point R, the root of T. Denote by Ti the tree that
consists of all the vertices and arcs of T connected to
the vertex B( e; ), where B( ey ) denotes the initial

point of the arc e The tree T; has length at most L.

ie
Denote by o; the state of T, that is the restriction of
g to Ti‘

Denote by C(i) the restriction of C to the tree
T,. It is easy to see that the function C#(i) is a
transformation of the states S(Ti;Rn). Therefore, it
follows by the inductive hypothesis that for each j>L,

(C(1)+IC a ))loy=(C(;y-I( a )y Itla, .

Let

[(C(3y+TCa ))To1( B( &5 ) )=by-
Then

[tc-1( a )Nttlor( R )=

[(C-I( a )){C-I( a ))Fel( R )=

C#( R;bl,...,br, ).

Furthermore, for each j larger than L+1, the
C(j)-I( a )o assigns the value b; to B( ey ) 1<i<r’ and
therefore for each j larger than L+1, {C-.I( a )}jo
assigns to R the value

C#( Riby, ..., Dby ).

Theorem C.1. Let C be a (r,d)-network with a

leaf-free input-output digraph G and let t be a

positive integer. Suppose that G has a single output
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vertex OV. There is an in-tree T(t) with root R and a
mapping of digraphs 8(t) from T(t) to G that satisfy
the following conditions:
(i) Each walk from a leaf of T(t) to R has length
t,
(ii) for each walk W of length t in G that
connects a vertex w of G to the vertex OV,
there is a leaf A(W) of T(t),
(iii) if W is a walk of length t in G from a
vertex w to the vertex OV, then there 1is a
unique directed path P(W) of T(t) of length t
that connects A(W) to R,
(iv) ©(t) carries R to OV and ©(t) carries P(W)
onto W
(v) for each vertex v of T(t),
in-degree(v)<in-degree(8(t)v).
(vi) for each t>1, T(t-1) is a subgraph of T(t)
and the restriction of the map ©(t) to
the subgraph T(t-1) coincides with e(t-1)
pProof. The proof is an induction on the lengths
of the walks t. Suppose t=1. Because the digraph G is
leaf-free, the vertex OV is the end point of at least

one arc. Assume there are arcs €e;,...,¢€ that end in

Tr*
OV, where r*<r is the in-degree of OV. Denote the

initial vertex of the arc e; by v;, 1<i<r*. The walks
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of G of length 1 must each have as an initial point one
of the vertices vy and each vertex v; is the initial
point of exactly one walk W;, 1<i<r*, of length 1 that
connects v; to OV. The vertices v; are not necessarily
distinct. Construct a tree T(1) and a map ©(1l) as
follows. T(1) has root R, and leaves

AC Wy )=V, AL Wy )=V
Each leaf Vj, 1<i<r*, is connected to R by a single arc
E;, that has initial point V,; and end point R. The map
©(1) carries R to OV, ©(1l) carries V; to vy, and €(1)
carries the arc E; to the arc e;. Because the leaves
V; are all distinct, the underlying abstract mixed
graph of T(1) is a tree. Furthermore, the number of
arce that end at R is precisely r*. Therefore

in—degree(R)Sin-degree(OV)=in—degree(9(l)R).

Each walk W of length 1 in G starts at one of the vj
and exactly one path, (A(W),E;,R), is mapped by 8(1)} to
the walk W. Because the in-degree of a leaf is 0, this
completes the argument for t=1.

Assume now that the value of t is L, and that the
assertion of the lemma is true for all networks with a
single output vertex and for all walks of lengths t<L.

Because of the inductive hypothesis, we can
construct a directed tree T(L-1) and a map ©(L-1) from

T(L-1) to G such that each walk of length L-1 in G that

ends at OV is the image under ©(L-1) of a directed path
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of length L-1 and such that for each vertex v of
T(L-1),

in-degree(v)<in-degree(6(L-1)V).
Each leaf of T(L-1) is uniquely associated to a walk in
G of length L-1 that ends in OV. These leaves are
mapped by ©(L-1) to vertices in G.

By inductive hypothesis (v), for each vertex v of
T(L-1),

in-degree(v)<in-degree(©(L-1)Vv).
If W is a walk in G of length L-1 that ends in OV, then
there is, by inductive hypothesis (iii), a unique path
P(W) in T(L-1) that starts from a leaf A( W ), ends at
the vertex R, and (because of assumption (iv)) it is
mapped by 6(L-1) onto W. If (BO,Al,...,An,Bn) is a

walk with n>1, then B, is the second vertex of W.

1

Suppose now that W,,...,W, are the walks in G of length

L that end at 0OV. For 1isi<z, Wj is a walk

(BlO,All,Bll,AiZ,-..,AlL,BlL), where each Bl:] is a
vertex of G and each Aij is an arc of G. For each

1<i<z, the sequence of vertices and arcs
(Biy/Bjp,+-+sA 1,B3p) is a walk Wi# in G of length L-1.

