l."i”(!..l'. ?}”(J')) )\”(l[f v oda = rfr,').

Taking limits using H2, 113, Leruma 4. and the asswmption that (¢} —1' continuously.

fT « X ¥ U2tz ) Adt < de x dy) > 7w v DR a () Aldt x de < dy).

Finally, since A is the outcome of plaving ¢ and 5. we have

fT « X U2t o i) Apy v dExde) 2 f,!. x X [ e () Ao ot xdr)

as required. Proposition 2 then asserts there exists heliefs f satisfving B3 sach that (a.ny.2) satisfies

52 and S4. This completes the prool. QED

In the process of proving Theorein | we have shiown some intermediate results that da not require
the continuous implementability (I14) of the limit outconie A, We swinmarize thern in the following

proposition since they will be referenced when proving our existence results.

Proposition 3 Consider a sequence of conlimuous games U = [(T7, p" ) N Y™ 0700 0790 with
oulcomes A € SEQO(F™). n =1, 2.... and a continvous game U= [(T.p). XY UV U2 Ifhypothesos
Hi-H3 of Theorem 1 khold, then

(C1) A€ M(T x X x W)and Ay = oo



(C2) (t,z.9) € supp[N and (', &' ) € suppl\] = UMt e ) > ULt o' 0p).
Additionally if H{ holds, then

(C3) X is a reqular SE oulcome;
(C4) the equilibrium payoffs (V") continuously fort € T.

Proof Conclusions C1-C3 were shown during the course of the proof of Theorem 1. In particular,
C2 is a result of Lemma 10.

To show C4, let (") = ¢ with (" € Tn and ¢ € T We will show any subsequence of {17177} has
in turn a subsequence that converges to V(). which will imply (V1(¢")) = VH{) as required.

Let {VI"{t™)} now represent any subsequence of itself. By parts (i) and (&) of Propasition |
for each t” there exists =™ and 5" such that (1", 2" . y") € supp[)‘n] and V) = Tl at gt
Taking a further subsequence if necessary. let (" o™y —(1 2. ) and thus (7)) —7 4 e )
by H2. To complete the proof, we show that {1t roy) = V1),

By Proposition 1 again, there exists " and 3 such that (f.00y) € supp[A] and Vi) =

H

Y e supp[A ]

mooom
. d

Ul(t,z',5'). By Lemma 2, there exists (. 2™ /™y = (1.2 4) with (1

Now from two applications of part (:i7) of Propasition 1.
Ulﬂ(tn';rn‘ ??n) 2 l.yl”(t”, J.’”l, UI” ) ””d{'l(if” i l'r". r’n'”) 2 {_'1”(['” ) J'”‘ ]}n ).

and thus in the limit

UMtoeog) 2 UM ) 2 Ut ay).

Since U(t,z', 1) = V}{t) by construction, we have 171 (f, r.5) = VEI{#) as we were to show. QED

5 Existence of Sequential Equilibria for Strongly Monotonic

Games

Any infinite game may be approximated by a sequence of finite gaines constructed as suceessively
finer discretizations of the infinite game. Consider a sequence of SE outcomes of the tinite games.
Through a subsequence if necessary. the sequence of SE outcomes converges to a limit distribution.
By Theorem 1, that limit distribution will be a SE vutcome of the infinite gauie provided i1 can be
implemented with a continuous strategy for player 2. Hence, we may prove existence of SE for a class

of infinite games by identifving games for which the Linnt distribution 1s always nmplementable by a



continuous strategy. We do so in this section. The examples in Section 3 show that a general existence
result is not possible.
Cho and Sobel (1987) defline a signaling gaune I to be monefonie if for all » in X for all (y..9)

and {7/, #) in MBR(z,Y, T, ("%}, and for all f and ¢' iu 7.
Ut ey > UMt e gy = UM 2 ) 2 U 2 ).

