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1. Introduction

The common incentive for horizontal mergers is to reduce competition.
If in addition a merged firm can realize a production cost advantage over
its unmerged rivals, then the incentive for merger is reinforced. Moreover,
if relative production costs can be continually reduced through additional
acquisitions, then complete monopolization of an industry would appear to be
the ultimate outcome.

We address two major questions here. The first is whether or not the
potential for lower production costs does lead to complete or partial
monopolization of an industryv through acquisition by one firm of all its
rivals? The second is whether or not competitivelv advantageous cost
reducing mergers necessarily result in a lower equilibrium market price?
These guestions are addressed in terms of a two stage noncooperative game.
We posit an n-firm industryv into which entry is difficult. 1ts firms
produce a homogeneous good with identical convex cost functions and compete
by choosing output levels in accordance with the standard Cournot
assumptions. In the game's first stage each owner of a single firm sets a
price at which he would be prepared to purchase each of his n - 1 rivals and
a price at which he is prepared to sell his own firm. A firm is sold to its
highest bidder. provided the highest bid is at least as high as its asking
price. In the second stage. each owner of one or several firms determines
how much to produce in each of them so as to maximize his total operating
profits. The net payoff to each owner equals the sum of his receipts or
payments from the game's first stage plus his second stage operating
profits.

The opportunity to lower production costs through the acquisition of

another firm obtains in our model through the supposition that each firm
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operates with a convex cost function. Thus, i1f an owner of a single firm
acquires another. he can producce that same output at a cost no higher than
if he possessed only the one firm. Moreover. if the cost functions. assumed
to he identical, are strictly convex, then a two firm owner's cost of
producing anv ¢iven quantityv is strictly below the owner's of a single firm.
because he can split production between two facilities. An owner of three
firms with identical strictly convex cost functions can reduce the cost of
producing anv fixed quantity further still relative to an owner of fewer
firms, and so on for an owner of more firms. However, it should be kept in
mind that a merged firm with two facilities cannot produce a given quantity
at a lower cost than two individual firms producing the same quantity
divided equally hetween themn. [f the industry were completely monopolized,
its production costs would be identical to that of the original
oligopolistic industry. Thus. merger in our setting does not improve an
industry's overall production efficiency. It only affects the relative
productive efficiency of some owners as compared with the others.

Despite the double incentive for merger, reduction of cost, and number
of competitors, our analysis discloses that complete (or partial)
monopeolization of an industrv with sufficiently manv firms will not occur.
This is essentially because nonsellers profits rise as competition declines
when an additional firm is purchased. Therefore, cach owner has an
incentive to raise the asking price for his firm to the profit level he can
enjoy from reduced competition. If the initial number of firms in the
industry is large this pecuniary externality effect makes the purchase of
all of them unprofitable for anv single buver. It is unprofitable in the

sense that the buyer's net profit would fall below the level he could
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realize at the Cournot equilibrium in the original oligopolistic market.
However, mergers short of complete monopolization are possible. These
mergers do reduce the number of owners in the industry but not the number of
active firms because an owner of several firms has to operate all of them to
realize the cost savings from splitting production. Such an owner will, of
course. operate his firms cooperatively rather than competitively. That is,
he will determine how much to produce in each of his production facilities,
hence his optimal total output given the outputs of his rivals, according to
the usual Cournot oligopoly model. Our analysis indicates that, despite the
competitively advantageous cost reduction gains from merger. the market
price of the product cannot decline and consumers are no better off than
with the original market structure. This is essentially because there is no
overall industry-wide reduction in the cost of production. Thus, to the
extent that the antitrust authorities relax their generally negative posture
toward horizontal mergers if they appear to lead to cost reductions, they
must carefullv distinguish between competitivelv advantageous cost
reductions and overall industry-wide ones.

In section 2 our model in the form of a two stage nohcooperative game
is described. We employ the subgame perfect Nash equilibrium (SPNE)} in pure
strategies as our solution concent. Qur analvsis proceeds backwards from
the game's second stage to its first. In section 3 we discuss some possible
and impossible SPNE's of the game. Section 4 contains the analvsis of the
effect of acquisition and mergers on prices and quantities. Proofs of
propositions. corollaries and lemmas are provided in the Appendix.

