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Abstract

Following Kreps (1979), I consider a decision maker with uncertain beliefs about her
future tastes. This uncertainty leaves the decision maker with preference for flexibil-
ity: When choosing among menus containing alternatives for future choice, she weakly
prefers larger menus. Existing representations accommodating this choice pattern can-
not distinguish tastes (indexed by a subjective state space) and beliefs (a probability
measure over the subjective states) as different concepts, making it impossible to relate
parameters of the representation to choice behavior. I allow choice among menus to
depend on exogenous states, interpreted as information. My axioms yield a represen-
tation that uniquely identifies beliefs, provided information is sufficiently relevant for
choice. The result is suggested as a choice theoretic foundation for the assumption,
commonly made in the (incomplete) contracting literature, that contracting parties
who know each other’s ranking of contracts also share beliefs about each others future
tastes in the face of unforeseen contingencies.

1. Introduction

The expected utility model of von Neumann and Morgenstern (1944, henceforth vNM,)
explains choice under risk by considering probabilities and tastes separately. In the context
of choice under subjective uncertainty, the corresponding separation of beliefs and tastes is a
central concern. For the one extreme case, where all subjective uncertainty can be captured
by observable states of the world, the works of Savage (1954) and Anscombe and Aumann
(1963, henceforth AA,) achieve this separation. In the other extreme case, where none of the

subjective uncertainty can be captured by observable states of the world, uncertainty can be
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modeled with a subjective state space. Kreps (1979, henceforth Kreps) and Dekel, Lipman
and Rustichini (2001, henceforth DLR,)! find that the separation is not possible in this case.

In the general case some subjective uncertainty can be described by observable states of
the world, but potentially not all. This paper analyzes a model of choice under such general
subjective uncertainty, which features the AA and DLR models as special cases.? The model
separately identifies beliefs over subjective states and tastes, provided that observable states
are "relevant enough". A tight behavioral characterization of relevant enough is given.?

I call observable states of the world information. An act assigns a menu of alternatives
for future choice to every information. Timing of choice is the following. In period 1, the
decision maker (DM) chooses an act. Between periods 1 and 2 information arrives. In period
2 the act is evaluated and DM chooses from the resulting menu. Only period 1 choice is
observed. If information does not account for all subjective uncertainty that resolves between
periods 1 and 2, then even commitment to a contingent plan of period 2 choice is costly and
one should observe conditional preference for retaining flexibility: All else being equal, DM
prefers the act that assigns a larger menu to any particular information.

This paper provides a representation of Conditional Preference for Flexibility (CPF.) As
in DLR, subjective uncertainty is modeled by a subjective state space, which collects all
possible tastes that might govern DM’s choice in period 2. I call it the taste space. DM
conditions her beliefs about her future tastes on information. Holding information fixed,
choice over menus is represented by a subjective expected utility as in DLR. The central new
axiom, Relevance of Information, is equivalent to the unique identification of utilities and
conditional beliefs in this representation.

My model allows any finite or topological information space, I, and any finite prize
space. An act, g, assigns every information, i, a contingent menu, g (i), of lotteries over
prizes. Accordingly, the taste space, S, collects all possible vINM rankings of lotteries over

prizes. In the case of finite I, choice has a CPF representation , if it can be represented by

Vi) =0 | [ (maxv. @) dutslo] .
S
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!Throughout the paper I refer to the version of their model that represents preference for flexibility.
Dekel, Lipman, Rustichini and Sarver (2007), henceforth DLRS, is a relevant corrigendum.

2In Savage and Kreps’ models there is no objective uncertainty (or risk), while AA, DLR, and the present
paper consider a combination of subjective and objective uncertainty.

30zdenoren (2002) also accomodates this general case. In the terminology of the present paper he assumes
that the observable state is irrelevant.

4This is in analogy to the terminology in Savage. The notion of "contingent menus" appears in Epstein
(2006). Nehring (1999) calls acts with menus as outcomes "opportunity acts".



where p (s]i) is a subjective probability measure on S. p(s|i) is interpreted as the belief
that taste s occurs, conditional on information ¢. U; is a realized vNM utility function that
represents taste s. ¢ is a probability distribution over information.

Theorem 1 takes the CPF representation and the distribution ¢ as given.? It establishes
that conditional beliefs p (s|i) are unique and utilities U, are unique in the appropriate
sense, if and only if choice between acts satisfies the Relevance of Information axiom. The
axiom is formulated in terms of DM’s induced ranking of menus conditional on information,
which is derived from her choice over acts. Say that two menus are the same for DM, if for
any information she considers the union of those menus to be as good as either of the menus
individually. Relevance of Information requires that if two menus are not the same for DM,
then there must be information under which she prefers one over the other.

Theorem 2 states that choice over acts has a CPF representation, if and only if it satisfies
the immediate extensions of the AA and DLR axioms. These axioms have no implications
for the effect of information on the conditional ranking of menus. They are necessary axioms
even for a more general representation, where not only beliefs but also utilities depend on
the observable state of the world, 7. However, the interpretation of observable states as
information (and with it the separation of beliefs and objectives) relies on the fact that
only beliefs are updated when the state changes. Theorem 2, therefore, implies that the
interpretation of observable states as information is always possible, as it does not constrain
period 1 choice.

The usual choice theoretic approach is to take the representation as a description only of
period 1 choice, where DM behaves in period 1 as if she held beliefs about possible tastes
that might govern period 2 choice. Theorem 1 relates beliefs, which are parameters of the
representation, to period 1 choice behavior.

I propose to go further. If DM has private knowledge about the contingencies underlying
the formation of her taste,’ then the natural inductive step is to employ her beliefs about
future tastes to forecast period 2 choice behavior. Doing so implies that the CPF represen-
tation is interpreted as a map of the decision making process. This cuts two ways: on the
one hand it requires evaluating the appropriateness of the representation for a particular
application,” on the other hand the model can be refuted, if its forecasts do not agree with

observation.

> could be objective. If ¢ is subjective as suggested above, it must also be elicited from choice. This is
the content of Theorem 3.

6Kreps (1992) points out that a subjective taste space naturally accounts for contingencies that are not
just indescribable, but unforeseen, at least by the observer.

"The three main modelling choices are: The expected utility criterion is used to evaluate uncertain
prospects, information impacts only beliefs and, ultimately, only the chosen item on a menu generates
utility.



Being able to forecast behavior can be important in strategic situations. As an illustrative
example, consider a retailer, who writes a contract with a supplier today. The demand, s,
facing the retailer tomorrow will be either high () or low (I). Today s is unknown to both
parties, tomorrow it will become the private knowledge of the retailer. The only relevant
public information that becomes available tomorrow is consumer confidence, i, a general
market indicator, which will also be either high (H) or low (L) . Thus, a contract, g, can only
condition on consumer confidence, not on demand. Clearly the most efficient contract might
give the retailer some choice of supply quantities, ¢, contingent on consumer confidence.
From the perspective of the retailer, such a contract is an act in the terminology of this
paper. Routinely one might write down the following objective function for the retailer’s

choice of contract:

Vig)= Y ¢@)| X n(sli)max (U, ()

1€{H,L} se{h,l} a€9(®)

First, take consumer confidence, i € {H, L}, as given. The retailer can then order any
quantity in ¢ (i). If tomorrow she faces demand s € {h,[}, she will choose the quantity ¢
that maximizes her profits, Us (¢). Today she does not know tomorrow’s demand, but she
can assign probabilities conditional on consumer confidence, u (s|i). She values the menu

g (i) at its expected value, > pu(s|i) mazx) (Us (q)). Second, she takes an expectation over
se{h,l} qeg(
different levels of consumer confidence according to a probability distribution ¢. This is

8 The supplier’s profit from supplying the quantity

an example of a CPF representation.
q does not directly depend on the demand the retailer faces, s. The supplier’s expected
profit depends on the probability of s only because, within the constraints of the contract,
the retailer orders the quantity that maximizes her profits, given s. If the supplier does
not understand the contingencies underlying s, then he can not assign a probability to s.
Because of this asymmetry in information, the supplier’s ability to rank contracts depends
on learning the retailer’s beliefs.

Contracting models usually have to assume that, first, parties know each other’s ranking
of contracts and that, second, they share common beliefs about future utility-payoffs, when
writing the contract. The first assumption raises the complex game theoretic question of

how parties learn each other’s ranking of contracts. This question is rarely addressed and

8 A general contract may give the retailer some choice between non-degenerate lotteries, «, over different
quantities as alternatives for future choice, contingent on consumer confidence. For example the contract
might commit the supplier to a certain action, like the quantity of units to pack and the type of packing
material to use. This action might have probabilistic implications for the quantity of intact units received
by the retailer.



is not my focus here. Instead, I am concerned with the second assumption. If two parties
write a contract in the face of unforeseen or indescribable contingencies, which are relevant
for one party’s future utility-payoffs, then there can be efficiency gains from giving some
control rights to this party, as in the example.” Since those contingencies are more relevant
for one party, it seems natural that this same party can also foresee them better, leading to
asymmetric information. In a survey on incomplete contracts, Tirole (1999) speculates that
"... there may be interesting interaction between "unforeseen contingencies” and asymmetric
information. There is a serious issue as to how parties [...] end up having common beliefs
ex ante." Beliefs that are elicited from a party’s ranking of contracts give choice theoretic
substance to the assumption of common beliefs.!’

Section 2 demonstrates the generic identification of beliefs in the example above. Section
3 lays out the model and establishes Theorems 1 and 2, first for a finite information space
and then for a general topological information space. Section 4 contains Theorem 3, which
combines the two results. Section 5 comments in more detail on possible implications for

contracting. Section 6 concludes.

2. Illustration of Identification of Beliefs

Consider the following three specifications of the CPF representation of the retailer’s choice

between contracts in the example above, where final outcomes are lotteries, «, over quantities.

e Irrelevant information: Suppose that the retailer’s beliefs are independent of information
about consumer confidence, p (h|H) = p(h|L) = p(h). In this case her induced ranking
of menus is independent of information and it is without loss of generality to consider only

contracts with g (H) = g (L) . If ¢ is such an unconditional contract, then

Vig)= ) nl(s) max (Us(a)).

se{h,l} acy(H)

90Only states of the world are indescribable here. Actions (or lotteries over prizes) can be described ex
ante. Whether such a contract is considered incomplete is a definitional question. See section 5 in Hart and
Moore (1999) for a discussion.

