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Abstract

There is a growing interest in using the discrete choice approach to study
oligopolistic competition under product differentiation, and a prominent
discrete choice model is the multinomial logit. Here we analyze various
aspects of the logit in this context. We first show that the predictions of
the logit are very similar to those of the well-known CES model and explain why
this is so. We next discuss the existence and uniqueness of a price
equilibrium for a general version of the logit. We then illustrate (using the
logit) the flexibility and tractability of the discrete choice approach for two
different problems. The first of these finds a free-entry equilibrium with
multiproduct firms. The second uses the logit to construct a simple search
model. We also introduce the nested logit as an oligopoly model and apply it

to these two problems.



I. Introduction

There i1s a growing interest in the discrete choice approach to modelling
product differentiation under oligopoly. Under the discrete choice approach
each consumer chooses ocne option from a number of alternatives. In the
original formulation of discrete choice models, a stochastic utility is
assoclated to each alternative, and consumers choose the one (here a variant of
the differentiated product) for which this utilicy is greatest. The
distribution of the random variables which describe the valuations of
alternatives expresses the distribution of individual preferences. These
models (see for example Perloff and Salop (1985) and Sattinger (1984)) are
appealing because they start ac the level of individual preferences and make
assumptions on the distribution of tastes across individuals to construct an
aggregate demand system. In recent work, Anderson, de Palma and Thisse (1989)
have shown an explicit relation between discrete choice models and
characteristics (or address) models in which consumer preferences are
continucusly distributed over the characteristics space in which products are
located. Essentially, the distribution of consumers over the characteristics
space plays the role of the probability density in the discrete choice model.
The connections between the original formulation of discrete choice models and
the characteristics approcach-which has yielded many insights in Industrial
Crganization - 1s but one reason for studying discrete choice models in this
contexI. Another obvious reason is the rising use of discrete choice wodels,
in particular the logit and the probit, in econometric analysis (see for
example Train, McFadden and Ben-Akiva (1987), McFadden (1389) and Feenstra and
Levinsonn (1589)). Furthermore, the existence of a price equilibrium has been
shown under very general conditions on the distribution of consumer

preferences, by Caplin and Nalebuff (1990).



Among the possible discrete choice models the logit plays a key role
because of its clesed analytical form, its tractability and its econometric
properties. For all the reasons above (theoretical foundations, economectric
properties, existence results) such a discrete choice model seems to us to
provide a very useful tool as a model of product differentiation. However, few
authors have studied how a model such as the logit can be widely applied in
Industrial Organization.! The purpose of this paper is to show how the
multinomial logi: model can be used and extended to deal with various problems
in Industrial Organization. In a previous paper {(Anderson and de Palma (1986})
we have used a version of the logit in the oligopoly context to look at the
question of whether the market provides the afficient variety of products. A
somewhat different version has been used in a similar context by Besanko, Perry
and Spady (1990).

In this paper we first recall (in Section II) the logit model used by
Anderson and de Palma (1986). Since one of the most commonly used formulations
of product differentiation is the well-known CES model, it is a natural idea <o
compare the results provided by these two models. It is shown that in their
simplest versicns both models give similar (but not identical) resul:ts. We
explain the reasons for the similarity by reference to previous results by
Anderson, de Palma and Thisse (1987) which show how the CES representative
consumer model can be derived from a discrete choice approach. This section
then should serve to allay any misgivings about the logit model by placing it

in the mainstream of (differentiated products) oligopoly theory.

! The logitc model has also been usefully employed to extend spatial competiticn
theory by (for example) de Palma et al. (1985), Anderson and de Palma (1988).
8raid (1988) and Besanko and Perry (1989).



There follows a series of extensions of the logit model of Section II. In
Section III we extend the basic model of Anderson and de Palma (1986) to allow
for different classes of consumer and provide sufficient conditions for
existence of a price equilibrium. We alsoc show there may exist no (pure
strategy) equilibrium by providing a simple example in which the existence
results of Caplin and Nalebuff (1990) do not apply.

Because of the explicit microeconomic foundations of the logit it 1s easy
to generalize it in different directions. One useful extension is described in
Section IV where we introduce the nested logit model. The nested model allows
us to treat the intuitive idea that products may be grouped into clusters (or
"nests") with the degree of substitutabilicy of products within a given cluster
being higher than for products in different clusters.

In Section V we relax the assumption that each firm produces a single
product to consider multiproduct oligopoly. One of the benefits of the
explicic functional form of the logit manifests itself here - the equilibrium
prices, number of firms and number of products per firm can all be easily
computed explicitly. Moreover, these benefits extend to the nested logit
model, which can be directly applied to analyze mulctiple product firms.

Section VI explores the properties of the logit and nested logit in the context
of consumer search and imperfect information. Finally, Section VII presents

our concluding comments.

ITl. Comparison Between the Logit and CES Demand Svstems.

Let us first describe the logit demand functions we shall use for the
comparison when there are n products sold at prices Py---P- The multinomial

logit demand we consider for good i is



N exp(-pi/u)
X, = (I1.)
1 n
Y exp(-p./i)
j=1 ]

where N is the number of consumers and ¢ is a positive parameter to be
interpreted as the degree of product heterogeneity.? When all products are

; ; o - . - - n-1 ;
priced at p, the own price elasticity of demand is given by p a which
shows higher 4 implies more inelastic demand (greater differentiation between
products). Each firm precduces one of the n products and profit of firm i is

given by
Hi = (p,-e)X, - K (IZ.2)

where ¢ 1s marginal cost and K is fixed cost.

In Anderson and de Palma (1986) we worked out the explicit values of
price, output per firm, profit per firm and number of firms for four different
situations. These values are reported in Table la below. The first column
describes short-run (or fized numbers) equilibrium under the Bertrand-Nash
assumpticn. The next column endogenizes the number of firms in the long-run
via a zero-profit condition. We then consider two concepts of social
optimality, the first-best where the cobjective is maximization of social
surplus (consumer surplus plus profit), and the second-best which maximizes
sccial surplus subject to the constraint that firms make non-negative profits.

These are the two social objectives considered by Dixit and Stiglicz (1977)

? We are assuming that the prices pj are lew enough for consumers to be able to

afford all variants. When this constraint is satisfied the demand for each
product in the differentiated goods sector under study is independent of
income.



among others. As we noted in our previocus paper, the comparative static
properties of Table l1.a can be explained intuitively.

The benchmark demand model against which we wish to compare the logi:c
(I1.1) is the well-known CES formulation.?3

The CES representative consumer’s utility function is assumed to be given

by
n
ua-| 3Pl (11.3)
. i 0
1=l
with p ¢ (0,1) and & > 0, XO the numeraire and Xi’ i=1...n the variants of the

differentiated product. Maximizing (II.3) subject to the budget constraint

n
p.X, = Y and defining m = (l-p)/p ¢ (0,«) yields the demand functions
ii & y

i=0

-1-1/m
Py
- = T I1.4
Xl Y Py T/m i 1l...n, (I1.54)
Lp,
j=17
so that the total spending on the differentiated products is Y = 1 E o The
demand curves have slopes
axi 1 Xi X?
T, - SR - S (IT.3)
i i Tm

¥ The CES has been usad in oligopoly theory by, for example, Blanchard and
Kiyotaki (1987), Dixit and Stiglitz (1977), Feenstra and Judd (1982), Flam and
Helpman (1987), Koenker and Perry (1981), Krugman (1982), Lawrence and Spiller
(1983), Raubitschek (1987) and Spence (1976).



