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Abstract

We introduce and axiomatize dynamic variational preferences, the dynamic version of the
variational preferences we axiomatized in [14], which include the Multiplier Preferences in-
spired by robust control and used in macroeconomics, as in Hansen and Sargent ([9]), as well
as Mean Variance Preferences of Markovitz and Tobin, used in finance. We provide a con-
dition that makes dynamic variational preferences time consistent, and their representation
recursive. This gives them the analytical tractability needed in finance and macroeconomic
applications. A corollary of our results is that Multiplier Preferences are time consistent, but

Mean Variance Preferences are not.

1 Introduction
In the Multiple Priors (MP) model agents rank acts h using the criterion

V (h) = inf EP [u (h)], (1)
peC
where C is a closed and convex subset of the set A of all probabilities on states. This model has
been axiomatized by Gilboa and Schmeidler [7] with the goal of modeling ambiguity averse agents,
who exhibit the Ellsberg-type behavior first observed in the seminal paper of Ellsberg [4].

The nonsingleton nature of C' reflects the limited information that MP agents may have, which
may not be enough to quantify their beliefs with a single probability, and it is, instead, compatible
with a nonsingleton set C' of probabilities.

On the other hand, the cautious attitude featured by MP agents can also be viewed as the result
of the effect that an adversarial influence, which we may call “Nature,” has on the realizations of the
state. Under this view, Nature chooses a probability p over states with the objective of minimizing
agents’ utility, conditional on their choice of an act and under the constraint that the probability
p has to be chosen in a fixed set C'. This interpretation of the MP model provides an intuitive

notion of ambiguity aversion, which can be regarded as the agents’ diffidence for any lack of precise
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definition of the uncertainty involved in a choice, something that provides room for the malevolent

influence of Nature.!

In a recent paper, [14], we extended the MP representation by generalizing Nature’s constraint.
Specifically, in our extension the constraint on Nature is given by a cost ¢ (p) associated with the
choice of probability, and agents rank acts according to the criterion:

Vi(h) = inf (B [u(h)] +c(p), (2)

where ¢ is a closed and convex function on A. Preferences represented by (2) are called variational
preferences (VP), and the function cis their ambiguity indexr. In [14] we axiomatize the represen-
tation (2) and we discuss in detail its ambiguity interpretation, as well as the malevolent Nature
interpretation we emphasize here in view of possible macroeconomic applications.

The VP representation generalizes the MP representation, which is the special case where there
is an infinite cost for choosing outside the set C, with the cost being constant (and hence, without
loss of generality, zero) inside that set. In other words, the cost for Nature in the MP model is

given by the indicator function d¢ : A — [0, 00] of C, defined as

50(1’):{ L ee ®)

and it is immediate to see that

inf (B [u ()] + 3c (p)) = inf E” [u (b))

The notion of ambiguity aversion has found an important application in the last years in the
literature, pioneered by Hansen and Sargent (see, e.g., [9]), that applies the idea of robust control
to the choice of agents in macroeconomic models. While the initial definition of robust control was
different from that of ambiguity aversion, the intuition is closely related: an agent prefers a robust
control if he is not confident that his (probabilistic) model of the uncertainty is correct, and so he
wants to avoid the possibility that a small error in the formulation of the stochastic environment
produces a large loss. Ambiguity aversion comes up because the agents’ information is too limited
to be represented by a single probabilistic model.

In the multiplier preferences model, the most important choice model used in this macroeco-
nomic literature (see [9]), the constraint on Nature is represented by a cost ¢ based on a reference
probability ¢ € A: Nature can deviate away from ¢, but the larger the deviation, the larger the
cost. In particular, this cost is assumed to be proportional to the relative entropy R (pl|q) between
the chosen probability p and reference probability ¢; that is,

c(p) =0R(pllq),

where 6 > 0. Multiplier preferences are, therefore, the special case of variational preferences given
by

inf (E? [u (h)] + OR (p|lq)),

and their analytical tractability is important in deriving optimal policies.

Even though the motivation behind multiplier preferences was similar to that used for MP

preferences, formally multiplier preferences are not MP preferences. In fact, in [14] we show that

1 As Hart, Modica , and Schmeidler [10, p. 352] write “In Gilboa and Schmeidler [7] it is shown that preferences ...
are represented by functionals of the form f +—— mingeg >, u (f (s)) ¢ (s), for some closed convex set @ C A (S). So
the ambiguity averse decision maker behaves ‘as if’ there were an opponent who could partially influence occurence
of states to his disadvantage (i.e., think of the opponent as choosing q € Q).”



they are examples of divergence preferences, a special class of variational preferences featuring
tractable cost functions, but which are not MP preferences. Variational preferences are, therefore,
the generalization needed in order to encompass both MP and multiplier preferences, as discussed
at length in [14].

In view of applications, however, the static analysis of [14] is insufficient and a dynamic exten-
sion is required. This is the purpose of the present paper, in which we introduce and axiomatize
dynamic variational preferences.

The first observation to make is that, while in a static environment acts are functions from
states to consequences, in a dynamic environment they are functions from times and states to
consequences. We impose on acts the usual measurability conditions ensuring that agents’ choices
are consistent with the information they have. As a result, agents’ evaluations are conditional to
time and state, and they are modelled by a family of (conditional) preferences 77; ., indexed by
time and state pairs (¢,w). In the main results of the paper we provide necessary and sufficient
conditions guaranteeing that agents’ preferences /7, are represented by the preference functional
Vi (h) : @ — R given by

Vi(h) = inf [EP Y 8" u(he)|Gi | +ci(plGr) | (4)
pea >t

and we show what restrictions on ¢; guarantee time consistency.? Under time consistency the rep-
resentation (4) becomes recursive, and so it has the analytical tractability required in applications.
Besides tractability, time consistency has also an intuitive appeal. In fact, suppose that two acts
are the same in every contingency up to the present period, and the first is preferred to the second
according to the conditional preference in the next period in every state. Then time consistency
requires that the first act should be preferred to the second in the present period. Equivalently,
think of a plan as a sequence of conditional choices, so that the choice of a plan in the current
period includes a plan of choices in all future periods, conditional on all future contingencies. Then,
an agent is time consistent if he never formulates a plan of future choices that he wants to revise

later in some event that is conceivable today.

1.1 The No-Gain Condition and Bayesian Updating

Our work extends to the VP setting the recent dynamic version of the MP model provided by
Epstein and Schneider [5]. They give a condition, called rectangularity, that guarantees time
consistency of MP preferences. Since rectangularity is a restriction on the sets of probabilities
from which Nature can select at every time and state, it is therefore natural that our corresponding
condition is formulated as a restriction on cost functions.

Specifically, our condition is given by (11) of Theorem 1. To facilitate the exposition, we present
it in a simplified form, dropping the time index (the reader may think of this as the condition for
the two-period version of the model). The agent has a partition G over the set of possible states
(see the picture at p. 7). Nature has a cost ¢ in the first period, so that cq(q) is Nature’s cost
of choosing the probability ¢ over the states. To each event G in this partition it is associated a

new, second period, cost cg. The announced condition requires that:

8BS 4(G)ealac) + calp), (5)

Geg
where ¢(G) =~ cc q(w), B is the discount factor, and

qdw:{quaw ifwed,

= i f
ca(d) {p:p(G):}ZI(lG) VGeG}

0 otherwise.

2Here B is a discount factor and G; represents the information available to the agents at time ¢.



The condition has a simple interpretation. The choice of probability by Nature over two periods
can be thought of as consisting of two steps. The first period choice is a choice of probability over
the events that realize in the first period. The second period choice is a choice of probability over
states in every event, conditional on that event.

Nature can make this choice in a time consistent way: choose ¢ in the first period, pay the
appropriate cost cq(q), wait for the realization of the second period event G, do nothing, pay
nothing, and get the probability gg on the states in the event G. The total cost of this is the term
in the Lh.s. of (5).

Alternatively, Nature can achieve the same result in a time inconsistent way, with total cost
given by the r.h.s. of (5). Nature can choose today a probability p that induces the same probability
over events in the second period as ¢ does. This constraint is described by the condition p(G) =
q(G) for every event G. Nature pays for its choice p the appropriate cost, which is the term
cao(p) in the r.h.s. of (5). After the realization of the event G, the probability over states in that
event would be pg. Nature can now change the conditional probability to qg, and again pay the
appropriate cost, represented by the term cg(ge) in the r.his. of (5). Overall, in this second more
indirect way, Nature achieves the same result as in the first choice: a probability ¢(G) of every
event G in the first period, and a conditional probability g if G obtains.

The condition requires that this second, time inconsistent, choice is not less costly for Nature.
A simple way of stating our main result is therefore the following: A decision maker is dynamically
consistent if and only if (he thinks that) Nature is dynamically consistent.

In view of all this, we call (5), and more generally (11) of Theorem 1, a “no-gain condition.”
We will formally prove that the no-gain condition generalizes rectangularity, and it coincides with

it when cost functions are indicators .

Equation (5) provides a link between cost functions in different periods. One important aspect
of this link is that in the second period the probability over states conditional on the event G is the
conditional probability g; as defined by (6), namely according to Bayes’ Rule. This link extends
to variational preferences the connection between time consistency and Bayes’ Rule.

As well known, Subjective Expected Utility preferences are time consistent if and only if their
subjective beliefs are updated according to Bayes’ Rule. This result is generalized in [5] to MP
preferences by showing that they are time consistent if and only if their sets of subjective beliefs
are rectangular and updating is done belief by belief (prior by prior in the terminology of the MP
model) according to Bayes’ Rule. Our Theorem 1, in turn, further generalizes all these results and
it shows that variational preferences are time consistent if and only if their cost functions satisfy
the no-gain condition and updating is done according to Bayes’ Rule.

Moreover, the recursive structure of the no-gain condition makes it possible to construct by
backward induction cost functions that satisfy it. This is shown by Theorem 2, which thus provides

a way to construct via (4) examples of variational preferences that are time consistent.

Some papers have recently studied related issues, in particular dynamic aspects of the MP
model. We already mentioned Epstein and Schneider [5], which is turn closely related to Wang
[21]. Some aspects of their work have been extended by Ghirardato, Maccheroni, and Marinacci [6]
and Hayashi [11]. More recently, Hanany and Klibanoff [8] proposed a dynamic version of the MP
model that it is dynamically consistent but it does not satisfy Consequentilism, while Siniscalchi
[19] focused on dynamic MP models that relax Dynamic Consistency. Finally, Ozdenoren and Peck
[17] have studied some dynamic games against Nature that lead to ambiguity averse behavior, thus
providing a game-theoretic underpinning of the game against Nature interpretation of ambiguity

we discussed above and in [14].

The paper is organized as follows. Section 2 introduces the setup and notation, Section 3



presents the axioms needed for our derivation, whereas Section 4 contains the main results of the
paper. Section 5 illustrates the main results with two important classes of variational preferences,
the multiple priors preferences of Gilboa and Schmeidler [7] and the multiplier preferences of

Hansen and Sargent [9]. All proofs are collected in the Appendix.

2 Setup

2.1 Information

Time is discrete and varies over 7 = {0,1,...,T}. In our results we model information as an event
tree {G¢},cr, given and fixed throughout, which is defined on a finite space 2. The elements of
this tree are partitions G; of Q consisting of non-empty sets, with Gog = {Q}, G;11 finer than G; for
all t < T, and Gr = {{w} : w € Q}; in particular, G; (w) is the element of G; that contains w.

The main interpretation we have in mind for this standard modelling of information is as
follows. Given an underlying (and possibly unverifiable) state space S, endowed with a o-algebra
¥, observations are generated by a sequence of random variables {Z;},., taking values on finite
observation spaces §2;. Each random variable Z; : § — §2; is ¥-measurable and for convenience we
assume that they are surjective, so that all elements of £2; can be viewed as observations generated
by Z;.

The sample space Hthl Q; is denoted by , and its points w = (wq,...,wr) are the possible
observation paths generated by the sequence {Z;}. Given t € T, denote by {w, ...,w;} the cylinder

{wl}x---x{wt}xﬂt+1><~--><QT.
The event tree {G;} records the building up of observations and it is given by Gy = {Q},
G = {{w1,...,wi} rw, € Q, foreach 7 =1,...,t},

and Gr = {{w} : w € Q}. In other words, the atoms of the partition G; are the observation paths
up to time ¢t and they can be viewed as the nodes of the event tree {G,}.
Denote by A () the set of all probability distributions p : 2 — [0,1]. The elements of A (Q)

represent the agent’s subjective beliefs over the observation paths. Their conditional distributions

p(wlv .-.7CUT)

P Wttty -oey WT | W1y .ry W) =
( AN ’ | ’ ’ t) p(wlw",wt)

are called predictive distributions and they represent the agent’s (subjective) probability that
(wWes1, .-, wr) Will be observed after having observed (wi,...,w;).> Using the standard notation
for conditional probabilities, the predictive distributions are given by the collection {p (- | G¢)},< -

Observe that in the literature on MP preferences, the probabilities p : 2 — [0, 1] are often
called priors and the conditional probabilities p (- | G;) are called the Bayesian updates of the
prior. This terminology is, however, a bit confusing as in Statistics priors are often probabilities
on parameters (and posteriors are their Bayesian updates given observations). Here no parametric
representation is assumed for the probabilities p : 2 — [0, 1], and so we prefer not to use the term
prior for them.

We now illustrate these notions with few examples.

Example 1 Suppose that observations are given by heads and tails from a given coin. We can
set , = {0,1} for each t = 1,..., T, so that € = {0,1}" is the sample space. A possible p € A (Q)

3For convenience, we write p (w1, ...,w¢) in place of p ({w1,...,w¢}). Moreover, (Wit1,...,wr) stands for

Q1 X oo X Qp X {wig1} X - X {wr}.



is the one that assigns equal probability to all observation paths w; that is, p (w) = 2=7 for each

w € . In this case, p (w1, ...,ws) = 27¢ and

p(wl,...,wT) t—T
P(Wtd1y ey WD | W1, ey Wy) = ——————= =277,
(Wi | 2 (w1, ..., we)

For example, if T' = 3, we have Q = {0, 1}3 and  consists of 23 states. This case can be illustrated

with a simple binomial tree

(0,0,0)
(0,0,1)
(0,1,0)
(0,1,1)
(1,0,0)
(1,0,1)

(1,1,0)

(1,1,1)

and the above probability p is such that p (w) = 1/8 for all w € Q, while its predictive
distributions are:

p(ws | wi,we) =1/2 and p(wa,ws | wi) =1/4.
A

In the next examples we assume that Q; = Z for all ¢, so that @ = ZT. For instance, in the

previous example we had Z = {0,1}.