0Dekel, Lipman and Rustichini (1998-a) note that "... there are very significant problems to be solved
before we can generate interesting conclusions for contracting [...] while the Kreps model (and its modifica-
tions) seems appropriate for unforeseen contingencies, [...] there are no meaningful subjective probabilities.
A refinement of the model that pins down probabilities would be useful.”



This is an example of DLR’s representation. To see that beliefs are not identified, consider

a different probability distribution zi (s) on S = {h,{} and rescaled utilities

Then
Z w(s) ( max U (a)) = Z () < max U, (a)) .
se{h,l} a€g(H) se{hl} a€g(H)

This is the fundamental indeterminacy in the Kreps and DLR models and variations of those.

e No preference for flexibility: Suppose that u(h|H) =1 and u(h|L) = 0. Now subjective
uncertainty is perfectly captured by the observable information states and it is without loss
of generality to identify h with H and [ with L. There is then no preference for flexibility
and one can confine attention to contracts with lotteries instead of menus as outcomes. If

g (i) = «; is such a fully specified contract, then

ie{H,L}

This is an example of AA’s representation.

e Preference for Flexibility and Relevant Information: Lastly, suppose the retailer believes
that she faces high demand with higher probability, if consumer confidence is also high,
1>p(h|H)> p(h|L) > 0. Further suppose that there was another representation of the

same ranking of contracts with beliefs 7i (s|i) and tastes U, and Up:

Vig = Y o) | Y filsli) max (0. (a))

i€{H,L} se{h,l} acg(®)

V and V have to generate the same ranking of contracts.

Consider two quantities (or degenerate lotteries) ¢, and ¢ such that the retailer prefers
to receive ¢, if demand is high and ¢ if demand is low, that is, U, (¢n) — Ux (¢) > 0 and
Ui (qn)—U, (@) < 0. Slightly abusing notation, I denote a lottery that gives g with probability
« and ¢ with probability 1 — « by «. I denote by {«, 5} the menu that contains lotteries «
and .

Suppose for f§ < « and d,e € (0,1 —a) the retailer is indifferent between the two



contracts

(Cereis”)
(o, B} iti=H

g = ({a+e,ﬁ} ifi:L)'

0 < a implies that « is relevant for the value of these contracts only under taste h. Hence,

g ~ ¢ implies that

¢ (H)p(h[H )6 (Un(qn) — Un (@) = ¢ (L) p(h|L) e (Un (an) — Un (@) -
An analogous equality must hold for the parameters of U. Therefore,

u(h|H) _ <6 (L)
w(hIL) ~ b0 (H)

(h|H)
(R|L)

B
7

Similarly,
pllH) _ p(llH)

pL)  BL)
Since ;1 and g are both probability measures, it follows immediately that p = . That the
scaling of the expected utility functions U, and U; is unique up to a common linear trans-
formation is implied by standard arguments applied to the comparison of contracts which

disagree only under information i.

This reasoning can be generalized to any finite information space, I: whenever a repre-
sentation features at least as many linearly independent probability measures over the taste
space, indexed by i € I, as there are relevant tastes, then beliefs are uniquely identified and
the scaling of utilities is uniquely identified up to a common linear transformation. For the
proof of Theorem 1, however, no particular representation is given. The theorem implies
that the CPF representation of any ranking that satisfies Relevance of Information must

have this feature.

3. The Model

Consider a two-stage choice problem, where public information becomes available between
the two stages. In period 2 DM chooses a lottery over prizes. This choice is not modelled
explicitly. The lotteries available to her in period 2 may depend on choice in period 1 and

on the information. Period 1 choice is described as choice of an act, which specifies a set



of lotteries (a menu) that is contingent on information and contains the feasible choices for
period 2.

Let Z be a finite prize space with cardinality k£ and typical elements z,y, z. A (Z) is the
space of all lotteries over Z with typical elements «,f,~. Write explicitly
a = {(a(zr),z;a(y),y;...), where a (x) is the probability « assigns to x € Z etc. When
there is no risk of confusion, x also denotes the degenerate lottery (1,z). Let A be the
collection of all compact subsets of A (Z) with menus A, B, C as elements.!!

Endow A with the topology generated by the Hausdorff metric

dy (A, B) = max {mgxrr}gindp (o, B), mgxmjndp (v, ﬁ)}

where d), is the Prohov metric, which generates the weak topology, when restricted to lot-
teries.

Further let I be an exogenous state space with elements 7, j. Call elements of I "infor-
mation". Information is observable upon realization. Let F be a o-algebra on I. Two cases
have to be distinguished. If [ is finite, F is assumed to be the o-algebra generated by the
power set of I. If I is a generic topological space, then F is the Borel o-algebra.

Let G be the set of all acts. An act is a measurable function g : I — A. After information
i realizes, DM chooses an alternative from the menu g (i) € A. This choice is not explicitly
modeled. > is a binary relation on G x G. > and ~ are defined the usual way. G can be
viewed as a product space generated by the index set I, G = [] .A. Thus, it can be endowed
with the product topology, based on the topology defined onli{.

The following concepts are important throughout the paper.
Definition 1: The convex combination of menus is defined as
pPA+(1—p)B:={y=pa+(1-p)BlacABeB}.
The convex combination of acts is defined, such that
(pg + (1 —p)g) (i) :==pg (i) + (1 —p) g (i) .

To define DM’s induced ranking of menus A and B conditional on an event D € F,

consider acts that give menu A or B, respectively, in event D and some arbitrary but fixed

1 Compactness is not essential. If menus were not compact, maximum and minimum would have to be
replaced by supremum and infimum, respectively, in all that follows.



default menu, A*, in the event not D. Comparing those acts induces a ranking >=p over

menus. In the context of the model, >p turns out to be independent of A*.

Definition 2: Fix an arbitrary menu A*€ A. For D € F and A € A, define g5 by

A

) Afori e D
QD(Z) =

A* otherwise

Let = p be the induced binary relation on A x A, A =p B, if and only if g5 = g5. =p and
~p are defined the usual way. An event D € F is nontrivial, if there are A, B € A with
A»p B.

In period 2 objects of choice are lotteries over the prize space. The taste space (the
collection of all conceivable period 2 tastes) is the collection of all vNM rankings of lotteries.
The following definition is due to DLRS.

Definition 3:
S = {s € RF

Zst:0and Zsle}
t t

is the taste space.'?

S collects all possible realized vINM utilities, twice normalized. Every taste in S is a vec-
tor with & components where each entry can be thought of as specifying the relative utility

associated with the corresponding prize.'?

Definition 4: For any topological information space I and preference relation >, call
(¢, i, U) a representation of Conditional Preference for Flexibility (CPF), if ¢ is a probabil-
ity measure on I, 1 = {1 (.]i)},c; is a family of probability measures on S, U = {U; (.)},cq
is a family of vNM utilities where U, represents taste s and the objective function

Vi(g) = E, /(maXUS (a)) d (s ]7)

agg(i)
S

represents > .

I2DLRS refer to S as the universal state space.
13In Theorem DLRS, as in the theorems that follow, there is clearly always a larger state space, also
allowing a representation of > p, in which multiple states represent the same ranking of lotteries.



E, denotes an appropriately defined expectation. The following two subsections consider

I to be a finite and a generic topological space, respectively.

3.1. Information as a Finite Space

Assume that [ is finite and let 7, j € F denote the elementary events of the sigma algebra

F. Then the CPF representation (¢, i, U) corresponds to the objective function

Vi) =0 | [ (maxt (@) dusli)
S

acg(i
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If U, is a vNM representation of taste s, then it must have the form
Us (a) = I(s)(s - ) + ¢(s), where s - « is the vector product of state s and lottery a, I (s)
is the "intensity" of taste s and c(s) is some constant. The relative intensity of utilities
together with beliefs determines how DM trades of gains across tastes. The constants ¢ (s)
have no behavioral content. In addition any changes on measure zero subsets of S have no

behavioral content. This motivates the next definition.

Definition 5: For the CPF representation (¢, u, U)

i) The space of relevant information, I* C I, is the minimal set with ¢ (I*) = 1.
p={p(.|i)};c; is unique, if the measure p (s i) is unique for all 7 € I*.

ii) The space of relevant tastes, S* C S, is the minimal set with p (S* |i) = 1 for all ¢ € [*.1
U = {Us (\)},cq is essentially unique, if U, are unique up to a common linear transformation,

the addition of constants ¢ (s) and up to changes on S\S*.

An axiomatization of the CPF representation is given in Theorem 2. The distribution ¢
is identified from behavior in Theorem 3. The main concern, however, is to separately iden-
tify beliefs p and objectives U, provided that DM’s choice over acts has a CPF representation

for a given distribution ¢.

Axiom 1 (Relevance of Information): If AU B ~; B for some i € I, then there is
Jj €1 with A~; B.

To paraphrase Axiom 1: whenever two menus are not the same for DM, then there is
some information for which they are not equally good. If A and B were the same for DM,

then she should be willing to choose from A U B by simply ignoring A. This can not be the

148% can be thought of as the tastes DM considers possible.

10



case, if AU B ~; B for some ¢ € I. Throughout the interpretation is that, ultimately, only
the chosen item matters for the value of a menu. If A ~; B, then Axiom 1 is empty. If
A ~; B, then AU B ~; B implies that under ¢ the chosen item must sometimes be in A and
sometimes in B. Axiom 1 requires that changing information can make either one or the
other case more relevant, namely that there is j € I with A ~; B. Axiom 1 is not a strong
assumption in the sense that it is local; it only requires breaking indifference. Intuitively,
the axiom specifies situations under which information has to be relevant at all. It does not
require information to be very informative. This should make it easier for the experimenter

to find a rich enough information space.

Theorem 1: If, given a probability distribution ¢ on I, = has the CPF representation
(¢, i, U), then statements i and ii below are equivalent and imply iii:

i) = satisfies Axiom 1,

i1) p is unique and U is essentially unique,

iii) the cardinality of S* is bounded above by the cardinality of I*.