Profit is given by (I11.2) and the profit maximizing price by

X, + (p{

- c)@Xi/Opi = 0. Noce that a necessary condition for nonnegative
profitc is Y > K. we assume henceforch that this condition holds.
In a symmetric equilibrium, X = Y/np. Using this in the first order

condition yields an equilibrium price (for a fixed number of firms) as

p* = ¢ + com/(n-1) (11.6)

with associated output per firm

n-1

%
|*<|

(II.7)

and equilibrium per firm profit

* Ym
I - — I1.8)
(a(l+m)-1) ¢ ’
From (II1.8) we can directly compute the free entry equilibrium number of firms
such that profics are zero. Substitution in (II.6) and (II1.7) then yields the
zero profit equilibrium price and output per firm. These values are reported
in Table 1b below.

For the first best problem, utilizy (II.3) is maximized subject o the
n
resource constraint ¥ = nk + ¢ ) X, + XO’ wnere the social cost of producing
i

i=1

the numeraire is normalized to unity. At a symmetric solution, the utility

function incorporating the constrainc is

U - ax? 1Y - oK - ne)®P (11.9)



Maximizing (II.9) with respect to X and n gives the wvalues in Table 1b.

To solve the second best problem, utility (II1.3) is maximized subject co
consumer reactions (the demand functions (II.4)) and the zero profit
constraint. At a symmetric solution, these constraints are X = ?/np and

p = c?/(¥-nK) respectively. Substituting into (II.3) vields

S 2 ap
US - n Y'“K-| (Yar) (
nc

=

I.10)

Maximization with respect to n enables us to find the second best optimal
number of firms; substitution into the constraints finds the corresponding

price and output per firm.

Fixed Free entry First best Second best
Numbers Equilibrium Optimum Optimum
orice c + n?? c o+ U+ %— c c + L
output per
- N KN K K
firm = = =
n K+uN L i
orofis per
- LN
Iirm S K 0 -K 0
n-1
number of
. Nu Nu Ny
firms n 1+ % n m

Table la. Comparison of equilibrium and optimum for the logi:c medel (II. 1)



Fixed Free entry First best Second best
Numbers Equilibrium Optimum Cotimum
cmn c?(l+m) I
price ¢+ 7 —_— c s l+m,
Y-K
output per T 5
firm nc{ié?-&;i-l’ (i{‘ K }12_ K/mc X/mc
: Ym+K
Fie _
S S 0 X 0
[a(l+m)-1]
E??ﬁjr ot n Ym . 1 ?m(l+a) ¥a
i (l+m)X  1l+m (l+a+m)K {1+m)K

Table 1b. Comparison of equilibrium and optimum for the CES representative
consumer (II1.4).

Qualitatively, there is much similarity between the two models., K plays a

similar role in both, and Y and N play roughly the same roles {the reason is

. . . 1- i
given below). Likewise g and a(= -2%5 act very similarly {(these are the
"preference for diversity” parameters). Also, first and second best optimal

outputs are equal in both models. We find a one-firm difference between :he
entry equilibrium and constrained optimal number of firms for the logit; for
the CES the difference is 0 < p < 1 firms. For the CES the first best optimum
number of firms exceeds the second best one, although they are equal for :the
logit.* It is not our intention here to discuss the problem of the optimal
number firms (for an insightful analysis of this question, see Deneckers and

Rothschild (1986)). Rather we wish to highlight the similarities between two

medels.

4 When the logit 1is extended to allow for outside alternatives, the logit has
the same property as the CES (see Anderson and de Palma (1986)).



All in all, the logit and the CES yield very similar predictions (although
they do not exactly twin with each other). We can explain this similarity by
returning to the derivation of the logit model provided by McFadden (1973).
This author considers a population of N statistically independent and identical
consumers, each of whom will purchase one unit of the product which vields the
greatest utility. The conditional indirect utility of a consumer choosing

product I is given by

r...
o}

P
b
[
.
-

N

u, = a+v - p. + U€, i=
i - pl H i

where y is consumer income, a is a quality index, and the éi‘s are random

variables which are ii double exponentially distribuced, i.e.

Prob (6i < X) = exp (-exXp - X). (I1.12)

The expected demand for product i is given by X, = ¥ Prob (u, = max u.,
L b 3

j = 1...n), which under the above assumptions yields the logit form (II.1).
A similar disaggregated discrete choice founcdation can be provicded for :he

CES demands (II.4). Instead of cthe form (II.1ll), suppose the conditional

indirect utility is given by

—~
—
F—~
—
L)

~

u, = oa+ (1 + a)lny - lnp, + uéi i=l...n.
£

Using Roy’'s lemma, the demand of a consumer cheosing product i is y/pi, whersa

y = y/(lr@&). Under the assumption that € is ii couble exponentially



discributed, Anderson et al. (1987) have shown the resulting demand functions
are given by the CES form (II.4) with Ny = ¥ and 4 = m(= %.

Viewed in this light, i.e. from the perspective of possible microeconomic
foundations, we see the reasons for the similaricy in predictions between the
two models. Both can be seen as the aggregation of the demand of ¥ individuals
making discrete choices of products. Moreover, in both models individual
preferences are distribuced according to the same distribution (the double
exponential). However there is an important difference in the models. In
casting the CES as a discrete choice model, it is assumed each consumer spends
a IZixed money amount on the good selected. By contrast, in the logit model,
each consumer is assumed to buy a single unit of the good chosen.

The comparison in this section shows the logit gives qualitatively similar
results to the CES and can be derived from similar preference foundations. In
the rest of this paper we consider various extensions to the basic logit model

IZ.1). TFor the most part these extansions exploit the individual choice

formulation (ITI.11).

ITT. Existence and Non-Existence of Equilibrium

Wwe now investigate the conditions under which a pure strategy
Bertrand-Nash equilibrium exists for a fixed number of firms, n, producing at
constant marginal cost sy i =1...n. We shall consider a more general demand
furnction than (II1.1), and use the discrete choice model (II.1l.) extended to
encompass both different consumer types and the possibility of a consumer
choosing not to purchase one of the n products. That is, we allow the XN
consumers to be (possibly) of different types and allow also Zor non-purchase.
This is close to the use of the logit in econometrics, and we shall interpret

the discrete choice model below in that vein. Formally, each consumer is to



cheese one unit of one of n+l possible alternatives. Without loss of
generality we let option zero be the null option of not purchasing within the
group. The conditional indirect utility of a consumer h purchasing option i at

price p, is given by®

U = a i=0,1,...n; h=1,...N. (II1.1)

ih = %in T Py T Gy

where the Ei are ii double exponentially distributed random wvariables. The

h

term a., represents observable characteristics and may further be splitc (if

-

desired) into consumer attributes (such as income) and pure product attributes
(such as mileage per gallon) see Amemiya (1981) for example. The term

a4y, * P is frequently called the measured utility. The random term represents
uncbservable taste differences, unobservable product attributes, etc., (see
eg., Ben Akiva and Lerman (1986)); different consumers evaluate differently the
large number of characteristics inherent in any product. The parameter u > O
measures the relative importance of this effect.

