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ABSTRACT

Examples of well behaved sequences of economies, without monotonic
preferences, are constructed. These economies have core allocations that cannot
be decentralized by prices, even in a weak sense. Relaxing the monotonicity
assumption results in core allocations that are not uniformly integrable,
breaking the connection between the continuum and the large finite model. If
in addition preferences are nonconvex, even replica sequences of economies with
core allocations satisfying the equal treatment property may fail to exhibit
equivalence properties. Sufficient conditions to restore convergence are
provided.

Keywords: Core convergence, monotonic preferences.

*This paper is based on part of my Ph.D. dissertation filed at the
University of California, Berkeley. I am grateful to my adviser Professor
Robert M. Anderson for his assistance, which went far beyond the call of duty,
and to Professor Gerard Debreu. This research originated in a seminar given by
Professor Donald Brown. 1 also benefited from discussions with Andrew Foster,
William Geller, Karl lorio, Kathy Weinberger and from comments by three
anonymous referees. Support from an Alfred P. Sloan Doctoral Dissertation
Fellowship is acknowledged.






1. INTRODUCTION

Monotonicity of preferences is a common assumption in the theory of the
core of an economy. It implies that any increase in consumption will be
welcomed by a consumer, independent of the reference consumption bundle.
Although it seems to be an innocuous assumption, there are several important
instances in which monotonicity is not satisfied. The simplest one embraces
commodities or services that some economic agents dislike. A second example
of failure of monotonicity is given by satiation points. Many goods may
increase the consumer’s welfare up to a point, but still become a burden if
they are consumed in excess. Goods that must be consumed in fixed proportions
constitute yet another exception to the monotonicity assumption. Coffee and
cream and cars and tires are typical examples.

In this paper we shall study the relationship between core allocations
and the set of competitive equilibria when preferences are not monotonic.

While considerable attention has been paid to the situation with
nonconvex preferences, much less attention has been paid to weakening the
monotonicity assumption.2 This is perhaps due to the fact that, in the
replica setting of Debreu and Scarf (1963), and in the nonatomic setting of
Aumann (1964), monotonicity plays an unimportant role. In fact Debreu and
Scarf proved that, under local non-satiation and strong convexity, the
allocations that belong to the core of every replica can be supported as
quasi-equilibria. Aumann in the continuum model assumed monotonicity. It is
immediate from his proof, however, that local non-satiation suffices to show
that core allocations are quasi—equilibria.3

Since attempts to prove core convergence theorems without convexity,

2For‘ instance Anderson (1978) (1885a) (13985b), Arrow and Hahn (1971), Brown
and Robinson (1874), Cheng (1883), Dierker (1976), Hildenbrand (13974) and
Kahn (1874) consider nonconvex preferences.

3See Hildenbrand (1982).
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which plays a distinct role in finite economies as opposed to nonatomic ones,
were relatively successful, it stood to reason that weakening monotonicity
which seemed to play the same role in finite and continuum economies, would
create no difficulties. Furthermore, given the close relationship between the
proof in Anderson (1978) and the proof of Aumann’s theorem in Hildenbrand
(1974), it was natural to suppose that it would be an easy matter to modify
Anderson’s proof to accommodate a weakening of monotonicity. By contrast, it
had been known from the outset that eliminating the convexity assumption
significantly complicated the proofs of core convergence theorems. In this
regard, an example of Anderson and Mas-Colell (1986) shows that the stronger
convergence theorems may fail when preferences are nonconvex.4 Thus, it had
been clear that eliminating the convexity assumption raised subtle issues
that did not appear to be present when consideration turned to monotonicity.

We show that this complacency concerning the role of monotonicity in
core convergence is misguided. We construct examples of well behaved
sequences of convex economies where the core allocations do not approach the
set of competitive equilibria, even for a weak notion of approximation.
Weakening the monotonicity assumption may result on core allocations that are
not uniformly integrable. Thus the continuum model fails, in the absence of
monotonicity, to adequately reflect the behavior of large finite economies.
If in addition preferences are nonconvex, even uniformly bounded core
allocations may fail to converge in a weak sense.