The effects and desirability of horizontal mergers were addressed by

Salant. Switzer and Revnolds (1983) in the context of a Cournot oligopoly
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with a linear demand function for a homogeneous product. and identical
linear cost functions. They concluded that any coalition of firms. behaving
as a merged firm. consisting of fewer than 80 percent of the industrv's
members is disadvantageous. However, they do not discuss how the merger is
achieved. [n Kamien and Zang (1988) we modeled the merger process as two
possible acquisition games, one of which is similar to the one emplovyed
here. However., in that analvsis. reduction in the number of active
competitors is the onlv incentive for merger. Broadly speaking, our
analysis disclosed that complete or substantial monopolization of the
industry with a sufficiently large number of firms will not occur. However,
some partial monopolization is. in general. possible.
2. The Model

The two stage acqguisition game we emplovy here closely resembles the
centralized eame GC of Kamien and Zang (1988). with the exception that total
production cost is assumed to be convex rather than onlv linear--i.e..
nonlinear convex and strictlv convex cost functions are also allowed. In
particular. we posit an industrv consisting of n identical firms producing a
single good with identical cost functions C({qg), whose total quantity
supplied is denoted by 0. facing an inverse demand function P(Q). We assume
that the following properties hold:

(i) P(0O) is twice continuouslv differentiable. P(0) and P'(0) are

finite. and P'(Q) < 0 for all 0 2 0.
(i1i) P(0} > C'(0} and for some é > 0, P(é) < C'{0).
(iii) The industrv total revenue function QP(Q) possesses a
negative second derivative. i.e.. (QP(Q))}" < O for all Q > 0.

Note that this assumption implies strict concavitv of the
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industrv total revenue function.
(iv) The cost function C(g) is increasing and twice continuously
differentiable. has no fixed cost, C(0) = 0. and is convex.
C"(g) > 0 for all g > 0 denote the set of initial owners.
Each firm is initiallv owned and controlled bv a single owner. The
owners are the plavers of the game in which each can purchase other firms or
sell his. Naturallv. if a firm is sold it becomes controlled bv jits buver.

Let N - {1.2...., nk.

The Acquisition Game

Stage 1: Each owner i € N simultaneouslv announces a vector
i i i i n ) . . . 1
B” = (81.82 ..... Bn) € R of bids for the entirety of each firm. The bid Bi

is the i-th owner's bid or asking price for his own firm. Let
B=(B .B ..... B") denote the n x n matrix of bids.

Following the announcement of B. each firm mav be sold or remain with
its original owner. We now describe a general rule that assigns firms to
owners. Let

S(j) = {1 € N: 1 # j, B; > Bﬁ YV k =i}

be the set of owners. other than j, whose bid for i satisfies two
properties: (1) it is not smaller than j'th asking price; and (2) it is the
highest bid for j. It is natural to expect that the firm owned by j may be
sold only to a member of S$({j) or remain with its original owner, j. If S(j)
is emptv or a singleton, then the assignment is obvious. However, we need

to specify the assignment if S(j) contains more than one element. To that
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J
end we employ a general tie-breaking rule, namely. a function f: N X 2“ - N

satisfying

Thus,

f(j.8) e SU{it ¥ i €N, 8 cN.

f(ji.S(i)) uniquely determines the assignment of firms to owners for

any given matrix B of bids.

are:

Some possible tie breaking rules conforming with the above framework

Global priorities. Priorities are assigned to owners, say. by
their numberineg., and f(i,S(j)) = min {i: 1 € S(j)} if S{(i) # 0.
Individual priorities. Owner j sells his firm to one of the
highest bidders according to some known priorities unigue to him.
No deal. In the presence of a tie, firm j is not sold, i.e.,

fei.sti)) = 1 if I1S(i): 2 2.

An important property of our general assignment rule is that once the

i-th owner's asking price and bids he received are known, the assignment of

firm i is independent of the asking prices and bids for every other firm.

