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ABSTRACT

The paper describes an algorithm which is based on the branch and
bound procedure for solving the lock-box location problem. Because of
the special structure associated with the mathematical formulation of
this program, the solution of each subproblem takes negligible amount of
time and it is achieved directly rather than iteratively. Nevertheless,
some approximations are required for the estimation of the cost parameters
associated with the objective function, a fact which is true in almost

any real life application of mathematical programming.
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I. INTRODUCTION

The problem associated with the efficient location of lock boxes is
described in detail by Ferdinand K. Levy {27 who also outlined a heuristic
program for reaching a satisfactory solution. 1In this paper we developed
a branch and bound algorithm which guarantees an optimum solution to the
problem. The algorithm described in this paper is similar to the one
suggested for solving the quantity discount transportation type problem
[17, but fortunately, the problem may be formulated in such a way that the
solution of every subproblem requires a negligible computational effort.
due to the fact that the solution of each subproblem is direct rather than

iterative. For the purpose of our discussion we adopt the following nota-~

tions:

@) Ai = the total average face amount of checks originated at location

i€T in a given period.

(2) Mij = the number of mail days of checks originated at location i€I and
sent to lock box jcJ.
(3) Bij = the number of days that lock box j€J holds checks originated

at i€cT before the funds are available for use,

(4) c, = the variable charge per check collected in lock-box jeJ.



(7) D = aVerage number of checks originated at location i€I within a

given period of time.

1 if checks originated at location icI
(8) xij = are sent to lock-box j€J
0 otherwise
1 if lock-box j€J is activated
(9) vy = A '
0 otherwise
(10) dij = the variable charge associated with processing checks originated
at location i€I and sent to lock-box j€J, dij = Di Cj'
(11) cij = the total variable charge (including opportunity cost of idle

funds) associated with checks originated at location i€I and
sent to lock-box j€J, c,, =d., +rA, (M,. + B, .).

ij ij i ij ij
We can now formulate the mathematical program which is to be
minimized if the optimum location scheme is sought.

(1) min Z =y 3 5

c,. x., + F. vy.
ie1 jer i3 %i3 Tyer i 7
(13) s.t. y x,..,=1 for all i€T
. 1]
j&J
(14) T Xooo- my, < O for all j€J
el ] J
Xij and yj are defined as in (8) and (9) respectively.

Let m = number of potential lock-box locations and n = number of customer

centers, problem (12) has (ntm) constraints and m(n+l) binary variables. A

zero-one integer programming code using the above formulation may prove to
be very expensive if a real life application is involved. TIn the following

section we describe an efficient algorithm for solving problem (8)-(9), (12)-(14).
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IT A GENERAL DESCRIPTION OF THE ALGORITHM

In order to facilitate the presentation, expressions (8)-(9), (12)-(14) will
be referred to as problem P*, Our initial step consists of a relaxation of
P* due to the deletion of constraint set (14) while letting % = 0 for all
jeJ. Fe;sibility is then restored by the introduction of the constraints of
(14) through the branch and bound procedure.
Denote P0 as the relaxed problem (8)-(9), (12)-(13). Then a solution to

P_ is given by (15)-(16). Denoting t&J as a location index

1 if C't =min (c.))

(15) %, = e 13 { for all i€1
0 otherwise

(16) z = b¥ c.,. + ¥ F., vy.
iaa "t ogeg 37

Definition 1.: A solution X = {xij} to problem P is defined as a 'better
than optimal" solution, since any other bounded solution to P* yields a

larger or equal value for Z in its corresponding subset.

Definition 2: A solution X = {xij} to P is "interval infeasible'" if v = 0

and ¥ x_ . > 1 for at least one j&J.
ier 1

We are now ready to summarize the steps involved in reaching an optimum
solution,
Step 1: TLet yj = 0 for all j€J and solve the relaxed problem (8)-(9), (12)-(13) -
the solution is as indicated in (15-(16).
Step 2: 1If the solution is interval infeasible, i.e. yj = 0 and iélxi' > 1
for at least one j€J, select one potential lock-box location téE where

J is the set of all potential locations for which interval feasibility

is violated, and Ft =max F,.
jed
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Step 3: Branch from the variable selected in step 2 into two new problems:
in branch 1 eliminate location t from further consideration by
deleting it from the list of potential candidates for lock-box loca-
tion, and use (15)-(16) to obtain a new solution. 1In branch 2

set yt=l and increase the current value of the objective function

by Ft.

Step 4: Select the one branch with the smallest objective function value
among all active branches.

Step 5: 1If solution associated with the branch selected in step 4 is interval

feasible it is the optimum of (8)-(9), (12)-(14). Otherwise go to 2.

Certain discussions of the above procedure are now relevant. a) The
algorithm converges in a finite number of steps since the total number of bases
for the constraint set given by (13)-(1l4) is finite and each search routine
excludes at least one basis. b) The branching procedure results in a partition
of the interval feasible basic feasible solutions in that subset and thus
the algorithm is expected to be efficient. <c¢) The solution of each subproblem
is obtained directly throughout a short search routine as described in

(15)~(16) . Thus, reducing total computational effort considerably.



IIT. AN ILLUSTRATION

In this section we present a numerical example which demonstrates
the operational steps of the algorithm. In order to facilitate the presenta-
tion we assume that cij and Fj have already been approximated according to

(1)-(11) and the data is presented in a matrix form as in table 1.