Each agent chooses the option 1 for which the conditional utility is

greatest. The probability - as modelled by the firm - of consumer type h

purchasing option i is given by:

exp{(a,, - P;)/M)
T L . 1=0,1,...n, h=1...8 (III.2)
JEO exp((asy - )/

5 Wichout restriction, it may be that po = 0 (there may not always be a price

associated with the outside option).



Two limit cases are worthy of note. For i - 0, consumer choice is

perfectly predictable - the option for which (ajﬁ - pj) is greatest 1s chosen

with certainty by consumer h. Secondly, for i - =, Pih - ;—%—T: and

differences in product and consumer attributes have no predictive power. The

demand functions (IIL.2) have two important derivative properties® used below:

ih h'' ih
- , i=0,1,...n, (1I1.3)
do, i
and
JP P.P
ih ih ih
- i, j=0,1...n, j =i . (III.4)
dpj 7

Hence products are symmetric substitutes. We can write firm 1's expected

profit as

= - i = TII.5
i, (p; - ) ZPlh, i=1...n (I1I.5)
h=1
The profit derivative is
all. N N
—= YP _+(p, -c.)y YP._@.. - Ly, i =1...n (II1.8)
4Py pop 10 p-1 B In

8 The logit model has sometimes been criticised for exhibiting the Independence
of Irrelevant Alternatives (IIA) property, as illustrated by the famous red
bus/blue bus example of Debreu (1960). However, as noted by Train (1988) (p.
22), this can be partially dealt with once we allow for differences in the
parameters a,

ih’



Now, noting that ?ih € (0,1) for all finite prices, the derivative (III.5)

is positive when evaluated at p. = c¢,, at which point profit is zero.

P

Furthermore the profit function is twice continuously differentiable and

lim Hi = 0 (by 1l'Hospital's rule). Hence a maximum in Hi is characterized by
D0
Py

(I11.6) identically zero, or

Notice that when an equilibrium exists, price exceeds marginal cost regardless
of the level of cost, as long as the number of firms is finite and
4 > 0. Ic is shown in Appendix 1 that any solution to (III.7) is a local

maximum if and only if

N N
- 5
5 P 2 L <00 o= 111.3)
hﬁl kgl P-h Plk {KPik Pln) (1 ?*h)l <0 d L...a (1IL.8)

at that solution. For instance, if all consumers are of the same type then

P., =P, forallh, k=1...N (as a,, = a and (III.8) is guaranteed to
ik T " in ' (as a;, = a,) (111.8) is g

hold. In this case then the profic functions are necessarily strictly

quasi-concave in own price {although note that they are not concave).

=
j

quilibrium existence then follows from a standard fixed point argument’ (see

7 We also require the strategy spaces to be bounded. Here we can use the same
trick as Caplin and Nalebuff (1990): no consumer will buy if price exceeds
income so that demand falls to zero when a firm sets a price greater than
income. Price strategies are bounded below by ¢ and above by income.



Friedman (1986) for example). Hence there exists a pure strategy price
equilibrium when all consumers are of cthe same type. It is further shown in

Appendix 2 that this equilibrium is unique.
Consider now the case when consumers are of different types (that is,
a., as, for some h, k = 1...N). From (III.8), a stronger sufficiency

condicion is

2(Pik - Pih) - (2 -P,, -P,)y<0: for allh, k =1...8 (II1.9)

This in turn is guaranteed to be satisfied If

]Pih . Pik| <1/2; h, k=1...% (111.10)
Thus equilibrium existence is guaranteed unless there is a large difference in
consumer types (leading to large differenmces in purchase probabilities and
refucing (III1.10)). The role of 4 is important here. The larger is [ the
smaller 1s the relative influence exerted by the &, Terms which differenciate
types. This increases the likelihood (III.10) will hold, and for p large
encugh it will necessarily hold.?®

To illustrate what may go awry here, let us consider the limit case 4 =0
Now each consumer will purchase the product for which a;, - Py is greatest (see
i1.11)). 1In the event of a tie, demand is presumed to be split equally ameng
tving firms. Let there be two cousumer types in numbers N, and N and two

A B’

firms, 1 = 1,2. Furthermore, let there be no outside option

8 A similar role is played by g in the Hotelling model of spatial competition

when extended to allow for product differentiation a la logit. There existence
is guaranteed for 4 large enough, but there is no pure strategy equilibrium for
g suificiently small (de Palma et al. (1983)).
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(ao ~ -®), and let us label firms and products such that alA > a2A and a1A -

a > a - a Hence type A’s have a relative preference for good 1 and the

24 1B 2B°

3's have a weaker relative preference - indeed, they may prefer good 2. The

demand addressed to firm 1 is then given by

(0 for aj, - p; < a,, - P
N2 foraj, - ppmay, - Py and ayp m Py a0
- - - - - I1.1
Xl {NA for a, Py > a5, " P2 and a1p Py < a,q P, (LI 1
NA + fE_for a;, =Py > a, " P and ajp - Py = a,p T Py
2
N N, £ - -
Fa Ty T 2y TP 7 % T B
and X2 = NA + NB - Xl. This demand function is illustrated in Figure L.
Pl/}
H1a7 %242 T ‘
Y13 %237+ L v
4 3 + A Sy
X N NB e 7
N4/? "a o “4™'p

Figure 1. The Demand Function for the Case [ = 0 and Two Consumer Types



Supposing production costs to be zero, it is straightforward to show (see
Appendix 3) that no equilibrium in pure price strategies exists for

(¥, + NB)(a a,. ). As previously noted, introducing further

iy ) <A (

13~ %23 41 24

comsumer heterogeneity into the model via the parameter 4 will serve to smooth
the discontinuities in the profit functions and to increase the likelihood of

finding an equilibrium.

IV. The Nested Logit Model

The logit model has some very strong properties, especially in the form
(I1.1) when there is only one type of consumer. In particular, when all prices
and qualities are the same, the cross price elasticities of demand are all
equal (to Eﬁ—when there is no outside option). The nested logit allows for
products to be clustered in groups in the sense that cross-price elasticities
within a group will exceed those for products in different groups. However,

-

the nested version still retains (as we show in the next sections) the
tractability of the simple logit formulation, and allows for the latter as a
special case.

To illustrate, suppose there are n product groups, product group i

consisting of m, products, L = 1...n. The demand for product k belonging to

product group 1 is

X,
ik

H
bR

-, =P, P
ix L &l
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k|1 m,
leeXP[(ai[‘Pig)/ﬂzj

and

- = (1V.3)
1l 0

2 explA, /i)
=

with

m.

]
ay = uzlneglexpuaﬂ - pjp/uzl (IV.4)

and Hy =z uz = 0.