Proof: See Appendix.

If a decision maker acts, as if she had preference for flexibility, updated her beliefs
when learning information and otherwise maximized expected utility according to objective
probabilities, then her preferences satisfy Axiom 1, if and only if the subjective probabilities
that a Kreps-style representation assigns to future tastes are determined uniquely. The
unique identification of probabilities and utilities gives meaning to the description of beliefs
and tastes as two distinct concepts. The lack of this distinction is the central drawback of
previous work on preference for flexibility, starting with Kreps.

Another difficulty in the application and interpretation of models of preference for flex-
ibility is the generically infinite subjective state space. Theorem 1 conveniently constrains
the space of relevant tastes, S*, to be finite. Axiom 1 implies this finiteness, because [
must be rich enough to distinguish between any two menus for which DM might have pref-
erence for flexibility. This implies that only finitely many lotteries can be appreciated in any
menu.'® Section 3.2 considers I to be a general topological space, lifting the constraint on
the cardinality of S5*.

If the CPF representation is viewed as purely descriptive of period 1 choice, then the
identification of beliefs relates parameters of the representation to period 1 choice behavior

only. However, if DM has private information about the formation of her future taste, then

5Kopylov (2009) turns this around and generates finiteness of S in the absence of an exogenous state
space by basically assuming that the number of lotteries DM can appreciate in any given menu is limited.

11



the natural inductive step is to employ the beliefs about future tastes elicited in Theorem 1 to
forecast period 2 choice. Doing so implies that the CPF representation is interpreted as a map
of the decision making process and that period 1 choice which satisfies Axiom 1 constrains
period 2 choice frequencies. On the one hand this inductive step must be justified for a
particular application. On the other hand its validity can be refuted, if observed behavior
is not in line with the model’s predictions. The assumption that allows the identification of
beliefs and objectives in this work is similar to the assumption underlying the uniqueness
results in AA and Savage. Here, changing information only leads to updated beliefs. There, a
state-independent ordinal ranking implies a state-independent cardinal ranking of prizes.!6-17

The ability to forecast period 2 choice frequencies is relevant in strategic situations, for
example in the context of contracts. Section 5 elaborates.

Both types of exogenous uncertainty in my domain are essential for the uniqueness result:
on the one hand, DLR find that menus over lotteries alone do not allow to distinguish
objectives and beliefs y (s). There has to be some channel through which to vary one, but
not the other. In the CPF representation, information impacts only probabilities, u (s|i).
On the other hand, Nehring (1999) finds that acts with menus of prizes as outcomes do
not allow to distinguish objectives and beliefs in the axiomatic setup developed by Savage
(1954).!% To establish the uniqueness result, the payoff a menu generates must be varied
independently for different tastes. This is possible only because DM can be offered lotteries
over prizes.

That the collection of tastes which DM considers possible, S*, must indeed be finite
is argued in the discussion of the theorem above. To see how Relevance of Information
implies unique beliefs and utilities, suppose there were two CPF representations of the same

preference relation, (¢, u, U) and (qb, 1L, U ) Suppose further that for information ¢ € I

one could construct menus K ~; K , such that K generates constant payoff across tastes
according to (¢, u, U) and K according to <¢,ﬁ, U ) Changing information changes only

DM'’s beliefs about her future tastes. If a menu generates the same payoff for every taste,

16 AA’s representation can be viewed as a special case of the CPF representation, where there is only one
taste. Their identifying assumption is the corresponding special case: the scaling of the vNM utility indexed
by this one taste is independent of information.

I7Karni and co-authors, for example Grant and Karni [2005] and Karni [2009a and 2009b,] elaborate the
point that interpreting Savage’s or AA’s unique subjective probabilities over objective states as DM’s true
beliefs may be misleading. The CPF model is not immune to this critique. However, beliefs in the former
models have no direct implications for observable behavior while beliefs over tastes in the CPF model have
implications for period 2 choice frequencies. Hence, the current model is more readily measured against the
quality of its predictions.

8 Following Nehring (1996), a companion paper to the one cited above, Epstein and Seo (2009) consider
a domain of random menus, which are lotteries with menus as outcomes. On this domain they tease out
unique induced probability distributions over ex post upper contour sets as the strongest possible uniqueness
statement.

12



then the conditional value of the menu is independent of information. Hence, K ~; K for all
J € I would have to hold. At the same time, if (¢, u, U) and (gzﬁ, 1, (7) were distinct, K would

not generate constant payoff across tastes according to (¢, u, U) . Therefore K U K - j K for
some j' € I. Relevance of Information would then imply that there is j € I with K ~; K , a
contradiction. This rough intuition does not quite work, because the construction of menus
that generate the same payoff for every taste is not possible in general. However, because
S* C S is finite, one can construct pairs of menus (A, B for (¢, u, U) and 121\, B for (qﬁ,ﬁ, (7))
for which the difference in payoffs is constant across tastes. Let K be the convex combination
of menus %A + %E and let K = %Zl—i- %B. Then K ~; K for all j € I and by the type of
argument laid out above K U K >, K for some j' € I. This is enough to contradict the
Relevance of Information assumption.

If Axiom 1 fails completely, in the sense that information is irrelevant to the decision
maker, clearly there are no bounds on the range of probability measures p (s |i), which allow
a representation. This is the same indeterminacy first encountered by Kreps. But how much
indeterminacy is implied by a partial failure of Axiom 1?7 Suppose there is a CPF represen-
tation of >. Further suppose there is a pair of menus, A, B € A, such that AU B ~; B for
some ¢ € I, but A ~; B for all j € I. This means there is some preference for flexibility in
having both A and B available, but their comparison is independent of information. To say

this more precisely:

Definition 6:

cap(s):= Iggj{Us () — %EaécUs (B)

is the cost of having to choose from B € A instead of A € A under taste s € S.

AU B ~; B implies that c4 g (s) cannot be zero for all s and A ~; B implies that it

cannot be any other constant. Still, A ~; B for all j € I means
ZCA,B (s)u(slyj) =0
S*

for all j € I. This suggests the following Proposition.

13



Proposition 1: Suppose (¢, u,U) is a CPF representation of =. Then the following two
conditions are equivalent:

i) there is a pair of menus A, B € A, such that AU B »; B for some i € I, but A ~; B for
all j €1,

ii) there is a family of representations {(qﬁ,ﬁ, (7)} based on [ (s|i) = (L+nea,n () pleli)
n

> (1nea, 5 (s))sli)

S*

[ — U 1
and Us = 14+nca,B(s)’ ca,B(s)’

If there is another pair of menus A, B’ € A satisfying i), then there is another such

indexed by n > —

family of possible representations, if and only if

CA’,B’ (S) 7£ CA,B (S)
CA/’BI (S') CA,B (S')

for some s,s" € S.

Proof: See Appendix.

It is now time to axiomatize the CPF representation. When I use the general notation
D € F this indicates that a statement is also relevant for a general topological information
space and the induced sigma-algebra, as discussed in Section 3.2. As mentioned above, the

axioms are direct extensions of standard assumptions:
Axiom 2 (Preference): + is asymmetric and negatively transitive.

Axiom 3 (Continuity): The sets {g|g = h} and {g|g < h} are open in the topology defined
on G forall h € G.

Axiom 4 (Independence): If for g, € G, g = ¢ and if p € (0,1), then

pg+ (1—p)h>=pg+(1—p)h

forall h € G.

If a convex combination of menus were defined as a lottery over menus, then the motiva-
tion of Independence in my setup would be the same as in more familiar contexts. Uncertainty
would resolve before DM consumes an item from one of the menus. However, following DLR
and Gul and Pesendorfer (2001), I define the convex combination of menus as the menu
containing all the convex combinations of their elements. The uncertainty generated by the

convex combination is only resolved after DM chooses an item from this new menu. Gul and
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Pesendorfer term the additional assumption needed to motivate Independence in this setup

"indifference as to when uncertainty is resolved. "’
Axiom 5 (Nontriviality): There are g,h € G, such that g > h.

The next axiom considers DM’s induced ranking of menus, >p. As long as some subjec-
tive uncertainty is not resolved with information, > p should exhibit preference for flexibility.
This is captured by the central axiom in Kreps, which states that larger menus are weakly

better than smaller menus:
Axiom 6 (Monotonicity): AUB =p A for all AyB€ Aand D € F.

Corollary 1: If = satisfies Axioms 2-6, then =p is a preference relation and satisfies
the appropriate variants of Continuity, Independence and Monotonicity for all D € F. Fur-

ther, there is a nontrivial event D € F.
The proof is immediate.

Theorem DLRS (Theorem 2 in DLRS): For D € F nontrivial, >=p is a preference that
satisfies Continuity, Independence and Monotonicity, if and only if there is a subjective state
space Sp, a positive countably?® additive measure up (s) on Sp and a set of non-constant,

continuous expected utility functions Usp : A(Z) — R, such that
Vo (4) = [ maxU,p (@) dip (5
Sp

represents =p and every cardinal ranking of prizes x € Z corresponds to at most one state

m SD.

Because Us p (o) are realized vINM utility functions, the subjective state space Sp can
be replaced by the taste space S for all D € F. Note that the taste space does not include

the taste where DM is indifferent between all prizes, implicitly assuming nontriviality of the

9Both DLR and Gul and Pesendorfer elaborate this argument.
20Gee footnote 3 in DLRS.
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ex-post preferences over prizes.?!?

Theorem 2: > satisfies Axioms 2-6, if and only if it has a CPF representation.

Proof: See Appendix.

