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A NOTE ON RETURNS TO GROUP SIZE AND THE CORE WITH PUBLIC GOODS

Two recent papers ([2],[4]) have presented counter-examples to possible
extensions af the core-competitive equilibrium equivalence theorem. This note points
out a close relationship between crucial aspects of these examples and
investigates some resulting questions relating to the core and the
Lindahl equilibrium of economies with semi-public goods.

In [4], T. Muench posed the question of whether the core and the
Lindahl allocations might coincide in economies with pure public goods
and a continuum of infinitesimal consumers. He provided a very convincing
counter-example to such a modified Edgeworth conjecture. In his example,

the Lindahl equilibrium is unique, while the core is very large. More recently,

V. Boehm [1] considered another possible extension of the equivalence theorem

to the case of private goods economies where the correspondence between ccalitions
and the production sets available to them is super-additive, i.e., where
there exist disjoint coalitions S1 and S2 such that Y(Sl) + Y(SZ)
is a proper subset of Y(S1 | SZ). He showed that such super-additivity,
which we might call "increasing returns to group size,'" can prevent the
equivalence theorem from holding.

In Boehm's example there are two private goods, with an endowment

of only the first one. The production set correspondence is defined for

each coalition S by
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where a 1is a scalar, j denotes the Lebesgue measure on T = [0,1],
. A . - 1 .
the set of agents, and S* 1is a distinguished coalition in T. In

Muench's example, on the other hand, all coalitions have access to the



same constant returns to scale production set, so that the correspondence

is a constant

2
YM(S) = f(zl,zz) £ R ]az1 + z, = 0, z, = 01,

where the first coordinate of a commodity space pair refers to the private
good and the second to the pure public good. Yet, despite the constancy
of the production correspondence, the Muench example actually involves a
form of super-additivity very closely related to that in Boehm's example.

To see this, consider more explicitly the distribution of the inputs to
and the outputs of.production over the members of the coalitions in each
model. Then, letting z and =z denote such functions, we can describe

1 ~2
2

the technology available to a coalition S in the Boehm example by

_ 2 o
Vp(8) = [(z52) € Rz fsfl’ 27 T 0
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au(sns®) [z + [ 2,2 0,].
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Thus, VB(S) expresses, in pzr capita terms, the input - output vectors

that are technologically available to the coalition S. In applying this
procedure to Muench's example, however, we must recognize that quantities

of the pure public good are "macro'" quantities, with each coalition's
consumption of the good being equal to that of the whole economy (see

[4], pp. 242-243), and that a coalition producing the public good must pro-
duce for the whole economy. Thus, the corresponding expression in the Muench
model is

2 = = =
V(S = {(z),zy) € R [z —=r551’ 2y = %20,
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The super-additivity of the V correspondences is clear. 1Indeed,
cross-multiplying in the definition of VM yields au(S) r z) + f z, = 0,
o~

L
vhich essentially duplicates the corresponding expression in the definition of VB.

That VM should show this super-additivity is not surprising. Pure
public goods have long been recognized as involving some form of increasing
returns phenomena. The cost of providing a given level of a pure public

good is independent of the size of the group to whom it is provided. Thus,

the per capita cost of provision decreases as group size increases. The
analysis associated with expression (2) simply makes explicit the nature

of these increasing returns in this example.

Thus, we know that equivalence does hold in large private goods
production economies if the production correspondence is additive (see
Hildenbrand [3]), and that the introduction of super-additivity may pre-
vent equivalence in this case. Further, we see that the identical phenom-
enon of increasing r=turns to group size that makes the Boehm example work
is also present in Muench's example with public goods. An obvious question
is then that of whether it is this super-additivity alone that prevents
equivalence in the Muench example or whether some other aspect of public
goods (in particular, the requirement that all the agents for whom the
public good is produced must receive the same amount ) is also important
in this context.

A natural approach to this question is to examine the case of a 'Semi-
public" good. Such a good has the properties that costless exclusion is possible
and that it is subject to crowding in its provision, so that per capita costs
of providing the good do not fall in strict proportion to the inverse of

the number receiving the good. However, as long as per capita costs do



fall with the size of the consuming group, so that some element of increasing
returns to group size does still obtain, we must expect small coalitions to
be too weak for an equivalence theorem to hold. Moreover, should the posited
crowding lead to per capita costs which increase with group size (decreasing
returns to group size), we would expect the core would be empty, since

small coalitions would be able to block all the Pareto optima. Indeed, in
examining the core with semi-public goods, Ellickson [2] has presented an
example of exactly such an occurrence in the presence of such strict sub-
additivity.