We introduce a condition on preferences and core allocations which
suffices to prove that core allocations are close to being demand-like for
some price. Essentially, we require that neither the core bundle nor the

nonconvexities associated with any single individual increase too rapidly. It

4This example appears as an appendix in Anderson (1988).



is not possible in general to dispense with this condition as it is
illustrated by several examples. We prove that replica sequences of economies
with convex (not necessarily strictly convex) preferences satisfy the
mentioned condition.

Our work is closely related to that of Anderson (1978), Arrow and Hahn
(1971) and Dierker (1975). They obtain a bound on the sum of the measure of
non-competitiveness of core allocations which is independent of the number of
agents in the economy. Anderson’s result admits nonconvexities but requires
weakly monotone preferences. Vind (1965) shows that the number of agents that
violate certain competitiveness condition is independent of the size of the
economy. Vind did not assume convexity or monotonicity.

Qur first example is a sequence of economies (with complete, continuous,
convex and transitive preferences) which converges in distribution to a limit
economy, but for which no sequence of prices approximately decentralizes the
core allocations.5 In this example preferences are pr‘oper'.6 Properness
restricts the guaranteed direction of preference to increases in certain
composite bundles of commodities. Only changes in consumption that belong to
a given convex cone in the positive orthant are required to improve the
consumer’s well-being. When the cone is the entire strictly positive orthant,
preferences are monotonic.

In the example there is a large coalition for which the joint core
assignment is strictly less than their joint endowments. In turn the excess
of goods is distributed among few individuals. In the limit there is an agent
(measure zero) with a non-finite core bundle. Although the core allocations

of the 1limit economy can be supported as quasi-equilibria, the core

5See Hildenbrand (1974) for the notion of limit economy.

6Pr‘oper' preferences are used by Grodal, Trockel and Weber (1984). Also see
Mas-Colell (1986).



allocations of large finite economies are far from being demand-like. The
difference arises because core allocations need not be uniformly integrable
when preferences are not monotonic. The lack of uniform integrability
however, is not the only obstacle. Although an assumption of the sort is
enough to assure that the average budget deviation is small for some price,
it is not enough to restore core convergence when preferences are nonconvex.
A second example presents a sequence of economies where only one agent
has nonconvex preferences. Core allocations as well as endowments are
uniformly bounded. The sequence converges in distribution to a continuum
economy and the supports of the distributions converge with respect to the
topology of closed convergence. At any price for which the budget deviation
condition is satisfied it is possible to find consumption bundles which are
preferred to the core allocation and in average, strictly less expensive than
the total endowments. In this example the nonconvexities increase, in a
certain sense, with the number of agents in the economy. Some bound on
nonconvexities must be imposed if this kind of example is to be eliminated.
Gabszewicz and Mertens (1971) provide conditions for economies with a
continuum of agents and small atoms to exhibit core equivalence properties.7
Theorem A in Shitovitz (1973) and Theorem 1 in Kahn (1976) show, for the
continuum and large finite setting respectively, that core equivalence is
violated in general, when large traders are present. Our examples do not have
significant traders, either in the sense of having large endowments or in the

sense of having large weight as in Shitovitz and Kahn.

2. DEFINITIONS AND NOTATION:

For any x in RY, [x] = Max {[xil : 1 =i = Kk}, "xﬂ1 = 2:=1|xi|, where

7Also see Gabszewicz and Dreze (1971) and Gabszewicz (1985).
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x' is the ith component of x, and B(x,¢€) = {y : |y - x| < €}. For any subset
D of R*, B(D,g) = {z : Jy € D with |y - z| < €} and con(D) is the convex hull
of the set D.

A preference relation p is an element of P, the set of irreflexive
binary relations on Rk. A preference relation p is convex if for any two
commodity bundles x and x’ such that x’ p x, the bundle (ax’ + (1 - a)x) p x
for all « in (0,1).