The proof first establishes an additively separable representation of > confined to convex
subsets of A (Z) via the Mixture Space Theorem. Because of order denseness, this repre-
sentation pins down an additively separable representation of > on all of A(Z), V (g) =
> v; (g (7)) . Now suppose V; represents >; . Because of the uniqueness implied by the Mix-
fcfllre Space Theorem, V; must agree up to scaling with v;. The scaling is absorbed by ¢ (i),

which is then normalized to be a probability distribution. Thus, an act is evaluated by

Vig)=> o(i)Vi(g(i).
iel
Note that this is AA’s representation, where my acts have menus as outcomes, while AA acts
have lotteries as outcomes.?® Indeed, Axioms 2-4 imply AA’s axioms. Furthermore, Axioms
2-6 imply DLRS’ axioms, according to Corollary 1. According to Theorem DLRS, >, can
then be represented by

Vi(A) = [ max (Us; () dps ().
S

where U,; are vNM utility functions.?® Pick any j € I and define U, := Us;. Rescaling
i; (s) allows representing >; by

Vi(4) = [ maxU; (@) dp; (s)
S

2IFor a nontrivial event D € F, the trivial taste is not required to obtain the representation in Theorem
DLRS. As seen below, a representation based on S does not require the assumption of nontriviality for each
DeF.

22DLR further establish that, for the smallest taste space Sp, which allows a representation of >p,
closure (Sp) is unique. This closure is independent of information, if and only if information is not exhaustive:
If D,D' € F and A,B € A, then AUB =p A implies AU B =p, A.

23In terms of the contracting example, Anscombe-Aumann acts correspond to completely specified con-

tracts.
24Tn terms of the contracting example, menus correspond to contracts that do not condition on information.
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for all i € I. Combining the two yields the CPF representation (¢, u, U) where

Zgb max Us (o) dp (s )i)

nax
per- agg(i)

represents > . The intensity of each taste is endogenous, but it is fixed across information.
Clearly Axioms 2-6 are also necessary for the generic combination of the AA and DLRS

representations,

=Y o) Vilg (i) =>_ o) max(U (@) dp; (s)

ae
icl iel 9()

where exogenous states impact not only probabilities 4 (s |7 ), but also the intensities of tastes.
Theorem 2 implies that there is a CPF representation of >= whenever the more general rep-
resentation V exists. The assumption that information impacts only beliefs does, therefore,

not constrain period 1 choice.

Remark: Let S = § x R, collect all pairs of vINM rankings and intensities. Suppose

=> ol max (Us () dfi (311)
el 3

represents > . This representation is even more general than the representation V above.
Theorem 2 implies that there is a family of probability measures ;i = {f(51]i)},., on S,
that allows to represent > and for which every taste, s € S, corresponds to at most one
state in its support. It is straight forward to verify that this i has the smallest possible
support S* C S among all measures that allow a representation of > . Thus, restricting
attention to CPF representations is equivalent to considering those representations based on
the subjective state space S , which utilize only a minimal amount of subjective states in the

sense of DLR. According to Theorem 1, 1 is unique.

3.2. Information as a Topological Space

If the information space [ is finite, Axiom 1 limits the cardinality of the taste space, S. This
is no longer the case when [ is infinite. This sub-section generalizes the previous one and
considers I to be a generic topological space. The reader may choose to proceed directly to

section 4 without a loss in the continuity of ideas. Here and in the proofs, definitions and
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results that generalize those in the previous sub-section are distinguished by a prime on their
label.

Recall that F is the Borel o-algebra on I. The expectation under probability measures
on F can only be calculated directly for simple functions.?” For general functions it is defined

as an appropriate limit:

Definition 7 (Based on Definition 10.12 in Fishburn (1970)): For a countably additive
probability measure 7 on F and a bounded measurable function ¢ : I — R, let (p,) be a

sequence of simple functions, ¢, : I — R, that converge from below to ¢. Then define

Ex [90] ‘= Sup {Eﬂ [gpn] |n =1,2, }

to be the expectation of ¢ under .
Fishburn establishes that this expectation is well defined.

Definition 5’: For the CPF representation (¢, u, U)
i) p = {p(.i)},c; is unique, if the measure p(s|D) = Ey[u(s]i)[D] is unique for all
D € F and up to ¢-measure zero changes.

ii) U = {U; (.)},cg is essentially unique, if U, are unique up to a common linear transfor-

mation, the addition of constants ¢ (s) and changes on a set 5" C S with E, Lfdu (s ]z)] = 0.

The next definition provides a measure of how much a set A is preferred over set B in
terms of how much the menu corresponding to the entire prize space, Z, is preferred over

the worst prize.

Definition 8: Given D € F, let z be the worst prize, A =p {z} for all A € A.*
For A, B € A, define py 5 (D) € (—1,1), such that
i) for A=p B, p=pa g (D) solves

1 p 1 p
A+ z} ~ B+ Z,
14+p 1+p{_} D1+p 1+p

25The value of a simple function depends only on some finite and measurable partition {D; |t € {1,..,T}}

T
of I. Exp,] = 2:171' (Dy) @,, (D).
t=
26Tf » can be represented by a CPF representation, then this prize must exist because Z is finite and

because >p must obviously satisfy Monotonicity.
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ii) for B >=p A, pap (D) = —pp.a (D).
Call pa g (D) the cost of getting to choose from B instead of A under event D.

Note that p4 p (D) # 0 implies that D is nontrivial.
If two sequences of menus, (A,) and (B,), approach each other, then the cost of getting
to choose from B, rather than A, vanishes under every event. However, the ratio of such

costs may have a well defined limit.

Axiom 1’ (Relevance and Tightness of Information): If (A,),(Bn),{(Cy) C A converge

in the Hausdorff topology, then
PCn,AnuB, (D)

PCy.B. (D)
for some D € F implies that there is D' € F, such that

-1

PC,.A, (D)
—nen L L
pc,.B, (D')

Axiom 1’ implies Axiom 1, where 7 is substituted by D. To see this, note that Axiom
1 holds trivially unless there is D € F, such that AU B =»p B and A ~p B. This implies
pe.s (D) = pe,a (D) and pe aup (D) # pep (D) . Define the constant sequences A, := A and
B, :=Bandlet C, :=C >=p A. Then PCnnuBn (D), q Thus, according to Axiom 1’, there

PCp,Bn (D)
is D' € F with % — 1. Hence A ~p B, and Axiom 1 is satisfied.?”
Theorem 1’: If, given ¢ : I — R,, = has the CPF representation (¢,u,U), then >

satisfies Aziom 1°, if and only if p is unique and U is essentially unique.

Proof: See Appendix.

The discussion of Theorem 1 applies here, including the implications of a partial failure
of Axiom 1 and Axiom 1’, respectively.

The intuition for the proof of Theorem 1 involves identifying taste s € S* via two menus,
where one is preferred over the other under taste s, but they generate the same payoff under
every other relevant taste. If S is continuous, then the complication is that making a menu
preferred less by a finite amount under one taste will invariably make it worse under similar
tastes,?® too. Therefore, individual tastes can only be identified in the limit where the less

preferred and the more preferred menu approach each other. In this limit the cost of having

2If pc, B, (D) - 0, then Axiom 1 trivially implies Axiom 1. Thus, Axiom 1’ is only stronger than Axiom
1 for pc, B, (D) — 0.
?®When tastes are viewed as vectors in R% .
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to choose from the less preferred menu instead of the more preferred menu tends to zero.
Axiom 1’ allows statements about the limit of the ratio of these costs for two different pairs
of menus. The main idea of the proof is the same as for Theorem 1. To show that a similar
construction is possible here, menus are best described in terms of their support functions.?’
In addition to Axioms 2-6, an axiomatization of the CPF representation requires that

>p does not change too much for small changes in D.

Axiom 7 (Continuity in Information): For any B € A, the set {A|A>p B} is con-

tinuous i D.
Theorem 2’: - satisfies Axioms 2-7, if and only if >~ has a CPF representation.

Proof: See Appendix.
Straight forward changes to the proof of Theorem 2 establish the result for > constrained
to all simple acts.?® The simple acts are shown to be dense in G under the topology defined

on GG. Ensuring that Definition 7 applies completes the proof.

4. Subjective versus Objective Probabilities of Information

Theorems 1 and 1’ take the distribution ¢ on I and the CPF representation (¢, i, U) as given
and establish that ;4 and U are unique in the appropriate sense, if and only if information is
relevant enough. ¢ might be objective in the sense that it corresponds to observed frequencies
of information, or it might be subjective.

Consider first the case where ¢ is subjective and must also be elicited from behavior. De-
termining ¢ uniquely is analogous to the classical problem addressed by AA. Their unique
identification of probabilities of exogenous states is based on the assumption of state inde-
pendence of the ranking of outcomes. The difference is that they consider acts with lotteries
(instead of menus of lotteries) as outcomes, so there is no room for preference for flexibility in
their setup. In my setup, the combination of information independence and Axiom 1 would
rule out any preference for flexibility. Thus, the assumption of information independence
has to be constrained to a proper subset ¥ C A to be useful here. Having assumed state
independent rankings, AA move on to consider only cardinally state independent rankings
(or state independent utilities). This cannot be assumed in terms of an axiom. Instead

it is a constraint on the class of representations for which they establish their uniqueness

29The introduction of support functions to the analysis of choice over menus is a major contributuion of
DLR.
30The outcome of a simple act depends only on the event D in some finite partition {D; [t € {1,..,T}}.
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result.’" For the CPF representation it would amount to requiring that [ maj(US () du(s]i)
g o€

is independent of ¢ € [ for all A € ¥. But if ¥ C A is a generic collection of menus, then
this might not be consistent with =, which applies to all of G.*? Thus, the requirement must

be limited to a particular collection of menus.

Definition 9: Let Q@ C Z denote a non-degenerate set of prizes and A (Q2) the set of
all lotteries with support in Q. Let W (A (©2)) C A be the set of all menus of lotteries that

have support in €2.

Axiom 8 (Partial Information Independence): There is  C Z, such that for A,B €
U (A(Q), A>=p B for some event D € F implies A =p B for all nontrivial D' € F. If >~
satisfies the same condition for Q) C Z, then also for QU .

To illustrate Axiom 8, consider 2 = {$1,30} to consist of the prizes "1 Dollar" and "noth-

ing". The first part of Axiom 8 then requires all menus that consist only of lotteries that
might pay out $1 to be ranked independently of information. To motivate the requirement
it is sufficient to assume that the value of $1 (versus nothing) is independent of information.