We assume that all the game's participants know the assignment rule.

Applying the assignment rule, the ownership of firm j, indexed by eii'

is determined by

1, if £(ji.Sti)) = 1,
e,j = {
} 0. otherwise.

Let € be the n X n matrix whose {(ji.i) entry is eii' Note that



€ = €(B). For i € N let

denote the subset and number of firms, respectively, owned (and controlled)
by i, and by the vector K = (K,.K,,.... Kq) - K(B). the assignment of firms

to owners. Also let

M= {i € N: Ki z @}

denote the set of active owners, that is. those who own at least one firm
following the game's first stage. Finally. let m - iMi denote the number of

active owners.

Stage 2: Given K(B). each owner i € M independently and simultaneously
chooses the production level qj of each of his ki firms. that is, for

i€ Ki' We denote by

q = (ql'q2""'qn)'
the vector of guantities produced by all firms in N as a result of this

decision and let Q = EieN

q; - Note that while the number of owners may
decline after stage 1. the number of firms does not. Fach plaver's payoff
is the sum of the stage 2 operating profits of all the firms he controls

plus the net trade cash flow from stage 1.
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We are concerned with characterizing properties of subgame perfect Nash

equilibria in pure strategies of this game.

Definition: A SPNE in an acquisition game is said to be merged if the
number m of active owners is fewer than the initial number, n. If m = n. in
a SPNE. then it is unmerged. If m - 1 in a SPNE then we have a monopoly
equilibrium.

In the sequel we characterize possible SPNE's of the acquisition game.
In particular, we consider existence of unmerged SPNE and identifv instances

in which a merged equilibrium cannot exist.

Analysis of Stage 2

Without loss of generality. suppose kl > k2 > ... 2 km, that is,

K = Kk - k_ - 0 holds. Owner i € M selects g

i € K, so as to
m+1 m+2 n ] i

PaR}
i
H

I , m L
maximize the function ni: E" - E given bv

qQ)].

The next lemma is needed to establish existence of stage 2 equilibria:

Lemma 1: "i is concave in qi, i € Ki'

The first order necessary conditions for a stage 2 equilibrium are for

every 1 € M and j € Ki

. . , P B e
(2a) P(Q) ZQGKi qQP (Q) C (qj) 0 if q. > 0,



(2b) P(Q) a,P'(Q) - C‘(qj) <0 if (J_i = 0.

" Loek . g
i

From (2a) (2b) and the convexityv of C (i.e.. C' is nondecreasing), it

trivially follows that if uj > 0 for some j € Ki holds then qQ - qj for all

Q € Ki' If alternatively Uj - 0 for all j € Ki' then (2b} implies

(3) P(Q) - C'(0) £ 0.

+ +
Consider now another owner, % € m, & # i for whon qj > 0 for all j € K&.
) +
Since by convexitv of C. C'(aj) > C'(0), then (3) implies

ey
and hence (2b) holds for 2@ € M as well. 1t follows that qj = 0 for some
i € N implies q,j = 0 for all j € N. But then (2b) implies P(0) < C'(0),
contradicting Assumption ii. Hence in a stage 2 equilibrium qj >0V je€N.

Also note that (2a) and (1) now imply

, 2 5, . " .
(4) "i = _(LQGKi qQ) P'(Q) - deKi quC (qQ) L(QQ)I.
Convexity of C(q) implies
5 - > (O _ ~ 1
(5) 0 C(o) 2 ((qQ) qQL (qQ).

Substituting (5) in (4)
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2

T2 - (L )7 P'(Q) >0

i QeK . q
i

2

follows. We summarize the above discussion by:

Proposition 1: In a stage 2 equilibrium of the acquisition game, all firms
will be operated. Everv owner possessing at least one firm will produce the
same quantity in each and realize positive profits.