An exchange economy is a map & :4 — P(R") x P x R* that assigns to each
agent a € A, a consumption set X(a) , a preference relation pa and an
endowment e(a), where P(R*) is the set of subsets of R*. €&" is a replica
sequence of economies if for all n, €"(A") = T where T is a finite set and
vVt € T, lgn-l(t)] = n. An allocation g is a consumption assignment, g(a) e
X(a) VYa € A, that precisely exhausts the total endowments. The core of the
economy &, €(€&), is the set of allocations that cannot be blocked by any
coalition. A coalition B € A blocks an allocation f if there is an assignment
g, 1. e. gla) € X(a) Va € B, such that X;g(a) = X;e(a) and g(a) P f(a) VYa
€ B. For a given f in €(8) and for any agent a in A, define the set of "net
preferred trades" by ¢(a) = {x - e(a): x € X(a), x P, f(a)} v {0}. Prices
belong to U = {p € R*: Ip| = 1}.

We employ a very weak notion of approximation: Given an economy &,
ae€f xe€ Rk and p € U, define

Wix,a) = |p+ [x - e@]] + |inf{p - Ly - e(a)]: y e X(a), y p_xt|.°
The first term is a measure of the budget deviation and the second one, of

the excess expenditure. Note that if p is continuous and p >> O then ¥Y(x,a)
a

8See Kahn (1974), Hildenbrand (1974), Dierker (1975) and Anderson (1978)

among others.
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= 0 implies that x belongs to the demand set. Y measures the extent to which

an agent’s commodity bundle looks like a demand relative to a given price.

3. EXAMPLES:

This section contains two examples. The first one consists of a sequence
of economies with convex and proper preferences. These economies converge in
distribution to a limit economy but fail to exhibit core equivalence
properties. In the second example, preferences are nonconvex and the failure
persists even for uniformly bounded core allocations.9

The economies in the first example have two goods and three groups of
identical agents. The nth economy has 1 agent in the first group, one agent
in the second and n agents in the third. The preferences of the first two
agents change with the economy. All agents in the third group are equal and
have the same characteristics over the entire sequence of economies. The
positive orthant is the consumption set for all agents in all economies.

Fix an open convex cone V = {v € Rf: v=a«a (ml1) + B (1,m); a,B > 0}
where m is any real number greater than one. Preferences in the n" economy
are only required to satisfy the following conditions:

-

n, O] + U

For agent 1, {x: X P (n, O }

b= i)y
L m

For agents in group 3, {x: x p, |0, m - 1]} = [O, m - 1] v

I
Q
-

|

)
n
For agent 2, {%: X'pz [O, EJ

It is useful to think of the boundary of the cone V as the indifference
curve through the consumption bundle on which thevcone originates. Agents in
group 3 are endowed with one unit of each good. The endowment of all other

agents is zero. The core allocation f* for the n'" economy assigns (n,0) to

9Anderson (1978) and Dierker (13975) proved equivalence theorems for general
sequences of nonconvex economies with monotonic preferences.



m-1

agent 1, &L gﬂ to agent 2 and PD, ] to each agent in group 3. The

sets of "net preferred trades” ¢(+), for m = 2 and n = 1, are depicted in
Figure 1.

We proceed to verify that the proposed assignment f" is in fact a core
allocation. Since ¢(a) does not intersect (- V) the allocation f" is
individually rational. Note that 0 ¢ {x - e(a): x P, f"(a)} for all a.

If the coalition formed by k (= n) individuals of type 3 and agent 2

k+2

blocked f", we could find a consumption g such that g(2) + Zi—S gli) =

Zfii e(i) and g(i) = (1) + vi, 2 = i = k+2. Let f"(3) be the representative

commodity bundle for agents in group 3 and let v = Z?iz v Then (k,k) =

P eli) = g(2) + V.12 gli) = £(2) + kK £(3) + v =k [o, L 1] + [0, ’%] + v

= ﬂ?, Kk 2- ! + 2] + v. Therefore v = [k, k- k2= L. EJ = {k, k- n]’
m m m m

. . . . . k- n
which is a contradiction since - = 0 and v e V.

A similar argument shows that the coalition formed by k (= n) agents of

type 3 and agent 1 cannot block f: (k,k) = k £(3) + f(1) + v = k [0, 2 ; 1]

m- 1

+ [n, 0] + v and therefore v = [k - n, k ]. Since (k - n) =0, veglV.