Once AA restrict attention to representations with state independent utilities, there is
no arbitrariness in their model. In contrast, preference for flexibility implies {2 C Z. Hence,
there could be Q' C Z, for which > also satisfies the first part of Axiom 8, while for Q U &/
it does not. Either the prizes in 2 or those in ' could then be assigned a cardinal ranking,
which is independent of information. While there is no inherent argument to favor one over
the other, the two assumptions clearly lead to different representations. This arbitrariness
would render the uniqueness result meaningless. The second part of Axiom 8 rules out this

scenario, suggesting the following definition:
Definition 10: If > satisfies Axiom 8, let Q* C Z be the largest set, for which it does.

Theorem 3: >~ satisfies Axioms 1-6 and Aziom 8 (Aziom 1’ and Azioms 2-8 if I is a
general topological space,) if and only if it has a CPF representation, (¢, u,U), where the
evaluation of menus in W (A (Q*)) is independent of information. For this representation ¢

s unique, [ is unique and U is essentially unique and constant across S for all x € Q*.

31Compare to the discussion of Theorem 1.
32For a simple example of such inconsistency consider ¥ = {{a}, {3}, {v}} but, for some p € (0,1) and
D,D' € F, {pa+ (1 —=p)v} »p {8} =p {pa+ (1 —p)~}. Since fmeaz(US (o) dp (s]i) is linear, it can not
S (6%

be independent of 7 € I.
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Proof: In the class of representations, where [ maj(Us () dp (s |i) does not depend on i € I
g ac

for all A € ¥ (A (©2%)), the uniqueness of ¢ follows in complete analogy to the corresponding
result in AA. Given the unique ¢, Theorems 1 and 1’ imply uniqueness of p and essential
uniqueness of U. Because a representation where Uy () is constant across S for all z € Q*

clearly exists, the unique representation must have this feature. Wl

Now consider the alternative case, where frequencies of information are observable. an
observer who observes frequencies ¢ might be willing to assume that DM bases her evalua-

tion of acts on ¢, as long as a CPF representation based on ¢ exists.??34

Proposition 2: Suppose - satisfies Axiom 1 and can be represented by (m,pu,U), where
7 has minimal support in the sense that I* has the cardinality of S*, T.3® Then there is a
neighborhood of m in RT, such that for any probability measure ¢ on I* in this neighborhood

there is a representation (qﬁ,ﬁ, (7) , where U and 1L are continuous in ¢.

Proof: See Appendix.

This result about the robustness to small misspecifications of ¢ can be relevant in appli-
cations where beliefs are used to forecast period 2 choice: if the observer and the decision
maker disagree slightly in their perception of the "objective" probabilities, then Theorem 1
can be applied®® and the unique subjective probabilities of future tastes provided by Theorem

1 are at least a good approximation of DM’s true beliefs.

33This is not always the case. For example if (7, u, U) represents = an there is an event D € F that is
trivial according to m but not according to ¢, then there is no CPF representation based on ¢.

34 Alternatively, it is easy to strengthen Axiom 8, such that the unique CPF representation in Theorem 3
is based on those frequencies: (Objective Probabilities): There is Q C Z, such that for A,B € U (A (Q))
and nontrivial D, D’ € F,

¢ (D)
¢ (D) + ¢ (D)

If = satisfies the same condition for ' C Z, then also for QU Q.
This implies Axiom 8. It also implies that V (g7) — V (¢8) = (V (¢5) =V (95))) (f((g,)) for A,B €
35Such a representation can always be found by pooling all information states that are not needed to
identify beliefs.
36 There is a representation based on ¢, even if DM truly believes 7.
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5. Asymmetric Information and Contracts

As illustrated by the example in the introduction, my domain has a natural interpretation in
terms of contracts. At the time two parties write a contract, the event space I is describable.
In addition there are indescribable contingencies that are more relevant for one party than for
the other. It seems natural that information about those contingencies is also asymmetric.
In order to focus on this asymmetry, I assume that each party foresees those and only those
contingencies that are directly relevant to its own payoffs. Contingencies that are foreseen
by both parties are describable.

Consider a principal and an agent who want to write a contract. Only the principal’s
valuations depend on indescribable contingencies, which are unforeseen only by the agent.
Let S denote the principal’s taste space. Actions are observable, so there is no risk of moral
hazard. An action pair specifies actions to be taken by the principal and the agent, respec-
tively. Each action pair induces a probability distribution over outcomes, which potentially
dependents on the event i € I, but not on indescribable contingencies.?”

The contract can fully condition on uncertainty about the agent’s payoff, because this
uncertainty resolves entirely between writing the contract and taking action. Therefore, an
efficient contract assigns some control rights to the principal: it specifies a collection of action
pairs for every describable event ¢ € I, from which the principal can choose at a later time.
The reduced form of such a contract, g : I — A, specifies a menu of lotteries over outcomes
for every event ¢ € I. The principal chooses from ¢ (), after information i realizes and after
the uncertainty about the contingencies that determine her taste over outcomes, s € S, has
been resolved. From the principal’s point of view, the contract is an act in the terminology
of the previous sections.

To agree on an efficient contract, both parties must be able to rank all contracts.
The principal’s ranking of contracts has a CPF representation and satisfies Axiom 1. For

a, (A) := argmax (- 5)*® the CPF representation can be written as
acA

Vig) =B | [ Ui (g@)dusl]

S

where p is unique. The agent assigns an event dependent cost, ¢ (x,1), to every prize z € Z.

Let ¢ (i) € R* be the vector of these costs. Further he also assess probabilities of events

37 Contingencies that impact the effect of actions on the probabilities of outcomes are directly relevant for
both parties.

38The arg max exists, because menus are compact. If it is not unique, ties can be broken in favor of the
agent.
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according to the probability distribution ¢ : I — [0,1]. Lastly, the agent believes that
the CPF representation reveals the principal’s assessment of the uncertainty about her own
future tastes. Then, conditional on learning the principal’s ranking of contracts, the agent

ranks contracts according to

W () = E, / (a2 (9 (8)) - ¢ (0)) dps (s 1)

S

Note that W (¢) depends on the conditional subjective probabilities, u, as perceived by the
principal but not on the intensities of her tastes, U. In my axiomatic setup these two are
distinct concepts.

The assumption that rankings of contracts are commonly known is usually required in
contract theory and justified by some informal story of learning from past observations.? As
this assumption is not my focus, I make it without doing the game theoretic complexity of
the contracting problem justice. Instead I address the additional assumption required in the
(incomplete) contracting literature: In order to allow both parties to rank all contracts, it
has to be assumed that they believe in the same probability distribution over utility-payoffs,
ex ante.’” This ad hoc assumption is made for lack of a useful choice theoretic model of
the bounded rationality involved. It is troubling in the context of unforeseen contingencies,
where asymmetric information seems natural. My domain is not only well suited to describe
the type of (incomplete) contracts laid out above, but for those contracts my axioms also
give choice theoretic substance to the assumption of common beliefs.

Forecasting behavior based on beliefs elicited from the principal’s ranking of contracts is
an inductive step. The underlying assumption that the CPF representation maps her actual
decision making process is not directly falsifiable. However, it can be falsified indirectly on
the basis of its predictions. The agent might, thus, be comfortable to make this assumption
not only because it is intuitive from introspection, but also because past agents have found

it to generate the right predictions.

6. Conclusion

The notion of a taste space is attractive, because in principle it allows distinction of conse-
quences and probabilities. In the context of preference for flexibility this distinction, in turn,

reconciles choice with Bayesian decision making, which is at the heart of the notion of ratio-

39 Alternatively contracts signed in a large homogenuous population might be observed.
40Gection 3 in Maskin and Tirole (1999) elaborates this point.
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nality. However, identifying the two conceptually distinct components through preferences
has proven difficult. This paper proposes to consider an exogenous state space, interpreted as
information, which is relevant enough to allow their unique identification. The interpretation
is that information is chosen by Nature. I conclude by suggesting a reinterpretation.

Consider information, which can be determined by the experimenter instead of Nature.
In many contexts the experimenter cannot credibly offer alternative information about states
of nature. If he can, then information is typically interpreted as just another dimension of
the consumption bundle. In contrast, a frame is information which seems to be irrelevant to
the rational evaluation of alternatives, but which may affect choice. The experimenter can
change the frame (at least in a laboratory) and the frame is not interpreted as part of the
consumption bundle.

One possible interpretation of frames is suggested by Sher and McKenzie (2006). They
propose that logically equivalent frames may not be informationally equivalent, but convey
information about the sender’s knowledge about relevant but not explicitly specified aspects
of the choice situation.*!

Let {1} ,c; be a subset of A x AxI. Each binary relation > is a subset of A x A and
captures choice between menus in A under frame f € I. The adaptation of my axioms
to this new domain is straight forward. A representation of Preference for Flexibility with

Frames is a pair (u, U) where p and U are as specified in Definition 4 and

Vr(4) = [ max (@) du(s11)

represents >;. To paraphrase the identifying assumption, "Relevance of Frame", in this
context: if there is preference for flexibility with respect to two menus that are indifferent
under one frame, then the choice can be reframed so as to break the indifference. Frames
are relevant, if and only if the parameters of the representation are unique in the sense of
Theorems 1.4?

The representation suggests interpreting DM’s susceptibility to frames as Bayesian deci-
sion making. The underlying model is not specified, but the uniqueness result allows classi-
fying the information content of changing frame f to frame f’ by comparing the probability
distributions p (s |f) and p (s|f’) they induce.

If DM truly was a Bayesian decision maker (in the sense specified by the model,*?) then

410f course, DM might be susceptible to frames for a multitude of other reasons, like hedonic forces,
cognitive load or reference dependent preferences.

420n this domain there is no probability measure over frames that corresponds to ¢ in the CPF represen-
tation. This simplifies the uniqueness statement and Theorem 3 becomes irrelevant.

43This may be the case, even if she is not explicitly aware of the information content she assigns to frames.
For example a reference point introduced by a frame might persist and influence future choice the way DM
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w(s|f) should predict how often taste s governs her future choice. Whether and when it

does, is an empirical question.

7. Appendix

7.1. Proof of Theorem 1

The following definition is according to DLR.
Definition 11: Call 04 : S — R with 04 := max (p - s) the support function of A.
peE

Support functions have the following useful properties:*4
(i)AC Bifand only if 04 < 0p
(i) oaara-nB = Aoa+ (1 — X)op whenever 0 < A <1
(ili) canp = 0a Ao and o(aup) = 04 V 0.