Example 2 Consider a p € A (Q) that makes the sequence {Z;} i.i.d., with common marginal
distribution 7 : 22 — [0,1]. In this case, p is a product probability on 2 uniquely determined by
7 as follows:

T
p(w) = Hﬂ(wi) Yw € L.
i=1
The predictive distributions are given by:
T
D (Wit1y ooy W | W1,y ey wi) = H 7 (w;),
i=t+1

that is, p (W1, .. wr | W1, ey wi) = P (Wig1, ..., wr). Hence, information is irrelevant for predic-
tion. A

Example 3 Consider a p € A (Q) that makes the sequence {Z;} exchangeable, i.e.,
P (Wi, wr) =P (Wiys ey Wi ) (7)

for all permutations i1, ..., 7. For simplicity, suppose Z = {0,1} and set

= (-



where p (22:1 w; = l) is the probability of having ! successes among t € 7 trials. Some algebra
shows that here the predictive distributions are given by

T T
Ul+l~c/(l k)
p(wt+1, cyWT | wl,...,wt) = 7+7

F (T

v/ (l)
where [ = Zizl w; and k = Zith 1 wi. Because of exchangeability, only the quantities [ and k&
matter for the predictive distributions. Here information, as recorded by [ and r, is relevant for
prediction. A

Example 4 Finally, suppose that p € A (Q) makes the sequence {Z;} a homogeneous Markov
chain with transition function 7 : ;1 x 2% — [0,1] for ¢t > 2, where 7 (w;_1,-) : 2% — [0,1] is
a probability measure on Z for each w;_1 € Q;_1. Given an initial probability distribution 7° on

2% p is uniquely determined by 7 as follows:

T
p(w) =7 (wy) Hﬂ' (wic1,w;) Yw e Q.
i=2
so that,
T
P (Wit ooy W | W1,y ey wy) = H T (Wim1,w;) - (8)
i=t+1

Also in this Markov example information matters for prediction. In particular, (8) shows that here
the relevant information is given by wy. A

2.2 Consumption Streams

The acts among which agents choose are here given by consumption processes. Formally, acts
are X-valued adapted processes of the form h = (hg, h1,..., A1), where each h; : Q@ — X is G;-
measurable and takes values on a convex consumption set X (e.g., X = RT or A (R™)).

hz (w'l)
hg (w'z)
ha(wj)

ha(w?)

ha(w?)
ha(ws)
ha(wy")

ha(wy')

ha(ws')

Denote by H the set of all acts; we indifferently write h; (w) or h (t,w) to denote consumption
at time ¢ if w obtains (and sometimes h (¢, G) to denote consumption at time ¢ if G € G, occurs).
Notice that in our finite setting acts can be regarded as functions defined on | J,., G, that is, on
the set of all nodes.

We can identify H with the set of all maps h :  — X7 such that h, (w) = h, (W) if G, (w) =
G, (w"); in this perspective h (w) is the element (hg (w),h1 (W), ..., hr (w)) € X7 for any given w.
For all a € [0,1], and all h, b’ € H we set

(ah+ (1 —a)h)(t,w) =ah(t,w)+ (1 —a)h (t,w) VY (t,w)eT x 0.



If the values of an act y € ‘H depend only on time but not on state, that is, for every fixed ¢
Yy (tvw) =Y (tv wl) =Yt vwvw/ € Qv

with a little abuse we write y = (yo,91,-..,yr) € XZ. Moreover, if yo = y1 = .... = yr = = € X,

the act is called constant and, with another little abuse, we denote it by x.

Example 5 Suppose as in Example 1 that Q = {0, l}T. A consumption process h = (hg, h1, ..., hr)
is such that:

ho(w) = hoW'), VYwuw €Q,
h(w) = W), VYwuw €Qwithw = Wi,
hi(w) = h (W), Yw, €Qwith (wi,...,w) = (W],...,w}),

In other words, hq is a constant, hy only depends on the first observation, and h; only depends on
the first ¢ observations. A

2.3 Notation

We close by introducing some notation, which is usually a bit heavy in dynamic settings. If
p € A(Q), we denote by pg, its restriction to the algebra generated by G, and by p(-|G;) the
conditional probability given G;.* As we already observed, the conditional probabilities p (-|G;)
are called predictive distributions.

For all t € T, A (2, G;) denotes the set of all probabilities on the algebra A (G;) generated by
Gy; e, A(Q,Gy) = {p|gt :pEA (Q)} In particular, A (Q,Gr) = A (Q).

For each E € A(G;), we set

A(E,G) = {peAQ,G) |p(E)=1}
_ p(G)>0 VGeG :GCE
ATEG) = {peA(Q’gt) p(G)=0 YVGeG :GLE }

Denoting by supp p the support {w € Q: p(w) > 0} of p € A (), for each subset E of Q we have:
AE)={pecA(Q):supppC E} and ATT(E)={pec A(Q):suppp=FE}.

In particular, A (G (w)) is the set of all predictive distributions that can be obtained by condi-
tioning on Gy (w) from probabilities p € A (Q) such that p (G (w)) > 0, while ATT (G (w)) is the
subset of A (Gt (w)) derived under the further condition that p € A () be such that p (w’) > 0 for
all W' € Gy (w).

Similarly, for each E € A(G;) we have

A(E,G) = {p|gt :p €A (E)} and ATT(E,G) = {p|g‘ ip€eATT (E)}

If the vector space of all measures on A (G;) ~ RY is endowed with the product topology, then
ATt (E,G;) is the relative interior of the convex set A (E,G;) (see Rockafellar [18], to which we

refer for the Convex Analysis terminology and notation).

*Notice that for all w € Q with p (Gt (w)) # 0, p(-1Gt) (W) = Pgy (w)-



3 Axioms

Let the binary relations ;. on H represent the agent’s preferences at any time-state node. Next

are stated several properties (axioms) of the preference relation, which will be used in the sequel.
Axiom 1 (Conditional preference—CP) For each (t,w) € T x Q:

(i) Ztw coincides with Ty . if Gy (w) = Gy (W').

(it) If h(1,w") = B (7,0") for all 7 >t and ' € Gy (w), then b~ .

(i) says that preferences orderings are “adapted” and allows to write 7. ¢ if G € G;. (ii) states

that at time ¢ in event G only “continuation acts” matter for choice.
Axiom 2 (Variational preferences—VP) For each (t,w) € T x Q:

(i) Ziw is complete and transitive.

(ii) For all hyh' € H and y,y' € X7, and for all a € (0,1), if ah+ (1 — )y Zrw ah’ + (1 — )y
then ah + (1 — @)y Ziw ah/ + (1 — a)y'.

(i1i) For all h,h',h'" € H, the sets {a € [0,1] : ah + (1 — a)h' 710 B} and {a € [0,1] : B 740
ah + (1 —a)h'} are closed.

() For all hyh' € H, if (ho(W'),h1 (W), ...hr (W) Ztw (hy (W), B (W), ..., b (W) for all
w' €Q, then h ., W

(v) For all h,h' € H, if h ~y . B, then ah 4+ (1 — )b 7y b for all o € (0,1).

The requirement here is that at every time-state node the agent has variational preferences, see

Maccheroni, Marinacci, and Rustichini [14] for a discussion of (i)-(v).
Axiom 3 (Risk preference—RP) Lety,y € X7 :
(i) For each (t,w) € T xQ, if yr Zrw Y- for all T €T, then y Zrw Y-
(ii) For all x,o' 2", 2" € X, if
Y—(rrt1y,%:7) T (Y- (rrrry 2" 2")

holds for some (t,w) € T x Q and some T > t, then it holds for all (t,w) € T x  and all
T >0

(i1i) For each (t,w) € T x Q) there exist x =y, &' in X such that for all o € (0,1) there is 2" € X

satisfying either @’ =, az” + (1 —a)x or az” + (1 — o)z’ =, .

(i) and (ii) are standard monotonicity and stationarity axioms, while (iii) requires that the

agent’s utility over consumption is unbounded (either below, or above, or both).

Axiom 4 (Dynamic consistency—DC) For each (t,w) € T xQ witht < T, and all h,h' € H,
if hy =R, for all T <t and h 41,00 B for allw’ € Q, then h T B

5Notation: (y_{.,.ﬁ_,_l},x,x’) = (Y0, ooy Yr—1, %, &', Yr42, ..., yr) if 7 < T and (yo, ..., y7r—1, ) otherwise.



As Epstein and Schneider [5, p. 6] observe “According to the hypothesis, h and h’ are identical
for times up to ¢, while h is ranked (weakly) better in every state at ¢t + 1. ‘Therefore’, it should
be ranked better also at (¢,w). A stronger and more customary version of the axiom would require

the same conclusion given the weaker hypothesis that
hi (w) = hy (w) and h Ziq1,00 B for all W' € Gy (w).

In fact, given CP, the two versions are equivalent.” We refer to [5] for a discussion of dynamic
consistency.’
A state w” € Q is 77y ,-null if

h(r,w')=h (7" ') for all 7" € T and all w’ # " implies h ~y, I

Axiom 5 (Full support—FS) No state in Q is 7o o-null.

4 The Representation

We first extend to the current dynamic setting the notion of ambiguity index ¢ we used in the static
setting of [14]. A dynamic ambiguity index is a family {c;},.; of functions c; :  x A (2) — [0, o0]
such that for all t € 7

(i) e (-,p) : Q — [0,00] is G-measurable for all p € A (Q2),7

(ii) ¢t (w,-) : A(2) — [0, 00] is grounded, closed and convex, with dom ¢; (w, ) C A (G (w)) and
dome; (w, ) NATT (G (w)) # @, for all w € Q.

Observe that the effective domains of the ¢; (w, ) consist of predictive distributions, that is, of
the conditional probabilities on the nodes G; (w). In the terminology more used in the MP model,

we would call them the Bayesian updates of the original priors p € A (Q2).

In our first result we characterize a dynamic version of variational preferences that do not
necessarily satisfy dynamic consistency. Notice that in (9) we consider AT+ (Q) in order to have
well defined conditional probabilities pg, (.-

Proposition 1 The following statements are equivalent:

(a) {Ztw} satisfy CP, VP, RP, and for each (t,w) € T x Q no state in Gy (w) is Ty w-null.

~

(b) There exist a scalar § > 0, an unbounded affine function v : X — R, and a dynamic

ambiguity index {c;} such that, for each (t,w) € T X Q, 71 is represented by

Vb = ot | [ S8 ) dpe o (@paw) | YhER O
T>t

p€A++
Moreover, (8',u,{c,}) represent =, in the sense of (9) if and only if B’ = B, v’ = au+"b for
some a >0 and b € R, and {c;} = {ac,}.
As a result, for all ¢ € 7 and all h € H, the preference functional V; (-, h) is a G;-measurable

random variable

Vi(h)= inf EP ZﬁTﬁtu (hr) |Gt | +c(p|Gr)

A++H(Q
pE (Q) >t

6Inspection of our proofs shows that the weaker version of DC in which - is replaced by ~ is enough to obtain
the results of the following section.
"Equivalently, ¢t (w,) = ¢t (W', ) for all w,w’ € Q such that Gy (w) = Gt (w').



We call dynamic variational preferences the (families of) preferences satisfying CP, VP, RP, and
such that no state in Gy (w) is 7 ,-null. It is natural to wonder what restriction on the dynamic
ambiguity index would characterize the dynamic variational preferences that satisfy dynamic con-
sistency. This condition, which we have called the “no-gain condition” in the Introduction, is given

in the next theorem, which is the main result of the paper.
Theorem 1 The following statements are equivalent:
(a) {Ziw} satisfy CP, VP, RP, FS, and DC.

(b) There exist a scalar 8 > 0, an unbounded affine function v : X — R, and a dynamic

ambiguity index {c,} such that, for each (t,w) € T x Q w s represented by

;Nt

Vi (w,h) = inf /ZﬁT ¢ 7)dpa, () + ¢t ((JJ,th(w)) Vh € H, (10)

p€A++ T>t
and
=7 Z G)eir1(Ghaa) + min ct(w,p), (11)
GEGi41 {pEA(Gt(w)):p|gt+1:q|gt+1

9(@)>0
forall g € A(Gy(w)) and all t <T.

Moreover, (ﬁ',u', {cg}) represent i, in the sense of (10) if and only if B/ = B, v = au+b
for some a >0 and b € R, and {c,} = {act}.

Therefore, dynamic variational preferences satisfy dynamic consistency if and only if their
dynamic ambiguity index has the recursive structure (11), that is, if and only if they satisfy the
no-gain condition and updating is done according to Bayes’ Rule.

In turn, (11) delivers the recursive representation

re€A(Q,Gi41)

Vito) = uhe @)+ min (5 [ Vi (a4, o) (12)
of the agent’s preference functional V;, where

v (w,r) = min ct(w,p) Yre A(Q,Gii1), (13)
{PGA(Gt(W))ip\gtJrl :T}
(see Lemma 6 in the Appendix).
In view of all this, we call recursive variational preferences the dynamic variational preferences
satisfying dynamic consistency, and we call recursive ambiguity indexes their dynamic ambiguity

indexes, that is, the dynamic indexes satisfying the no-gain condition (11).

Recall from the Introduction that the recursive formula (11) has a transparent interpretation
under the game against Nature interpretation of our setting, in which {¢;} is a dynamic cost for
the Nature. In fact, (11) suggests that the cost for Nature of choosing ¢ at time ¢ in state w can
be decomposed as the sum of: the discounted expected cost of choosing ¢’s conditionals at time
t + 1,% plus the cost v, (w, q‘gtﬂ) of inducing ¢|g,,, as one period ahead marginal. By (11) and
(12), both Nature’s costs and agent’s preferences are recursive.

After completion of an earlier version of this paper, we learned of independent work by Detlefsen
and Scandolo [1], who arrive at a condition related to (11) in studying conditions for the time

consistency of risk measures.

8In fact,

> q(G)Ct+1(G7qc):/Ct+1 (¢1Ge+1) dg.

GEgt+1
q(G)>0



4.1 Going Backward

A main advantage of the recursive structure of the no-gain condition (11) is that it makes it
possible to construct by backward induction recursive dynamic indexes, and so recursive variational
preferences via (12) and (13).

The next result provides the key ingredient for the desired backward induction construction
Proposition 2 Let {c;} be a dynamic ambiguity index. For allt <T and w € Q, set’

v (w,r) = min ct(w,p) Vr e A(Q,Gy1) .
{PGA(Gt(W))ip\gt+1:T}

The family {~;},.¢ of functions v, : Q@ x A (2, Giy1) — [0,00] is such that for all t <T':
(i) v, (-,7) : Q@ — [0, 00] is Ge-measurable for all r € A (2, Giy1).

(ii) v, (w,-) : A(Q,Gip1) — [0, 00] is grounded, closed and convez, with dom -y, (w,-) C A (Gt (w),Gi41)
and dom v, (w,-) N ATT (G (w), Giy1) # @, for allw € Q.

The index v, (w,r) can be interpreted as the cost for Nature of inducing r as one period ahead
marginal, as suggested by (12) and (13). Since the properties of v, (w,-) on A (Q,G,+1) are analo-
gous to those of a static (or dynamic) ambiguity index on the set of the agent’s subjective beliefs,
we call one-period-ahead ambiguity index a family {¥,},_,» of functions that satisfies conditions (i)
and (ii) of Proposition 2.

Next we characterize recursive ambiguity indexes by means of one-period-ahead ones, thus
giving the desired backward induction construction of recursive ambiguity indexes. Here ¢ is the
indicator function defined in (3) and, given w € 2, d,, is the Dirac probability assigning mass 1 to
w.

Theorem 2 The following statements are equivalent.

(a) {ct} is a recursive ambiguity index.