Consider now the coalition formed by k (= n) individuals of type 3:

(k, k) = k £f(3) + v = [0,km;1]+v. Thus v=[k, TI:F] Since—Z—>Oand

%V=(1, m) ¢ V, then v ¢ V.

For the coalition formed by k (= n) agents of type 3 and agents 1 and 2

the situation is as follows: (k,k) = k f(3) + f(1) + f(2) + v = k EO, m ; 1]

+ [n, O] + EO, %] + v therefore v = {k - n, k ; n] which implies v ¢ V.

The coalition formed by agents 1 and 2 can not block either since they

have no endowments and 0 ¢ {V + (0, n/m)} and 0 ¢ {V + (n, 0)}. We conclude



f" is a core allocation for the nth economy.
We now verify that there is no price system that approximately

decentralizes the core allocations. Technically we prove that (1/n)

Z n!ll(fn(a),a) is bounded away from zero for any p. First, consider the
A

average budget deviation.
n+2

1 n, . .
- lelp « (£ (1) - e(i))| = - [n lp - (£f7(3) - e(3))| +

=

+ p e (£7(2) - e(@2))] + |p * (£7(1) - e(l))l] =
ol IR L - I
m m ’
expression which does not depend on n and therefore does not converge to
zero. Second, consider the average value of the least expensive commodity
bundle preferred to the core allocation.
n+2

% Z |inf { « (x - e(i)): x pifn(i)}l =

i=1

+2

=]

3=

|inf {p e (x - e(i)): xe (i) +V }|. (1)

=1

e

Let D={p: pV =20}. If p¢ D then there is v in V such that p « v < 0,
which implies p * (sv) < O Vs > 0. Thus |inf p « (f (i) + s v - e(i))]| can
be made arbitrarily large, which implies that expression (1) stays bounded
away from zero. If p e D then |[inf {p + (x - e(i)): x € (f7(i) + M =
|p - (£7(i) - e(i))| but we have already shown that the average budget

deviation does not converge to zero.

Remark 1:

There are complete, transitive, convex preferences, which are also
representable by a concave utility function and satisfy the requirements of
the example. To see this, let the boundary of the cone V be the indifference

curve through the core bundle (on which the cone originates), and let a family
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of nested cones (with parallel sides) be the family of indifference curves
describing the preferences. Also note that the example holds for any cone V
strictly included in the positive orthant (i.e. any m > 1) and therefore for
preferences that are almost monotonic. It is a simple matter to modify the
example so that the preferences of agents 1 and 2 do not change with the

economy. Preferences can also be made strictly convex.

The sequence of economies presented converges in distribution to a
continuum economy. A continuum or atomless economy is a measurable mapping
from a nonatomic measure space of agents (4,4,v) into the space P x Rt of
preferences cross endowments, with the property that the mean endowment is
finite. The continuum of agents makes precise the notion of a perfectly
competitive economy, that is an economy where the influence of every
individual agent is negligible. In the example the continuum model fails to
capture the properties of large finite economies. The limit economy has an
agent whose core allocation is not finite. Although this is not crucial for
the continuum model (any single agent has measure zero), it is essential in
the large finite case. Example 1 suggests that when core allocations do not
increase too rapidly with the size of the economy, the conflict between the
large finite and the continuum approach is resolved. Unlike the monotonic

case, this is not so when preferences are nonconvex.

The second example introduces a sequence of economies where core
allocations and endowments are uniformly bounded and where only one agent has
nonconvex preferences. The expenditure-minimizing condition, however, is not
satisfied.

The th economy g" has (n - 1) agents in group 1, n agents in group 2

and one agent in group 3. All agents in all economies have endowment e = (I,
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1). Agents in the same group are identical and receive the same allocation.
All agents have convex preferences except the agent in group 3. Fix m = 2 and
let V be given as in example 1. Let f be the allocation f(1) = (0, 0.5), f(2)
= (2, 1.5), f(3) = (0, 0.5). Any preferences that satisfy the following

conditions will convert f into a core allocation.