Denote by A, the maximal menu supported by o, A, = |J A. Let A, be the collection of
gA=0

all menus that are maximal with respect to some support function. Note that A € A, iff A
is convex. Let >; simultaneously denote the induced ranking of support functions, o >; ¢ if

and only if A, >; Ag.
Lemma 1: For € small enough, o, := ¢ is a support function.

Proof: The k—1 dimensional hyperplane in R* that contains S is Hg = {x ERF|lz-1=0 }
The hyperplane that contains the & — 1 dimensional simplex of lotteries, A (Z), is Haz) =
{x ERF|z-1= 1} . These two hyperplanes are parallel. Choose ¢ small enough such that
the k — 1 dimensional ball B, C Ha(z) with radius € around the center of the simplex is
itself inside the simplex, B. C A(Z). Then op. =¢. O

Proof of Theorem 1, i)=-iii): Suppose to the contrary that S* is infinite or finite with

#S5* > #1. The definition of S* implies that one can find #1I + 1 Borel Sets with non-empty

interior, {S;}7 ! such that for all t < #I+1 there exists i € I with  (int (S;) |i) > 0. Since

w can have at most countably many atoms, one can further guarantee p (C1 (S;) N ClL(Sy) i) =
0forallt,t! <#I+1andallie€l.

"expects" it to.
#Gee, for example, Rockafellar (1972).
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Claim 1: Given S;, there is ¢ small enough and a support function &,, such that £, = ¢ on
S\St, & > e on S; and xy (i) := [ [§, (s) —e]du(s|i) > 0 for some i € I*.

S
Proof of Claim 1: Remember that o. supports a ball, B., with radius ¢ around the
center of the simplex. The maximal menu B with op < o. on S\S; includes all lotteries

with p-s < ¢ for all s € S\S;. This implies max (p-s) > e for all sin the non-empty interior
pe

of S;. Hence, o > 0. must hold on int(S;). Let &, :== op. ||

We can solve the following system of #1 + 1 independent linear equations with variables

{1 4141y for any n > 0 and some given ¢ :

4141
Z x (1) oy = 0 for all i € [ and oy = 0,

t=1
where z; is as defined in Claim 1. Choose ¥ such that ) |a;| = 1.The convex combination
of finitely many menus is well defined, and by property (ii) above, the convex combination

of finitely many support functions is, too. Thus one can define two support functions as

#I+1

5 L= Z |at| (]‘at>0§t + 1at<0€)
t=1
#I+1

o = Z love| (Lo >08 + 1ay<0;)
t=1

#I+1
On the one hand, > z;(i)a; = 0 for all i € I immediately implies that As ~; A,.
t=1

On the other hand, «y ;é 0 implies that A U A, >; A¢ for some i € I*, which contradicts

Axiom 1.
Proof of Theorem 1, i)=ii):

Claim 2: For any positive function f on S* there is @ > 0 small enough, such that for

S* — CYf

any 0 < a < @ there are support functions ¢ and o with £ — o

Proof of Claim 2: List the elements of S* = {s1, s, ...} . Consider {St}fg with s; € S,
and s, ¢ S, for r # t. Construct &, (s) as in Claim 1. Let z, := &, (s;) — e. Choose {a,}7
such that ayz; oc f (s;) and > a; = 1. Define € := Y ¢, and 0 ;= ¢. Then £ — o o =af
for some @ > 0. For o < @ let £ :== a& + (1 —a)e. Then &£ —o|q = af. ||

27



Suppose (¢, 1, U) and ((b,ﬁ, U > are two CPF representations of > with S* and S* as
the corresponding relevant taste spaces. Write the vNM expected utility Us (p) as Uy (p) =
[(s)(s-p). As in the text, [ (s) captures the "intensity" of taste s. Let f(s) ﬁ on S*.

Analogously let f(s) x -~ on S*. Find a and & small enough, such that there are £ and

I(s)
Ewithé— o o = af and [= 0‘3“* =afand € ~; €. Because f (5) oc A it must be true that

I(s)

maxUj (p)—maxUs (p) is constant across S*. Consequently, (maXUs (p) — maxUj (p)) p(s|i)
pEAg pEA, S* pEAg PEAS

must be independent of j. This independence is meaningful in terms of >. It is easy to verify
that it holds, if and only if

o) () a ¢ (1)

. e0) O
s+ "o+ T M) +e0)

Ao —_—_— .
W e

for all 7,5 € I*. The same argument, based on the representation (gb, 1L, U ), implies that

> (II%E}L‘X[?S (p) — HEI%X[Z (p)) (s 7) is independent of j. (¢, u, U) and <¢, 1, [7) both repre-
§; bcAg p

£ o

sent >, and therefore > (m%XUS (p) — m%XUS (p)) (s ]j) must be independent of j. Hence,
S* peE g PEAs

i ~; & for all j € I. At the same time, mzileS (p) — mixUs (p) is not constant across S*,

because (¢, u, U) and (qb, i, U > are distinct, which implies &f(s) is not identical to af (s)
on S* or on S*. W.lo.g. suppose they disagree on S*. Because E ~; &, there must be
s, 5" € 5% with af (s') > af () and af (s") < af (s”). Hence, A; UAg = Acforall j € 1
with p(s"|7) > 0. This contradicts Axiom 1. Hence, S* = S* and I(s) o< [ (s) on S*. This
establishes the essential uniqueness of U.

That the measure (. |i) is unique for all i € I with ¢ (¢) > 0 then follows immediately
from the result in DLR (their Theorem 1), that 7i(s|i)1(s) o (s ]i)(s) for the case of a

finite taste space.

Proof of Theorem 1, ii)=-i): It remains to establish that Axiom 1 is also necessary.

Suppose to the contrary that the representation exists with the stated uniqueness, but Ax-

iom 1 is violated. Then, there are two menus A, B € A, such that A ~; B for all j € I

and AUB >~; B for some i € I. A ~; B for all j € I implies > cap(s)u(s|j) =0 for
o

all j € I. AU B »>; B implies that c4 g (s) cannot be zero under all tastes, so it must be

positive under some tastes and negative under others. For the proof it is important that it is
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(1+776A,B(8))H(8|i)
;(14-?76,4,3(8))#(8”')7

not constant across tastes: define ji(s|i) := where 7 is small enough, such

1+nca,B
i i f >;, wh 1 d i A A h iti
is a representation of >;, when evaluated in acts g;*. As such, it is umque up to positive

that 1+mnca g (s) > 0 for all s € S*. Accordingly define T(s) = L Clearly <¢,ﬁ, (7)

affine transformations. To verify that it represents > it is, therefore, sufficient to find two
menus, A ~; B for all j € I, for which the relative cost of getting gJB instead of gf across
I is the same according to v (g) as according to V' (g). Consider again A, and A, from the
proof of claim 2. Their construction immediately implies that V (g;4 5) -V (gf“’) x ¢ (1)

and

o o ¢ (i) ,
V(g) =V (9) = $(i).
B) > e @atem Y
S*
This contradicts the uniqueness statement in Theorem 1 i). Thus, Axiom 1 is necessary for

this uniqueness statement. W

7.2. Proof of Proposition 1

That i) implies ii) is demonstrated in the proof of Theorem 1. The reverse follows from
Theorem 1.

It remains to be shown that if there is another pair of menus, A’, B’ € A, such that
A" ~; B forall j € [ and AUB’ >, B’ for somei € I, then they add another set of possible

CA' B/ (8 ca, B
representations, if and only if o (S,) # canls

for some s,s" € S. That this condition is
sufficient for the existence of addltlonal representatlons is obvious. To see that it is necessary,

(14nca,5(s))u( |l)
Z(1+nCAB(s)) ol f r all . There

must be some non-constant function ¢ : S — R, such that i (s|i) = % for some
S*

suppose there was a representation <¢, 1, U ) with i (s|i) #

n >0 and c(s) # cap(s). =; mandates that 1(s) 1+l7(7¢)(s) Because <gb,,u, ) represents
the same preference as (¢, u, U), > c(s)p(s]i) must be constant. Hence, there is some
S*

non-constant function ¢: S — R, with Y ¢(s)u(s]i) =0 for alli € I. Let ¢* (s) and ¢~ (s)
S*

be the positive and negative part of ¢ (s), respectively. Following the proof of Claim 1 above,

choose ' such that é7 — o g = act and £ such that { —o|,, = ac™. Let A" := Ag+

and B' := A~ .Then Ag+ ~; A~ foralli € I, but Ag+ U Ag- =5 A~ for some j € I, because
car pr(s) £ ca,B(s)

carpr () 7 ean(s)

ca.p (s) is not constant. Thus A" and B’ violate Axiom 1. They satisfy

by construction. H
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7.3. Proof of Theorem 2

Definition 12: Let A be the collection of all convex subsets of A (Z). Let G be the collec-
tion of all acts: g: I — A. Call g € G a convex act.

Lemma 2: > constrained to G satisfies Azioms 2-4, if and only if there are continuous
linear functions v; : A — R, such that v : G — R with v (g) = Y v; (g (i)) represents = on
il
G.
Moreover, if there is another collection of continuous linear functions, v, : A — R, such
that v' (g) = >_ v} (g (i) represents = on G, then there are constants a > 0 and {b;|i € '},

i€l
such that v, = b; + av; for each i € I.

Proof: The collection of convex acts G together with the convex combination of acts as
a mixture operation is a mixture space. Lemma 2 is an application of the Mixture Space
Theorem (Theorem 5.11 in Kreps (1988)),%® where additive separability across I follows from
the usual induction argument. [

Corollary 2: If i € I is nontrivial, then V;(A4) and v; (A) agree on A up to positive

affine transformations.