These considerations, plus the analogy with the private goods case in
which strict additivity does hold, suggest that the one situation where we
might hope for an equivalence theorem is that of constant returns to group
size. Thus, we will consider economies with semi-public goods with the
exclusion property in which all coalitions have access to the same cone of

technology in per capita terms. In such economies, the provision of the

public good may be restricted to any specified group, and the total cost

of providing the good to a group of size 2s is just twice that of supplying
it to a group of size s, so per capita costs are constant. Thus, the only
remaining element of 'publicness'" is that all agents for whom the good is
provided must receive the same amount. In terms of the Muench example,

this means replacing (2} by

* ooy o 2 = =l 2
VM(S) {(zl,zz) € R | 2 S 202y, T 2y 2 0,
S S
r =
z, constant, qfsgl +\}dg2 = 0}

We may now ask whether the modified Edgeworth conjecture of equivalence



between the core and Lindahl allocations is true in this context. However,
the answer is still in general "no". An example, adapted from Ellickson
[2], reveals that even in this case the core may be empty while the

=2, @, =1, a=,L,b=2,c¢c=23

in the example in Section II of Ellickson]. A further simple example also

Lindahl equilibrium exists. [Take Wy = w,
indicates the possibility that the core may be a non-empty, proper subset
of the Lindahl equilibrium allocations. Specifically, consider a two person
economy with one private good and one public good. Let the two agents be
identical, with each having an endowment w, of one unit of the private
good and preferences over Ri given by a utility function

X + 2y 0=y=1/2

U(x,y)
x +1 1/2 = y.

The cone describing aggregate production opportunities is given by
zZ = {(zl,zz) € R | 2, tz, = 0, z, > 0}. Assigning measure 1/2 to each

agent, we see that the Lindahl equilibria correspond to those allocations

with y =1/2, 0= X5 X, = 1, Xy + X, = 1 If we normalize so that the

price of the private good is set at one, tlien the corresponding individualized
public good prices are 4y = 2(1—x1) and 4y = 2(1-x2). If we allow each
agent to produce the public good for his own use at the same per capita

cost as the whole economy achieves when production is for both agents,

i.e., individual i can achieve consumptions (xi,y) such that
1

%’(Xi - wi) + %(yi) = 0, then all of these Lindahl allocations except that

<

with Xy =%, = % are blocked, and the core consists of this single allo-
cation. (The reader will note that the same phenomenon could occur even

if the consumers did not become satiated with the public good.)

Thus, we cannot hope for any general equivalence theorem, even in this



particularly nice case. However, if we limit our consideration to those
cases where the core is non-empty and contains Lindahl allocations, we
might still hope for some more limited "equivalence" results, character-
izing the two solutions in terms of one another.

Consider then the case of an economy with a measure space, (T,7, v),
where vw(T) = 1, of consumers having identical tastes and endowments of
private goods (assume zero endowments of public goods). Let there be M
private goods, and N semi-public goods which are subject to crowding
and for which exclusion is possible. To specify the possibilities for pro-

M-+N

duction, let Z C R be a closed, convex cone containing the origin. A

coalition S can produce (x(t),y) € RM+N for each t ¢ § iff ([ 5'@7r v)
s T s

where o 1is the endowment function, which is constant, and y is the con-
stant function with value y. Thus, every coalition has access to the same
technology in per capita terms. Suppose the common preferences are contin-
uous, and convex, and non-satiated. Then we can prove that any Lindahl
equilibrium treating all consumers equally [i.e., (x(t),y) is indifferent
to (x(t'"),y) for almost all t and t'] belongs to the core, and that all
the core allocations treat equals equally and, as long as no consumer is at
a wealth level which is minimal on his consumption set, can be supported as
Lindahl equilibria.

To establish this claim, first suppose (g,i) is a Lindahl allocation
which treats equals equally. If this allocation is not in the core, there

is a coalition S and a bundle (x(t),y) for each t in S such that

(x(t),y) 1is preferred by t to (x(t),y) and

M x-g, Ty €2
S S



where y 1is the constant function with value y. We may take x to be

a constant function, given convexity and the assumption of identical con-

sumers. But for any constant function f on T, F £ =v(s) f f. Thus,
o

if we now consider x and y as constant functions on T, we have

M
N

(x-w [

|
o

T T
Thus, (x,y) could be provided to every member of T, and would be
preferred by everyone to the Lindahl allocation. But this contradicts
the Pareto-optimality of the Lindahl allocations, which is unaffected by
crowding or exclusion.