For group 1, {x: x P, (0, 0.5)} (0, 0.5) +V

For group 2, {x: x », (2, 1.5)} (2, 1.5) +V

For group 3, {x: x p_(0, 0.5)} = {(0, 0.5) + V} u{(n+ 1, 1) + [Ri}
Note that only the preferences of the type 3 agent change with the economy.
As in the first example, it is easy to verify that f is a core allocation for
all &°. The sets of "net preferred trades" ¢(+), for n = 1, are depicted in
Figure 2. Note that the origin does not belong to any of the net preferred
sets.

Despite the fact that for a price p = (-0.5, 1) the value of the
deviation of core allocations from endowments is zero, the net value of the
least expensive consumption bundle (preferred to the core allocation) does
not go to zero in average.

We emphasize that the sequence of economies is well behaved. Since
endowments are constant and agents in the first two groups have the same
preferences over all economies, the sequence g" converges in distribution to

a continuum economy. Furthermore, the supports of the distributions converge,

in the topology of closed convergence, to the support of the limit economy.10

Remark 2:
Example 2 can be transformed into a 2-type replica sequence of economies

where all agents of the same type receive the same core bundle (equal

10For a definition of closed convergence see Hildenbrand (1974).
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treatment property). We briefly indicate how to convert example 2 into a
replica example. First, consider a sequence of economies with no agents of
type 1, n agents of type 3 and n agents of type 2, and with endowments,
preferences and core allocations as in example 2. The new sequence has n
agents with nonconvex preferences. As stated, the new example is not a
replica sequence because there are no single preferences for the consumers in
group 3 that can account for the increasing nonconvexities as n becomes
large. To see this, note that the core bundles do not change with the economy
and therefore the nonconvexities would have to lie on the same indifference
curve for all n. Second, alter preferences and the proposed core allocations
so that the increasing nonconvexities now lie on indifference curves farther
away from the origin but generated by the same preferences. For instance, let
(2) = [1.9 W 0'—1] and £*(3) = [0.1 %1 06 - 0'_1] and let

n n n n

preferences satisfy: For type 2, {x: x », f1(2)} = £(2) + V, and for type 3

{x: x p, f1(3) = {f"(3) + V} v {[n +1, 1.1 ~ OTI] + mi}. Note that {x : x

v, £1(3)) € {x : x p £(3)} for all k < n.

4, RESULTS

The failure of convergence in the examples seems to have two different
provenances. First, the core bundle of certain individuals may increase
rapidly with the size of the economy. Second, nonconvexities play an
important role when preferences are not monotonic or the consumption sets are
not bounded below. The purpose of this section is to elucidate the connection
between monotonicity and convexity. Proposition 1 identifies conditions under
which the sum of the measure of non competitiveness of core allocations is
bounded, independently of the number of agents in the economy.

Given an open convex cone V € Ri, P(V) is the set of preferences which

satisfy:
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i) Properness: Vx € R? (x + V) px and

ii) Free Disposal: if y p x then (y + v) p x, Vv e V.

When V is the strictly positive orthant, P(V) becomes the set of
monotonic preferences. Free disposal here is defined within the cone V. The
free disposal assumption dispenses with the need of transitivity in
Proposition 1.

Let & be an economy with preferences in P(V), and let f be in €(&). We

will assume

(C1) For every consumer a in A, there is La > 0 , such that Vx € con(¢(a)),

3 z(x) € (¢(a) + V) with |x - z(x)|| = La.

Cl1 is equivalent to requiring that 8(con(¢(a)), ¢(a) + V) < La, where
8(+,+) is the Hausdorff distance between sets.11 To see this, note that (¢(a) +

V) € con(¢(a)): Since (¢(a) + V)

(¢(a) v V), it suffices to show that V <
con(¢(a)). Fix x e V, let B(x,e) € V and let z € ¢(a). For n large, x € (z/n
+ B(x,e)). Thus nx € (z + n B(x,€)) € ¢(a) (by properness). Since 0 and nx
belong to ¢(a), x € con(¢(a)). Our claim now follows from the definition of
Hausdorff distance.