This formulation can be underscood intuitively as follows (see Ben akiva
(1973)): consumer choice can be sesen as a sequential process in which first
group (or "mest) is chosen, and then, conditional on the choice of nest, a
particular product 1s selected. The two choice processes are made according
a logitc model. The choice within a nest is described by (IV.2). The choice
within a nest is described by (IV.3), where Aj (see (IV.4)) measures the
expected benefit of choosing nest j. Indeed, it can be shown that
A, = E{max (ajf - pjf + uzéjg)} where ej€ are 1.1. double exponentially

McFadden (1978) has shown that the nested logit model is consistent with

the maximizaticn of a random utilicy function of the the form (II.1l) and

m

TO



arises from a specific correlation between :the ¢. The distribution function
depends on two parameters, By and By with 4y =z uz.g
The parameter ul can be viewed as a measure of heterogeneity of groups;

whereas 4, represents intergroup hetercgeneity. The condition By oz fy, has an

<

intuitive interpretation: the products within a group are meore similar than

products belonging to different groups. DNote that the cross price derivative

L (1 - Pi>
L =PP P, = ——F1 with
id ki i fy Ly

for products in the same nest is aPik/ﬁp

{ % k; therefore the cross price derivatives are always positive provided that
ul > “2' When “1 - uz, all products are equally "close" and groups therefore

cannot be distinguished: it can easily be verified that (IV.l) through (IV.4)

n
reduce to the simple logit model with ; m. products. On the other hand, when
=1

u2 = 0, the products within each group are perfect subsctitutes, and only the
product with the largest value of ajf - ij will be selected in any given nest
i

To see the role of ul and uz, suppose all products are priced at p and
have the same quality a; moreover each nest comprises m products so that there
are nm products in total. The cross price elasticity of demand for products in

different nests is EE%—j while for products within the same nest it is
1
n n -1

Bes ﬁ;-- —EI——ﬁ. Clearly the latter exceeds the former for ul > #2' and they

are equal for 4, = uz.

9 The distribution function for the nested logit model is given by F(xl...xh) =
"% X n mj 1/'uZ HZ/ul
expl -H(e ...e )] wich H(xl...xn) - Z z Xy

j=1f=1



The consumer surplus associated with the nested logit model is

n
€S = pyln Voexp{A./f#,] + Y ; (IV.3
=t 1

iz can be verified that using Rov's lemma that the choice probabilicies ?ik can
be recovered. When prices are all equal to p, qualities are all equal co a,
and the number of products in each nest is m, (IV.5) reduces to

CS = ﬂlln(n) + uzln(m) +a-p+y (IV.5)

i.a2., consumer surplus increases as the number of clusters, n, or the number of

products per cluster, m, increases.

J.  Multiproduct Firms

The analysis of multiproduct firms under product differentiation is sas
rare in economic theory as it is common in actual markets. This 1s presumablr
because such analysis is exceedingly complex - although we should note recent
work by Raubitschek (1987) has succeeded in shedding some light on the problem
using the CES model.!® We show now that the logit model can readily be extended

to deal with situations where firms sell several products.

10 Raubitschek (1987) assumes that all products owned by a firm are operated
individually by independent profiz-maximizing managers. In what Iollows, we
assume instead that all pricing decisions are cocrdinated by the firm to

maximize overall profit.
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(a) The mulcinomial logic.

Suppose there are n firms and firm i produces m, products, £ = 1...2,
with qualicies asy and marginal costs ¢, per product, and prices p, .. I1Is ns
revenue is given by

mw'
R, = N o= .. VL
i L,z (pll Lf) if
t=1
where
exp [(a, - P, )/H]
P - ik ik ' (v 2
ik m, ) ’
o J
) exp [(ajg - Pjg)/ﬂ}
i=1 f{=1
which corresponds to the nested logit of Section IV with “1 - uz = 4. The
first order condition with respect o Pi is
. ‘ o,
dR, WPy i
: = - D. - C.q + .g = C. 2 P (":’.3,\
dp., I H (‘ll lL) le(plg 16> it
Setting this equal to zero yields
mw’
- c., = gL Py u= k SNy
Pi1 il ) (Pi¢ P Tt b i ‘ ’

so that the mark up per product, k.,
L

This

is a rather res

1

is the same for all products soid by firm

£ri also holds for

ctive property (which the nested

logit model) which depends on the fact that individuals care only about price



and quality differences. It is not such a limitation in the analysis below
which considers a symmetric environment.

Substituting k; back in (V.4) gives

ki-—mf‘— i=1...m (7.5)
' 't’zl gt

We now assume the a’'s and the c¢’s are identical for all products. Fixed
cost per product is I, set-up cost per firm is K (abusing slightly our previous
usage). We shall find a symmetric free entry equilibrium where each firm
produces cthe same number of products at the same price. In this case when each

of n firms produces m products (V.53) becomes

-c-k-L

— (V.6)

which is independent of m (see also Table la). There are two efifects at work
when m rises. OCn the one hand, more products on the market tends to depress
the markst price. On the other hand each firm internalizes :zhe effect of price
changes cn its own products, which in itself is a force which leads prices to
rise. Here these effacts exactly cancel.l

The equilibrium concept we use to fully solwve the model can be viewed as a
three-stage process. In the first stage a number of firms decide to enter the

market. In the second stage they decide how many products to produce. The

1! Yo expect that introducting outside alternatives (for example as in Section
IIT) will cause equilibrium mark-up to rise with m. In this case more
consumers will be drawn from the outside alternative as there (s greater
product wvariety as m rises.



last stage is the price equilibrium described above. We want to find a
symmetric equilibrium in the second stage, for a given number of entrants n.

To do so, we suppose n-1 of the firms choose 2, products each, and look at the
decision problem of the first firm, which is to choose my products. Hence from
(V.4) and (V.3) we have the price charged by firm 1 at the last-stage price

equilibrium as

(V.7)

b r
p - c - i £ R
1 1 - Pl (n l)P2

and for all other firms we have

where (from (V.2))

P mleXP('Pl//U)
1 miexp(-p /) + (n-Lim,exp(-p,/H)

wnich is the probabilicy a consumer buys any one of firm 1's products, and PZ
is similarly defined (using Pl + (n - l)ﬂ’2 =~ 1). The proof that the prices Py
and p, are indeed an equilibrium to the price subgame contingent upon my and m,
is provided in Appendix 4 and is discussed further below.

Introducing the subgame equilibrium prices into the profit function, firm

1’s problem in the second (product range) stage of the game is thus to maximize



(7.10)
Nim
(n-l)m2 expy - mlr - K
Pp ~ P
with respect to ., where Yy = ——77——-and P1 and Py are given by (V.7) and
{(V.8). The derivative of (V.10) is
dll
1 Nu expY _ d .
im (Do (1 + @y Eﬁ—% - F (V.1L)
1 2 1
. . it * ay .
where, evaluating at a symmetric equilibrium, m1 = m2 =m , and \ = 0, am is
1
equal tol? - 0 T and the solution to (V.1l) is
(n- -0+ 1)m
R L (7.12)
(n” - n+ 1)

Clearly, for any n, there exisc wvalues of N, g and F such that each firm only
chooses a single product. The greater is the preference for differentiated
products [, the greater is the variety provided by each firm. Furthermore,

(V.12) is decreasing in n for n = 2, as expected. It is proved in Appendix 5

*

*
that m, = m does indeed maximize (V.10) when m, = m . The equilibrium price

is given by (V.6). The first (entry) stage is now simple. I there are n

*
firzs in the market, each producing m products, the profit per firm is

(@, - mlexp)(][(n-l)m2 + mlexpx]

12 ot -
Using Y (n~l)m7i(n‘2)m2 + mleXPX}
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() = NU“Z -x (7.13)
(n-1)(n" - n + 1)

It is readily shown that this is decreasing in n so that there is a single
i * * . .
solution n to [I(n) = 0. Whenn =n , no firm wishes to enter the market, and
Faglid - * 2 » o~ - . - 1
no firm wishes to leave. Note that n 1is independent of F, is decreasing with
X, and increasing in y. Hence higher i leads both to more firms and to more
products per firm. The case where each firm chooses a single product arises

her if K is sufficiently small (so there are many firms) or if F is

(=3

ct

ei

=S

sufficiently larze.

