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1. Introduction

In what has become General Competitive Analysis [1] the existence of

two different relative prices for the exchange of the same two commodities

is ruled out by assumption. This assumption can be interpreted in two ways.
Either all trades take place in a single all inclusive market; e.g. Debreu
[3], or price differentials vanish in the face of arbitrage; e.g. Walras

{15]. Given the former interpretation, there is only one market while many
markets act as one in the latter case. From the point of view of one
interested in positive economic theory, the first interpretation is untenable.
The required degree of centralization in the exchange activity is never
observed and only rarely approximated even for subsets of commodities. The
second interpretation is really a theorem in need of a proof.

The paper contains a study of a competitive-like pure exchange equili-
brium in which more than one price vector can cimultaneously prevail. This
possibility arises only in the context of an exchange economy containing
many markets and, then, only if arbitrage among them is costly or time cen-
suming. We establish that these conditions are alzo sufficient given appro-
priate assumptions about the information available to the traders. Conse~
quently,.the paper provides a rationale for the differentials which are
supposed to motivate search, a problem discussed by Rothschild [12]. Al-
though the rationale is different from that recently suggested by Lucas and
Prescott [6], in many other respects the two models are closely related.
Finally, we present conditions which imply that differentials vanish as the
number of traders becomes large.

The economy considered is composed on n traders and m markets in



which g non-storable commodities are exchanged. In general, we allow for the
possibility that some traders may be unable to exchange in all of the mar-
kets and the possibility that not all commodities are exchanged in some mar-
kets. We imagine that exchange takes place in each of a sequence of periods
and that each trader receives a fixed endowment at the beginning of every
period. In addition, each trader can exchange in one and only one market
per period, the allocation made to the traders in the market searched is
competitive relative to the coalition which searches the market during the
period and the corresponding competitive price vector is signalled to all
traders at the end of the period. Generally then, it is impossible for any
trader to know with certainty the price vector which will prevail in any
market at the beginning of the period when he must decide which to search.
However, he can construct an expectation from past observations.

The problem which concerns us is the choice of market by each trader.
We allow mixed strategies so that each may séarch as if sampling from a
probability distribution defined on the set of markets. Hence, any joint
search strategy and the assumed price rule induce a probability distribution
on the set of possible price vectors associated with each market. A set of
thése, ogé for each market, is a search equilibrium if and only if the joint
strategy which generates it is such that each trader's component maximizes
his expected utility given the equilibrium. In other words, optimal indivi-
dualistic choice and '"rational" price expectations characterize a search
equilibrium., Existence is established by first showing that any joint search
strategy generating an equilibrium is a Nash solution to the game of choosing

membership in one of the m possible trading coalitions.



Because the core is a cooperative solution to this game, a comparative
study of scarch allocations and core allocations suggests itself. But, by
example, we establish that a random equilibrium search allocation is a
possibility. Say, then, that a scarch allocation is in the core if and only
if one of its certainty equivalents is in the core. In the case of search
equilibria generated by joint strategies with the property that identical
traders pursue the same search strategy, results in the spirif of the
following statement hold: Search allocations are close to the core when
the number of traders of each type is large if all have direct utility
functions which are concave in commodities and indirect utility functions
which are convex in prices. In the context of an economy composed of iden-
tical markets, the result implies that search equilibrium allocations and
prices are approximately competitive. Consequently, limited search by
many tradcrs has the same effect as complete and instantaneous arbitrage

by a few,

2. Preliminaries

The index set L = {1,...,2}, M= {1,...,m} and N = {1,...,n}
represent the set of commodity names, market names and trader names respec-

tively. Lj’ j ¢ M, is the subset of commodities which can be traded in

market j and Mi is the subset of markets in which trader i is able to engage

in exchange. We presume that
‘L.l =2 YjeM and U L, =1L (la)
J jeM
\Mi\ =1 ¥Yi ¢ N and U M, =M (1b)

igN



1/

where l'\ denotes the cardinality of a finite sct. Markets differ either
because the commodities exchanged in them differ or because the set of
traders who can participate in exchange in them differ.

The process by which traders find one another we call search. Traders
meet in markcts. By assumption each trader can search one and only one
market per period. 1In general random search is allowed in the sense that
a trader may select a market to cearch as if sampling from a probability
distribution defined on the set of markets. A particular probability dis-

tribution is called a search strategy.

A joint search strategy is a collection of n search strategies, one

for each trader. It can be represented as an nxm vector in any of the

following equivalent ways:

1 i m
S = [sij] = (sl,...,si,...,sn) = (s ,...,sJ,...,s ).