C1 requires that any consumption bundle x in the convex hull of ¢(a) be,
at most, La away from the set (¢(a) + V). Figures 3a and 3b clarify the
meaning of Cl1. They picture the set {e(a)} v {x : x ?, f(a)}, which is just
¢(a) + e(a). The boundaries of its convex hull are marked in both figures. C1
holds for the case graphed in Figure 3a. The vertical arrows represent a
possible bound La. In Figure 3b the agent has preferences with increasing
nonconvexities on a given indifference curve. A consumption bundle can always

be chosen (from the shaded area) so that the distance to the indifference

11S(C, D) = Inf {e: C € B(D,e) and D € B(C,e)}. See Hildenbrand (1974).
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curve is arbitrarily large. Therefore no bound La exists and Cl1 is not
satisfied.

Arrow and Hahn (1971) also employ restrictions on nonconvexities,
endowments and core allocations to obtain a bound on the sum of the budget
deviations and on the sum of the excess expenditures.12 Their measure of
nonconvexities is more restrictive than ours. They define

r[¢(a) + V] = Sup Inf {%ad(T): x € con(T), T <€ ¢(a) + V} (2)

X€ con@(a)

where rad(T) is the radius of the smallest ball containing T, and require
that r(-) be bounded for all agents in all economies.13

Figure 3a illustrates the difference between C1 and expression (2). The
commodity bundle x is a convex combination of e and y. The smallest ball
containing {e, y} has a radius of at least lte - yll / 2. Therefore it is
possible to choose an element x to make (2) arbitrarily large. Any economy
that verifies Arrow and Hahn’s hypothesis will also satisfy our condition C1.

The converse however is not true as Figure 3a shows.

Proposition 1: Let & be an exchange economy with preferences in P(V) and
consumption sets X(a) so that for any x in X(a), x + V € X(a). Let f € €(&).
Choose v so that B(v,1) € V. Assume Cl holds and let L = Max {La : a € A}.

Then, 3p € U such that

2) Z lp : [f(a) - e(a)]
A

Theorems 3, 4 and 7 in Khan (1974) also assume bounded nonconvexities.

< 2Ly,

13Arrow and Hahn assume local non-satiation and free disposal with respect to
the positive orthantk These two assumptions combined imply monotonicity. To
see this, fix x in R+ and let z € R++. By local non-satiation Ve > 0, there

is y with lly - xll < £ such that y p x. By free disposal, (y + Rt+) p x. For ¢
small enough, (x - y + 2) € Rf+ , or equivalently, (x + z) € y + Rf+. Hence

(x + z) p x. Arrow and Hahn’s definition of r(-) is stated somewhat
differently since they only consider monotonic preferences.
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b))
A

Proof: The proof follows closely Anderson (1978). Let & = 2;¢(a). First

Inf {p . [x - e(a)]: x € X(a), x paf(a)}

< 2kLv],

we show that ® n (-V) = @ and then that con(®) does not go very far into -V.
Finally Minkowski’s Theorem establishes the existence of p.

Suppose & n (-V) # . Then 3 G = z gla), gla) € ¢(a) and G € -V. Let
A

B=A{a: gla) # 0} and let g’ (a) = gla) + e(a) - T%T. Therefore Z$g’(a)

Z$g(a) + Z¥e(a) -G = Z¥e(a). Since (-G/|B|) € V, g’(a) € X(a) and g’ (a) p
(gla) + e(a)) ? f(a), which by free disposal implies g’(a) P f(a).

By the Shapley-Folkman Theorem, for any G € con(®) we can write G =

k . . .
z gla) + z gla') where g(a) € ¢(a) for all a € A\K, gla') e con(¢(a')),
ANK i=1

and K = {a%

-

= i = k}.
By Cl1, there is Li > 0 and z(a') e (¢(a1) v V) so that "g(al) - z(al)”

< Li. Therefore
k . k . .
G=) gla)+) za)+) [g(al)- z(al)],
ANK i=1 i=1

where
k

k : s
[z gla) + z z(a‘)] e (-1)° and z leta)- z(a")| < kL.
i=1

ANK i=1
That is, G can be written as the sum of two terms, one of them belongs to
(-V)° and the other is bounded by kL. Let r = kLv. Since B(v,1) < V by
hypothesis, B(r,kL) + V € V. Therefore G ¢ ~(r + V). We conclude that

con(®) n -(r + V) = a.