Monotonicity holds in many applications of signaling games. For example, if y is player 2's choice of
ayment to player [, monotonicity implies. among other things, that plaver | prefers mmore moneyv to
b 5 bt plal I h
less independently of t and .

Uis inereasing in y, and U2 1s strictly coneave in g

Monotonicity holds if ¥ is an interval in 3. {
We will need a stronger property also implied by these conditions.
Wedefine T to be strongly menotenie ifforallrin X forall (y, 3y and (. 3V in MB R Y. T 073

and for all f and ¢/ in T,
UNt,z,op) > UMty and UNE oy > UMY ey imply =

Strong monotonicity tmplies monotonicity. It also implies there is a total ordering of the hest responses
of player 2 that reflects the preferences of all types of player 1. We will show that a strongly inonoronic
signaling game has a SE.

We begin by providing an alternative {and equivalent) condition to iinplementability by a contin-

uous strategy for player 2.

Proposition 4 Let I' = [{T.p). X. Y. UV 0% be continvons and lct ME M{T % XN x W), Then the

following twe statemenls are cquivalcul.
(i) (t,z,n) € supp[N and (t' .oy € supp[A] imply 1y =1/,
(ii) There exists a (unique) continuous y' : supp[Ax]—W, such that X = Ap v o f”l -

Proof: (i) = (i) Since supp[Ap , yv] = Projp o v osupp[Al (t.2) € supp[Ag-. ] if and
only if there exists n such that ({. x,9) € supp[A]. By (V) there is only one such 7 for cach o+ with

(t,z) & Supp[iT « x ] Setting p'(r) equal to this y. we have that (i) inplies
(t,z,m) € supp[A] it and only if 5 = 4 (s) and (Lo} € supp[Ay . v ] (15)

The function 5! is clearly unique. To show that it is coutinuous. ohserve that (6} itaplies that
(z.n) € SUpp[/ﬂ\X « ) if and enly if 3 = ) and ¢ £ ::upp[,\;.;}. This tnplies that the graph of »

is the closed set supp{/\X w ¢) and thus that 4! s continuous.
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To complete the proof that (i) = (/). we must show that for any event £ C T x XN = W, MF) =

;\T % X(-frf_l(E))‘ Let & = Sllp])[/-\] and § = sapp[Ap o ] We can write (6) as
(t,z,n) € R if and only if fnl(i.r) =(t.e.p)and (t.r) € N.

This implies

EOR= (fnl'l(f;“)ﬂﬁ'] x ¥R

Then

ACE)

MENR) = A((f,1 (F)N8) < WO R) = MU, THE) NS W)
Mo x U THEN 0S8 = A v (07 (ED)

as we were to show.
(it} = (i) Let {¢t,z,n) and (¢'.r,7') both come from supp[A]. From Lemma 3. (i) hoplies
supp[A] = fﬂl( supp[iT % X1}, Therefore Loth 3 and 5 equal 4'(+). and (2) follows. QED

Coudition (1) requires that there be a unique response to any given message in the equilibriun
path. This condition is viclated by the lienit outcome A in Example 1.

If a game is strongly monotonic, it will have a SE outcome [Proposition 5} Construct a sequence
of finite games (through progressively finer discretizations) converging to the it game. Let A
be a (sub)sequence of SE outcomes of the approximating games that converges to a lunit distribution
A If A were implementable by a continuous strategy for playver 2 (H4), Thearem 1 would noaply tha
X is a SEQ. To show this we use Proposition 1: Let (1.r. 1) € supp[A] and (7.0} £ supp[Al
C2 of Proposition 3 implies that UMt o) > UNtoe gy and I rof) > UV eoy). By strong
monotonicity, 7 = 5’ and thus A satisfies hypothesis (¢) of Proposition 4. Hence. A s implementable

by a continuous strategy for player 2 (i.e. H1 holds).H This proves
Proposition 5 : [fT = [(T,p), \. Y. UL U] s continuons and sivongly monotonic, then U has a SE

Intuitively, the sequential rationality of plaver 1 will be earried to the litnit outeeme. That is any
type ¢t of player 1 would prefer as a response to his signal » an action i of player 2 preseribed by
the equilibrium path. Different types of plaver 1 that send in equilibriuin the same signal may prefer
different responses. This was the reason for the lack of existence in Example 1. Strang monotonicity,
however, rules out this behavior since two types £ and t' who send the same signal in equilibrini must

prefer exactly the same response.