(5) The Nested Logit

4

e now turn "o the application of the nested logiz to the multiple product

rm problem. We shall assume that the products producad by any firm are

Ih
e

closer substitutes for sach other than they are for products produced by
differenc firms.® That is, py is the degree of heterogeneity across products
of any given firm, whereas by is the heterogeneity across firms, with Hy z #Z‘H
The demand system is then given by (IV.1) through (IV.4) where n is the number
of firms and m, is the number of products produced by firm i, 1 = 1...n. e

-

can now retrace the steps for che simple logit model since the structure of the
argument is similar.
We again consider a three stage entry - product range - price equilibrium

s ‘
irm L

by

defined as above, and solve recursively. Given n firms, and supposing

has m, products, with the remaining n-1 firms having ny products each, we show

1

3 An alternative assumption, which may fit some marksts better, is <o suppose

[

roduct groups (nests) consist of products produced by different firms.
P p r

4 In the context of the two stage decision process envisaged by Ben-fkiva (1873
and described in Section IV, consumers can be viewed as first selecting a firm,

and then selecting one of its products.



in Appendix &4 that firm 1 will sell all its products at the same price, p,. and

all other f£irms will set the same price, p,, Ior all their procucts. Herce

= N - P - -k V.14
Hl (pl )lfy mF - X (7.14)
with
Ko
exp{—in(n,)]
P #l 1
P, - (7.15)
1 #2 I
(n-1)exp(—in(m,) - Y) + exp.—in(m,)!
By 2 L 1
p') - pl
where Y = —:—ﬁ———ﬁ Solving the first order conditions to Iind the price
1
equilibrium we obtain the same equations (V.7) and (7.8) as before, except with

fiy mow replacing ¢ (this is because Hy represents interfirm heterogenelty -

although note that 4, appears in the expressions for Pl and P2’ as per (7.15)).
It has still o be shown that the prices Py and P, as given above do

constituce a price equilibrium for giwven m and my. It seems intractable to

address this problem by showing the Hessian of the profit Iunction Is negative

definite at the first order conditions. Likewise, the resultcs of Caplin and

Naelebuf? (1990) apoly onrly to single product firms. In Appendix & we use an
alternative method of proof. This first shows that there is a unique solution
to the first order conditions for each individual firm as well as a unique
soluzion to the whole system of first order conditions. We then construct a
=,
N . . ; L P
hypercube [c,p} ©, in firm i's price strategy space and show that 1's profit Is



o,
. . . A - . -1 . - .
unique global maximizer which is in the interior of [c,p] *. Since this global

maximizer satisfies i’'s first order conditions, there is a unigque Nash
equilibrium for the price subgame. Using the price equilibrium expression in

(V.14) we have

-

Nul m1
Hl - o1 m2 expy - mlF - K, (V.16)

which is the generalization of (V.10). Now,

i
My Wnfe) Tk . 17
da.,  n-l|m exXpY ﬁ__g__+ dm o f V.17
1 2 1™ 9

*
and, at a symmetric equilibrium with m, = m, =@, %ﬁ—-equals
- 1
-H
—g;éf *3———11————— so that (V.17) is solved by
183 0% L sl
U
* -
PR S TL D S (V.18)
F
n -n+1
The corresponding equilibrium prices are
* #qn
- = V.19
p ¢ * o ( J

Note that (V.18) is the same as (V.l2) except the relevant i is now uz.

Loosely, H, matters since it measures the relative attractiveness of the



The proof of existence of the symmetric

product ranges per se (see (IV.6)).
equilibrium for the product range game is given in Appendix 3.

Substituting (V.18) into (V.16) and setting equal to zero yields the free

entry equilibrium number of firms as the solution to
2 .
N[(,Ul - Uz)(n L + lu’lnj

- K, (V.20)

(a - D@% - n+ 1)

>

where the left-hand side is decreasing in n (since By Z uz) so that there is a
unique solution (we also use the condition n = 2 in the comparative static

results that follow).
The equilibrium number of firms is decreasing with #2’ since a higher

value of u2 causes firms to offer wider product ranges (for n fixed) - in a

H

s
che

rt

symmetric equilibrium, price doesn’t change so that profits are eaten away via
As pl rises, on the other hand, holding

this extra competition for customers.

n fixed, consumer loyalty to firms rises so prices rise, and product ranges ars
ry: as fur

n

fis

The resulting higher profitabilicy leads to more entry
g 2 P b,

That is,

fewer producCs;

unchanged.
firms enter, firms now start to offer smaller product ranges.
o
(=4

increase in ul ulcimately causes more firms, each orferin

se in #2 leads to the opposite resulr.

whereas a rl

We can now derive the first best social optimum configuration of n and m.
Note the first best is equivalent to the second best subject to a zero proflt

given in (IV.5;

constraint (the other case in Section II) since adding a constant to all prices
g

serves only to convert consumer surplus to profits.

Maximization of the surplus function for the nested logi:

gives (for interior solutions):



L
0 2
- N — 2
i} N T (V.20)
for given n, and
oK
mO 7 2_ ) (v.22)
N S
, 0 3
when n = n , given by
By - B
0 LNCL T (V.23)

K

Note that no = 1 when “1 - uz (the simple logit case treated earlier) since
extra firms bring no variety benefit per se. In this case from (V.21) mO
becomes NuZ/F (c.f. Table la).

The comparative statics are qualitatively similar to those of the free
encry equilibriwa. The comparison between optimum and equilibrium shows that
the market solution provides tco many Firms but that there are too few produccs
per firm. However, the total number of products produced, n*m*, is roo few.

As far as we know, the comparison between equilibrium and optimum has not
been addressed in the literature for anything other than single-product firms.
Raubitschek (1987) goes part of the way by allowing for multiple products, but
she assumes the number of firms is fixed. She concludes that since there are
toc faw products In the Spence (1976) model on which here analysis is based,
there will a forziori be too few products in her set-up since, when deciding
whether o introduce a new product, a firm will intermalize part of the
"business stealing" (or cannibalization) effect, the business stealing effec:

being a force toward having too man roducts. In this light, a comparison of
24 g ¥y P g



our results here with those of the single product model described in Table la
is fruitful. There we found there to be too many products. Here, for fixed n,
there are too few products. This indicates that the internalization of
business stealing in the multiple product context suffices to bring about the
opposite conclusion.