(b) There exist 5> 0 and a one period ahead ambiguity index {7,} such that, for all w € Q,

cr (w,p) = 044y, and
B cegi d(G)eeti(Grac) + 74 (W aig,,,) Vo€ A(Gy(w))
Ct (w7q) = a(G)>0
00 Vg e A(D\A (G (w)).

The important implication is (b) = (a), which allows to construct any recursive ambiguity index
by backward induction: it suffices to specify at any non-terminal node G = G¢ (w) a grounded,
closed and convex function v, on the set of all probabilities on the branches springing from G.

This decomposition of cost functions in one-period-ahead components is a key feature of our
derivation. The next example illustrates this feature by showing what happens in a binomial tree
if we take at each non-terminal node the Gini index x (p||¢) (see (18) below) as one-period-ahead
ambiguity index.

Example 6 Consider Example 1 with 7' = 2, that is, Q = {0, 1}2. We have:

G = {{O} ) {1}} and Gy = {{0’0} ) {07 1} s {170} ) {17 1}}a

9Here we adopt the convention that the minimum over the empty set is co.




where {0} = {(0,0),(0,1)} and {1} = {(1,0),(1,1)}. Hence,
A(Q,G) = {(r,1—7r):re]|0,1]},
A({0},62) A({0}) ={(r1=r):re[0,1]},
A({1},G2) A({1}) ={(n1=r):re0,1]},

and A (©2,G2) = A (). Let ¢ € A () be the uniform distribution with ¢ (w) = 1/4 for all w € ,
and set ¢ (1) = 272 + 2 (1 — 7)° — 1 for each 7 € [0,1]. Define

Yo (4,p) = x (pllgig,) = ¢ (p(0)) Vpe A(Q,G),

{ ¢ (p(0,0)) if pe A({0}),

otherwise,

7 ({0}, p) = x (pllggoy) =

and

e =xtdu = { 270 T

By Theorem 2, using these one period ahead ambiguity indexes we can construct a recursive
dynamic index, given by:

c1 ({0} ,p) =71 ({0}, p)
a({1},p) =7 {1},p),

and,
cw(@p) = Blp({0}) e ({0},p10y) +p({1}) er ({1}, 0013) ] + 70 (2211103 0133)
= B [(poo +po1) ¢ (]90()p—|0—0pm> + (p1o +p11) @ <p10p-1-0p11>} + @ (poo + po1) s
where we set p;; = p(i,7)for 4,5 € {0,1} and we adopt the convention 0y (0/0) = 0. A

5 Special Cases

5.1 Multiple Prior Preferences

We now show that Epstein and Schneider [5]’s characterization of dynamic MP preferences is a
special case of ours, modulo some minor differences in assumptions (they do not assume unbound-
edness and assume a slightly stronger version of dynamic consistency).

MP preferences are the special class of variational preferences satisfying the certainty indepen-
dence condition of Gilboa and Schmeidler [7]. In the present dynamic setting, this amounts to

consider:

MP(ii) For all h,h' € H, y € X7, and a € (0,1), h =, A if and only if ah + (1 — @)y Ziw
ah’ + (1 - a)y,

which is a stronger version of VP(ii) (in [14] we discuss the different behavioral implications of
these two axioms).

Under the stronger MP(ii), the ambiguity index ¢; (w, -) becomes an indicator function, and the
no-gain condition (11) coincides with rectangularity, which is the condition that [5] have used to
characterize recursive MP preferences.

Corollary 1 Let {Z: .} be a family of dynamic variational preferences. The following statements
are equivalent:



(a) {Ztw} satisfy MP(ii).

(b) For everyt and w, there exists a closed and convex subset Cy (w) of A () such that ¢; (w,-) =
601 (w) ()

In this case, condition (11) is equivalent to

Ci (w) = Z per(G) :p% € Ciy1 (G) VG € Gyyy and 1 € Cy (@G, ¢ (14)
GEGii1

for allw € Q and t < T, where Cyy1 (G) = Ciy1 (W) for all W' € G, and Cy (w)g,,, is the set of
restrictions to the algebra generated by Giy1 of the probabilities in Cy (w).

5.2 Multiplier Preferences

Given p,q € A (Q), the relative entropy (or Kullback-Leibler distance) of p w.r.t. ¢ is

p(w)

wea P (w)lo if p <« g,

R(pllg) =

0 otherwise,

with the convention 0ln (0/a) = 0 for all @ > 0. Analogously, if p,q € A(Q,G), where G is a

partition of 2, the relative entropy of p w.r.t. ¢ on G is

G
Soegp(6)loe 2103

o0 otherwise,

ifp<yq,
Rg (pllg) =

again with the convention 01n (0/a) = 0 for all a > 0.

Given a reference probabilistic model ¢ € A1 (Q), we call dynamic multiplier preferences the

family of preferences on H represented for every ¢ and w by

Vi (w,h) =  inf Tty (h,)d 08~ 'R Vh . 15
t (w, h) L /;5 u(he) dpG, ) + 087" R (P, () 1464 (w)) €eH (15)

The name is inspired by the robust control approach of Hansen and Sargent [9].!° They
interpret 6 as a coeflicient of uncertainty aversion, an interpretation we formalize and discuss in

[14]. Observe that by standard results (see [3]) we can equivalently write (15) as:

Vi (w,h) = -8 "log ( / et Em“(’l*)dqatw) :

a formula useful in calculations.
Next we show that multiplier preferences are recursive variational preferences and their ambi-
guity index is
¢ (w,p) = 087'R (pg, (w)lldc, w)) (16)

forallt € T,we Q,and p € A(Q).

10Clearly, these preferences are represented also by the functional

=, ( [ ) dng o + 0 <pat<w>nqct(w>>) -

T>t



Theorem 3 For all ¢ € AT+ (Q), B > 0, unbounded affine u : X — R, and 6 > 0, the dynamic
multiplier preferences represented by (15) are recursive variational preferences with ambiguity index

given by (16). In particular,

Vito ) =)+ _min (5 [ Vi 0405 R ()i, ) ) O7

reA(2,Gi41)

foreachhe H, we Q, andt <T.

The recursive formulation (17) is especially important because it makes it possible to use stan-
dard dynamic programming tools in studying optimization problems involving dynamic multiplier
preferences. This class of dynamic variational preferences is therefore very tractable, something
important for applications.

Finally, the recursive structure of another (continuous time) version of a robust control prefer-
ence functional is studied by Skiadas [20].

5.3 Mean Variance Preferences

We conclude by observing that Theorem 3 does not hold when we replace the relative entropy
with a general convex statistical distance (see [13]). For example, consider the relative Gini index
(often called x2-distance)

-1 ifpxyq,

ZWGQ 7)

00 otherwise.

X (plla) = (18)

In [14] and [16] we show that 6x (p|l¢) is the ambiguity index associated with the classic mean-
variance preferences. For example, on the domain of monotonicity of such preferences we have:

/qu— 2 Ver (f) = min </fdp+9x(pIIQ)>

PEA(q)

where ¢ € ATT () is again a reference probability.
It is easily seen that the dynamic ambiguity index given by

ct (w,p) = 087X (Pa(w) |46, )

is not recursive, and so the dynamic variational preferences represented by

_ . T— t
Vi = nt (3 D57 k) e+ 08 x o)

are not dynamically consistent.

6 Conclusions

Ambiguity adverse behavior is pervasive, and the theory of ambiguity aversion has found applica-
tions in macroeconomics, finance, even political analysis. The extension of the standard theory to
include this phenomenon has made possible a rigorous and convincing analysis.

A widely accepted theory has been so far the theory of multiple priors of [7]. Different ap-
proaches, mostly found under the name of robust preferences, have made desirable an extension
of this theory to include a larger class of behaviors. The extension, in the static case, has been
provided by the theory of variational preferences introduced by [14]. This is, however, a theory

of static choice, while most of the applications we have mentioned are in dynamic environments:



hence, a further extension to the intertemporal problem is desirable. This paper has provided such
a theory.

The paper has four main results. The first, Proposition 1, characterizes the intertemporal
preferences that have a variational representation, the so-called dynamic variational preferences
(intuitively, variational decision makers can be viewed as making their choices “as if” they think
to face a malevolent opponent, which we call Nature).

The second result, Theorem 1, characterizes the dynamic preferences that are time consistent.
In particular, a variational decision maker is dynamically consistent if and only if he thinks that
Nature as well is dynamically consistent.

The third result, Theorem 2, provides a decomposition of the cost function into one step ahead
costs, paid by Nature in every period. This decomposition makes it possible the use of recursive
analysis in studying the dynamic choice problem of a decision maker with variational preferences.

The fourth and final result, Theorem 3, is an application of Theorem 1 and it shows that the
widely used multiplier preferences introduced by Hansen and Sargent are dynamically consistent.
In contrast, we observe that mean variance preferences are not.

We close by observing that, though in the paper we assumed both  and T finite, we expect
that the extension to the infinite case can be carried out in standard ways.



A Proofs and Related Material

A.1 Convex Analysis Preliminaries

An important tool for the proofs is Convex Analysis. Here we report some basic definitions and
properties, for details we refer the reader to the classic Rockafellar [18] or Hiriart-Urruty and
Lemaréchal [12].

Let K be a non-empty subset of a finite dimensional euclidean space E, and f a function
f: K — (—o0,00]:

e fo is the extension of f to E defined by fo (¢) = 0 if e ¢ K;;
e the effective domain of f is the set dom f ={e € K : f (e) < oo} (dom f = dom f);

e if K is convex, f is conver if for all e,é € E and all « € (0,1), f(ae+ (1 —a)e) < af (e) +
(1—-a)f(e) (ff foo is convex);

e f is proper if it is not identically co and there is an affine function minorizing f on K (iff fu

is proper);!!

e the set of all proper convex functions on a convex set K is denoted by Conv K;;
e fis grounded if inf.cx f (€) = 0 (iff fs is grounded);'?

o fis closed (or Ls.c.) if for all t € R the (possibly empty) set {e € K : f (e) <t} is closed in
E for every t € R (iff f is closed);!?

e the set of all proper, closed and convex functions on K is denoted by Conv K;

e the convex conjugate of a proper f is the function f*: E — (—o0, 0]

fr (") = sup ((e, ') — f (e))

ecK
foralle’ € E (f* = (fx)*);

e the closed and convex hull of a proper f is the function 6 f : E — (—o00, c0] defined for all
e € E by

(co f)(e) =sup{(e,e') —b:e € E,b e R, (e°,€) —b< f(e®) Ve € K},
that is, the supremum of all affine functions that minorize f on K (¢0 f =0 (fx));

e if K is convex, the relative interior of K, denoted by ri K is the interior of K in the relative

euclidean topology of the set

n n
aff K = {Zaiei :neNe,.,ep € Kiag,...,ay € R,Zai = 1}.
i=1 i=1

A function j : K — [—00,00) is concave if —j is convex. Its effective domain is the set
{e€e K:j(e) > —o0}.

Lemma 1 Let f € ConvE, K/ C E and g : K' — [—00,00]. The following statements are

equivalent:

I1Tf f is bounded below or K and f are convex, the second requirement is automatically satisfied, see [12, IV.1.2.1].

2Indeed, infe.ck f (e) = infeer foo (€).

BIndeed, {e € K: f(e) <t} ={e € E: foo (e) <t} for all t € R. If K is closed in E, it is enough to require that
{e€ K : f(e) <t} is closed in K.



(a) f(e) =supucg: ({e,e') —g () foralle € E.
(b) g: K' — (—00,00] is proper and o g = f*.

Proof. (a) = (b). If g (°) = —oo for some €° € K’, then f (e) = oo for all e € E, which is absurd.
Then g : K/ — (—o00,0¢0]. For all e € F, and €’ € K’,

fle)=(e.e)—g(e) and g(e') = (e, e’) — f (e).

Choosing & € dom f, the affine function (€,-) — f(€) minorizes g on K’. Moreover, if g were
identically oo, f would be identically —oo, which is absurd. We conclude that g : K/ — (—o0, 0]
is proper. By [12, X.1.3.5], €0 (go0) = (goo)” - Notice that

(9s0)" (e) =g" (e) = f(e) Ve€E,

hence f = (goo)”, and f* = (goo)™" = 0 (goo) = 0 (9).
(b) = (a). f* =T0g =70 (goo) = (900) ", hence f = f** = (goo)™™" = (9o0)” = g*. |

In particular, if j : E — (—o00, 00) is concave (and hence continuous) and

. . ’ /
jle)= jnf ((e,¢) +g() VeeE,
then, setting f (e) = —j (—e) for all e € E, f € Conv E and
fe)=— inf ((—e,e’)+g(e")) = sup ((e,€) —g(€))
e'eK e/ eK'!
therefore

w(g)(e) = fr(e) =sup({ee) = f(e)) =sup ((—e,€) = f(—e))

eckE eckE

SEEK—&@/) +j(e) = —eigg(<6,€'> —j(e) =—j"(¢),

where j* is the concave conjugate of j.
Lemma 2 If K is a convexr compact subset of E, and f € Conv K, then

B0 =] @

if and only if ri K Ndom f # @.

Proof. Notice that by the Weierstrass Theorem f attains its finite minimum in K. If there exists
€ €eriKNdomf, let €° € argmineek f(€). By [18, Thm. 6.1], (1 —)A)é+ Ae® € riK for all
A € (0,1) and by [18, Cor. 7.5.1]

min f (€) =/ (¢7) = lim / (1= )€+ Ae") > inf f(e) > min/ (e).

Conversely, if infeeri x f (€) = minecx f (€), it cannot be f (e) = oo for all e € ri K. It follows that
riK Ndom f # @. |

Notice that ri K Ndom f # & if and only if inf.c,i x f (e) < 0.
Finally, let £ = R®, K be a non-empty subset of £, and f a function f : K — (—00,00):

o for every A C ), 14 is the vector defined by 14 (w) =1ifw € A, 14 (w) =0 ifw ¢ A}

MWith a little abuse, we sometimes write b instead of blg if b € R.



e fis normalized if f (blg) = b for all b € R such that blg € K;
o fis a niveloid if f(e) — f(€) < sup,cq (e(w) —e(w)) for all e,e € K.

Niveloids are comprehensively studied in Dolecki and Greco [2] and Maccheroni, Marinacci,
and Rustichini [15]. When H € {R,RT,R*+ R~ R~~} and K = H®, f is a niveloid if and only if

o f is monotonic, that is f (¢) > f (&) for all e,& € H® such that e > &, and

o f is wertically invariant, that is f (e +b) = f (e) + b for alle € H® and b € H.

A.2 Some Important Lemmas
Lemma 3 The following statements are equivalent:
(a) {Ziw} satisfy CP, VP, and RP.