(Note that even if W; and Wj are distinct, the walks
wi# and Wj# may not be distinct walks.) Therefore,
there is a unigque path P(Wi#) in T(L-1) that begins
with the leaf A( W;# ), that ends at R, and is such

that the path P(W;#) is mapped by ©(L-1) onto the walk
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Wi#. Construct the tree T(L) and the map ©(L) as
follows. Form a new set of vertices A(Wi), 1<i<z, that
are to be leaves of the tree T(L). For each 1l<isz,
connect the vertex A( W; )} to the vertex A( W;# ) of
T(L-1) by an arc a;. Note that only one arc now
connects A(Wi) to a vertex of T(L-1), and that arc has
as end point the vertex A( wi# ) of T(L-1). We define
the map 8(L) so that it coincides with €(L-1) on the
vertices and arcs of T(L-1), while 6(L)( A( Wy ) )=Byg
and e(L)A( aj J=AL

Suppose that W is a walk in T(L) from a leaf of
T(L) to R. Such a walk must start at some leaf
A( Wy ). Because L>1, the leaf A( W; ) is not R.
Therefore, for the walk W to end at R, the initial arc
of W must be the initial arc of W;. Such an arc has,
by the construction carried out, an end point in T(L-1)
and that endpoint is a leaf A( W* ) where W* is a walk
in T(L-1). If W# is the walk that starts at the second
vertex of W and otherwise coincides with the walk W,
then the walk W# begins at a leaf of T(L-1) and ends at
R. Therefore, by (i), the walk W# has length L-1. It

follows that the walk W has length L, because W has one

more vertex and arc than W#. This establishes
condition (i). Condition (ii) is clearly satisfied, by
construction.

We turn now to the proof of (iii). Suppose that W
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is a walk of length L in G from a vertex v in G to the
vertex OV. Use the same notation as that in the
previous paragraph. Denote by W# the walk that starts
with the second vertex of W and otherwise coincides
with W. The walk W# is a walk of length L-1 that is
entirely a walk in T(L-1), because the only vertices of
T(L) that are not in T(L-1) are leaves. The inductive
hypothesis (iii) states that there is a unique directed
path P(W#) in T(L-1) of length L-1 that connects A( W#
) to R, and hypothesis (iv) states that the map ©(L-1)
carries P(W#) to W#. The path P(W#) is a path from
the leaf A( W# ) of T(L-1) to R. In T(L) the leaf A( W
y is connected by an arc A to the vertex A(W#) 1in
T(L-1). By construction, the map (L) carries A to the
initial arc of W. The path P=(A( W ),A,P(W#)) is
carried by (L) onto W. To prove (iii) we need to
establish that the path P is the unique directed path
of T(t) that connects A( W ) to R. If P’ is a second
such path, since it begins at A( W ) and ends at R, and
since R#A( W ), it follows that the first arc of P’
must be the same as the first arc of P because, by
construction, there is only one arc A from Al W )). 1If
the two paths P and P’ are different, then the two
paths that start from the second vertices of P and P’
must be different. However, each of these new paths is

a path in T(L-1) that maps from the second vertex of P
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to R, and (iii) for T(L-1) asserts that there is only
one such path. Therefore (iii) is established for t=L.
The tree T(L) has been constructed so that T(L-1) is a
subgraph of the tree T(L) and the maps 6(L) and ©(L-1)
coincide on T(L-1), therefore (vi) is satisfied.
Finally, we need to show that (v) is true. We
need only establish this for those vertices of T(L-1)
that are the leaves (in T(L-1)), A( Wi# ), because they
are the only vertices for which the in-degree is
changed. For each 1<i<z, the in-degree of A( Wi# ) is
the number of the walks among the {Wj} that have as
second vertex the initial vertex of Wi#. If A( W, )
and A( W, ) are to be connected to the same A( Wa# ),
the initial arcs of W, and Wy must be different,
because they must start from different leaves of T(L).
Oon the other hand, these initial arcs must have the
same end point which is the initial point of the walk
Wa#. Therefore, the number of arcs that end in
Al Wa# ) is at most the number of arcs that are
connected to the initial point of Wa#. However,
o(L)( A( Wa# Y ) is the initial point of Wa#.
Therefore,

in-degree(A( W # ))<in-degree(8(L)( A( Wu# ) DR

The following corollary of Theorem C.1 allows us

to conclude that if an (r,d)-network computes a
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function F in time t, then there is an (r,d)-network
with input-output graph that is a tree of length t that
also computes the function F in time t. The prootf is

easy and it is not included.

Corollary C.1l. Suppose that C is an (r,d)-network

with input-output digraph G that computes a function

F( Xy,.0-,%py ) in time t. There is an (r,d)-network c’
with input-output digraph a directed tree T of length t
that also computes F in time t. Furthermore, if v is a
vertex of the input-output digraph T, then the function
C’#( v;. ) associated to that vertex is either one of
the functions associated to a vertex of the input-
output digraph of F, or the function is an identity

function.
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