For the problem we consider, with endogenocus firm numbers as well as
product ranges, an entrant firm is assoclated with three types of externality.
There is the standard business stealing externmality (an entrant does mnot
account for the detrimental effect on existing firms' profits) which is a
tendency for overentry. Then there is the consumer surplus externality whereby
an entrant cannot extract the whole surplus associated with producing its
product range, and this is a tendency toward underentry. In our context there
is an addirional negative externality which has to do with total variety. An
entrant also leads existing firms to contract their product ranges (at least in
our model), reducing the variety offered by them. For firms, at the margin the
net value of an additional product in the range is zero (via the first order
condizion for profit maximizing choice of product range). However, the net
social value of these lost products is positive due to the consumer surplus
associlated with them. This suggests this is an additional force tending toward
insufficient product variety and overentry of firms. Indeed, our final result,
the net effect, is overentry of firms, and this is combined with product ranges
which are not broad enough.

This result is also interesting because the previous literature has
measured diversity only as the number of products, whicn there is the same as
the number of Zirms. In the nested logit formulacion, there are two measures
of taste for variety, Ml and By and there are two dimensions to the diversity

provided by the market, the number of firms and the product range per firm.



VI, Llogit Models with Search.

In tnis section we exploit the structure of the discrete choice model
(I7.11) to describe a simple search model based on the logit. We start with
the single product firm model. Suppose consumers do not know the wvalue of jee
associated with a particular product i, but know the distribution of Ei is
given by (I1.12). However, if they incur a search cost of 7, the value of the
random varilable for product i is revealed. We can view the random term as a
"match value” expressing the benefit of a particular product to a particular
consumer. Consumers are assumed to sample s of the available n products
(produced by n independent firms) and then to choose the one (of the s sampled)
yielding greatest utilicy (II.11).

For example, an individual wishing to have an extensicn built on his/her
house may invite several builders to offer tenders, i.e. provide cost estimates
and design plans. We assume the number of builders sampled is determined
before having received any of their bids. Another example may be a student who
applies to several universities at the same time and then after receiving more
information about them chooses the one whose characteristics best mesh with
his/her own ideals. We model the interaction between consumers and firms as a
simultaneous Nash equilibrium. That is, given the prices set by firms,
consumers choose how many products to sample; given how many products are
sampled and the prices set by all other firms, each firm chooses its own price.
We shall look for a symmetric equilibrium where all firms set the same price

* *
p . Hence consumer expectations that firms charge p are fulfilled in
equilibriuam. We first find the number of searches made by consumers.

For the logit model, the expected net benefit (i.e., the expected maximum

*
of u, in (IT.11)) for a comsumer sampling s products all priced at p with



common qualicty a is given by uln(s exp(a-p*/ﬂ)] (see (IV.4)) so that the

consumer’'s problem iIs to choose s so as to maximize surplus given by

*
a-p + jlns - 7s

where we assume 1t costs 7Y to sample a product.

*

so that the number of searches is independent of
henceforth assume 7m > i > % so that we have the
Higher search costs mean less search but greater
leads to more search.
- * . - s
Firms take s as given so that if all firms

expected profitc is

H1 = (py - © NPL

s = min{n, max[l.%i]

]

The solution is given by

(VI.1)

1
: * v 4
the common price p . We shall
. ] . *
interior solution n = u/7.
variation in match values (u)

*
other than 1l charge p , 1's

*
(Vi.2)

*
where we note s /n is the probability of being sampled by a given consumer and

exp (-py/i)
P. =

(VI.3)

* *
exv<-p1/u) + (s -Lexp(-p /i)

The standard first-order condition is p1 - c + u/(l-?l), which in the

* n

*
symmetric equilibrium implies p = c + T °T, using (VI.1),

n-



. 2
p -c+l—f7— (VI.4)

Here the equilibrium price increases with search costs because fewar firms are
sampled and competitive pressures are reduced. For g = 27 (which implies s* >
2) the price is increasing with g - despite the fact that higher g leads to
more sampling which increases competition, the larger i means also that
customers have more intense preferences {enabling firms tec have higher prices)
and the latter effect dominates.

Finally, equilibrium profits are given by

. 2
I - H’(%E—/_) (VI.5)

which is clearly decreasing in n so that a unique free entry equilibrium is
ensured. ¥ For v < ﬁ- all the soluticns above are given by the same
expressions as in Table la, since in this case consumers search over all firms.

We now extend the model zbove to the nested logi: context with multiple
product firms described in the previous section. Ve assume now that the search
cost 7 enables a consumer to sample a firm and the match value of zIl the
products it produces. Again consumers must decide in advance the number of
firms to sample, and then pick a product from the produce range provided by one
cf these.

In a symmetric situacion, consumers take m {products per firm) and the
common price level p as given, and, using (IV.6), the consumer problem is to

maximize expected surplus, {i.e.,

2

Nit
RK(g - ¢)

* The free entry equilibrium number of firms is where K is set-up cost

per fir
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max a-p+ulln(s) + uzln(m) - s
s

The solution to this problem, which assume is interior, is
*
s - u1/7 (VI.6)

*
Firms take s as given, and (VI.2) becomes (for firm 1)

*
- )P, AL ogF -
Hl N(p, c;);Pl - m F - K (VI.7)
(cE. (V.14)), with Pl given by
o
exp[— 1ln(m, )]
By 1
P. - , (V1.8)
L * #y Ha
(s -Dexp[——1n(m,) - X] + exp{— ln(m,)]
Hy 2 Hy 1
so the only difference with (V.15) is that n is replaced by s*. Likewise, the

*
only difference between (VI.7) and (VI.4) is that N is replaced bv Ns /n.
Using these observations, we can use the analysis of Section V to find the

equilibrium product range per firm (using (V.18)), given n, as

(VI.9)

|«

We also note the equilibrium price is



P — (V1.10;

(VI.1L)

from which the unique free entry equilibrium can be found.
The comparative statics of the free entry equilibrium can be determined
*
from the last three equations. As < rises (recall s = ul/7), equilibrium
price rises since firms compete with fewer rivals. This price effect tends <o
increase the marginal profitability of adding products, but the same time each
firm competes with fewer other firms which reduces marginal profitabilicy. The
- * . .
net effect (seen from (VI.9)) is for m to fall. Profics (and ultimately the

number of firms) then rise for two reasons - higher prices and lower costs

through smaller product ranges.
*

If ﬂz rises, search and price stay the same. However, m rises, which
cuts profits since costs rise.

Finally, we can decompose an increase in By into two effects, one through
an increase in search alone - which works in the opposite directicn to the
increase In 7 considered above; the second through a rise in “1 holding s
constant. The latter effect raises equilibrium price and profits with m*
constant. However the former effect decreases profits. The net effect on
price (from (VI.10) is to unambiguously raise it. However, the search effect

* g P :
through m can outweigh this, and the result for profit is ambiguous.



To see this, firsc note if p, = 0, (VI.1l) is rising with 4,. On the other
2 & 1
*7 ]

*

s [T =

A

S

(s" - (s - 1)

hand, 1f g

m

y = b,, we can write (VI.1ll)

-~ =

i

n
which is decreasing in s* and hence in Hy -

This latter result implies the number of firms may fall as both measures
of product heterogeneity rise. The reason (for ul) is that greater
heterogeneity elicits more search for a good match, and the extra competition
via product ranges dominates the price-raising effect larger heterogeneity
otherwise induces. This particular result does not hold true in the single
product per firm search model (given above - see (V1.3)) and can be ascribed to
the added insight provided by considering multiple product firms. Likewise,
increased ul, will raise firm numbers (see Section V) in the absence of search.