Table 1
Lock-box
location
Customer
location 1 2 3 4
1 5 3 8 9
2 6 1 2 3
3 8 2 1 3
4 3 4 5 2
5 7 5 4 2
6 6 7 4 5
Fj 10 15 6 9

There are 4 possible locations and 6 customer centers. The variable costs

cij and the fixed cost Fj are given in table 1.

Step 0: The initial assignment is made based on the minimum variable cost

. . . 4O -
Cij' The basic variables are: X {xlz,x22,x33,x44,x54,x63}

ZO = ¢, ,Fc

12 22+c33+c44+c54+c63 =34+1+1+24+2+4 = é%. This



Step 1:

Step 2:

Step 3:

Step 4:
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solution is interval infeasible for j=2,3,4, and since F, = max F,
jeJ
we branch from this variable into the next stage.

Branch 1 denoted by Z1 =72°% + F2 = 13 + 15 = 28. The solution is

, . , i 1 _
interval infeasible for j=3,4, X {X12’X22’X33’X44’X54’X63’y2}'
In branch 2 we delete location 2 from further considerations and

compute a new allocation. X2 = {Xll’XZB’X33’X44’x54’x63}’

2 .o _ .
27 =2+ (egy mepy) Flegg = cyy)

is interval infeasible for j = 1,3,4.

min [21,22] = 722

max [Fl,FB,F4] =F, =10

1

22t = 2% 4 F, = 16 + 10 = 26

21 _ . . , ‘e
X {xll,x23,x33,x44,x54,x63,y1}‘ﬁ>1nterva1 infeasible for j=3,4

22 2 _ -
Z =7 + (c13 - Cll) =16 + 3 %%

22 s . . o
¥ = {xlB,x23,x33,x44,x54,x63} > interval infeasible for j=3,4.
min [21,221’222] _ Z22
max [FB,F4] =F, =9

2

2221 =1Z 2 + F4 =19 + 9 = 28 interval infeasible for j=3

221 _
X7 = Dxyg0%)g0%9%, 40 %5, 5% 55, )

222 _ 22 _ _
Z Z + (c44 043) + (054 c53) 19 +3 + 2 %é

222 _ = . . P
X —'{X13’X23’X33’X43’X53’X63} interval infeasible for j=3.

21 22 222 222
Z 1 Z

min [Zl,Z s s 1=2

max [F3] =F

3
22221 2 4222 L5 =24 +6 = 30

3
X2221 _

= {x13,x23,x33,x43,x53,x63,y3} = interval feasible

X2222

]

infeasible - deleted from list of active branches.

=13 +2+1=16. This solution



21’2221’22221] = Z21

Step 5: min [zl,z

max F3,F4] = F4 =9

X211 = { ]
¥11°%23°%33°%44°%54°%63°Y1°Y4

2211 = 221 + F4 =26 + 9 = 34 interval infeasible for j=3 but
since 2211 > 22221 this branch is deleted from the list of active
branches

212 21

= - + - — + =

Z Z°7 + (c41 c44) (c53 c54) 26 1+ 2 %g

212 = s . . L
X = {Xll’X23’X33’X41’X53’X63’y1} interval infeasible for j=3.

Step 6: min [21,2212,2221,22221] = Zl = Z221 = 28, select Z1 arbitrarily

max [F3,F4] =F, = 9

le = Z1 + Fa =28 +9 =37> Z2221 = 30 delete this solution from
list of active branches
Xt o= { } infeasible for j=3
X12°%902%332%,2%542%g30Y0Y,s Inieasible for ]
12 _ 1 _ _ 2221 ,
Z =77 + (c41 c44) + (c53 C54) 28 + 3 1> 72 delete this

= >

branch from the list of active branches

12 . . .
X = {X12’X22’X33’Xal’X53’X63’y2} infeasible vor j=1,3.

[2212’2221’222211 221

Step 7: min =7 = 28

max [F3] =F, =6
22211 = 2221 +F, =28 + 6 = 34 > 30 delete this branch

3
2211 _ . .
X = {XlB’X23’X33’X44’X54’X63’y3’y4} interval feasible

2212 221 _
Z =zt (egy meqg) ey, mepg) ey, megq) + (e, -oceq)
28 +1+1+2+1 =33 > 30 delete this branch.

2212
X = {

xla,x24,x34,x44,x54,x64,y4} = interval feasible



-8 -

[2212’22221] 212

Step 8: min =7 = 29
max [F3] =Fy =6
22121 = 2212 + F3 = 29 + 6 = 34 > 30 delete this branch
X2121 -

{xll,x23,x33,x41,x53,x63,y1,y3} = interval feasible

2122 _ 212 _
z Z7 Feyy mepy) Flegy megq) Flegy megy) Flegy - ocgq)
29 + 4 +7 +3 + 2 =45 delete this branch.

2122 _ . .
X = {Xll’XZI’XSI’X41’X51’x61’y1} interval feasible.

The optimum solution is X2221 =

minimum cost is 22221 = 30.

{X13 ,X23 ,X33 ’X43 )x53,x63 ,yS} and the

The solution procedure involved 8 steps but the computational effort in

each step was of no significance, a fact which contributed greatly to the

overall efficiency of the algorithm.

A summary of the branching procedure is illustrated in Fig. 1.



2222 _
Tnfeasi- (H

Note that le, le, and 2211 are interval infeasible but their current 'better -

than optimal solution'" is inferior to an existing interval feasible optimal
solution, therefore further enumeration is not necessary.
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