(b) There exists a family {c; (w,-): (t,w) € T x Q} of grounded, closed and convex functions
¢t (w,") : A(Q) — [0,00], such that domes (w,:) C A(Gt(w)) and ¢t (w,:) = e (W) if
Gy (w) = G (W), B >0, and an unbounded affine u : X — R such that: for everyt and w,
Zt.w 15 represented by Vi (w,-), where

T— t . 1
Vi (w, h) pénAl(l}Z) /Zﬁ +)dp + ¢t (w,p) Vh e H (19)

Moreover, (B,ﬂ, {¢ (w, )}) represent 7., in the sense of Eq. (19) iff B = 3, 4 = au+ b for
some a >0 and b € R and {¢ (w,-)} = {act (w,-)}.
Finally, if |Gy (w)| > 1, the following facts are equivalent:

(i) for allh € H

Vi (w,h) = inf o) /ZBT Y (hy)dp + ¢t (w,p) | (20)

A(G
péri ¢ T>t

(ii) no state in Gy (w) is Tt w-null;
(i) dome, (w,) NLA Gy () £ 2.
Notice that:
e if |Gt (w)] =1, Gt (w) is a singleton {w} and both Eq. (19) and Eq. (20) collapse to

Vi(w,h) = 87 u(he (W),

T>t
and (iii) is automatically satisfied.

e Eq. (19) can be rewritten as

Vi(w,h) =  min /Zb’” Ddp+ e (@) | - (21)

PEA(G¢(w))



Proof. We indifferently write ¢, (w,-) or ¢;, and V; (w,-) or Vi ..
(a) = (b). Assume that {7, .} satisfy CP, VP, and RP.

Step 1. There exist § > 0 and an unbounded affine v : X — R such that, for all (t,w) € T x Q,
=+ on X7 is represented by

~t,

Uly) =Y B8 'uly,) Vye X7

T>t

Details. Arbitrarily choose (t,w) € 7 x Q. Notice that, X7 can be regarded as a set of acts ¥ :
7 — X, and — by VP and RP — 77, on X7 satisfies the SEU axioms of Anscombe and Aumann.!®
Therefore, there exists an affine function «**) : X — R and A»%) = ()\(()t’w)7 - )\gf’w)) e A(T),
such that 7=, on X7 is represented by

T
U () = > A0 (y) vy e X7 (22)
7=0

1) is unbounded and it represents Ztw on X, 2B iy unique. If )\(Tt,’w) # 0 for some 7’ < t, let
T =, «' and arbitrarily choose y € X7. By CP(ii)

(yf'r’v LC) ~tw (yf‘r’ ) {E/) 9
hence
D AU () £ AT (@) = 37 A () 4 AT (o),
TET! THT!

this is absurd since u(**) (z) > u(**) (z'). Eq. (22) then becomes
Uro (y) = D_ Ml (yr) - vy € X7 (23)
T>t

Again RP, (see [5, p. 23]) implies that there exists § > 0 and an affine u : X — R such that for
all (t,w)
Urw () =8 "uly:) WyeXT (24)

T>t

is a positive affine transformation of Ut,w~ Since the above functional does not depend on w we
can just write U;. Unboundedness of u descends again by RP(iii). g

Step 2. W.lo.g. u(X) € {R,RT,R*T R™ R~ }.

Details. Since u is unbounded, there exists b € R that, setting u® = u + b, delivers u® (X) =
u(X)+be{R,RT,Rt* R™,R™~}. Then for each ¢t and y,y € X7,

vy e D B uly) =Y BT ulyy)

T>t T>t

& Y BT uly)+ Y B> B uy) + Y BT
T>t T>1 T>1 T>t

e > BT (y) =Y BT (yn).
T>t T>t

O

I5More precisely, axioms VP(i), VP(ii), VP(iii), RP(i), and RP(iii), when restricted to X7, deliver SEU with
unbounded utility.




Step 3. For all (t,w) € T x Q, and all h € H there exists y = y (t,w,h) € X7 (indeed constant)
such that y ~¢ ., h.

Details. For all h € H, let 2,2’ € X be such that © ;. h(7,0') Zt 2’ for all (1,0) € T x Q,
then, by RP(i)

() ) Trw (R0, o, A (THW) Tt (2. 2") VW' € Q,
by VP(iv)
a7iﬁ¢)hzznw $G
by VP(iii) the sets {« € [0,1] : ax + (1 — @)z’ T4 h} and {o@ € [0,1] : h 0 ax + (1 — )2’}
are closed; they are nonempty since 1 belongs to the first and 0 to the second; their union is the

whole [0, 1]. Since [0, 1] is connected, their intersection is not empty, hence there exists & € [0, 1]
such that az + (1 — @)z’ ~y h. O

Step 4. For all (t,w) € T x 2, and h € H set
Viw(R)=Ui(y) ifh~,ye X7,

Viw is well defined and it represents 2Z; ,, on H.

Details. Choose (t,w) € T x Q. For all h € H, h ~y,, y and h ~;,, y° with y,5° € X7 implies
Y~ y° and Up (y) = Uy (y°), then Vi, is well defined. Let h ~; , y and b’ ~y, ¢/, then h 77y B/
iff y Zrw v it Us (y) > Uy (v) iff Vi (h) > Vi (R'). Therefore Vi, represents 7, on H. O

Step 5. Each h € H can be regarded as a function h : Q@ — X7, and U; : X7 — R is an affine
function for every ¢ € 7. Define U; (h) : Q@ — R by

Uy () (W) = Uy (h (W) = ZﬁTﬁtu (hr (W) V' €Q,
T>1
that is, U (h) = Uioh. Notice that, Uy (ah + (1 — a) b') = aUy (h)+(1 — «) Uy (R') for all h, b/ € H
and « € [0,1].

Details. For all W’ € Q,

U((ah+ (1= a)h)) (@) = Y B "ulah, @)+ (1 - a) ()

T>t

= Y B ou(hr (W) + (1= @) u (b ()]

T>t

= D> (B au(hs (W) + 87 (1 - @)u (b (W)

T>t

= a) fuh (W) + (L —a)Y BT u (b (W)

T>t T>t

= alU;(h) W)+ 1 —a)U (W) (W).
Also notice that, if y (7,w’) =y, for all 7 € T and all w’ € Q, then

Ut (y) (W/) = Zﬁ‘ritu (y-r) =U,; (yo, ...,yT) Yo' € Q,

T>t

that is, the identification between acts with consequences depending only on time (and not on
state) and elements of X7 corresponds here to the equivalence between constant functions on €
and real numbers. O

Step 6. For all t € T, {Uy (h) : h € H} = u (X)™.

Details. C is trivial.



o If u(X)=R". Let 2° € X be an element such that u (z°) = 0. If ¢ € u (X)¥, for all ' € Q
there exists 2¥(“") € X such that u (mw(w/)) =BT (). Set

z0 ifr<T
A
’“W)—{ ) =T,

This delivers, for all w’ € Q:

U (h(w) =Y 87 u(he () = 87" (ﬂ(w’)) = (W).

T>t

o If u(X) = RYT. If t = T take any 2° € X and apply the technique just introduced.

Otherwise, notice that, if ¢ € u (X)Q, there exists € > 0 such that ¢y —e¢ € u (X)Q, choose
—1 ,

xf € X such that u (zf) = (ZT>T>t 67_t> e. For all w’ € Q, there exists 2¥(“) € X such

that u (xw(‘*’/)) =BT (¢ (W) —€). Set

This delivers, for all w’ € Q:

Ur(h (@) =3B ulhs () = D2 A fu(af) + 87w (a¥(+))

>t T>t>t

= u () ( > 5) +Y) —e= (W)

T>1>t

The cases u (X) = R,R™,R™~ are very similar. O
Step 7. Let (t,w) € T x Q. For all ¢ € u(X)%, set
I () =Viw (h) if o =Uy(h) for some h € H.

Iy s u(X ) = R is well defined, monotonic, and normalized.

Details. Assume that ¢ = U, (h) = U (b') for h, k' € H. This means that, for all w’ € ,

Y8 uhe () =D BT Tu (B (W),

T>t T>t

then, for all w’ € Q,
(ho (W), ha (W) ooy hp (W) ~t o (RO (W), RY (W) 5y R (W)

By VP(iv), h ~¢, B’ and V., (k) = Vi (B'). Then I, ,, is well defined since, by Step 5, for every
¥ € u(X)® there is h € H such that 1 = Uy (h).
Assume 0,9’ € u(X)?, ¢ > ', o = U, (h), ' = U, (). Then, for all o’ € ©Q,

D8 uhe (W) 2 )BT u (B (W),

T>1 T>1

and, for all w’ € Q,
(ho (W) yha (W) s oo b (W) Kt (B (') Ry (@), s B (W)

by VP(iv), h Ty R’ and Vi, (k) > Vi, (R'). That is, I, is monotonic.



-1
For all b € u(X), take z” € X such that u (z°) = (ZTZt,BT_t> b, and the constant act z°
to obtain

U (2°) (') = Zﬁ"_tu (z") =b W' €Q,

>t

then blg = Uy (asb) (where xb is regarded as a constant act) and
It,w (le) = ‘/;’w (xb) == Ut (.’L’b’[,[,'b7 .._,{L‘b) = b

This implies that I; ,, is normalized. O

Step 8. Let (t,w) € T x Q. For every 1 € u (X)" and for every b € R such that 1 + b € u (X)%,

L (W +b) =L (V) + 0.

Details. Let ' = Uy (W) " = Uy (h") € uw(X)*, b = Uy (2'),b" = Uy (") € u(X), VP(ii)
guarantees that for all « € (0,1)

"

ah’ + (1 — )z’ ~pp ah” + (1 — )z’ = ab’ + (1 — a)z” ~p ah” + (1 — a)z”.

That is
Viw(ah' + (1 —a)z") = Vi (ah” + (1 — a)z’)
= Viw(ah'+ (1 —a)z") =V, (ah” + (1 —a)z”)
hence
I o (U (@b’ + (1 — o)) = Lt o, (Up (@h” + (1 — a)z'))
= LU (ah+ (1 —a)2") =L (U (ah” + (1 —a)z")).
Therefore

Lo (0 + (1= a)bt) = I (a” + (1 — a)b)
= L (oa// + (1 — a)b") =l (Oﬂ/)” +(1- oz)b”) ,

for all ¢',¢" € u(X)%, b/,b" € u(X), and o € (0,1). Replacing ¢’ with %/ € u(X)%, ¢ with
v e u(X)Q7 b with % € u(X), b’ with % € u (X), we obtain

@

It,w (w/ + b/) _ It,w (1/// + b/) . It,w (1/}/ + b//) _ It,w (1/}" + b”) 7 (25)

for all /', 9" € u(X)%, ¥, b € u(X).
Notice that for all ) € u (X)) min, ¢ ('), max, ¥ (w') € u(X), since I; ., is monotonic and

normalized,
Liw(@®) 2 L (mi,nw(w’)) = mine (w) € u(X) and

Iiw(¥) £ D (maxe (o)) = maxy (&) € u(X), then
Lio,@) € u(X).

Assume u (X) DRYT ¢ e (X)Q and b > 0, normalization and Eq. (25) guarantee

It,w (77[}) = It,w (It,w W))
= It,w (¢ + b) = It,w (It,w (¢) + b) = Itw (1/}) +b.



If b < 0, then I, (¥) = Lo ((p+b) —b) = I, (+b) — b, as wanted. The case in which
u(X) D R~ is analogous. O

Step 9. Let (t,w) € T x Q. For every 1,79’ € u(X)Q such that I, () = I (¢'), and every
a€(0,1), Iy () + (1 = ) ¢') = Lo (V).
Details. Let ¢ = Uy (h) ¢’ = Uy (W) € u(X)™. Since Iy, () = L1 (¥), then Vi, (h) = Vi (B)
and, by VP(v), ah+ (1 — ) b’ 72t h, that is
Lu(ap+(1—a)v) = IL(aU (h)+ (1 —a)U (k) =L (U (ah+ (1 —a)R'))
= Viw(@h+ (1 =a)l') > Viw(h) =T (V).
0

Steps 6-8, and the results of Maccheroni, Marinacci, and Rustichini [15], imply that: For all
(t,w) € T xQ, I, is a concave and normalized niveloid on u (X). The restriction of its concave

conjugate to A (§2),

It*,w (p) = wegg()“ (<wap> - It,w W)) vp €A (Q) )

is the unique concave and upper semicontinuous function Ifw on A () such that

Lo (@)= min ((W.p) =1, () W eu(X)".

PEA(Q)

Moreover, there exists a unique niveloid J; ,, : R — R extending I; . It is defined by

Jiw () = Tiw (p+0) b

if o € R® and b € R is such that ¢ +b € u (X)Q Jt is a normalized, concave niveloid and its
concave conjugate J;, coincides with I}, on A () and takes value —oo on R\ A (), in particular

. * Q
Jrw (@) = Jmin (e, p) — I}, (p)) Ve R

Again, see [15] for details.
Clearly, by CP(i), we can assume I; ., = I; o if G¢ (w) = G (w') and set

Ctw (p) = —Iiy (p) = —J (P)
for all p € A(Q) and all (t,w) € T x Q. Then
e ¢, :A(Q) — [0,00] is grounded, closed, and convex for all (t,w) € T x Q;
o i = Cry if Gy (w) = Gy (W);
o for all (t,w) € T X Q, 7. is represented by

V;t,w (h) = It,w (Ut (h)) = Jt,w (Ut (h)) = min (<Ut (h) 7p> - I:,w (p)) :

PEA(Q)

that is

Vi, h) = min | 3 p) S8 ulhe (@) + i (w,p)

A(Q
pea@) \ o >t

Step 10. Let (t,w) € T x Q. If o', ¢? € R are such that aplth(w) = (p|2Gt(UJ)’ then Jy, (¢') =
Jt,w (902)
Details. Assume ¢', ¢ € u(X)® are such that w‘lgt(w) = w‘QGt(w). We show that I, (') =
It,w (wz)



o If u(X) =R". Let 2° € X be an element such that u (2°) = 0. For all ' € Q and i = 1,2,

there exists 2% (“") € X such that u (f/’ (w’)) = 7T’ (W'); also notice that if w’ € Gy (w),

since ¢! (w') = ¥? ('), we can choose 2V («) = 2¥°(«'). Therefore the acts ht, h? defined
by

, 20 ifr<T
h' T7UJ/ = il
() { ACONRTE §

are such that h' (1,w’) = h? (7,w’) for all 7 > ¢ and w’ € G; (w), CP(ii) implies h' ~¢,, h?
and
Liw (V') = Lw (Ue (1)) = Vew (b') = Viw (8%) = Lw (¥7) .-

o If u(X) = Rt*. If t = T take any 2° € X and apply the technique just introduced.
Otherwise notice that there exists ¢ > 0 such that 9" — ¢ € u(X)Q (for i = 1,2), choose

—1
x° € X such that u(z°) = (ZT>721€ 677t> €. For all w € Q and ¢ = 1,2, there exists
2% (¢) € X such that u (zwi(”,)) =g (d’i (W) = 6); again notice that if W' € Gy (w),
since ¢! (w') = ¥? (w'), we can choose 2¥ () = 2¥°(¢') | Therefore the acts h', h? defined
by

4 x* itr<T

h* T,w/ = il

( ) {mw(“’) ifr=T
are such that h' (r,w’) = h?(r,w’) for all 7 > ¢ and ' € G;(w), again CP(ii) implies
ht ~t h? and

T (V1) = T (U (1)) = Vi (') = Viw (B?) = T (¥°).

e The cases u (X) =R,R™,R™~ are very similar.

If o', 0? € R are such that <‘0|1Gt(w) = @|2Gt(w)7 take b € R such that o' +b, 02 +bcu (X)Q,
1 — (2
then (¢! + b)IGt(UJ) = (p +b)|Gt(w) and

Jrw (0') = Jrw (@' +b=0) =Ly (0" +b) —b=1I, (p>+b) —b=J. (¢¥°).