The model presented above assumed firms do not take into account the
possibility that a price change may alter the number of searches made by
consumers. To see the impertance of this assumption, suppose now that
consumers are ex-ante perfectly informed as to product prices (but not match
values). Then if firm i charges a price lower than all others, it will be
sampled by all consumers because any product is as likely as any other to yield
the highest match value and the product wich the lowest price is ex-ante mos:
attractive. In this case competition over price will drive equilibrium price
to marginal cost as each firm strives (; la Bertrand) to be the lowest price

irm. 16

*® Alcernatively, if consumers were only imperfectly informed about prices of
products and did not know with certainty which firm was charging the lowest
price, a price-cutter will not be sampled by all consumers and we should expect
and equilibrium with p > c.



VII. Conclusions

We have argued that the logit model is a very convenient and tractable
model of product-differentiation. To substantiate this claim we have explored
how it can be used in different contexts in Industrial Organization. The
specific problems with which we dealt would a priori require specific models,
yet the logit provides a basis for analysis in each case. We started off by
showing the basic logit applied to oligopoly with product differenciation is
qualitatively similar (with respect to its predictions; to the CES model which
has found favor with many authors in the field. We explained these results bv
referring toc the similarity of the roots of both models.

In Section III we examined the existence of equilibrium in which prices
are chosen endogenously taking as given consumer and product characteristics.
Section IV preovides a generalization of the simple logit model to a nested
logit, which is itself a special case of the Generalized Extreme Value model of
McFadden (1978). The nested logit, and indeed the GEV, would seem toc be
especially appropriate in the study of multiple product firms. This indeed was
the topic taken up in Section V. Among other things, we showed in that section
that market equilibrium shows a tendency toward having too many firms, although
each produces too narrow a range of products.

Section VI then presents a simple search model using the logit, and we
pursue further the issue of multiple product firms in this context.

This paper 1s intended to show various properties of the logit and suggest
ways it can be extended. In the applications we have taken simple forms and
still (for the most part) obtained simple closed form scolutions. This means we
2xpect further aspects could be introduced into the model, while still
retaining a tractable analytic framework. For example, several of the

parameters of the model, such as N, F, K, a, ¢, could be assumed to depend on



other factors. Quality choice by firms could, for instance, reascnably

influence any or all of these (except perhaps N). Likewise the multiple

product firm framework could be used to address questions concerning mergers
and acquisitions. One advantage of having explicit closed form solutions is
that they provide a benchmark case, indicating at least some of the relevant
trade-offs at work. Thus, although some of the results are particular to the
framework used (e.g., that price is independent of product range in the multi
product firm analysis), we hope that this will help point out directions for

further research.
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Appendix 1. Fguilibrium Fxistence for the General Model

The second order condition is

2 :
d Hi N Pih(Pih-l) P - ci] N Pih(Pih-l)
5= 2 ¥ + ] ) (ZP;h-l) -
dp h-1 H # hel -

Evaluating this express at dH;/dpi = 0 yields (using (III.7)):

dzﬂi N N
sgn -sgn(2 ;P P -1-YP. o -P. )
dp? hel ih' ih el ik ik
N N 2
*kzlPik 'Hzl(‘?ih-l)(yih-yih)}

We therefore wish to show

2 2 2 o2 b o3
- 2<E P 2(g Pt *(E Pih)(g Pod + 2@ P0G P

SETOR SR TOR R IR FRLIRI N
ho! h h
or, rewriting:
ST PRy TP TPy s SRR - TP <0 (0
5 ih " in n ih h ih h ih h ih ' ’

To sign this expression, noce chat

‘ P 2p _ 50 p3 : ) p2 |, p2
a) % E o, - PP Z(ﬁ Pih><§ P 2(% Pih><t PLO



A-2

b) )
h

=

. 02 :
TihPikcyih' 1) = ( Pih)(z Pik) - Q ?ih)(z Pik)
h k n K

From (a) and (b), the desired condition (%) can be rewritten

which is the condition given in the texrt.

11

If this condition holds at any extremum (when the first order condition

t

zero) then the profit function is necessarily strictly quasiconcave.

Avpendix 2. Uniqueness of Equilibrium

Let us show uniqueness for the case when there is but one consumer class.

The proof does though cover the cases where the ai's and c¢.'s are noct

necessarily the same for all firms. From (III.6) the first-order conditious are

now (given N statistically identical consumers):

dHi P. - ¢
Ty mPiL1 + (——7r—-a(Pi - 1)) =90, i=1...n

i

which is the implicit form of the best-reply function. From the analysis of
i R . . . br
Appendix 1 we know this function has a unique solution p. (p,...-P. 4.
s - N
Piig -k y. Now let us show the best-reply function Is a contraction, that is
i+ n *
br

p. (+) has the property

=



Once this is shown, uniqueness of equilibrium follows directly (see =.g.

br
api

Friedman (1986)).

6°11, /0

. Op.

r 7.

Now, aPJ - -

. l_azni PP, - 1)
N 52 n
@pi
--P/u <0
&I, PP
k P = - l bl
°) g Oo ( Op 7
p2p,
= 1 .
SUEE ST

(
a2 N 2
0711, /8p

For the logit model above we have (from the first order condition

the beginning of this appendix):

pP. - C,
= Lo(op
T (2r,
- C{
" (2'}’i -1

3 by the implicit funcrtion

where the last exprassion in each case is given by substituting the first order

condition, @Hi/ﬁpi =0, or p, - c,

1

along the best reply function.

~ DI
@pi

From the above, we have %

property becomes

> 0,

UL T
are 2valldollnz

so the desired contrac:zion



Pi n

Z——-——‘Pi_:z])Jaq)l (L - < 1,
S
im=i

which is ensured to hold.

Let us now show that for ci - Cj = ¢ and ai - aj =a, i, i =1 ..n, the

unique equilibrium is symmetric. This is true as there is a unique solution ?

p -c 1 L : . - .
co f = (which is equation (III.7) when all consumers and firms are

H 1 - PF

. p* * -1
the same), with P° = [n + exp{(ao " Py @tp Y/

Appendix 3. An Example of Non-Existence of a Pure Stracegy Price Eguilibrium

We here find conditions for existence of pure price strategy Nash
equilibrium for the demand system (IIIL.11) where firms have zero productlion
Ccosts.

We first show there can be no equilibrium with Xl = NA. Firm 1l’s best

price in this range would be p, = + (a - a.. ) - 6, with ¢ an arbicrarily
! : & 21 7 Py T (a1 7 Ay :

11

small positive constant. However, 2's best price in this range is p, = p, +

“ a“

( ) = k, where x is a posizive

ajq) - 6. Given (a,, - a,,) - (

323 7 %13 A 24 81p 7 @93

constant, these two conditions are obwiously inconsistent. Now, Xl = 3 canno:z
be a possible equilibrium as 1 could undercut any positive price 2 could sect.

Likewl for X, = N /2.
ewlse fo 1 A/

The only other equilibrium invelves Xl = NA + NB’ with p, = 0 (by an

’
argument a la Bertrand) and p, = a, - ¢ (1l setting the highest price

13~ %23

ensures the whole market). It must now be the case that 1 does not wish

i1 A more technical argument with the same principles and conclusions could be
undertaken along the lines of Lederer and Hurcer (1986) .