14 Note that C1 of Proposition 2 implies Ag MIT x X x ) and therefore Propostion 4 may be applied,



We may identify anotlier class of signaling games for which SE always exist. These are games
where the signaling space X 1s finite (although the other relevant spaces may not he so). 111 possible
to show that for those games the liniit outcome is always linplementable by a continucus strategy for
player 2 (H4). Let T' = [{T.p), \. Y. U"1.07%]) with X finite. Since all player 2's strategies in [ are
continuous, we only need to show that the limit outcome is inplementable to apply Theorem t. Let
™ = [(T™,p"), X, Y™, UL, U] be a finite game with {(I'")Y—T, let PN= SEOQ(T™) be supparted by
(d",f)",fin), and let (5«")—-/\. Since X' is finite. it is shinple to show that (in a subsequence) (")
converges uniformly to a strategy 7 of player 2 in I, Uniform convergence unplies that the lnit

distribution X is implemented by 5. Thus, {II1) is satisfied and we obtain the following result.
Proposition 8 IfI' = [(T,p), X. Y. 1"V U] s conlinucus and N is finite, thew U has a SE.

The argument leading to the previous proposition shaws. in addition to the existence of SE. that
in games with finite signaling spaces X, it 15 pussible 1o obtain a useful form of convergence of the
strategies of the approximating games. We turn now to the question of whether the SE strategies of a
sequence of approximating games will converge n a useful sense to strategies of the lunit garne, The

examples of Section 3 give a negative answer to this question in general.

Proposition 7 Let T = [(T.p), X.Y. UL, U¥] be continvous. Suppose thal Y is a compact sl in K.

U? is strictly concave in y, and U'satisfics differential monotonecity (DM). e, there coists [ € R

with 0 < L < oo such that foralt €T, r. '€ XN and y. y €Y.
UMtz > UM ) = =o'y = =M~ 2]

In addition, let T™ = [(T,p), X" Y, UV U%) with X finite, and (F")—T. Let e SEQT™) be
supported by (&", 1}",,[3“), and (z\n)—-/\ Then A € SEQ(T) is supported by (o 1..3), and there erists

a {sub)sequence such that 3" —3) continuously,

Remark: Note that if DM holds then {7 s strictly increasing in oy If 170 s continuouxly differ-
entiable and strictly increasing in y, then DM holds. The first iplication follows directly from the

definition of £/, and the partial converse from the Mean-value Theoremn.

DM requires that playver 1's marginal rate of substitution of y for » be bounded. It hinplies strong
monotonicity, and that [/! must be strietly inereasing in y. Hence, the existence result of Praposition
7 does not extend Proposition 5.

The additional assurptions, DM and the concavity of I™? allow us to show that the strategies {of

suitably chosen) approximating ganmes converge uniforiuly 10 SE strategies of the Hmit gaue,
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We sketch the proof. By the convexity assuiuption. there is no loss of generality in censidering
pure strategies for player 2. For siinplicity we will write j: X —Y to denote a pure strategy instead
of f(x)} = é,. DM implies that the approximating SE strategies are Lipsheitz:*® Tt follows from S3 for
'™, that there exists a set 4™ C X" with An\n (A") = 1| such that for any » € A", there exixts f € T
with!6

Ut oy (0)) 2 UHE o gt () Vel e A

Then, DM implies that §"(2) — 4" (2"}/|lz — ]| > —L. Similarly. for any »" € A% there is at' € T
providing the bound on the other direction. ¥ {e') — " (r}/lr — £’|| > — L. This establishes that 3"
is Lipshitz on a set of full measure.