By Lemma 4, dom¢;,, = dom J{,, € A (G} (w)). This concludes the proof of (a) = (b).

(b) = (a) is straightforward.
Step 11. (B,a, {Et,w}) represent 7;,, in the sense of Eq. (19) iff 3 = 3, 4 = au + b for some a > 0
and b € R and {¢,,,} = {ac, o}
Details. Let @ = au + b for some a > 0 and b € R and ¢ = ac, then

Viwh) = min /Zﬁ“ta (he)dp+ e (p)
T>t

PEA(Q

PEA(Q

= min /Z BT (au (hy) + b)dp + ace . (p)
) T>t

= @ min /Z B u (hy) dp + cw(p) | + bz gt

A(Q
PEA(R) T>t T>t

= aVi(w,h)+b> B

T>t



represents 7, ,, for all (¢,w) € T x Q. Clearly, @ and ¢ have the required structural properties.
Conversely, assume there is another family of grounded, closed and convex functions ¢, :

A () — [0,00], such that domé;,, C A (G (w)) and &, = & if Gy (w) = G4 (W), B > 0, and

an unbounded affine % : X — R such that: for all (t,w) € T x €, 7, is represented by V; (w, ),

where

Vi (w,h) = min /ZﬁT ‘a ) dp+éw (D) Yh € H.

A(Q
PEA(S) T>t

The function U; : X7 — R defined for all y € X7 by

U (y) = Vi (w,y) =Y B 'y,

T>t

represents ;. on X7 for all (t,w) € T x Q. In particular, Uy (v) = @ (z) Y -, B represents 2o
on X, since the same is true for Uy (z) = u(x) ), ~, /8", we conclude that there are a > 0 and
b € R such that B

u=au-+b.

Therefore,

=ay Bluly,)+by B

>0 7>0

and

also represents >—o on X7 . Since Uy and W, are affine on X7, there are @ > 0 and b € R such that

Wo (y) = aly (y) + b (26)

for all y € X7. We restrict our attention to the case in which u(X) > 0,1, the remaining cases
being analogous. Let 2°, 2! € X be elements such that u (a:o) =0,u (ml) = 1. Denote by 5% the
constant element of X7 defined by y%° = ¥ for all 7 € 7, and

ylo = (ygo{()}v 371) 9

P01 = (y90{1}7m1) )
Eq. (26) applied to y0, y0, 4% delivers
0=0b, 1=a, B=4.
Therefore, for all t € 7,

Uy (y) = az BT_tu (y-) + bZﬁT_t’
T>t T>t
Uiy) = ali(y)+by B,

T>t

vy = PP

T>t

for all y € X7. Setting k=1 and [ = —g ZTZtBT_t, kU (y) +1=U; ().



Let (t,w) € T x Q. For all ¢ € u(X)? and h € H such that U; (h) = ¢, let y ~iw B, and

conclude

It,w (50) = V;S,w (h) = Ut (y) = kﬁt (y) +l = kj‘z‘/,w (y) +l
= W+ i=k i ([O0) )+
PEA(Q)
= i kU, (h) +1) dp + k&, ,
Bin </( ¢ (h) +1) dp+ ke, (p)>
= pénAi(I}Z) </ U (h) dp + két o (p)>
1
= i d, —C w )
i ([ o+ Jo o))

whence, see [15],

O

Step 12. Let (t,w) € T x Q be such that |G (w)| > 1. A state w” € Gy (w) is 7t -null if and only
if domeg, € A(Ge(w)\{w"}).

Details. We show that if w”’ € Gy (w) is 7 ,-null, then J; (4,01) = Jiw (np2) for every !, p? € R9
such that QD‘th(w)\{w//} = ¢|2Gt(w)\{w~}~ By Lemma 4, domc¢;,, = domJf, C A(G(w)\{w"}).
Clearly, it is sufficient to show that for every ', 4? € u (X)Q such that w\th(w)\{w”} = ¢|2Gt(w)\{w”}7
then I, (¥") = L1 (). In fact, take b € R such that ¢ +b, p?+b € u (X)¥, then 90|1Gt(w)
Pl gy 1Plies (0 +8) 6, )y = (874 0) 6, oy 204

Jrw (0') = Jrw (@' +b=0) =Ly (0" +b) —b=1I, (p> +b) —b=J. ().

\{w} =

Let u(X) =R* and 2° € X be an element such that u (:ro) =0. For all o’ € Q and i = 1,2, there
exists 2" () € X such that u (J:W(W/)> = 7Ty (W'); also notice that if W’ € Gy (w)\ {w"},
then, since 1" (w') = 1? (w’), we can choose 2 (@) = ¥ (V) For i = 1,2 and (1,0') € T x Q

set

0 < T 20 ifr<T
. X 1L 7 . if, 1
Rt (r,w') = (o and ¢' (1,w') = ¢ ¥ (“') if 7 =T and w # W
mw (w) ifr=T 0 if T d / "
x ifr=Tand W =w

Since ¢! (1,w’) = g% (7,w’) for all 7 > t and w’ € Gy (w), CP(ii) implies g' ~;,, g%, while = -

nullity of w” implies h® ~;, ¢* for i = 1,2. Therefore, h! ~; ,, h?, and
Lo (1) = L (Up (BY)) = Viw (B') = Viw (B®) = Liw (¥%) .

The cases u (X) = R* R, R™, R~ are very similar.
Conversely, if dome, € A(Gi(w)\{w"”}), then w” € Qis Z;-null. In fact, assume

~



W (W) =h(r,w) for all 7/ € T and all w’ # w”, then

Vi(w,h) = min /ZBTt +)dp + ¢t (P)

PEA(R)

= min Z ZﬂTt w')) + crw ()
PEA(G(w)\{w"}) w,th(w)\{w//} >t

= min Z ZﬂTt (W (W) + ctw ()
PEA(GH @)\ {w"}) (w/GGt(W)\{w”} Tt

— - I AY w =V, (w,h'),
pénﬁ(%)(/;ﬁ u () dp + ci 0 (p) t (w, h')

and hence h ~y , h'. O

Therefore, if a state w” in Gy (w) is 7y -null, then dome;, € A (G (w) \ {w"}), and

‘/t(wvh)7é _pGrlAlngt(w) (/ZﬂT ! dp+th( ))

for some (indeed all) h € H. That is (i) = (ii). Conversely, if

Vi) £ it /Zﬁ” 2 dp+ cr ()

pETi A(Gr(w))

for some h € H, then, by Lemma 2, riA (G; (w)) Ndome,, = @. If, per contra, dome,, is
not contained in A (Gt (w) \ {w”}) for some w” € G;(w), then for all w’ € G} (w) there exists
p* € dom Ciw With W' € supp p*’, then |G, (w)|_1 Ew’ect(w) p¥ EeTiA (Gy (w)) Ndom ¢y, which
is absurd. Then dome¢;,, € A (G (w) \{w"}) for some w”, which must be 27, ,-null. This is (ii)

= (i). The equivalence between (i) and (iii) descends immediately from Lemma 2. [ |

Lemma 4 Let J : R® — R be a concave, normalized niveloid, and G C Q. The following state-

ments are equivalent:
(a) If o', 9> € R? are such that plg, = oy, then J (¢') = J (¢%);
(b) J(p+v)=J(p)+¢(G) if p,v € R and v is constant on G;
(¢) J(plge) =0 for all p € RY;
(d) domJ* C A(G).
Proof. (a) = (b) Since (¢ + )¢ = (¢ + ¢ (G)) e
Je+v)=J(p+v(G)=J(p)+¥(G).

(b) = (¢) J(plae) = J(0+¢lae) = J(0) + ¢l (G) = 0.
(¢) = (d) Since J is a niveloid, dom J* C A () (see [15]). Let p° € A (R2) and p° (w®) > 0 for
some w® ¢ G. Since bly,0} = blg0ylge for all b € R, then J (bl{wo}) =0 and

J*(p°) < grelﬂg ((blioy,p°) = J (blipey)) < lirelllg. bp® (w°) = —o0.



(d) = (a) By the Fenchel-Moreau Theorem (see [15]),

1 _ : 1 _T* — : 1 ¥
J(e') = oin ((¢*,p) = J* (p)) nin ((¢',p) = J* (p))
_ : 1 I £ _ : 2 _og*
= min (;;D(W)w (w) = J (p)) dain (%p(ww (w) —J (p))
= J(¥?)
for all !, p? € R such that apllG = <p‘2G. |

Lemma 5 If {7, .} satisfy CP, FS, and DC, then for each t and w, no state in Gy (w) is 754, -null
provided |Gy (w)] > 1.

Proof. Assume, per contra, that there exist w® € € and t° € T such that |G (w°)] > 1 and
Gio (w®) contains a Zgo ,0o-null state. W.l.o.g., w® is 4o yo-null. By FS, t° > 0 and

h(r',w')=h (7' 0') for all 7" € T and all w’ # w® implies h ~o o0 h'. (27)

Clearly, |Gio_1 (w°)| > |Go (w°)| > 1. Next we show that w® is ZZgo 1 weo-null. In a finite number
of steps this leads to an absurd.

Assume that h(7/,w") = A/ (7,0) for all 77 € 7 and all W’ # w°. By Eq. (27) and CP(i),
h ~yo B for all w € G (w®). Moreover, if w € Gio_q (wW°) \Gio (W°), then Gyo (w) does not
contain w°, and h (7',w’) = b’ (7/,w’) for all 7/ € T and all w’ € Gto (w). By CP(ii), h ~yo, A for
all w € Gyo_1 (w°) \Gio (w°). Therefore, h ~yo , B’ for all w € Gyo_1 (w®). Since |Gro_1 (w°)] > 1

and hso_q is Gro_1 measurable, choose w” € Gio_1 (W°) — {w°} to obtain
h(t°—1,w°) =h(t°—1,u") =R (t°—1,u") =K (t° — 1,w°)
and conclude:
h(t°—1,w°) =h (t°—1,w°) and h ~po , B for all w € Gio_q (w°),

DC implies that h ~o_1 0 h'. That is w® is 7401 o-null. As wanted. [ |

A.3 Proof of Proposition 1

Axiom 6 (Strong full support—SFS) For each (t,w) € T xQ, no state in Gy (w) is Tt o -null.
For technical reasons we prove the slightly more general version of Proposition 1.
Proposition 3 The following statements are equivalent:
(a) {Ztw} satisfy CP, VP, RP, and no state in Gy (w) s Zrw-null if G (w) is not a singleton.

(b) There exist a scalar § > 0, an unbounded affine function u : X — R, and a dynamic

ambiguity index {ci}, such that: for each (t,w) € T X Q, 1. is represented by

_ : T—1
Velwh) = péri Al?(f;,,(w)) /25 wlhe)dp+ cew (p) | VR € H. (28)

(c) {Ztw} satisfy CP, VP, RP, and SFS.

Moreover, (B,ﬂ, {Et}) represent ;.. in the sense of Eq. (28) iff B = B, = au+ b for some
a>0andbeR and {¢} = {ac}.



Proof. (a) < (b) immediately descends from Lemma 3.

(¢) = (a) is trivial.

(b) = (c). Since (b) = (a), if G (w) is not a singleton, no state in Gy (w) is ¢ -null. Let
Gy (w) be a singleton {w}. Then A (Gy (w)) = {du}, and V; (w,h) = > -, 87 ‘u(h, (w)) for all
h € H. Since u is unbounded, there are z', 22 € X such that u (331) >u (9;2) Consider the acts

i " xb if (7,0 # (T, w)
h (T,w){ @ if (r,w) = (T,w)

h' (r,w') = h? (1,w’) for all 7 € 7 and all w’ # w. If w where 7 ,-null, we would have h! ~; ,, h?

but
:Z/BTftu ZBTt +ﬁTt (2):‘4(60,}1,2).
T>t T>1>t
Therefore w is not 7 .,-null. [ |

Since clearly, for every t and w, ri A (Gy (w)) = {pg, ) : p € 1A (Q)}, Eq. (28) is equivalent
to

h) f ' (hy) d DG (w Vh € H. 29
Vi) = inf /Zﬁ P+ (@.06,00) (29)

Consider the G; measurable functions V; (-, h) : Q@ — R and ¢ (+,p) : © — [0, 00], Eq. (29) becomes

Vet = nf B |38 () |G | (e (oplGe () | VheH,  (30)
T>t
or
Vi) = _inf (E 25” DGe | +ei(plGr) | VheH. (31)

By Lemma 5, if {7} satisfies CP, VP, RP, DC and FS, then it admits this representation.

A.4 Dynamic Consistency

Lemma 6 Let {7} be a family of preferences on H for which there exist a scalar > 0, an
unbounded affine function u : X — R, and a dynamic ambiguity index {c;}, such that: for each

(t,w) € T x Q, 7t is represented by:

Vi(w,h) = min /ZBT “u (hy) dp + ¢ (w, p) Vh e H.

PEA(G(w))

The following statements are equivalent:

(a) {Ztw} satisfy DC,
(b) Forallt <T,weQ, and g € A (G (w)),

/B C G qc + min cr(w, p). 32
Gezg;+1 141( ) PEA(GUW) PG, 41 =100 t(w, p) (32)
q4(G)>0

(c) Forallt <T and w €,
¢t (w,") =00 (w,*) (33)

where

=8 Y. 4@ecn(Gqe)+ inf ci(w,p),

GEGrin PETi A(G1(w)):Pgy 4 =410,
GCGi(w)

for all g € riA (Gt (w)) and allt < T.



(d) Forallt <T,weQ, andheH

TeA(ngt+1) w)):p‘gt+1:

Vi(w,h) =u(ht (w))+  min </ BViy1 (h)dr + peA(Gt(min TCt(Wap)> :

Proof. W.lo.g. u(X) € {R,RT,RTH* R- R~} Forallt € T, we Q, p € R? y € X7 define

= i = inf 4
Ji (w, ) peAI?é?(w))(@,pHct (w,p)) perii?c,(w))(@’pHCt (w, D)), (34)
Ur(y) = Vilwy) =Y B "uly,).
T>t

Then J; : R® — R (G;), where R (G;) the set of all G;-measurable functions. Notice that:

e Eq. (34) coincides with the property dome; (w, ) NriA (Gt (w)) # @ of dynamic ambiguity

indexes.
o u(X)?={U;oh:heH} (sec Lemma 3).
o Vi(w,h)=Jy(w,Ugoh) for all (t,w,h) €T x Q xH.

e Forallwe Q,t < T, and h € H,

(Uroh) () =Up(h() =ulhe @)+ Y B ulh (@)

T2>t+1

=(uoh) (W) +8 > B Vu(h, (w))
T>t+1

= (wohy) (W) + AUt (h(w)) = (uo i) (W) + B (Ury10h) (@),

that is
Uoh=uohy+ B (Upy10h). (35)

e Forallwe Q,t< T, and h € H,

Vi(w,h) = Ji (w,Up o h) = Ji o (B(Upy1 0 h) +uo hy)

= Jiw ((B(Uip10h) +uo ht )1, w))

= Jiw (B (Usg1 0 h) + u (b (0))) 1, (w))

= Jiw (B(Us10h) + u (b (W) = Jew (B (Urs1 0 h)) + u (he (w))

that is
Vi (h) = Ji (B (U1 0 h)) +uo hy. (36)

Step 1. Let t < T, w € Q, and ¢ € R® (G;41), then

Ji (w, = min dr + min ct(w,
(0 = (/5 e @ g, =r ! p)>

inf dr + inf et (w, ,
r€ATH(Ge(w),Ge+1) (/f pETi A(Gr(w)):pig, =T t p)>

with the convention that the minimum over the empty set is co.