. . <
to raise p, and serve conly type A consumers (at best price p, a - e

1 a0 F2a

1

Comparing profits under these two strategies shows the equilibrium described

{a - a,.). Note that no

above exists oniy if (NA + REN 2

oy .
JB)kalB aZB) > N

equilibrium existcs if the B’s prefer good 2.1

Appendix 4, Existence of a Price Equilibrium wizch
Multiproduct Firms for Given Product Ranges?!’

&)
oy

Here we show there is a unique price equilibrium for the subgame In

rry
Q
~

all firms but firm 1l sell m, products, whereas firm 1 sells my procducss.

the nested logit formulation, firm i's profit is given by

m

i
Hi - Nkzl(pik - c)Pik - m.F - K, i=1l...nm,

-~

where Pik is given by (IV.1l) through (IV.3). The first order condition with

v

respec: to p.. ryields

o
IR I B P : w
pik - Cc o= pz + lo- ﬁzmx - i)lh21(pih - c) h'i’ k=L.,.mi, i=1 ¢
=L

so that the price is the same for all firm i's products (and is necessarily

positive since #1 = uz). The first order conditions theresfore reduce to

there iIs the zero price

/2.

2 Note al that wi - - -
ote so when a, = a,, 13 ™ g

homogeneous good Bertrand equilibrium with Xl - X2 = (NA + X

a

B

13 Ye would like to thank Jacques Thisse for encouraging and helping us wich
this procf.



p u
- ¢ = L and - ¢ - L i=2 where
pl ﬂ? pi ﬂi—, 1 ..., whner

7’
2/L .
. T exv[-pj/ulj

- -
Pj 5 , j=l...n, and
Ko/By 1 B/
2771 2771 ,
D = m, jgzexp[-pj/pl] +omy exp[-pl/ul;.

Hence P; = Py for j=2...n, and the first order conditions become

-

Py - ¢ L. f_exp[(p2 . Pl)/ﬂlJ
“1 n-1

and

Py - € 1

n -2+ M axp{(pz - pl)/u,:

2, |

where we have defined M =
mzl

Clearly, the first expression solves for a unique p, given any Py it can
be shown that a similar property holds for all other firms. Subtracting the

latcer expression from the former yields

1 M oexpl(p, - /My ]
- = - = (A4 D)
- n - 2 + M exp[(pz _ Pl)/ul’ )

L&)
(%)

=
w3
f
—



e
n
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o
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eft hand side of this expression is linearly increasing in ——— and

;

the right hand side is decreasing, (A.4.1) has a unique solutien in

* % .
Hence there is a unique solution (pl,pz) to the first order condicions.

* 2 “
Let 2 be the ml-dimensional vector with all components equal to p, and D
*

the m,-dimensional vector with all components equal to » Now, we wish to show
~

2
= * * . . . - . - o ol
that Py and Py, = ... p lsan equilibrium of the price subgame defined from
m, , m
\ l 2)
Consicder anv firm i. The price derivative of I, with respect to p,, is

given by

oIl R 0 B
= N"P 1 +|—- - =~ Z (D —C)P, P
Uplk ik iy He J;—l ih h|i

1 2
J, |
i |
(i) -0'!—1 > 0 , k=1 m,
D, i
“ik|p,,=c
ik
Moreover, it can be shown that
(i1 thera exiszs p such that Op‘ } < 0 for all Pin S P whatever h = %.
1 - -



The argument

is as follows. When =

UH; { 1 0 c 1
7"'—“:'—1‘ = NP: 1+ j=- C)P . ":—I
apikp_‘;- ik Ky h| Ko J
ik
A <] it
s ¥, 1+ |—- ——=(p - ) - — since )} P . =1
N R S O Hy noy Blt
[ 1 - ?i ) I
N R (p -
< 'Pik 1 7 J,P C)J
1 -« ]
<Pt (p - c)!
il By |
where 1 - P, 2 1 - sup Pi =1 - Pi' = x > 0. Consequently, for p large
) P 9.=0
Al _l -

1]

nough the last expression

is negative for all i=l...n, which completes the

sroof.
X i
Clearlv, 7.(p,,p_ . m) has a global maximizer p, in the compact set
. T T A - T o
Ay ) o, v
c,p. IZ p. belongs to the bouncary of [c,p] ~, at least one component oI o
is equal eicher to ¢ or to p. But chen, property (i) or (ii) would imply that
‘ m,
L . o -1 . ) “
T (pi,p .:m) is higher at some point in Jc,p{ 7, a contradiction. Hence P
my
must belong o ,c,D! ané is, therefors, a solution to the first order
- . -~ . ‘:{ . - -~ . . .
concdizions applied to =, As p, is the only solution o these conditcions,
b M % o
?i = ?i 5o that Qi maximizes "i<?i’?-i‘?>

L]
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Acpendix 5, Existence of a Svmmetric Preducst Range
Equilibrium with Multiproduct Firms

* %
Hare we prove the assertion that m, =m, where m is given by (V.13), is

the numnber of products that maximizes firm one's profiz, (V.16), given all other

*
(n-1) firms choose m products. By construction the derivative dHW/dm1 as
+ 1 x - . 1 - * - 3 * H
given by (V.1l7) 1is zero when evaluated at m1 = m , (and furchermore m is

uniquely determined).

&
we wish to show that the profit function Hl(ml,m } is strictly

guasi-concave in m,. We know from (V.16) that
4
Np,
I, - A - mF - K (A.5. 10
1 n - 1 X
wizh
Hy
Hy
=) ..

Clearly, we have

* *%
4 '_\.Ez—l—Jf a (p_ ®l] (2.5.2)
R R

P ooP A A1
g, (A +n-2)(a -1




rom wnich iz follecws zhat

o= - (a.2.2)
dm Tn - 1lldm, - v /
1 Bl A s a -2 1
Combining (A.5.2) and {A.5.3) then gives
aA 2N N
dm, 4, m, ¥ T
where
: A - -
= 2 7 T+ 1>1 (A.3.3)
(A‘F n - 2) 141 -~
Differentiating (A.5.3) with respect to m, and using (A.5.4) vields
11 N7, !
e N U N o SRS B
Jm. n - da Cf T i 1la T7 T
1 Laay 1
while the second derivative 1s given by
Fal ol 4
1 1 1 - N 2, -1 -2 do, dA -
= s ot D) F ——= - " - A A.5.5
Jm: ml ml n - - ﬂl d dml

oll
- = (0 (s0 that we have
Jm,

we can now evaluate (A.3.6) at any solution of

dA F(n - 1),
= bl
dm N, ’




a-11

- ju -

F. 2 -1 -2 do .
N Tt -

a 1+ 7 (7 Ay a3

where (from {(A.3.3)

d-f_-;x+n-2 ‘ 1
< (N + n - 2)3 n-L

(A.5.9) in (A.5.3) and using (A.5.5), we obtain

A )
‘ 1

n

R
1+ 22" <
(A + n - 2)3 LLA + n - 2)2

2) by expanding the

which can be shown toc heold (recalling n 2
Hence (A.5.7) is negative

Rt

o
=)

(A.5.7)
(A.5.8)
(A.5.9)

ht hand side of