By Minkowski’s Theorem, there is p € U, p # 0 such that

Inf {p « @} = sup {? s w: we -(r + V)} -pe*r=-kL (p+v)= -kLHV"y

By continuity p « (f(a) - e(a)) =z Inf p - ¢(a).
Let S = {a: p *« (f(a) - e(a)) < 0}. Then

0

v

Yp+ (fla) -ea)) = YInf{p- ¢la)} = - KL|v]|.
S S
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Since f is an allocation, Z p + (f(a) - e(a)) = 0 and therefore
A

a) z |p « (f(a) - e(a))] 2 Z |p+ (f(a) - e(a))| =2 kL|v] and
‘A S

b) ) |Inf {p + (x - e(a)): x e X(a), x p f(a)}| =
A

= Z |Inf {p + ¢(a)}]| + Z |p » (f(a) - e(a))| =
s As

< K]+ ke]v]= 2KL]v], .

Since v is chosen so that B(v, 1) € V, the bound, 2kL"V"1, depends on
the cone V. As V becomes "narrower", ||V||1 becomes larger.

The following Proposition shows that the sum of the budget deviations
over all agents is bounded and the bound depends on the difference between

the core allocation and the endowment of a single individual.

Proposition 2: Let & be an exchange economy with preferences in P(V)
and consumption sets X(a) so that for any x in X(a), x + V € X(a). Let f
©(8). Then 3 p € U such that

z |p (f(a) - e(a))| = 2k “V“1 [Max [f(a) - e(a)”].
A A

Proof: The proof is an application of Proposition 1. Fix an € > 0. Let

H(a) = {¢(a) n B(f(a) - e(a), €)} v {0}. Then Va, H(a) € ¢(a). For any given

agent a and x in con(H(a)), let =z(x) = 0. Then by construction |x - z(x)| =
||| = [f(a) - e(a)]| + €. Let La = |f(a) - e(a)|] + €. Thus H(a) satisfies

Cl. Following the proof of Proposition 1 we conclude

Ip : z p+ |fla) - e(a)
Al’l

< 2Ky, [e + Max |f(a) - e(a)||].
A
Since the inequality holds for all € > O, it also holds at the limit. —¢—
Proposition 1 and 2 are stated in terms of a single economy. To obtain

convergence in mean, situations where the bound increases very rapidly with

respect to the size of the economy have to be ruled out. This is accomplished
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by our assumption C2. Note that L" = Max {La: a € A"} where La is defined as

in C1.

Ll’l
(c2) Lim =0
n — 0 (Anl

Corollary: Let &" be a sequence of economies. Let f' e €(&"). If the

hypotheses of Proposition 1 and C2 hold then 3 {pn} € U, such that

Lim 1 z w[fn(a), a] = 0.
n— o |4 74"

We now consider how C2 is simplified when additional assumptions are
made. Three alternatives are examined: a) monotonic preferences and
consumption sets included in the positive orthant, b) convex preferences and
c) bounded nonconvexities.

a. When preferences are monotonic, and the consumption sets lie in the

positive orthant C2 becomes simply

(cz2’) Lim 1 Max |e(a)] = O.
n— o |47 aed”

To see this note that con ¢(a) ¢ -e(a) + Rt (because X(a) < Rt) and

that Rt € ¢(a) + V (because 0 € ¢(a) and V = RE

+). Therefore, for any x €
-e(a) + RT, there is z(x) e (¢(a) + V) so that |x - z(x)|| = Je(a)|. Teking La
= |e(a)|, Cl holds.

Nonconvexities are, in a sense, bounded because it is always possible to
find a consumption bundle in V within [e(a)| of any nonconvex region. This is
illustrated in Figure 4. The indifference curve through the core allocation
exhibits nonconvexities which are increasing in Arrow and Hahn’s sense. Since

preferences are monotonic Cl is satisfied. Hence, a sequence of economies

with this type of preferences and with negligible individual endowment (C2’)

14This is Theorem 2 in Anderson (1978).
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will exhibit core convergence properties.