Details. Denote by G = {G1, ..., G4} the set of all elements of G contained in G¢ (w), and by AG
the set A (G (w),Git1) (brutally: the probabilities on G411 with support in {G1,...,G4}). For all
£= X:GEQHl ¢ole € R (Gigr),

Ji(w,§) = eAmn lzp w) + ¢ (w, p)}
= min )+ (w
PEA(GL(w)) lZpr ol p)l

= min min )+ cr(w
rEAG peA(Gi(w)) g, , =T [Z gG p (G +( p)]

g
= o r(Gi) &g, + min cr(w,
reAg <Z1 (Gi) &, NS A ( p))

1=

= min dr + min ce(w, .
reA(Q,Gi41) </€ pEA(Gt("J)):P\QtH:T t( p)>

The last equality descends from the observation that if r € A (2, G;+1) \ AG there is G € G;11 such
that G ¢ Gy (w) with 7 (G) > 0, then there is no p € A (G¢ (w)) such that pg, , = 7.

Analogously, write AT*G instead of AT (G4 (w),Gi41), ATTG is the subset of the restrictions
of the elements of ri A (Gy (w)) to the algebra generated by Gi11 (brutally: the probabilities on
Gi41 with support equal to {G1,...,G4}). For all £ = Z:Gegt+1 ¢ale € R? (Giyq) we have

Ji (w, &) = inf lz p(w)E(W') + ct(w,p)l inf Z £a,p(Gi) + ci(w, p)}

peri A(G¢(w)) aen peri A(Gi(w))

inf inf )+ er(w
TEA‘H'QpEFiA(Gt(W)):p\ng =r ZfG p t( p)‘|

g
= inf r(G; + inf ct(w, .
reA++g (Z ( )§G1, pEriA(Gt(w))Ip\gt+1:7‘ t( p))

Step 2. Let t < T and w € . The function v, (w,-) : A(Q,Ge11) — [0, 00] defined by

w,T) = min e (w, Vre A(Q,G ’
T () PEA(G(w)):pigy =T t(w,p) ( t+1)

with the convention that the minimum over the empty set is 0o, is closed, convex, grounded, and
domy, (w,7) € A (Gt (W), Git1)-

Details. If 1 € A(,Gi41) \A (Gt (w),Gi+1), there is G € Gpyq such that G ¢ Gy (w) with
7(G) > 0, then there is no p € A(Gy(w)) such that pig,,, = r and v, (w,r) = oco. Therefore
dom~, (w,r) C A(Gy (w),Gry1) = AG. Let € = ZGegt+1 ¢ala € R?(Giya), by Step 1,

g
J = i d i = mi G, .
¢ (W, €) realin (/f T+ peA(Gt(gl)Sflp‘gM:r ct(w,p)> Jmin, (Zr( i)€a, + 7 (w, 7"))

Hence, J; (w,0) = 0 implies that min,cag 7y, (w,7) = 0, and 7, (w,-) is grounded. Let r,s € AG
and a € (0,1), then

e (wyar 4+ (1 — ) s) ce(w, p)

min
pEA(Gt(w)):p‘gtJrl =ar+(l—a)s

< min clw,ap+ (1 —a)q
p,qEA(Gt(w)):p‘gtJrl:r and 91,41 =5 t( ( ) )
< min (aci(w,p) + (1 — @) ¢t (w, q))

PaEA(Gt(w)):pig, =T and qg, =5

= min c(w,p)+ (11—« min ce(w,q).
pea @ e = “OP T 6 B =



Therefore v, (w,-) is convex. Let b € R and r, € AG, be such that r, — r and 7, (w,r,) < b for
all n > 1. For all n there exists p” such that
Ve (w, ) = min ci(w,p™) < c(w,p") <b

PrEA) PTG, =0

and ]3|"ng = r,. Take a convergent subsequence p™i — p of p", since c;(w, -) is closed ¢;(w,p) < b,

moreover, for all G € G4
p(G) =limp" (G) =limr,, (G) =r(G);
J J

in turn this implies
Yt (UJ,’I“) < Ct(w,ﬁ) <b.

Therefore 7, (w, -) is closed. O
Step 3. Let t < T and w € . The function v, (w,-) : A (Q) — [0, cc] defined by

ve (w,q) =7, (W, qg,,,) = a(w,p) Vg€ A(Q)

min
peA(Gt(W)):p\gt+1=q\gt+1
is grounded, closed and convex with domw; (w,-) C A (Gt (w)).

Step 4. Let t < T and w € . The function 7, (w,*) : A (Gt (w)) — [0, 00] defined by

m(@,0)= Y a(G@er(Gae) Vg€ A (G (w)),
GeGiya
q(G)>0

is closed and convex.

Details. For later use (in the proof of Theorem 2) we just assume that c;11 satisfies (i) and (ii)
of the definition of dynamic ambiguity index (not that {c;} is an ambiguity index itself). We
show that 7, (w, -) is the closure of its (convex) restriction s (w,+) to riA (G (w)). In fact, for all
q,p €ETiA (Gy (w)), a € (0,1) and G € G;41 such that G C Gy (w),

(ag+(1—a)p)(ANG)
(ag+ (1 —a)p) (G)
ag(ANG)+(1—a)p(ANG)
(ag+ (1 —a)p)(G)
2q(G)gc (A) + (1 —a)p(G) pc (A4)
(ag+ (1 —a)p) (G)

(ag+(1-a)p)g(A) =

_ aq () (1-a)p(G)
= - @Y ara-on@re™@
then
Kirw (g + (1— o) p) = > (aq+(1—a)p) (G)crrrc ((ag+ (1 —a)p)g)
(aat (o)) >0
B e 0q(G) (1-a)p(G)
- 2 et -an@ans (i@ Tt @)
GCG¢(w)
2q (G) (1-)p(0)
< T (tl-an© (o al e lio) + 22 i)
GCGi(w)
= Y a(@eareae) + (1= a)p(Q) e (pe) = arnw (9) + (1= a) ko (p).
GeGiia

GCG(w)



Then ry,, is convex.

For all G411 > G C Gy (w), there is p¢ € 11A(G) Ndomc;yq (G,-). Therefore, choosing
{a(G) : Giy1 2 G € Gy (w)} such that 35, Sccg, ) ?(G) =1and ¢(G) > 0forall G 5 G C
Gy (w), the probability

r= Z q(G)p® € dom ki,
Gi4+19GCG(w)
and k¢, is proper.'6
Take p € ri (domky,,) and ¢ € A(Gy(w)). If G € Gii1 and ¢(G) > 0 then G C Gy (w).

Moreover, the function
aq (G)

ag(G) + (1 -a)p(G)

fla) =

has first derivative w.r.t. «

flo) =

(
aq(G)’ +q(G)p(G) — aq(G)p(G) — aq(G)* + aq (G)p (G)
(aq(G) + (1 - a)p(G))°
= 1(@)p(G) >0 Vae(0,1)
(0q(G)+ (1 —a)p(G))*

moreover, lim,1q f (@) = 1. Since p € ri (dom £y ), then pe € domei41(G, ), and [18, Cor. 7.5.1]

implies

hm cty1,6 ((ag+ (1 — a)p)G) =

= hrn Ci41,G

(1-a)p(Q)

aq+ 1 —a) ><G>qc’ T lag+ri-a)p) <G>pG)
= hm ciyra (f(a)ge + (1 = f(a))pa) = cir1,6 (ga) -

If ¢ (G) = 0, then for all A C Q,

(ag+(1-a)p)(ANG)
(g + (1 —a))p(G)

(ag+(1-a)p)g(A) = =pe(A) Vae(0,1).

Then
E%l cr1,¢ (g + (1 —a)p)g) = E%lctJrl,G (ra) = civ1,6 (Pa)

and ¢i4+1,¢ (pe) is finite since pg € dom ci41(G, ).
By [18, Thm. 7.5], we conclude that for all ¢ € A (G (w)),

(Coktw) (@) = 10}?11 Kitw (1 —a)p+aq)
= lm > (ag+ (1 —a)p)(G)crrie ((ag+ (1 —a)p)g)
GeGiia

(aq+(1-a)p)(G)>0

= Y 4@ ea(a) =n, (q)-
GeGiy1
q(G)>0

Step 5. Let t <T and w € Q. If {77, } satisfy DC, then

o' ¢? € R? and Jiy1,w (¢1) = Jis1w (97) V' € Ge (W) = Jrw (Be') = T (B47) -

Details. First assume ¢*, 12 € u (X)® are such that Jit1 0 (wl) = Ji410 (wz) for all W’ € Gy (w).
We want to show that J; ., (81") = Ji. (BY7).

16Notice that for all Gry1 3 G C Gt (w), 7 (G) = ¢(G) and rg = p©.




e If u(X)=R". Let 2° € X be such that u (2°) = 0. For all o’

such that u (xw(“’/)) B 4% (w'). Consider the acts h!, h2

:ﬁTt

) xV ifr<T
(3 N __
h (T’w)_{ A CORNST o

For all w’ € Q:

U (W (w))

T>t

€ ), there exists ') e x
defined by

D8 u (k@) = 7 (2 (#)) = By (@), and

Upir (hi (w/)) _ Z 6T*(t+1)u (h:_ (w/)) _ 6T*(t+1)u (mwi(uﬂ)> _ wi (W) = ¢Z (W) +k

T>t+1

with k& = 0.

o If u(X) = R**+. There exists £ > 0 such that ¢' — ¢ € u(X)?, choose 2° € X such

-1
that u (z°) = (ZT»—Zt»BT%) Be. For all W' € Q, there

exists xwi(“’/) € X such that

U (ﬂ’ (”/)) = BTﬁ,t (wi (w') —€). Consider the acts h', h* defined by

. z° ifr<T
7 AN
h (T,w ) = { xwi<w/) Gr—T.

For all w’ € Q:

V(b)) = YA @)) = 3 B Mulat) + 8" e (o))

T>t T>1>t

T>7t>t

_ u(ma) ( Z /BT—t) _’_ﬁT—tﬁft (Ilpl (w/) —6)

B

= == Y B+ By (W)~ Be =By (W), and

ZT>T>t 5 T>1>t

Ui (@) = 3 80 umi@)) = 3 gy (af) 4 g0y (ﬂ)%w’))

T>t+1 T>1>t+1

€
T—1
ZT>T>tB T>7>t+1

= == > AT eiw)-

T— t
ZT>T>t B T>1>t+1
-1
with k£ = 65 (ZT>T>t+1 B t+1)> (ZT>TZt 5T_t) —&.
e The cases u (X) = R,R™,R™~ are very similar.
Then

Vit1,wr (hl) = Jiy1,w (Ut+1 (hl)) = Jir1,0 (¢1 + k) =
Vitt,wr (h2) = Ji1w (Ut+1 (hz)) =Jir10 (7/12 + k)

L_ Z g4 4 gT—(+1) p (@' () —¢)

5Tt

Jt+1,w’ (¢1> + ku and

= Jir1,w (V) +k

for all W’ € Q. For all W' € Gy (w), Jit10 (¢1) = Jir1w (¢2), then h' ~;11,/ h% moreover

hl = h2 for all 7 < t, then DC implies h! ~;, h% and

Jrw (B01) = o (Ur (B)) = Vi (B1) = Vi (%) = Jro (80%) .



As wanted. Now, for all Lp ©? € R such that Jt+1w (npl) = Jit1,0 ( 2) for all W' € Gt (w),
there exists ¢!, 9? € u (X ) and b € R such that ¢’ = ¢’ + b, then Jy i1 . (wl) = Ji410 (wz) for
all ' € G (w). Therefore,

Jiw (BeY) = Jow (B + Bb) = Jrw (BY') + Bb = Jr o (BY) + Bb = Jiw (B¢?) .

Step 6. Let t < T. If {7 .} satisfy DC, then

Ji (BJev1(9)) = Je (Bp) Vo € R (37)

Details. Choose w € Q, and remember that J;11 () = ZGegt+1 Jiv1 (G,0)1g € R®(Gyyq). For
all W' € Gy (w), domepyq o € A (Gysq (W')), then

Jip1 (Wh0) = Ji1 (W Jipiw (9) 1)
= Jip1 (W T (Gegr (@), 0) g w) = Je1 (W, Jega (9)),

then, by Step 5, J; (w, Bp) = Ji (w, BJi+1 (). Since this is true for all w, we obtained Eq. (37).0
Step 7. {7t} satisfy DC iff

Je (BJes1(9)) = Ji (Bp) Wt <T,p € R (38)

Details. We only have to prove that Eq. (38) implies DC. Let w € Q and ¢t < T. Assume
o', % € R are such that J; 11 . (cpl) > Jig1 0 (4,02) for all W' € Gt (w), then

Tow (89") = Jrw (B (91) = Jow (BJes1 (#7) Lou(w) (39)
2w (8641 (2°) Louw) = Jow (81 (¢7))
= Jt,w (6<p2) .

Let h',h? € H be such that hl = h2 for all 7 < t and h' [ AR h2, for all W’ € Q, we want to
show that h' =, h?. Since h' 711, k2, for all W’ € Q, then

Jiptw (Uepr0ht) = Vigr o () > Vigawr (h%) = Jiga,wr (Urgr 0 B?)
for all ' € Q, from Eq. (39) it follows that
Jiw (B (Uis10h")) = Jiw (B (U1 0 %)) .
But Al = A2, then, by Eq. (36),

Vi (w,h') = Jpw (B(Uppr 0 ht)) +u(hf () > Jew (B (Uep1 0 h2)) +u (hy (w))
> Jiw (BU1 0 B%) +u (b} (w)) = Vi (w0, h?)

which delivers h' Ztw h?, as wanted. O

Step 8. {7t w} satisfy DC iff

reA(Q,Gi41) pGA(Gt(w)):

Vi(w,h) =u(ht (W) +  min (/ BVis1 (b minp‘g . Ct(%P))



forallt <T,we Q, heH. That is, (a) < (d).

Details. By Step 7, {71} satisfy DC iff

Jtw (BIis1 (@) = Jiw (Be) VE<T,p c R we N
(BJegr (0 +0)) = Jow (B +D) VE<T,pcu(X)' beRweQs
(BJegr () + Bb) = Jrp (B + Bb) VE<T,p € u(X)?,beRwe N
(BJia1 () + Bb=Jow (BY) + b VE<T, ¥ cu(X)? beRwe s
Tow (BJipa () = Jow (BY) V< T, cu(X)?,wee
(BJir1 (Uig10h)) = Jpw (B(Ugg10h)) Vi<T,he HweQ <
w(BVig1 (R) = Jtw (B(Uir10h)) Vi<T,he HweN &
(BVit1 (b

=~

th

s

))+u(hf( )):Jt7w(B(Ut+1Oh))+U(ht(w)) Vt<T,h€H,w€Q<i>

min Vig1 (h) dr + min ct(w, +u(h (W) =V (w,h) Vt<T,heHwe Q.
re€A(R,Gt41) (/6 t+1( ) PEA(G(W)):pigy =T t( p)> ( t( )) t( )

Where the last equivalence descends from G, 1 measurability of Vi1 (k) and Step 1 which deliver

reA(Q,Gi11) PEA(G(w)):Pig, 4=

Ji (w,BVip1 (h)) =  min (/ BVii1 (h)dr + min Tq(w,p))

and Eq. (36) which implies J; (w, 8 (Ust1 0 h)) + u (bt (w)) = Vi (w, h). O

Step 9. Forallt < T, w € Q, and ¢ € R?