Proof: Evaluating v (gf‘) implies that v; represents >; on A. v; is linear. The Mixture
Space Theorem states that any other linear representation of >~; agrees with v;, up to a
positive affine transformation. According to Theorem DLRS, V; (A) is linear and represents
=; on A. [J

For any nontrivial event ¢ € I (which exists according to Corollary 1), V; (A) and v; (A)
agree on A up to a positive affine transformation, as established by Corollary 2. Thus there
is an event dependent, positive scaling factor 7’ (¢), such that v; (A) = 7’ (i) V; (A) for all
A €A, where 7' (i) = 0, if and only if i is trivial. Let V' represent = on G and V' = v on
G. Continuity implies that there is a convex act § € G for all ¢ € G, such that g (i) ~;
g (7). Then, according to Lemma 2, V' (g) = V'(3) = Y v (g(i) = > 7" (i) Vi (g (7).
According to Theorem DLRS, V; (g (7)) = V; (¢ (i)). Hence, gzei h implies Zzeﬂl" (1) Vi(g (i) >

el

45 Axiom 2 (Continuity) is stronger than von Neumann-Morgenstern Continuity on G, which requires that
for all g > ¢’ > ¢” there are p,q € (0,1), such that pg+ (1 —p)g” = ¢ = q9+ (1 —q)g".
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> > @’ (i) Vi (h (i)). Therefore

i€l

Zﬂ' /l s) max (« - s)dpu, (s)

agg(i)
i€l S

represents >. Since v is unique only up to positive affine transformations, 7’ (i) can be
normalized to be a probability measure, 7 (7). Interpreting u (s i) := u, (s) as a conditional

probability measure over the taste space .S, define

Vig)= Ym0 | [ 165) max (- 5)du (s )

, agg(i)
i€l S

to establish the sufficiency statement in Theorem 2. That Axioms 2-6 are necessary for the

existence of the representation is straight forward to verify. Bl

7.4. Proof of Theorem 1’

The proof idea is the same as for Theorem 1. To show that Axiom 1 is sufficient for the
uniqueness statement, first establish the analogous claim to Claim 2. The definition of
support functions (definition 11) and all related notations remain relevant here.

Recall that Us (p) can be written as Us (p) = [(s) (s-p). The function [ : S — R* is
strictly positive."® Consider the uninformative event I € F. Note that [, ldu (s|I) exists

for any measurable S’ C S, because the value of the menu supported by o. in Lemma 1 is
Jooeldp(s|I) =« [gldu(s|T).

Lemma 3: There are support functions £ and ¢ and a number o > 0, such that p (S"|) —

Joa(E—o ld,u( |I ) < &. For o > « there are also support functions ¢’ and ¢’, such that
o ~ Jy (€ = o) ldu(s) <

Proof:

Claim 3: If f is positive and integrable, then for any € > 0, there is a continuous, positive
function g : S — R with bounded support, such that [, |f — g|du(s) < e for every measur-
able set S’ C S.

467 (s) = 0 corresonds to the trivial state, which is not part of a CPF representation.
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Proof: As f and p are both weakly positive, fs |fi(s)|ds exists. Thus, for every ¢ > 0,
there exists a continuous function g : S — R such that [, [g — f|du(s) < e. See, for exam-

ple, Billingsley, Theorem 17.10. Since f is positive, g can be chosen positive.||

Given € > 0, Claim 3 establishes that there is a continuous, positive function g , such
that [, [l — g|du(s) < e for every measurable set S’ C S. The functlon 2:5 — RT is then

positive, bounded and continuous. Thus, for any € > 0, g can be chosen such that

glg—ilédu(ﬁréHl

g—lldu(s) <
gHm o= tlau)

DO ™

Claim 4 (Lemma 11 in DLR): The functions that are the difference of two support
functions span a cone that is dense in C'(5), the space of continuous functions on S, the

unit sphere in R¥.

As [ is positive, v (S") := [g, ldp (s |I) is itself a measure.'” Claim 4 then implies that for

every € > ( there are two support functions £ and ¢ and a number o > 0, such that

/.

for every measurable set S’ C S.

1
; E—o)

ldu (s) <

€
2

Hence,

n(S'10) - [ =) dutsin < [ 1= ale=o)ildu(sl)

S/

1
91l (s D) +/ ldpu(s|T) < <
S/ !

This establishes the first part of the lemma. To show the second part, consider o = ca

1
; E—o)

with ¢ > 1, then let 0/ = 0 and ¢ = 15 + ( ) o. £ is a convex combination of support
functions and therefore a support function and o' (¢’ — ¢’) = a (£ — o). This concludes the

proof of Lemma 3. [J

47If information is ignored, in the sense that DM only gets to choose only between acts that do not
condition on information, then preferences can be represented as in DLR. The measure v corresponds to the
measure featured in this representation. It is dominated by the measure p(s|I) and the Radon-Nikodym
derivative of v with respect to p (. |I) evaluated in s is [ (s), the intensity of taste s.
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Suppose (¢, 1, U) and ((b,ﬁ, U > are two CPF representations of >. Following Lemma
3, one can define a sequence of support functions (§,,) and (o,) and a sequence of numbers

(), such that

n

u(S'm—/,an@n—anﬂdu(su)<—

for every measurable set S’ C S and for all n > 0. Analogously define </§; > and (0,) and a

n

sequence of numbers (a,,) based on <gb, 1, U ) . According to the second part of Lemma 3 it

is possible to choose (a,) and (@,) such that

[ € =ontntsin = [ (8.=7.)dns1n)

and hence %fn + %ff\n ~r %En + %an according to (¢, u, U) for all n > 0.
Rewriting pa g (D) as defined in definition 8 in terms of support functions yields pa g (D) =
Jg(0a—0p)ldu(s|D). For the remainder of the proof, let A,, B, and C,, be defined, such

_1 1~ _ 17 1 1 1~
that 04, = 3§, + 500, 0B, = 3§, + 50, and 0¢, = 50, + 50,.

Claim 5: % — 1forall D € F.

Proof: First note that
pc, .4, (D) Js3(0n+5n =&, —Tn)ldu(s|D)
pens, (D) 1 (an G, — an> ldu (s|D)
Js (&, —0on)ldu(s|D)
Js (€. =) ldpu (5 |D)

By definition u (S"|1) — an [o (£, — o) ldp (s|I) < + for every measurable set S C S and
for all n > 0 implies that (i) hm [an Js (&, —on)ldu(s|I)] =1, because p is a probability

measure and (ii) a, (€, — 0,)] — 1 almost everywhere according to p(s|l). The same

n

observations can be made for <§n>, (Gn), (Qy) and (qb,ﬁ, U
For every D € F the range of 1 (.|D) is a subset of the range of y and S" C S'is u(.|D)

measurable, if and only if it is pu(s|I) measurable. Hence,
lim [, [4 (&, —on)ldu(s|D)] = 1 for all D € F. Analogously
lim [ozn s ( 8n> 1d7ji (s |D)] = 1 for all D € F. As in the case of finite [, it is easy

to verify that this independence is meaningful in terms of . Hence, there is a sequence
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of numbers (f,), such that lim [ﬁn s (En —8n> ldu (s |D)} =1 for all D € F. Since
%ﬁn + %En ~7 %Zn + %an for all n > 0, it must be that g—” — 1. Together with observations

(ii) above this implies that fjé\::;:;lz%(ss@ >) — 1forall D€ F. |

Claim 6: If (¢, 4, U) and ((b, 1, U ) are two CPF representations of > that are distinct be-

yond the changes permitted in the uniqueness statement of Theorem 1’, then

pcnu“nUBn(D) 1
PCr, B (D)

Proof: First note that

o nos (1) Jss (on+ 80— max{e, + 5,8, +on}) ldu(s|T)
pe..s. (1) Js3 (On + Gy — & — on) ldp (s|1)

[, max {5n o & — an} ldp (s |1)
s <Zn — En) ldp (s 1)

It follows immediately from the uniqueness statements in Theorems 3 and 4 in DLR, that
i (s|D)and 1 (s |D) share the same support in the sense of Definition 5 and that [ (s) p (s|D)
is unique up to rescaling for any D € F. Thus, if (¢, u,U) and (gb, 1, U ) are distinct in
the sense of the claim, then the corresponding functions [ and 1 have to be distinct. Conse-

quently, there is S C S, such that [, %lu(s |[I) # w(S"|I). Thus, for n large enough,
lim [ozn Jo (En—8n> ldp (3|D)] =c # u(S'|I). Wlo.g. suppose that ¢ > 1. Then

lim [ozn Jg max {fn — an,gn — En} ldp (s ]D)] > 1, which implies

[, max {gn - an} ldu (s |D)
s (En - 3n> ldu (s|D)

- 1. ||

The combination of Claims 5 and 6 is a direct violation of Axiom 1’. Hence, Axiom 1
implies that (¢, 1, U) is unique in the sense of Theorem 1°.

It remains to show that Axiom 1’ is also necessary. The argument requires only slight
changes compared to the finite case: suppose to the contrary that the representation holds
with the stated uniqueness, but Axiom 1’ is violated. @ Then, there are sequences

(A,),(Bn),(C,) C A, which converge in the Hausdorff topology, with Z%L%()m - 1
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for some D € I and M — 1forall D' € F. M — 1 for all D’ € F implies that
POy, By (D') PCy By (D)

fCAn,Bn (s)p(s|D")
S

!ch,Bn (s)pu(s]D")

— 0

forall D’ € F. Z’CPCATB(D()D) — 1 implies

ca,.B, (8)
[ cco.p, (s)p(s|D)
S

-0

i (s |D)-almost everywhere. In complete analogy to the finite case, define

CA’VL?-BTL (S)

!ch,Bn (s)p(s|D)

f(s|D):=|1+4n n(s|D),

n.Bn ($)(s|D)

argument is identical to the one in the finite case. Thus, Axiom 1’ must hold.

where 7 is small enough, such that 1 + nﬁ#"(s) > 0 for all s € S. From here the
S

7.5. Proof of Theorem 2’:

Definition 13: Let {D; |t € {1,..,7}} be a finite partition of I with D; € F. {D,} denotes

a generic partition of this type. Further let Gp,; be the collection of acts where the outcome

depends only on the event D € {D,}. Let G* := |J Gyp,} be the set of simple acts. GNG*
{Ds}

is the collection of all simple convex acts.
The support of g € Gp,} is a finite subset of A.