C2’ arises from a very special relationship between consumption sets and
preferences. If consumption sets were not bounded below, as it is often the
case with short sales in financial models, even convex and monotonic
preferences may not suffice to imply convergence. When preferences are in
P(V), the same special relationship between consumption sets and preferences
emerges, if there is a sequence of numbers d" > 0 so that the consumption set
of every individual X(a) is included in (-d") + V and (d"/|4"]) — 0 as

n — o. If this is the case C2’ implies C2.

b. When preferences are convex, any element x in ¢(a) can be used as the
bound La in Cl. To see this, fix x € ¢(a)\{0}. For any w € con(¢(a)), there
is « in [0,1] and y(w) in ¢(a) such that w = a y(w) + (1 - a) O = « y(w). By

convexity of preferences [« y(w) + (1 - «) x] € ¢(a). Then |w - [« y(w) + (1

- a) x1| = |-(1 - «) x| = |x|. Therefore C2 becomes
(cz2>’) Lim - Sup Inf {"x": X € ¢(a)\(0}} = 0,
n > o |[A] ach”

Thus, whenever there is a net consumption bundle which is preferred to the
core allocation, and which does not increase too rapidly with the size of the

economy, the average budget deviation and the average excess expenditure

tend to zero.

c. In the nonconvex case, in addition to C2’’, we need to prevent fast
increases in the nonconvexities of preferences. Our second counter example
illustrates this point. This is not surprising since Anderson’s result as
well as Arrow-Hahn’s relies on the Shapley-Folkman theorem. This theorem
basically states that the nonconvexities associated with a finite sum of
arbitrary sets are of the same order than those associated to only one of the

sets considered.
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For any consumer a in A, let S(y) = {x : x pay}. Define

cla) = Sup {d : B(x,d) nS(y) =2, x € con S(y), y € X(a)}.

The number c(+) measures nonconvexities directly on preferences independent
of the particular core bundle and endowment.

(c3) Lim -4 Max c(a) = O
lAn| aeAn

Conditions C2’’ and C3 combined imply C2. Hence they guarantee that, in

average, core allocations are close to be demand-like for some price.

5. APPLICATIONS

We may conclude from the previous section that, when preferences are
proper, if the core allocations do not increase too rapidly with the size of
the economy, and neither do the nonconvexities of the preferences, then core
convergence results hold. Proposition 3 uses this point to prove that in the
replica setting with convex preferences, the average budget deviation and the
average excess—expenditure become small as the number of agents in the
economy increases.

For the next proposition we use a weaker definition of blocking. A
coalition B weakly blocks an allocation f if there is an assignment g, g(a) e
X(a) va € B, Z¥g(a) = Z¥e(a) such that g(a) P, f(a) for at least one agent a

€ B and f(a) is not preferred to g(a) for any a € B.

Proposition 3: Let &" be a replica sequence of economies with
preferences in P(V) and convex consumption sets X(a) such that for any x in
X(a), x + V e X(a). Let " e €(&8"). If preferences are complete, continuous,

convex, and transitive, then Hpn € U such that

Lim ! z N w[fn(a), a]

n — oo |47 T4

0.

Proof: Since preferences are convex, we only need to show that C2’’
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holds in order to apply Proposition 1. If C2’’ does not hold then Je > 0 and
a sequence (a") € A" such that (|f"(a)|/]4"|) > ¢ Vn. Let D" be the set of
elements b in A" such that b and a" are of the same type.

Debreu and Scarf (1983) proved that, in the replica case, core
allocations assign to agents of the same type consumption bundles which make
them indifferent to the average consumption for that type. Therefore for all

b in D%, f"(b) is indifferent to f (a"). Thus, Vb € D", (£"(b) - e(b))

belongs to ¢(an)\ {0}. Since C2’’ is violated then 38 > O such that

Min [£(b)] > 3.

E

Finally, note that (|D"|/k) Min | (b)| = ||Z £(b)||. Therefore
D" D"

|07

n 1
), @] = 1), etall,
ZDD ‘An| ZAD

which generates a contradiction since the first component in the inequality

—— Min "B s 2
| 4%k D" 147

goes to infinity as n increases but the average endowment remains constant.

——

Our discussion of the second example indicates that it is not possible to

dispense entirely with the convexity assumption, even in the replica setting.
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