Note that no owner will operate his firm in the range where
P(Q) < C'(0G) holds, since the convexity assumption on C(qg) will imply
negative profits through (1). Assumption iv then implies that the feasible

set of production decisions for owner i is given by

where Q was given in Assumption (ii}. That is. owner i maximizes a
continuous convex function over a compact convex set. Kakutani's fixed

point theorem then implies:

Proposition 2: For every possible ownership configuration, a stage 2

Cournot equilibrium of the acquisition game exists.

3. Analysis of SPNE's in Pure Strategies
We now turn to the question of existence of SPNE in pure strategies to
the acquisition game and to their character. Our analysis discloses that a

SPNE in pure strategies in which the original industry structure is retained
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is possible while one in which the industry is monopolized is impossible for
sufficientlv large n. As in Kamien and Zang (1988), it is easy to show that
if all the owners' bids for other firms are sufficientlv low while the
asking prices for their own firms are sufficiently high. then no
transactions will occur in the game's first stage and no profitable

deviations are possible. Hence,
Theorem 1: An unmerged SPNE to the acquisition game exists.

Consider now the possibility of a merged SPNE to the game in which one
owner., say the first. possesses k1 firms. where k1 - n - d for some fixed

d > 0. Let m, denote the first owner's stage 2 profits in this case and let

nl be his stage 2 profits if he lowered his bids to the k1 - 1 sellers and

became a nonbuver. Certainly, the first owner is unwilling to pay the k] -

1 sellers more than m, - nl. as m, is his opportunity cost. Consider next

one of the k] - 1 sellers, say the second owner. If he deviates and raises

his asking price above the first owner's bid he will not be bought. and then

realize a profit of n2. It follows that the first owner has to pay each

seller at least n2 or at least (n - d - 1)1'r2 to all of them. Conseguently,

such an equilibrium would be impossible if

nl - nl < (n-d - 1)ﬂ2,

or, since mw, = 0. if
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holds. We establish in Theorem 2 that, for every given d > 0, (6) holds
sufficiently large n.
By Proposition 1, each owner i € M produces the same quantity ql in
each of his ki firms. Eqguation (2a) then implies
i

(7) P(Q) + kiqlP'(O) - C'(gh) - 0. ¥ ieM.

Since the industrv's total production. Q. is

(7) imnlies

1 - 1 l
(8) mP(Q) + QP'(Q) = ZieM C'(q ).
The Mean Value Theorem implies
(9) c'(g'y - ¢ (o) + ¢'c'(gl). ¥ i e M.

where &l € !O,qll YV i € M. Substituting (9) in (8). we obtain

(10) MIP(Q) - C'(0)] + OP'(Q) - T. . gic(aly.

for

Note that the right side of (10) is nonnegative by Assumption iv. Consider

now the solution O(a.m) to the equation
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(11) miP(Q) - C'(0)}] + QP'(Q) = «.
Note that industry total output determined by (10) is Q(ZieM qlC”(al):m) and
that Q(0O;m) is total industry output if production cost were linear. with

constant marginal cost C'(0) and m owners in the game's sccond stage.

Lemma 2: For every m and every 0 < a < ml(P(0) - C'(0)]., (11) has a unique

solution Q{(a:m) and 3Q(o:m)/3x < 0 holds.

Corollary 1: 1In a merged SPNE to the game, with m owners. total production
0. satisfying (10), does not exceed the quantity Q(O:m), the solution to
(11) for a = 0, that would be produced under the same circumstances but with
a linear total cost function with marginal cost dees not exceeding C'(0).
Corollary 1 implies that for the identical ownership configuration,
convexity of the cost function will generally lead to lower quantities and
higher prices in the SPNE than those that would obtain with a linear cost
function for which marginal cost is at or below C'(0). However, this
result does not necessarily follow if the ownership configurations of an

industry with linear costs differ at their respective merged equilibria.

We now proceed to establish the impossibility of complete
monopolization of an industry with a sufficiently large number of firms.
This is done by showing that the inequality (6) must hold for sufficiently
large n. That is, that no single buyver will find it profitable to buy out

all his rivals if they are sufficiently numerous.
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Theorem 2: For a given d > 0, and sufficiently large n there is no SPNE in
the acquisition game in which one owner possesses n - d or more of the

industry's firms.