The following theorem, which we prove in the Appendix. perinits the extension the sirategies o
Lipschitz functions on the whole set X, Once this is accamnplished. the Arzela-Ascoli Thesrem inplies

the uniform convergence (in a subsequence) of the SE strategies.

Theorem 2 (Lipschitz Extension Theorem) Led (N.d) be a mdtric space and A C X, Let the function
g : A—R be Lipschitz with constant L. Then there is an extension of ¢ to X fhat is alse Lipsehid:

with constant L.

The essential idea for the proof of Theorem 2 is due to David Hartvigsen (1942).

6 Weak Best Response Equilibria

Many finite signaling games have a large number of sequential equilibria.  Various authors have
proposed refinements of the SE concept to reduce the munber of equilibria by weeding out those that
seem intuitively unreasonable (see Cho and Kreps 14987 and their references). We want to consider
the strongest possible refinement criterion and show that SE exist that satisfy this criterion. The
strongest criterion is Kohlberg and Mertens' (1986) strategic stability: it implies many of the weaker
criteria that authors have proposed. [t is not possible, however. ta apply this criterion directly 10
infinite games.

Cho and Sobel (1987) show that for finite monotonic signaling munes. the following criterion i
generically equivalent to stability,

Define V'(¢) as in Section IV as the equilibrivm payotls 1o player | when lis type is £,

15Let (X,d) be a metric space and A C X. We say a function g A—® is Lipseaits with ronstant £ if for all

z, y € A |lg(=z) — gy}l € Ld{=z.y).

- . . - . . - N =t on
18 The existence of the required A" is immediate if we take (4%, 703 Y 1o beregular, In that case, 47 = wsapp[ iy n].
q i PRy

We have shown that regular SE exist in games with finite X.
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Definition 6 (&, 9, 3) satisfies the Weak Best Response (WEBR) eriterion if for any quven » € X
{(W1) there exists t € T and (3, 3) € MBR(2. Y. T.U%) such that UN 2.p) > V)
implies

(W2) Vt € supp[B(2)], there exists (3. 3) € MBRU2 such that UVt rof) = V). and V' €
T, UM, z,9) < V().

Definition 7 Denote by W BR(T) the sel of SE of I' that satisfy the WBE criferion, and by W RRO)
the sel of outcomes generated by WEHR cquilibria. elements of WHBR(T),

If a SE (dr,n,ﬁ) is regular, then R1. R3 and S4 together imply that W2 holds for » € supp[Ax]
using (1, ) = (j(z), 3(x)). Hence. the WHBR eriterion will not he effective for signals » that are
observed on the equilibrium path of a reguiar SE. In fiuite games. all SE are regular and. therefore.
the WBR. criterion may be stated solely in terins of deviations.

W2 restricts player 2’s beliefs given » to those ¢ for which ¢ is a weak best response m some SE
(with belief () = # and response 5(x) = ') with the same outcome as {n.7..3) (see Cho and Kreps
1987). W1 says such a restriction cannot be ruled cut a priori. WEBR 1s just a convenient restatenent
of Kohlberg and Mertens’ Never a Weak Best Response test. It implies various other refinements of
SE, e.g., the Intuitive Criterion of Cho and Kreps (19587). and the Universal Divinity test of Banks
and Sobel (1987).

This section follows the general forn of section 5. Theorem 3 is a convergence result for WER
equilibria, the analogue of Theoremn 1. It states that the limit of WBR outconies (of a sequence of
approximating games) will be a WBR outeome of the liait game provided i1 can be iinpleniented with

a continuous strategy for player 2.