Jtw (B, = inf (Be,q) + 0 Jerr1 (Gl qa) + inf ce(w,p
v (Bl (@) = Juf | (B GGEQ;H e+1(G,46) PELi A(Gr(w))'Plg, 1 =16, 11 ()
GCGi(w)

(40)



Details. Denote by G = {G1, ..., G4} the set of all elements of G;1; contained in G; (w). By Step 1,

Jtw (BJe+1 (9) = Jtw Z BJei1 (G

= inf
reAt+tg

Z Br(G)p' (@)p(@) + Br(Gi)ci1(Gi, p')

+ inf  ¢(w, p)) >
PiGi41=T

g
. erlA(Gl)’inf’pgenA(G : <Z 4 Br(G;)p )+ ZBT i)ci+1(Gi,p') +P|gil_:f27’ Ct(va))>
g
< (ZT(G) (@ )) Bo(@) +Zﬁ7“ e (Gi,p') + infrct(%p)>>

GeGii1
g
= inf G;) BJ, Gi, o) + inf ,
relAn++g (; (Gi) BJey1 (Gi, p) pEriA(Gt(lur.zl)):p‘gtJrl:rCt(w P))
g
= nf (;T(Gi)ﬁpiaﬁ(ci) L;zp (@)p(@) + cr41(Gi, p) +pgir+1f_rq(w,p)>
g
- reglJrf+g (;plerlinAf(Gl)r(Gl)ﬁ %p (a)) (lIJ) * Ct—H(Gi’p ) +p\gi?f:r Ct(w’p)>
g
= (Z it [;Qmanﬁp (@)0(@) +7(G)Berss(Goop')| + ind ct<w,p>)
g
= inf inf P (@) (@ i D' inf ;
T€1An++g (I) EI’IA(Gl)a LpI€Eri A(Gy )Z [G ﬂr(G )p (w)sp(W) +BT(G )Ct+1(G b ) +p\ggrl1:7‘ Ct(w p)>

= inf inf
reA++g \ pleri A(Gh),...,p9€ri A(Gy)

Q
g
= inf G)p' (@ o) + Gi,p') + inf ,
T€A++g,p1€riAl(rclll),“.,pgeriA(Gy) Z (Z T( ) ((U)) B(p w Zﬂr Ct+1( p) ) mn _rct<w p))

i—1 PiGi11=

e \i=1 i=1 Plgea=
g
= inf q (@) Be(w) + Bq(Gi)ee+1(Giyqa,) + inf c(w,p) | .
geri A(G: (@) (Z% (©) (@) ; (Gier ) PETi A(Ge(®)):Plg, 41 =416, 11 (. 7)

The last equality descends from

{(T,pl, ...,pg) cre ATTG pteriA (G1),..,p? €1iA (Gg)} = {(q|gt+1,qgl,...,qc;g) iq €A (G (w))} .

(]
Steps 7 and 9 imply that {7} satisfy DC iff for all t < T, w € Q, and ¢ € R?
Jiw (Be) = inf (Be,q) + Jerr1(GLqa) + inf ci(w,p) | ;
k ( CP) geri A(Gy(w)) o GE§+1 i ) pEriA(Gt(w)):mgtJrl:q\gt+1 t( )
GCG(w)

Eq. (34) and Lemma 1 guarantee that this is equivalent to ¢; (w, ) = @ g, (w,-). That is, (a) <
().
Step 10. Forall t < T, w € Q, and ¢ € R

Jtw (B, = min (Bp,q) + B Yerr1(GLqe) + min e (w,
vo (Bl (o) = min | B0 Gg;ﬂ w+1(C) 0a) PEA(GU(w))PIG, 41 =061+ ()
q(G)>0

(41)



Details. Denote by G = {G1, ..., G4} the set of all elements of G, contained in G; (w). By Steps
1 and 2

T (B2 () ( > Bla(G )

GeGii1

min r(G) BJ; G,p)+ min et (w,
TEA(Q,gt+1)( Z (G) 811 (G ) PEA(G(w))p)g, =T i p)>

GeGii
min
reAG
l

M=

7 (Gi) BJey1 (Gis ) + 4 (w, 7’))

Il
—

g
) G.
TrénAng ;7’ LemAm [ZP @) + ci41(Gi, p°) +’7t(wa7")>
g
i
rrénAng (lz_;pg%l%) )5 Zp @) + c41(Gi, p") | + 7 (Wﬂ‘)>

g
T,IéuAn Zp NG [Z Br(G)p (@)p(@) + Br(Gi)er1(Gi, p') | +74 (Wﬂ“)>
i=1 5EQ
g
’IéllAng P GA(G1), 7pgeA(G )Z [GQﬂT(Gi)pl(w)¢(w) +6T(Gi)ct+1(Gi7pz) +7t (W,’l”))

Z Br(Gi)p' (@)e(@) + Br(Gi)ci1(Gi, p')

mln
reAgG

(1’ EA(GI )y 7;D‘7EA(G ) ( + 7 (W7T)>>
(p TeA( G1 )s- ,pGGA(G ) (Z pr(Gip )+ ZBT i)Cta Hpi) T (w,r)))

min min
r€AG \ pt€A(G1),...,p9E€A(Gy)

Z r(Gi)p' (w)) Be(@) + Z Br(Gi)ers1 (Gi,p') + 7 (w, 7‘)) )
B

Q
<Z (G’ (w)> e Z Fr(Ge(Gur) + PEA(G, (gl)i){lmgwlzr Ct(w’m)

min
reAG.plEA(GL),pI €A(GY) \ 2 i=1

min q(@0)Be(w) + Bq(Gi)cr+1(Giy qa;) + min ct(w,p
4EAGHw)) % @)5e() :1Zg (e (Giodo) ¥ Loy o =aiony, P
q(G;)>0

We report, for the sake of completeness the verification of the last equality. It is enough to show

that

g
r (I} + 67" C ’L?pi + min
{ =~ (; ) Z e1(Girp') PEA(GH(w)):plg,,, =

Ct(wa p) }
r
reAG,pteA(G1),....,pIEA(Gy)

g@)Be@)+ D Ba(Gi)er1(Girqa,) + min ct(w, p)

@wEN i=1,. PEA(G(W)):PIG 41 =641
0G50 4EA(G(®))



C) Let r € AG,p' € A(G1),...,p% € A(Gy), then

g
r(G; )+ r(Gy)eer1(Giy ') + min et (w,
5 (S0 @) 401 + S GG+ iy

= > | > rGp@) | Be@ + D Br(Giesa(Gip') + min c(w,p).

weQ | i=1,...,9 i=1,...,9 PEA(GL(W):PIg, =T
r(G;)>0 r(G;)>0

Set ¢ = Y i=1,.. 7(Gi)p" and notice that qig,,, = r and qg, = p’ for all i = 1,..., g with ¢ (G;) =
r(G;)>0
r(G;) > 0. Therefore, suppq C |J?_, G; = G (w) and

ST S rGp'@) | Be@) + Y Br(Gie(Gip') + min c(w, )

PEA(GH®)) DG, 4, =T

weQ \ i=1,...,g i=1,....9
r(Gi)>0 r(Gi)>0
= Y a@Be@) + Y, Ba(Giera(Giqa,) + min cr(w,p).
wEN i=1,...,g PEA(GH(W)):P|g, 4 =G4,
q(G4)>0

D) Let ¢ € A(Gy (w)), set r = qg,,, € AG, p' = qa, € A(G;) for all i = 1,...,g with ¢ (G;) =
7(G;) > 0 and choose p’ arbitrarily in A (G;) otherwise. Notice that, ¢ = > ;=1, 4 7(G:)p".

r(G;)>0
Therefore
Y a@Be@) + Y Be(Gi)ei(Giga,) + min ci(w, p)
weN i=1,.. ,g peA(Gt(W))ipmtJrl:mgtJrl
a(Gi)>

- r(Gi)p' (@ Br(Gi)c 27pi + min ci(w,p

w;) i:;.q (G ) i 1Zq s ) PEA(G(w)):Pigy =T i )

7(G)>0 r(G1)>0

= Z Z r(G)p' (@) Z Br(Gy)cir1(Gi,p') + min c(w,p).

A(G : =
weQ \i=1,....9 i=1,...,9 PEA( t(w))P\gt_H T

O

Steps 7 and 10 imply that {; .} satisfy DC iff for all t < T, w € ©, and ¢ € R

Jiw (Bp) = min Be,q) + 8 q(G)ei1(GLqa6) + min ct(w,p) |3
tw (Bo) = min | e G;g;+1 (@)er1(G46) PEA(GH(@)):Pig, =0, 4 ()
q(G)>0

Eq. (34) and Lemma 1 guarantee that this is equivalent to ¢; (w,-) =0 (1, (w,-) + v+ (w,)) where
7, (w, ) and v; (w, -) are defined in Steps 4 and 3. These steps also guarantee closure and convexity
of n, (w,-) and vy (w,-). That is (a) < (b). [ ]

Remark 1 In particular, for a dynamic ambiguity index {c;} conditions (32) and (33) are equiv-

alent.

A.5 Proof of Theorem 1

(a) = (b) By Proposition 3 and Lemma 5 there exist a scalar § > 0, an unbounded affine
function u : X — R, and a dynamic ambiguity index {¢;}, such that: for each (t,w) € T x Q, ¢,



is represented by

_ : T—t
Vi (w,h) = pEAlEﬁ(Q) /;ﬂ u (hr) dpg, () + ¢t (w,th(w)) Vh € H.

Lemma 6 guarantees that Eq. (11) holds.
(b) = (a) Assume that there exist a scalar § > 0, an unbounded affine function v : X — R,
and a dynamic ambiguity index {c¢;}, such that: for each (t,w) € T x Q, 71, is represented by

V,(w,h) = inf Tt (hy) dpe, DG (w0 Vh € H,
t(w7 ) peA1£-I+(Q) /;ﬂ u( ) PGy (w) T Ct (w PGy ( ))
by Proposition 1, {Z;,,} satisfy CP, VP, RP, and FS. Eq. (11) and Lemma 6 imply that {7}
satisfies DC.

Uniqueness of the representation descends again from Proposition 1. ]

A.6 Proof of Proposition 2

(i) is trivial. Step 2 of the proof of Lemma 6 shows that v, (w, ) is grounded, closed and convex,
with dom~, (w,-) € A (Gt (w),Git1), for all t < T and all w € Q. It only remains to show
that and dom~, (w,-) N AT (Gy (w),Gi+1) # @. Take p° € 11A (Gt (w)) N domey (w, ), then
T =pg,,, € AT (Gt (w),Gi41) and

Vi (w,7°) = ct(w, p) < cr(w,p°) < oo.

min
PEA(G: (W))ip\gt+1 =r°

A.7 Proof of Theorem 2

(a) = (b) is an immediate consequence of Theorem 1 and Proposition 2.

(b) = (a) The proof that {¢;} is a dynamic ambiguity index is by backward induction. Clearly,
cr satisfies (i) and (ii) of the definition of dynamic ambiguity index. Next we assume that c;y;
(0 <t < T) satisfies (i) and (ii) of the definition of dynamic ambiguity index, and show that c¢;
satisfies them.

By assumption, c;y1 : Q X A () — [0, 00] is such that:
(i) ct41 (,p) : 2 — [0, 00] is measurable w.r.t. G,y; for all p € A (Q),

(ii) ct41 (w,+) : A(R2) — [0, 00] is grounded, closed and convex, with dom¢; (w, ) C A (Gry1 (w))
and dom ¢p41 (w, ) VAT (Griq (w)) # @, for all t € T and all w € Q.

Clearly, for all w € Q, the function ¢; (w, ) defined in (b) is well defined (since ¢;41 satisfies (i))
and ¢; (w,-) = ¢ (W', ) if Gy (w) = Gy (W) (since 7, satisfies (i)).

Step 4 of the proof of Lemma 6 shows that for all w € Q the function 7, (w,-) : A (Gt (w)) —
[0, 00] defined by

mwa)= Y dGei(Gae) YaeA(G ()

GeGiia
q(G)>0

is closed and convex. Since ¢ +— qg,,, is affine (and continuous) from A () to A (2, G 11)

and v, (w,*) : A(Q,Gi41) — [0,00] is grounded, closed and convex, with effective domain in

A(Gy (w),Giq1), then g — v, (w,qyg,,, ) is closed and convex on A (Q) and its effective domain is



contained in A (Gt (w)). We conclude that, for all w € €, the function ¢; (w, ) defined in (b) is
closed and convex, from A (§2) to [0, o0, with dom¢; (w, ) C A (Gt (w)).

Next we show that ¢; (w, -) is grounded. Choose arbitrarily w € Q, there exists r € A (2, Gi11)
such that r (G4 (w)) = 1 and 7, (w,) = 0; moreover, for all G € G;,; there exists p© € A (G) such
that c;y1(G,p%) =0, set ¢ = > Geg,, T (G) pY to obtain

alwq) = Y, aGea(Gae) +7 (W, q0,,,)
GeEGiia
q(G)>0

= Z T(G)Ct-‘rl(vaG) Ve (OJ,T) =0.
GeGiia
r(G)>0
It remains to show that riA (G (w)) Ndome (w, ) # @ for all w € Q. Choose arbitrarily
w € Q, there exists 7 € ATT (G (w),Gi41) such that v, (w,r) < co; moreover, for all G € Gy
there exists p¢ € ri A (G) such that ¢y 1(G,p%) < o0, set ¢ = ZGeng 7 (G)p“ to obtain q €
riA (G (w)) and

Ct (w7 Q) = Z Q(G)Ct-‘rl(G? QG) + e (w’ qlgt+1)

GeEGri1
q(G)>0

= Z r(@)e1(G,p%) + 7, (w,r) < 0.
GEGit1
r(G)>0
This concludes the proof that {c;} is a dynamic ambiguity index.
Finally, notice that, for all w € Q, t < T, and ¢ € A (Gt (w)),

i p G)e vaG = 0,
PEA(GH(@))PIG, 41 =101 Gezg;“ (G)eri )
q(G)>0

it is enough to take, for all G € Gi1, p¢ € A(G) such that ¢, 1(G,p%) = 0 and set p =
ZGEQt+1 q (G) pG~ Therefore,

B Z Ger1(Ghga) + min ct(w, p)

PEA(GL(w)):PIg, 1 =91G, 41

GEGit1
q(G)>0
= B > a@eci1(Graa) + min > p(@e1(Gipa) + i (W, pig.s)
GEGrin PEA(GH(w)):Pig, 1 =TG4, GEGria
9(G)>0 q(G)>0
= Z G)ee1(G,q6) + 7 (ws gi6,,, ) + min Z p(G)et+1(G.pa)
GEGoin PEA(Gt(w)):Pig, 1 =G, 44 GEGrin
a(@)>0 a(G)>0
= ﬁ Z Ct+1 G QG) + 'Yf (w QIgt+1) = Ct(UJ, Q)
GeGii1
q(G)>0
Hence {c¢;} satisfies condition (11) and it is a recursive ambiguity index. [ |

A.8 Proof of Corollary 1

It is easy to see that the effect of MP(ii) on the representation provided by Proposition 1 is
guaranteeing that, for every t € 7 and w € Q, ¢; (w,p) = ¢, () (), for a closed and convex subset

Ci(w) € A(Q).