On the other hand, it is clear that all core allocations in this
set-up must treat (almost) all consumers equally, since each coalition
is a microcosm and so any coalition of agents, each of whom received a
bundle less preferred than the average bundle, -~ould improve upon the
given allocation by producing that average bundle for each of its membersB.
Under our assumptions, such an allocation can be made a Lindahl equilibrium
by giving all agents the same prices, which are generated via a standard
hyperplane argument applied to Z and the integral of the individual upper
contour sets to the given consumption bundles.

Note, however, that the Lindahl equilibria need not treat equals
equally, so that the restriction to the equal treatment Lindahl alloca-
tions is necessary. This is illustrated by the example presented earlier,
in which there are a continuum of Lindahl equilibria which do not treat
equals equally.

Thus, given equal treatment, there is some possibility of proving a

very limited form of equivalence. But the possibilities for extending this
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result would seem even more limited. Suppose we now allow the agents to

differ, while setting M =N =1 and 2 = {(zl,zz) € R2 | z, +2,=0, z, = 01.

2 2

Then the following is true: 1if (x,y) is a Lindahl allocation with y > 0,
if preferences are monotonic > and if, for some coalition S, we have

_F q > v(S), where q is the function giving public goods prices, then
tﬁe Lindahl allocation (x,y) 1is blocked by S. To see this, note that,

from the budget constraints,

i1A
]
1E

Fx+yla:
S s~ S

where the private good's price is taken to be normalized at one. Rewrite

y as (l/V(S))f V. Then
S

Fxrane) [y [asl g
s s* s 'S

Since (f q) /v(S) > 1, this implies
SN

But then S «can, using its own resources, produce (X(t)+d,y+d) for each
of its members, where d 1is some positive number. Then, with monotonicity,
(x,y) 1is blocked.

Thus, if any coalition pays more for the public good than the share
determined strictly by its size relative to the whole econcmy, the Lindahl
equilibrium is blocked. Since it would only be under the most special of
circumstances that Lindahl equilibrium would correspond to all agents paying
the same price for the public good, we must despair of finding any general

relationship between cores and equilibria when we have crowding and exclusion.

In the pure public goods model, the small coalitions (which can do all
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the blocking in a private goods world) are very weak. Consequently, the
core remains large. If we admit crowding and exclusion, the power of the
smaller coalitions increases so much that the Lindahl allocations may be
blocked and the core may even be empty. This increased power is even more
striking when we note that the limited equivalence result given above does
not depend on the measure being non-atomic. We are then left with a rather
unsatisfactory state: when the public goods are pure, the core is very
large (but contains the Lindahl solutions), while if we introduce crowding
and exclusion the core may become empty. This may suggest that if some
core-like notion is to be a useful solution concept for public goods econ-
omies, some reconsideration of the basic definitions (such as has been begun

by Rosenthal [6], Starrett [7] and Richter [5]) may be in order.
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Footnotes

Throughout, ''coalition' means a set of agents of positive measure.

We usually ignore sets of measure zero, writing "every" and "all"

instead of "almost every" or "almost all."

Since all integrals are of functions on T, given a measure vy, we will

simply write lsf for FS

f(t)v(dt).
Note that this argument would not be valid if applied to the Muench
model, since there a coalition of less than full measure faces

higher per capita costs for the public good than does the economy as

a whole.

The consumers being identical is crucial here, since it means that
the correspondence from agents to their upper contour sets is
constant-valued and its value for each t is equal to its integral

over T.

That is, [x > X%, y > y] implies [{x,y) strictly preferred to (x,y)].



13

References

[L] Boehm, V., On cores and equilibria of productive economies
with a measure space of consumers: an example, Journal of

Economic Theory 6 (1973), 409-412.

[2] Ellickson, B., A generalization of the pure theory of public

goods, American Economic Review 63 (1973), 417-432.

[3] Hildenbrand, W., The core of an economy with a measure space of

economic agents, Review of Economic Studies 35 (1968), 443-452.

f4] Muench, T., The core and the Lindahl equilibrium of an economy

with a public good: an example, Journal of Economic Theory 4

(1972), 241-255.

[5] Richter, D., The core of a public goods economy, International

Economic Review, 15 (1974), 131-142,

[6] Rosenthal, R. External economics and cores, Journal of Economic

Theory 3 (1971), 182-188.
[7] Starrett, D., A Note on externalities and the core, Econometrica 41

(1973), 179-183.