Theorem 3 Consider a sequence of continuwons ganes U8 = (T piy, XD Y 07 720 = |12,

and a conlinuous game I' = [(T, p}. XY UV U2 Suppose (Y ——1 and

(H3) there exists (A" ) = A with A" € IWHBRO(T )

(H4) there exists a continuous ' € X*(T) such that A=Ay v o f}fl -1

Then X € WBRO(T).

Proof: From Theorem 1. A is a SE outcome for I'. To show that A is a WBR cutcome. we will

support it using the Theorem 1 strategies for player 1 and the Theorenn 1 strategies and beliefs for



player 2 on the equilibrium path. We may need, however, to refine somewhat the strategies and beliefs
of player 2 off the equilibrium path.

By Proposition 3, A is regular and therefore as explamed above, the WBR criterion hobds auto-
matically for z on the equilibrium path.

For Theorem 1, player 2's strategy /belief pair given sigual # off the equilibriur path was (37 (r). 3%{r)).
We will define a new strategy/beliel pair (7. 3) to replace (5V..3%). We will verify that this new pair
will satisfy the WBR criterion and the equilibrivm conditions for player 2. and it will not upset the
equilibrium strategy a for player 1.

We define the pair (7{z), B(J')) for each » € X with the understanding that (f{x). A will only be
used to replace (3%(z), 3%(=)) off the equilibrivm path. Let {a™ 5", 3”) he a sequence of SE supporting
the outcomes (;\n) of {T™). For each r € X. we consider a subsequence {5/ (2™), .?”(1-”)}—-
(z,7°(2), %)) and use it to define (7j(x}). 3(r)). This sequence exists by definition of (. 3"). There
are three cases to consider. These cases are not all mutually exclusive. but they do not need 10 be.

Case I: Wl fails to hold for I at . Then WBR holds vacuously using (7(r). ) = (') AT,
and since (3%(x), 8%(x)) is the SE strategy for player 2 oil the equilibrivmn path. {(7(2). 3(x)) will au-
tomatically be in equilibriuin for player 2 and will not upset the equilibrinmn strategy of player 1.

Case 2: WI holds for T at 2. and there is an nfinite subsequence of (¢} = r such that W1
holds for (&", 7)",[3,1) at ™. Restrict attention to this subsequence. By H3. each (™. 5", 3 satisfies
WBR, so W2 holds on the subsequence. We set (7{r). (o)) = (4"(2). () and show that W2 lolds
for 3(z).

Pick any ¢t € supp[{}(r)]. Since (.gn(.r'“)} = 3(r). there exists (") =t with t" € .sn|>]|[‘1‘”(..v'” ).
Let {(n*, 8%y € MBR(z™, Y™, T, 17%%) satisfy W2 for ¢ in the SE for I and let {5, 3"} = (3. 3") on
a subsequence. Then (¢, #'Y € MBR{2. Y. T.{7%) by Letuna 5. and thus the first requirenient of W2
holds for B(J‘) By W2 for ", I8¢ 2 ") = V™) and taking limits vields 78 007y = V1)
since {V'1%} converges continously to 1! by Proposition 3. Thus the equation in W2 holds for 3(s).
To show the inequality in W2 holds, pick any ' € T and take a sequence {{"Y—1' By *or T
we have U (" 2™ 7™ (™)) < V(™). so that in the limit I'HE rogf) < V) as required. Henee
the three requirements of W2 hold for J(r).

As in Case 1, we have set (7(r). 3(1‘}) = (") 3%y so ((e). 2(e)) will antomatically be in
equilibrium for player 2 and will not upset the cquilibrium strategy of player 1.

Case 3: W1 holds for T at r_ but there 1s an inlinite subsequence of (0"} = ¢ such that W fails

to hold with a strict inequality for I'" at »™. Notice we require only that W1 fail to hold with a sirict
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inequality at x™, i.e., there does not exist t € Tn and (. 3) € MBR{™. YY" . T" ") such that
{-'1”([‘.1‘”_ 7]) ~ I_'ln(!)_

This requirement is satisfied if W1 fails 10 Lhold with a weak nequality. The requirement guarantees
that the set of & satisfying Case 3 15 closed {and extends the case somewlhat soat averlaps wirh Case
2).