We may contrast the result in Theorem 2 with a similar result obtained
in Kamien and Zang (1988) under the supposition that the total cost function
is linear. The result demonstrated here is weaker in the sense that it
allows for merged equilibria for industries with a larger number of firms.
In other words, the assumption that the total cost function is convex
enables merged SPNE to exist for industries in which the same number of
firms would preclude the existence of a SPNE if the total cost function were
linear. Thus. it is here that the competitively cost advantageous incentive
for merger has an impact on the SPNE of the game.

For the special case where d = 0. we have:

Corollary 2: For sufficiently large n, a monopoly SPNE to the acquisition

game is impossible.

4. Effects of Acquisition and Merger on Prices and Quantities

We turn next to the production characteristics of individual owners in
a SPNE of the acquisition game and to the comparison between the total
output of a merged industry and an unmerged one. It turns out that an owner
of more firms will in total produce no less than an owner of fewer firms,
but the former will produce less in each of his firms than the latter.

Thus. for example. an owner of two firms in a three firm industry will
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produce less in each of them than the single firm owner will, but not less
in the two combined. Production in each of his two firms will., therefore,
exceed one-half of the single firm owner's production. This is the essence
of Proposition 3. However., under this ownership structure, the three firm's
total production will not exceed the total production of the three
individual firms in the Cournot equilibrium of the original unmerged
industry. Thus, despite the competitive cost advantages of mergers total
industryv output will decline relative to its pre-merger level. This is the

essence of Proposition 4 and Corollary 3.

Proposition 3: In a SPNE of the acquisition game in which ki > kj for some

i,j € m, the overall quantitv kiq] produced by the i-th owner in all his ki

firms is not below the quantitv kqu produced by the j-th owner in all his

firms. Furthermore. the quantitv q1 produced by i in each of his firms is

smaller than the quantity, qJ‘ produced by j in each of his firms. If ki =
i i i i

kj' then kiq = kia and ¢ - g holds.

Proposition 4: The overall quantity produced at the Cournot equilibrium

with m active owners in the game's second stage does not exceed the quantity

that would have been produced at the Cournot equilibrium of the original n

firm oligopoly.

Corollary 3: 1In a merged SPNE of the acquisition game, the overall quantity
produced does not exceed and the price is not below the corresponding
quantity and price that obtains at the Cournot equilibrium of the original

unmerged industry.
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Note that although Corollary 3 only implies that acquisition cannot
result, in a lower product price in equilibrium if the game under
consideration is the one discussed above, Proposition 4 is even stronger.
Actually, it implies that prices will not decline for any mechanism in which
the final possible result is that total ownership and control of firms is

allocated to other owners.

5. Summary

We have investigated the merger propensities, through acquisition. of
an industry in which merger leads to both reduction of competition and
competitively advantageous cost reduction. Despite these twin incentives
for merger., comnlete monovolization does not occur if the number of firms in
the industry is sufficiently large. This provides a mixed message for the
behavior of the antitrust authorities towards mergers. While they need not
fear complete monopolization of an industry with sufficiently numerous firms
theyv must be sure that this is in fact the case. Moreover, even partial
monopolization of the industry, in the form of reduction of the number of

firm owners, tends to lead to a rise in the product price in equilibrium.
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Appendix

Proofs of the Results

Proof of Lemma 1: [t was shown in Kamien and Zang (1988, Lemma 1) that
; . . . C .
h(q) = qP(g + q() is strictly concave in gq for a given q . 1f we consider

now H(qj: i € Ki) = h(zjeK qj) it can be easily shown that all the second
- - .. i -

order partial derivatives of H are h"(} ) and are negative. Thus the

jek, 9
i
Hessian of H is a matrix of rank 1 with one negative eigenvalue. Hence it

is negative semidefinite and H is concave. Since C is convex, s is

concave.