The relation dome;,, € A (G (w)) implies C; (w) € A (G (w)). Denote by G = {G1,...,G4}
the set of all elements of G;11 contained in Gy (w), and write indifferently C; or Cy1q (G;). Let
w € Qand t <7T. Condition (11) is equivalent to

Ci(w) = € A(Ge( G)oc, ., + min dc, =0
) ! ! 66‘6%;“ Cur (G)(qG) PEA(GH(w)):PIg, 1 =TG4, C(W)(p)
q(G)>0
= € A(Gy( )0 + min 0c, (w =0
1 t +h :12: < QG) PEA(Gt(w)):Pig,, 1 =4I, 4, Cil )(p)
q(Gi)>
But
A(Gy (W) = > r(Gp'ir€AG, P e A(G:) Vi=1,...,g
1=1,...,
r(Gi)>0

Moreover, given ¢ € A (G (w)), ¢ = >y, 7(G;)p' with 7 € AG and p' € A (G;) if and only
if r = qg,,, and p' = qg, for all i = 1,...,g with ¢(G;) = r(G;) > 0 (clearly p’ can be chosen
arbitrarily in A (G;) if ¢ (G;) = r (G;) > 0). Therefore, condition (11) is equivalent to

T EAG, P EA(G) Vi=1,..,9,
Ci(w) = { Z r(G)p' : B> iz1,..,7(Gi)dc, (p) +minPEA(Gt(w)):p‘gt+l=,« 6o, w)(p) =0
i=1,...,g G20
reAG, pt e A(Gy) Vi=1,..,9,
Ci(w) = { r(Gy)p' - Z:‘(é,) LaT(Gi)dc, (p") =0,
Thee MiNpeA (Gy(w))ipg, = 0C: (w) (P) =0
re€AG, pt e A(Gy) Vi=1,..,9,
Ci(w) = r(Gi)p': dc,(p') =0 for all i s.t. 7 (G;) >0,
{il’“"g d¢c,(w)(p) = 0 for some p € A (Gt (w)) 1 pig,,y, =T
rcAG, pte A(G) Yi=1,...,9,
Ci(w) = { r(Gy)p': pt € C; for all i s.t. 7 (Gy) >0,
i=1,....9 there exists p € C; (w) s.t. pg,,., =7
reAG, pte A(G) Yi=1,..,g,
Ci(w) = r(G)p': pteCiforalli=1,..,g,
{’il?-u,g r€C (w)lgt+1
C(w) = { r(Gip' - p' € Ciy1 (Gy) foralli=1,...,g,
1oy r e Cy (w)m+1
Ci(w) = { por(G): p% € Ciy1 (G) VG € Gryy and 7 € Gy (W),
GEGii1

A.9 Proof of Proposition 3

W.lo.g., set # = 1. Moreover, we denote by ¢° the reference probability of the statement. The

properties of the relative entropy (see, e.g., [13]) guarantee that {c;} is a dynamic ambiguity index.



By Theorem 1, we only have to show that {c;} satisfies (11) or the equivalent (33), see Remark 1.
Next we show that, for all t < T, w € Q, and ¢q € ri A (G (w)),

Ct.w ﬂ C + inf Ctw . 49
’ GG%-H .6(4) PETIA(G(w))Pigy 4y =TG4 0 (P) (42)
GCG(w)
For all p € ri A (G (w)),
1 PG, (w) (W)
e P =g D pas (@)log (7() > pwl log ———
B w'€G¢(w) Gt( ) ﬂ W EG (W Gt(w),w’

where pos = p (') and ¢, () o = ¢, () (@). For all G € Gii1 such that G C Gy (w) and all
p eriA(G)

Z bg, Z
C¢+1,G (p) = ﬁt‘i’l PG,w’ IOg q w/ — t+1 P’ log
w'eG Gw w'eG (th(“’))Gw’

To simplify the notation, set S = Gy (w), §=¢3%, G ={G € G141 : G C G4 (w)} (notice that G is a
partition of S), and choose arbitrarily ¢ € ri A (G} (w)):

41 qs Qs 7( q (@)
= 1 1 _—
B erv1,6 (ga) E (G qu(G) E qs og = + E gs lo )

seG q seG

1 qs q(G)
= — qs lo _— — lo _7.
4 (@) ZG A 1(E)

Then, for all ¢ € riA (G (w)),

G
B Z G)errrelqa) = 62 t+1< qulog——lo qEG;>

GEGiq1 Geg SEG
GCG(w)
q(G
_ (z > aulog = 3 (6 o §G§>
Geg seG 9 Geg 4
G
= qulog = (G)longG;7
seS 5 Geg q
that is ) @)
q
B Z Glerr,aqe) = crw (@) — = Z q(G) log ﬂ (43)
GEGit ﬁ Geg q
GCG(w)
Moreover, for all g € ri A (G (w))
in co(p) = inf Ct.o
PETi A(G(w)):Pgy =10y, tw (P) pETi A(S):pIg=q|g b ®)
is the value of the problem
e Ps
inf — > opslog—
Bt Z es s
sub
ps >0 Vse S (44)
ZSES bs = 1
> seaPs =a(G) VG eg.
We solve the easier problem
. Ps
inf ) .o pslog Fa
sub (45)

YseaPs =q(G) YGeg



and observe that the solution p° is unique, it is a strictly positive vector (this is also required for

the existence of log p_—s),
S

D= >p=> 4@ =1,

seS Geg seG Geg

and obviously the constant 3 has no effect. Thus p° is the solution of problem (44). The La-
grangean of problem (45) is

Ps
=S $0 (S 000))
ses s Geg s€G
denoting by G (s) the element of G containing s, the first order conditions are
Ps B
10g7+1—)\g(5) =0 VseS§
qs
Zsecps =q (G) VG € g

(46)
simple manipulation yields

{ Ps = (s €XPp (Ag(s) — 1) Vs e S (47)

YoeaPs =q(G) VG eg

then the observation that G (s) = G (w) for all s € G (w) implies

{ ps =qsexp (Mg —1) VseS

S ecitw) s P Aaw) — 1) = ¢ (G (w)) Ywe s

and (
e 1O
Ps = (Ism Vse S

The solution is

q(G)

Ps

1
which plugged into the value function E > scs Pslog — delivers
qs

. 1 o1.o P
inf cwp) = 7 Zps log ==

PETIA(G(W))Pig, 1 =410 44 pymr qs
15,266

£ s

B a(G (s

_ 1 _q

= 72 X% e

GegseG

finally

. 1 (@)
inf Ctw(D) = = q (G)log = 51

PETi A(G(w)):Pgy 4 =410, 14 b ) ﬂt GX:GQ ( ) q(G) ( )
which together with Eq. (43) delivers Eq. (42).

Setting, for all t < T, w € Q, and ¢ € A(Q),

B cege 4(Geriralae) +infpen a@iw))ing, =g, Ctw®) if ¢ €TTA (G (w))
01 (@) = GCGr(w)
oo otherwise



the function g, , coincides with the closed and convex function c;,, on ri (A (Gy(w))). Take
geri (dom gt,Gt(w)) = 1i (A (G, (w))), by [18, Thm. 7.5], for all p € A (Gy (w)),

O 01 (P) = lim gy, (1= A) g+ Ap) =lim ey (1= A) g+ Ap) = crw (p). (52)
Since Eq. (52) is a fortiori true if p ¢ A (G (w)), condition (33) holds, as wanted.

To complete the proof we need to prove (17). Let ¢, (p) = B'R (th(w)Hqgt(w)) for all
(t,w,p) €T x QA x A(Q). Fixw e Qand t <T. Step 4 of the proof of Lemma 6 shows that there
is a suitable p € ri (A (G (w))) such that for all ¢ € A (G (w))

Y 4@ e (ge) = ligl ) (aq+ (1 —a)p) (G) cry1.6 (g + (1 —a)p)g) -
GeGiia ¢ Git4+19GCG(w)
q(G)>0

By definition of ¢;,, p € domcy,,, we also have
00> ¢y (q) = 2?11 ctwlag+(1—a)p).
Since {¢;} is a recursive ambiguity index we have

Vow (U6101) =t (@) = Y a(G)erpre(aa),
GeGii
q(G)>0

since both summands are finite, setting qap = ag+ (1 — a) p,

Yow (@g,) =l | ew(gap) = >0 (gep) ()i ((9ap)g) |
Gi412GCG(w)

but gap € ri (A (G (w))) and Eq. (43) delivers

o1 ag+ (1 — « G
Yo (Gg) = Tms Y (ag+(1—a)p) (G)log 24U =P (G)
all ﬁ q (G)
Gi+19GCG (w) Gi(w)
1 G
- 5 Y a9
Gi+19GCG(w) th(W)
q(G)>0
1 q(G)
= % q(G)logoi
Bt GEzg;Jrl th,(w) (G)

for all ¢ € A (Gy (w)) and by Proposition 2 7, , (¢g,,,) = o0 if ¢ € A (2) \A (G¢ (w)). Therefore,

Y )= Rev (11 (d60) ) ¥ € AEG1).

By (12) and (13), this implies (17). [ |

B More on Rectangularity

In this appendix the definition of {G;}-rectangular set of beliefs is discussed and compared with
the definition of recursive ambiguity index.
If C is a subset of A (©2) and G a subset of © such that p (G) > 0 for all p € C,

Co={pc:peC}

is the set of Bayesian updates of C. Epstein and Schneider [5] consider the following:



Definition 1 The set C is {G;}-rectangular if,
(R.1) C is a non-empty, compact and convex subset of ATT (Q2);
(R.2) for all (t,w) € T x Quwitht <T,
Coy(w) = { > pr(G):p¥ €CaVG € Gy, € CGM)QM} .
GeGiia
For the sake of comparison, consider the following:

Definition 2 The family {C; (w) : (t,w) € T x Q} of subsets of A () is {G, }-rectangular if {0¢, }
is a recursive ambiguity index such that domdc, ) € ATT (Gy (w)) for all (t,w) € T x Q.

The stronger constraint on the effective domains matches the requirement that C C AT+ (Q).
Fact 4 The family {C} (w) : (t,w) € T x Q} of subsets of AQ is {G;}-rectangular if and only if:

(R.1) forallt € T andw,w’ € Q, C; (w) is a non-empty, compact and convex subset of AT (G (w)),
and Ct (w) = Cy (W) if G¢ (w) = Gt (W');

(R’.2) for all (t,w) € T x Qwitht < T,
= { Z pGT‘ (G) :pG e Ct+1 (G) VG S gt+177" € Ot (W)lgt+1} . (53)
GeGii1

(R’.1) translates the fact that {d¢,} is a dynamic ambiguity index, (R’.2) is the specialization
of the “no-gain” condition (11) to indicator functions (see the proof of Corollary 1).

Proposition 4 Let {Cy (w)} be a family of subsets of A (Q) satisfying (R’.1). For all (t,w) € T x§
with t < T, set

E { Z p ’I" pG (= Ct+1 (G) VG € ng,T S Ct (UJ)gH_l} .

GEGi1

Dy (w) is closed, convex, and (Dy (w))g = Ciy1 (G) for all G € Gy such that G C Gy (w).

Proof. Let {G1,...,Gg} = {G € G141 : G C G (w)}, and write Cy = Cy (w), and C; = Cyy1 (Gy)
fori=1,...,g, then

{Zpr pleC;Vi=1,. 7g,T€COQt+1}.

Closure immediately follows from compactness of Cy,C1, ..., Cl.
Let a € (0,1) and Y7_, p'r (G;),>9_, p'T (G;) € Dy (w). Set

N ar (G;) j (1-a)7(Gy) _ o
o= GG T e G T -0 @ )p7€C Vj=1,..,9 and
P = ar+(1-a)reCyg,,,-

It is simple to check that for all w € Gy (w) (say w € G)

<a2pir(G (1-a) Z;ﬁf ) = Z(ar(Gi)pi(w)—i-(1—a)f(Gi)1§i (w))
i=1 =1 ;



and

and Dy (w) is convex.
For all j = 4,....,g and > 7_, p'r (G;) € Dy (w), we have (}9_, p;r (Gi))Gj =p; € Ci1(G)).
Conversely, if p; € Cyy1(Gj), arbitrarily choose p; € C; for i # j and r € Cyg,,,, to obtain

9
pj = (Zpﬂ' (G,;)) € (Di (w))g, -
i=1 a,

We conclude (D; (w))Gj = Cy4+1 (G;) and the proof. [ |
Proposition 5 If the family {C; (w)} is {G:}-rectangular, then

C=Cy () is {Gi} -rectangular and Cy (w) = Cq,(w) for all (t,w) € T x Q.
Conversely, if C is {G;}-rectangular, then

Ci (w) = coCq,(w) for all (t,w) € T x Q defines a {G} -rectangular family.

Proof. By (R.1), C=Cj(w) is a non-empty, compact and convex subset of ATT (G (w)) =
AT (Q); that is (R.1) holds. For all w € Q and all ¢ < T', by Proposition 4 and rectangularity of

{Ce (W)},

Ci1 (W) = Cri1 (Grg1 (W) = (De (W), ) = (Cr (W), (w) -
that is Cy11 (w) = (Ct (w))g, ,, () By induction, this implies Ct (w) = Cg, () for all (t,w) € T x Q.
In fact, for all w € 2, €1 (w) = (Co (W), () = C1(w); and Cr (W) = Cq, () for 7 < T implies

Cri1(w) = (Cr (UJ))G,H(W) = (CGT(UJ))GTH(W) = CG,H(UJ)

since Gy1 (w) € Gy (w). C (w) = Cq,(w) for all (t,w) € T x Q and (R’.2) imply (R.2).

For the converse, (R.1) implies that for every non-empty subset A of Q the set C4 is a non-
empty compact subset of ATT (A). Therefore, for all (t,w) € 7 x, Ca,(w) is a non-empty compact
subset of AT (G (w)), and {coCg, () } satisfy (R’.1). Taking an unbounded and affine v : X — R
and 8 > 0, the results of Epstein and Schneider [5] guarantee that the preferences represented by

Vi (w, h,) = inf @ /Z ﬁ"'ftu (h.,_) dth(w) + 6Cc;t(w) (th(w)) Vh e H

A++
pe T>t

are recursive variational preferences. But C; (w) = coCqg, () implies

Vi (w,h) = inf @) /Z BT_tu (hr) dth(w) + 6Ct(w) (th(w)) Vh € H.

eATT
P T>t

Finally, Corollary 1 guarantees that (R’.2) holds. [ |
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