Restrict attention to the given subsequence. We will show that there exists a £ € 7" such tha if
A(x) puts unit mass on {, then 3(r) will satisfy W2.

Since W1 holds for T, there exists ¢ and (3,3 € MBR(+. Y, T.0U'%) satisfving

U ey > VHEY. (

Let {3") be any sequence converging to .3 with 3% ¢ M (7"} for all n. Take any couvergent subse-
quence (i) such that (»*, 3%) € MBR(2™, Y7 7™, 0%) and let 5" = lim, 5. Since by hypothesis

W1 fails to hold with strict inequality on the subsequences we are considering.
UV ) < U
holds for every t € T™. Taking limits,
EHera)y < VU (%)

holds for every t € T
For s € [0,1],let #* = s7' + (1 — s)n". By Lemna 5. (", IV isin MBR Y. T U7) asis (33,

and this implies so is (»*, 7). Define a function ;[0 1]—0 by
m(s) = wmarer [N eops) = VO]

The function m is well defined since 17! and ™' are continuous and T is compact. By the Theorem
of the Maximum, m is continuous. Now by {7}, m(1) > 0 and by (3). m(U} < 0. so there must be an
s € [0, 1] with m(s) = (0 by the Intermediate-Value Theorent. By definition of . for this » there must
exist a £ € T such that

('1({,13.11’)11'i(f) [4)

and forallt € T,
Ui 'y < Vit (10)

Let é(z) put unit mass on {. This belief satisfics W2 because of (9) and (1) and because (5°, 3} €
MBR(z,Y, T U?).
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Let i(z) be a best respanse by player 2 to z given the beliel (). so that {i{r). 3(e)) will satisfy

equilibrium condition 54 for player 2. The logic used to establish (2) implies we may assume that
UMt e dleyy < VI (1

holds for all 2. That is, some best responses given beliefs 3(r) may violate (11}, but at least one will
satisfy it. Given (11}, playing 7(z) instead of 37(r) will uot upset the equilibrinu strategy of plaver
1.

We have defined (4j(z), 3(2)) so that it satisfies the WBR criterion and SE conditions 83 and
S4. We must now refine (%, 3) to make it a measurable function so that conditions S1 and 82 will
be satisfied. Since (4, 3) equals the measurable function (3", 3%) except i Case 30 we anly need 1o
show that the set € of  where Case 3 Lolds is measurable and that we ean retine (4. 3] =o that it i
measurable on C.

We defined Case 3 so that the set (7 is closed and thus measurable, Now define D C ¢ "2 < AT
to be the set of triples (r,7, 3) such that (1.2) € MBR(+. Y. T.0U2). & and 5 satisfy (11). and » and
3 satisfy W2,

We showed in Case 3 that there exists such a pair (5,3} for each » € €', The triples in 2 will
satisfly WBR, S2 and S3. D is compact. 50 by Lenuua 6 it has a measurable selection. If we replace
(ﬁ(r),é(;r)) on C with this selection, then (. 4} will he measurable everywhere as required. QED

The next two propositions show, as applications of Theorem 3, the existenee of equilibria satisfving

the WBR criterion for continuous signaling gares with finite X', and for strongly monotonic gatnes.

Proposition 8 If ' = (T, p). N. Y. UL U?] s continwous and N ts finite, then U has a SE salisfyiny
the WBR criterion.