Proof of Lemma 2: The existence and uniqueness of Q(a;m) follows the proof
of Lemma 1 in Kamien and Zang (1988). Differentiating (11) with respect to
@ we obtain

[(m + 1)P' - QP"1(30(c;m)/3x) - 1,

or

3Q(c:m) 1 1
= = <O
ao (m + 1)P' + QP" {m - 1}P' + (OP)"
by Assumptions (i) and (iii).
Proof of Corollary 1: Immediate from Lemma 2 and observing that the right

side of (10) is nonnegative.
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Proposition A.1: There exists a 61 > 0 such that

holds for all n.
Proof:

(A.1) ", - kl[qlP(O) - gl < qulp(o) < QP(Q).

Now Corollary 1 implies Q < Q(0O;m). Hence, the left side of QP(Q) is

bounded from above by
6l(m) = max{QP(Q): 0 € Q < Q(0O;m)}.

Substituting a = 0 in (11). we note that the solution 0(0O;m) to (11) must be
bounded from above in m since otherwise, by Assumption (ii). the left side
of (11) becomes negative as m increases. Hence Q(0:m) £ 0 ¥V m and thus.

QP(Q) is bounded from above bv
(A.2) 8, - max{QP(Q): 0 < Q < 0}.

Hence, the proposition follows (A.1) and (A.2). i

Proposition A.2: For a given d > 0, there exists a 62(d) > 0 such that



holds for all n.

Proof: We need to consider two cases:

Case 1: The deviating player (the second) possesses no firm if he sells
his. In this case., upon raising his asking price above the first owner's
bid. he will own one firm and there will be m + 1 active owners in the
industry. Equation (2a), written for the second owner will be

2 2

(A.3) P(Q) + g P'(Q) - C'(g) = 0,

~

where q2 and O are the guantities produced by the second owner and the whole

industry, respectively, following his deviation. We also have

(A.4) T - q°P(0) - C(g°).

From (A.3) we obtain an expression for P(Q) which, when substituted into

(A.3) yields

(A.5) moo= —(q%)P Q) + g (g%) - cld®) = —(g®) %P (),

where the inequality in (A.5) follows (5). namely. the convexity of C.

Consider now Q(O:m + 1) that solves (11), that is
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(A.6) (m - 1}{P{C) - C'(0)) - QP'{Q) = «

when @ = 0. and note that Q0(O:m + 1) > 0 since otherwise P(0) = C'(0) holds,

contradicting Assumption {(ii). Hence.

C'(0) — Q(O:m + NP (Q(O;m + 1)) (m - 1),

It

(A.T) P{Q(O;m + 1))

Observe now that, since d is a constant. m can range from 1 to d + 1. and

let
(A.8) Y, = minm+ ) - [Q(O:m + 1P (O(0:m +~ 1)1/ (m + 1).

Note that ¥, > 0 must hold since Q{O:m + 1) > 0. Combining (A.7) and (A.8)

we obtain

{A.9) PQ(O:m + 1) > C"(0) + yl.
Note that by the way we obtained (10). it can be established that Q

satisfving (A.3) is a solution to (A.6) for a positive value of «. namely.
0 = Q(a;m + 1) for some @ > 0. This implies., in view of Corollary 1. that

< Q(0:m + 1) and since price is decreasing in guantity. (A.9) implies

<

(A.10) P(Q) > C'(0) + 7,.

Moreover, the above discussion implies that
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regardless of m and n. where

0 - max

J(O:m + .
m-1. d-1 {Q10:m 1)}

Returning now to (A.3). we note that P'(Q) is, by {(A.11). bounded and hence
if q“ -+ 0 as n goes to infinitv., P(Q) - C‘rqa) - 0, contradicting (A.10).
It follows that there exists a Y, > 0 such that
"2
(A.12) a > v,
1 R
holds for al!l n. A similar areument holds for the product -og"P'(Q). for if

: e . "2 .
it approaches 0 as n goes to infinity. then P(Q) - C'(g ) - 0 contradicting

(A.10). Hence. for some ¥, » 0 and all n

hnlds for all n. Substituting (A.12) and (A.13) into (A.5), we obtain that

'\/

there exists a 62 0. & - Y.,¥, such that

2 3

N
\01‘

(A.14) m

holds for all n.