Lemma 2’: > constrained to G N G* satisfies Axioms 2-4, if and only if there are con-
_ _ T

tinuous linear functions vp : A — R, such that v: GNG* — R with v (g) = >_ vp, (g (Dy))
t=1

for g€ GnN G{(p,y, represents .

Moreover, if there is another collection of continuous linear functions, vl : A — R, such
T _
that v' (g) = Y vp, (9(Dy)) represents = on G N G*, then there are constants a > 0 and
t=1
{bp|D € F}, such that v}, = bp + avp for each D € F.

T _ —
Proof: That v (g) = > vp, (¢9(Dy)) for g € G N Gyp,y represents >~ confined to G N Gyp,y},
=1
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is implied by Lemma 2.
If the simple act g is constant on each element of {Dt};f:l, then it is also constant on
each element of a finer partition {Dg}thll For 7 C {1,...,T"}, such that D, = |J Dj, the

tet
usual induction argument yields

1 fir —1

ﬂ_T (g* (Dl) ) "'79* (Dt—l) ’Aa g* (Dt-i-l) ) -'-79* (DT)) + ﬂT g*
1
— Z - (9 (DY), 9" (Di_1) , A g* (Diy) o g7 (D))

T —
and thus vp, (A) = > vp; (A). Therefore, v (9) = >_ vp, (9 (D)) for g €GNGp,; represents
t=1

ter
> constrained to all simple acts, g € G N G*.

The uniqueness statement follows immediately from the uniqueness in Lemma 2. That

the representation implies continuity and linearity of v and, thus, the axioms is obvious. [

As suggested in the text, first establish the result of Theorem 2 for simple acts and then
show that those are dense in the space of all acts. Once this is established, verify that Defi-
nition 7 can be employed. Corollary 2 still holds, where i is replaced with D.

Claim 7: If > satisfies Axioms 2-6, then there are a set of bounded positive numbers
{1 (s)},cq> a collection of probability measures {11y ()} and a countably additive prob-

ability measure m on [, such that, for g € Gyp,j,
T

Vig) =3 m (D) [165) max (a-s)di, (5

— a€g(Dy)
t=1 5

represents > on G*. Furthermore, there is a function v : G — R as in Lemma 2 that agrees
with V on G*.

Proof: Just as in the proof of Theorem 2, establish that there is an event dependent,

positive scaling factor 7' (D), such that

T

0l9) = 37 (D) [ 1) max (@) du, (5

— a€g(Dy)
t=1 S

for g € Gyp,;, where v represents ~. 7' (D) = 0, if and only if D is trivial. >p is then
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represented by [ (s)ma} (- s)dup (s). Holding utilities fixed, it is a straight forward
S ae

variation of AA’s classical result, that >p identifies pp, (s) uniquely. Thus, it obviously
identifies ' (D) 1 (s) up to the value 7' (D). Now consider a partition { D;},_, with DUD’ €
{Dt};{:l and a finer partition {Dg}gl with D, D’ € {Dg}thll According to the proof of
Lemma 2’, vpupr (A) = vp (A) +vp (A). As I (s) does not depend on D, the representation
for the finer partition must then assign the same relative weight to any taste s, as the

representation for the coarser partition:

tpupr (8) < 7 (D) pp (s) + 7' (D') pp (s)

for all s € S and D, D’ € F. Thus, for pp,p ($) to be a probability measure, it must hold
that 7/ (DU D') = 7' (D) + 7’ (D'). Inductively establish that

7 (Up) =D (D)

for |JD; € F. F is a o-algebra, so it includes all countable unions of its elements. Since v
is unique only up to positive affine transformations, 7 (D) o 7’ (D) can be normalized, such

that 7 (D) is a countably additive probability measure. For g € G*, define

Vig) =Y m (D) [1(s) max (a-s)dup, (o

a€cg(Dy)
t=1 & g
to establish Claim 7. ||
Claim 8: The simple acts G* are dense in G in the topology defined on G.

Proof: I will argue that every neighborhood of an act ¢ € G in the product topology
contains a simple act. Let p; : G — G, be the natural projection from G to G; = A and let
B. (A) C A be an open ball of radius € > 0 around A € A,

B.(A):={B e Ald,(A,B) <e}.

It suffices to show that, for every act g € GG, there is a simple act in every finite intersection
of sets of the form p; * (B. (g (i))) € G.** Let a finite set I’ C I index the relevant dimensions

48Open sets in the product topology are the product of open sets in the topology dj on A, which coincide
with A for cofinitely many i € I.
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for this intersection. I will establish that there is always a simple act h with

mz}xdh (g(i),h(7) <e.

el

Let L C A(Z) be a finite set of lotteries over Z, such that for all @ € A (Z) thereis o/ € L
with d,, (o, ') < e. This set exists, because A (Z) is compact. Let A’ be the set of all subsets
of L. Then A’ C A, and for all A € A thereis A’ € A’ with dj, (A, A’) < € by the definition
of dy, (A, B). Thus, there is an act in ﬁpZ (B: (g (i))) with support only in A’. Because I’

is finite and F the Borel o-algebra, there is finite partition {D;} of I, such that i,j € I’
and i € Dy imply j ¢ D;. Thus, for every g € G and for all £ > 0, there is a simple act in

prl (B: (g (1)))- |

Claim 8 implies that, if

T
) = max (a-s)d 5
S (D / ) max (a-5)dpp, (s)

t=1

on G*, which can be guaranteed according to Claim 7, then the continuous function v (g) is
uniquely determined on all of G.

To use Definition 7, hold I (s) fixed. It is bounded by construction. For a simple act,
gn € Gp,}, consider the function ¢, : I — R, defined as

puli) = [ 1) max (@) dup (5

a€gn (D)
S

for i € D € {D,}. Then, the task is to find a sequence of simple acts, (g,) C G*, such that

v, converges from below to the bounded function

@ (i) = /l(s) max (« - s)dpu; (s)

agg(i)
S

for a given act g € G and some measure y; (s). First, for g, € Gip,}, let D" (i) be such
that i« € D" (i) € {D;}. Because g, € Gyp,} can always be expressed by using a finer
partition and because F is the Borel o-algebra, it is without loss of generality to assume
lim D™ (i) = {i}. Given pup(s), [(s) is unique. Axiom 7 then implies that pu,(s) :=
nli—gloMDn(i) (s) is well defined. («-s) is continuous; thus, g, (i) — ¢ (i) for g, — ¢ holds
f)ny Zonstruction. Second, compactness of A (Z) and Continuity (Axiom 3) imply that the
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set of acts with only singletons in their support has a worst element, g. Axiom 6 then implies

that g = g for all g € G. For a singleton {a},

ac{a}
S xEZ S

J166) ma a5 () = 3 | ae) [105)sud (s

For z = arg min (f [(s) szdp; (3)), this expression is minimized in o = (1, z). Thus, g has
zeX S <
support in {{(1,2)} [z € Z }, which is a finite set. Hence g is simple.

With a simple act as a worst act, there must then be a sequence of simple acts, such that

gn (i) — ¢ (7) from below. Continuity of v and Definition 7 give

E, /l(s)max(a s)du; (s)| =v(g).

agg(i)
S

Interpreting p (s i) := p,; (s) as a probability measure over the taste space S, conditional

on the information ¢ € I, yields the representation in Theorem 2’:

Vi(g) =, /Z<>max<a s)d (s]i)

agg(i)
S

This completes the proof of the sufficiency statement in Theorem 2’. That the axioms are

also necessary for the existence of the representation is straight forward to verify. B

7.6. Proof of Proposition 2

The following lemma is at the heart of the proof of Proposition 2:

Lemma 4: If ] is finite and (7, u, U) and <¢, 1, ) both represent >, then

has to hold for all nontrivial 7, j € I.

Proof: For any given i € I, (mw, p,U) and <gz5 1, ) represent the same preference, >;.
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Then i (s |¢) must be a probability measure with 7i (s |i) o< % p (s i) and consequently

—

vy o L) p(sli)

L(s)p(s|) = fl—)—

5 U

At the same time (7, pu, U) and (¢ > represent the same preference across . It is easy

to verify that this implies ¢ (i) [1(s) max (s-a)dpu(sli fl max (s-a)du(s|i)
5 g
for all g € G and hence ¢ (i) = 7 (7) f du( i) ,which estabhshes Lemma 4 O
S

I* and S* are assumed to have finite cardinality 7. According to Lemma 4, 2\(8) has to
solve the system of equations ¢ (i) o 7 (4) Z EES;M( s|i) for all ¢ € I*. We want to establish

that there is a neighborhood of 7, such that all ¢ in this neighborhood allow an alternative
representation, (gb, 1, U ) Interpret 7 and ¢ as vectors in RY. Denote by p(s) € RL the
vector with i-th component i (s]i) and by 7 ® p(s) € RT the component wise product of
those vectors. The system of equations has a solution with Z\(s) > 0, if and only if ¢ is in

the interior of the positive linear span of {m ® p (s)}, .-
Lemma 5: Under the conditions of Proposition 2, {/(s)},.¢. are linearly independent.

Proof: Suppose not. Let n € {1,...,T} index the tastes in S*. Then there must be
parameters ¢, for n € {1,...,T — 1}, such that p(sr) = > cup(sy). Then for some

for all n,m € {1,...,7—1} and all ¢ € I. Then l'(s,) := [ (sp) % is well defined for

all n € {1,T}, and for U, (o) = I’ (s) s - o the CPF representation (m, i/, U’) is numerically
identical to the representation (m, y, U) . This contradicts Theorem 1. [J

m € RT. Thus, {7 ® 11 (s)},.q. must also be linearly independent. Therefore {m ® p (s)},cq-

spans R”, and the positive linear span of {7 ® 1 (s)} is open in RY. 7 can be ex-

sES*
pressed as a linear combination, which assigns unit weight to 7" linearly independent vectors:

T = > 7O p(s). Hence, 7 is in the interior of the positive linear span of {m ® p (s)},cg--
S*

This establishes the first part of Proposition 2: under the conditions of the proposition,

40



there is a neighborhood of 7 in R”, such that all ¢ in this neighborhood allow an alternative

representation, (qﬁ, 1, U ) Since the solution of a linear system of equations is continuous in

all parameters, it is continuous in 7. This establishes the second part of Proposition 2. B
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