Proof: For n =1, 2, define finite games [ = [(77.p"). XY 71 072 as follows, Let Ta
be a finite subset of T" with (7"} = 7. Let p* € M(T™) and let {"Y = p. Deline finite Y C Y
analogously to Tn. For each 1 = 1. 2. let ¢ : 7™ % X x Y —R bhe functions such that {7™)—0

continuously, Define U™ : 7" x X x Y"'— R by setting
Cine ) =07 (e y)+ ™ML y).

i - -7 e H : . : (i ;.
Choose each ¢'" so that the game ' has a SE (o7, 9%, ) satisfving WBR. Such ¢/ exist hecause
WBR equilibria exist generically for finite games.
We now apply Theorem 3. We have chosen the games I'™ so that I halds, H2 also holds because

: - . ry . . T -
the way we chose '™ implies {{"'"} = 7 continuously. Let (A} be the sequence of nutcomes for
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(&",7}",,(3’"). Choose a subsequence if necessary so that {j\,l) = A and thus H3 holds. (hoose a
further subsequence so that the sequences {7 (£} converge uniforinly. As in Section V. this nniform
convergence implies H4 holds. By Theorem 3. A € WERO(T'). QED

It follows from Kohlberg and Mertens (1U36) that WBR equilibria exist genericaily i finite games,

Proposition 8 implies that WBR eqguilibria exist for all tinite games,

Proposition 9 If T = [(T,p). X. Y. U U] is continuous and strongly monotonic. then I has a SE
satisfying the WBR criterion.

7 Appendix: Proofs of Lemmas

Lemima 11 (Hartvigsen): Let {(N.d) be a melric spaec. A C XN and 2 € X\ A Let g o A— b
Lipschitz with constani L. Let
r= nf g{y) + Ld{r. y).
yEA

Then r 15 finite. Exiend g to B = AUz} by setling () = v. Then the exfended y is Lipsehids with
constant L.
Proof: It suffices to show that for all y € 1.

it — gl < Ld{x ). (12}

This implies r is finite.

Fix an arbitrary y € 4. Since g is Lipschitz and o satislies the Triangle Inequality,
gly) —ulz) < Ldly 2) < Ldlroy) + Ld(e z)

holds for all z in A. Rearranging vields y(y) — Ld{e. y) < glz) + Ld(r. z). Using the definition of r,
we have g(y) — Ld(z,y) <r < g(z)+ Ld(e.2) for all 2 n A Rearranging again and substituting y for
z, we have

glyy —r < Ld(w.y) and r—gly) < Ld{r.y).
This implies (12). QED

Proof of Lipschitz Extension Theorem We use the Principle of Transfinite Construction
{Dugundji 1966, p.40). Construct a well-ordering < of X such that each element of A precedes each

element of X'\ A. (Do this by ordering 4 and .V \ A separately and then adjoining them.) Let 1W(r)



denote the predecessors of £, ie., W(r) ={y € N |y < sundy # r}. Let R denote the extended real

numbers. Given a function o : W{x)—Ubold £ deline

_ ] oulr) if r e A
R.(0) = { infyenr; o(y) + Ld(x. y)  otherwise.

By the Principle of Transfinite Construction. there exists a function (¢ X — such that K. ()W (x)) =

G(z), which 1s to say,

N 13 ifr e 4,
Glr) = { il ey Gly) + Ld(e,y)  otherwise,

By construction, the restriction of (¢ to A ix g0 We must show that {7 is fimite-valued and Lipschitz.
To this end, let S be the set of r € .\ such that cither (7)) (7(x) Is infinite, or (i{) r and =ome preceding
y violate the Lipschitz condition [JG{z) — Gyl < Ld{e.y). We must shiow that S 1z emapty.

Suppose S is not empty, and let r be the first element of 5. That # is the first elewent iplies
that G(y) must be finite for all y € 177{x) and that all pairs from 137{r) must satisfy 1he Lipschitz
condition. This implies by Lemma 11 and the definition of (7 that (2] is finite and that » and every
y € W(z) must also satisfy the Lipschitz condition, This contradicts the asswnption that » € 8 and

implies § must be empty as required. QED
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