Case 2: The deviating plaver possesses d 2 k

2 Kk, 21 firms, through purchases.
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upon selling his. 1t this case, there will be m active owners in the

industry and expression (2a) will read

(A.15) P(O) - kzqu(Q) - C'(d®) - 0,
and
(A.16) 7, - kz[qu(()) C (g9,

Substituting (A.15) into (A.16), and using the convexity of C', we obtain

. o s -
> . !
m, 2 (kgq )P,

Following the derivation of (A.6) to (A.13), employing the property that k2

is bounded from above bv d, we obtain that there exists a 52 > 0 such that

3
\2
52

(A.17)

holds for all n. Combining now (A.14) with (A.17), we have established the

proposition with 62(d) = min{dg,dz}. i

Proof of Theorem 2: We need to establish (6) for sufficiently large n.

Proposition A.1 implies that

(A.18) m,/{n - d - 1) < &,/(n - d - 1)



for all n.
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But since d is constant.

- d - 1) < dz(d)

holds for sufficientlv large n. Proposition A.2 then implies (6)}.

Proof of Proposition 3: The first order necessary conditions for i and j

are, by ({7)

By subtraction:

(A.19)

Note that P'(Q)

P(Q) + k].qJP'(O) - Cc' (g

P(O) -+ kiqlP'(Q) ~C'(q) - 0

"y o

(k. - k].q‘])P'(Q) ~criqhy - ¢c'(qhy.

< 0 and C'(qg) is nondecreasing by our assumptions. Three

cases are now possible:

(1)

(ii)

kl.ql > quJ. In this case the left side of (A.19) is

i

negative and hence C'(al) < C‘(qJ) holds, implying qJ > q°

Hence

which is possible only if ki > kj'

qul < quJ. Then the left side of (A.19) is positive and
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hence C'(ql) > C'(qJ) implying q1 > qJ. Hence

implying a contradiction since kj > kj was assumed.

(iii» kiq1 = quJ. Then q] < qJ follows if ki - kj and q1 > q2

holds if kj > kj'

Proof of Proposition 4: The proof is by induction on m, the number of

active owners in the resulting merged industry.
m ~ 1: Let Q0 and Q denote the total industry output before and following
the merger, respectively. The first order necessary condition. before the
merger. is by (2.a)
PQ) + (Q/m)P"(Q) - C'(Q/n} — 0.
or
(A.20) n(P(Q) - ¢'(Q/n)) + QP'(Q) = 0.
Following the merger, (2.a) gives

(A.21) P(O) - C'(Q/n) + QP’(Q) = 0.

Consider the equation
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(A.22) QIP(O) - C'(Q/n)) + OP'(0) = 0.

and denote by (0(2) the solution to (A.22). Note that O(n) and 0(1) solve

(A.20) and (A.21), respectivelv. Differentiating (A.20), w.r.t. Q we get

P(O) - C'(0/n) = [RP'(0) - (&/n)C"(Q/n} + P'(Q) + QP"(Q)10'(R) = O.

Hence

Q'(R) = ~IP(O)Y - CLO/M) 1/ 1(& - 1IPT(QY < (OP(O))" - (R/m)C"(Q/n)}.

Note that P(Q) < C'(0/n) cannot hold since this would imply a contradiction.
(P'(0O) > 0) in (A.22). Hence {from our assumption, Q'(2) > 0. and since 0 =

0(1). it follows that QO > 0 holds.

Lemma A.1: Consider a subset K € N of the industry's firms and let OK(QN_K)

describe the reaction function of the subset K in an unmerged industry,
namelv, the overall guantity produced, in Cournot competition, by the firms

in K if those remainine in N - K produce 0O altoeether. Then

N-K
> ' = / > = 1 .
0 OK aoK(0N~K) 8ON~K 1 holds
Proof: From (2.a) the first order necessary conditions for 1 € K are

(A.23) P(O) - OiP'(O) C’(Qi) = 0
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where QK - FEEK aj and Q - OR(QN~K)' Expression (A.23) implies that
q, - qj - OKﬁk holds if ¥V i.i € K, where k - Ki. Hence.

. ( 4 o J -0 ' - - .
(A.23) klP(}K QN~K) ( (QK k)i LKP ’OK ON»K) 0

Differentiatine w.r.t. 0, _ we get

' / + pt [ 3 Yo : _ )
kP'l0O K) { OK Q. P [LK 11 0

k-0 ¥ K

where, to simplifv presentation. we omitted in (A.24) the arcuments of P',

Ok and P". Rearranging (A.21) we get

0 N - " / + s Q. Pt .

‘K[(k + 1)P )KP C (QK k)1 kP LK} 0
Hence.

), - Ikp' - L (ko2 )P "-C'(Q, k).

LK Ik OKI (k ) OKP C ((K k)|
Obviously. the lemma will follow if in the numerator of the above
expression, k' o+ OKP” is negative. This is indeed the case if P" <0
holds. If P" > 0. then two cases are possible:

Case a (k 2 2): Then

kp' =+ OKP” < kP' - 0P" - (k - 2}P" + (OP)" < O,
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where the first inequality follows QK < (0 and P" > 0. and the last one from

our assumptions.

Case b (k == 1): Since ‘N - KI > 1 = k, we have by Proposition 3 that

0 > Q,. and since Q0 = 0, + Q

r i i < // . > e
N-K K K y.x+ the inequality O, < 0/2 follows. Hence

kpP' + OKP” = pP' o+ OKP” < P' + (0/2)P" = (OP)"/2 < 0.
We now proceed with the proof of the pronosition. Supnose the
induction holds for the case with m active owners in the game's second
stage. and consider the case where m + 1 owners are active. Consider first
the possibility that the overall production cguantity of each owner's firms
exceeds the quantity that these firms would have produced in an n firm
oligopoly. Partition the set of owners to {1} and {2...., m + 1}, and let

( e > the 2t irms : ‘he
Kl.QNuKl and )Kl and QN__Kl be the production of the firms owned by the

first and the rest of the owners before and following the merger.

Q

respectively. Also let O and O denote the corresponding overall gunantities.

respectively. In the case we are considering now, OK > QK and

- - 1 1

N . N . , . ,
QN_Kl b ONMKI hold. However, OK1 OKj implies by the lemma, since
QN~K < 0 that
1
(A.25) Q (Q, ) < Q, {Q, ) = Q
N Kl K] N K1 K1 N K1

holds. y > that ( : ~e the 25t res se antities
old Note tha )N_Kl and QN~K1(OK1) are the best response guantities
produced by the firms owned by owners 2...., m + 1, following and before the

mereer, respectively, given that the remainder of the firms--that is, those
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C

in Kl -produce altogether the same guantity OK . However, when the firms in
1 K

hefore and after the merger, the

K. nroduce the constant cuantity 0
1 K
1

inverse demand function faced bhv the rest of the firms in N - Kl' and their

m owners is blO) = PO o+ (’)[< }. 1t is easv to verifv that if P{0O) is
1

replaced bv P(0) all our assumptions continue to hold. Hence. by the

induction hvoothesis.

AL 26) 0 <0
(/ 3 vk S (N*K (QK )
1 1 1
which. together with (A.235). imnlies ONﬁKl < ON~K,' contradicting our

hvnothesis that all owners produce under the merged structure more than
their firms would produce under the unmereced one.

[t follows that there is one owner., sav the first. producing in the
merged structure no more than his firms would have produced under the

unmerged structure. That is

{A.27) QK < OK .
1 1
Moreover.
(A.28) 0 Q = Q,, <0, - Q. (Q, )
K1 N~K1 K1 N—Kj K1

where the inequality in (A.28) f{ollows the induction hypothesis. i.e..

({A.26). But, by (A.27), and since Q/

< 0 holds, by Lemma A.1. we have
N—K1



and since Q. > -

N'*K1

or

(A.29) Q,

Substituting (A.29)

1A
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(A.28) we obtain

- Q

- 0