The representative element S is the probability that trade i searches
]

market j during the period, s, = (sil,...,s.,,...,s ) is the search

J

I

strategy of trader i and s <Slj""’s 5+++.,58 .) 1is the vector of search

ij nj
probabilities associated with market j.

Let Ji denote the search strategy space of trader i and  denote the
joint search strategy space. The former is the set of all probability dis-

tributions defined on M, and the latter is the cartesian product of all the
i

trader's strategy spaces.
S = {Si e R | Z s,. =1 and sij =0 Vvj ¢ Mi}, ieN (2a)

S = X S, (2b)



Assumption (2a) allows for the possibility that barriers to exchange may
exist; e.g. some markets may either be located far from trader i or may
exclude trader i for non-economic reasons. But, the strategy choices open
to trader i are not conditioned or restricted by the strategy chosen by
any other trader by virtue of (2b). Clearly, a joint search strategy S

is feasible if and only if S ¢ /.

A joint realization of the search process is a set of m trader coalitionms,

one for each market. Let

1 i m
T= 6] = (et t) = (¢ s eentd, ot

denote a realization where tij equals unity when trader i searches market j

il,...,tij,...,tim) is

J

during the period and zero otherwise. Then, L, = (t

the vector of realizations associated with trader i and t° = (tlj,...,t,,,...,t

ij HJ')

is the trader coalition which searches market j during the period. Since

each trader searches one and only one market per period, T is feasible if and

only if it is an element of I() where TI(-) denotes the integer points in any set.
As a set of probabilities, the joint search strategy is an ex ante

concept. Obviously, a realization is the result of the random experiment

called search. The two, S and T, are related by the fact that

Pric,. =1} =s;, (1,1 ¢ Nx M (3)

By assumption none of the commodities traded are storable and all
markets are spot. In addition, preferenceg are intertemporally separable.
These assumptions rule out, the possibility of intertemporal speculation.
Furthermore, we assume that each trader acts as a price taker within the
market he searches during the period. TFinally, trade takes place in each

market in accord with a price vector which clears the market given



the coalition which searches during the period. TFormally, these assumptions
require that a market clearing price vector exists corresponding to every
possible coalition formable in market j and that a demand function exists

for trader i given any possible price vector associated with market j.

Associated with market j is a market clearing price function fj which
maps the set of coalitions which can form in j, jj, to the price space

associated with the market, Qj. The coalitions are restricted in general
as a consequence of the restrictions of the search of individual traders

and the only meaningful prices are those for commodities which are traded

in market j. In particular,

f.: J . 4
JJ’—»Q’J (4)

such that

5ot .4, (£.(t))) = (4a)
iy Y3 i

g]

-
~
<

N

oy

where dij(p) denotes the demand vector of trader i given that he searches
market j during the period and w; is the endowment of trader i. Note
that (4) does not preclude the possibility that two or more market
clearing price vectors exist and does not require that fj be continuous.

Furthermore,

= z 5 = = 1 3 -
Qj {p e RY | = Py 1 and Py 0 if and only if k&Lj} (4b)
kel
and
Jj = [tj € R \ 0=1t,.=1 Vi such that jeM, and t =0
+ RS i ij 2/

otherwise}-_ (4c)



Finally, then a market is completely characterized by (fj’ Qj, JJ).
A trader is characterized by the triplet (Ui’ W Ji) where u denotes

his utility function. By assumption u, is continuous, strictly quasi-concave

and increasing. The endowment is non-zero and the strategy space satisfies

(2) . Consequently, for every j ¢ Mi a demand function

. 2
dij' é} -4 R+ (&)
exists such that

ui(dij(p)) = max ui(x) such that px = PO, and X =W Vk&Lj (5a)

i1
X
and
3/
pdij(p) = pu, . (5b)
The indirect utility obtained by trader i during the period given
that he searches market j is by definition
mij(p) = ui(dij(p))- (6a)
Consequently, the utility obtained during the period can be expressed as

jeM

where P is a vector of m price vectors one for each market ; 1i.e.

b

P = [pkj] = (plj...,pj,...,pm).

Of course, Gi: 2 X oSy 2 R by virtue of (5) where @ is the joint price

space defined as follows:

6= X o..
jeM J



Given any particular feasible joint strategy S ¢ o/, each element of
the feasible set of search realizations I(/#) will occur during the period
with some probability by virtue of (2) and (3). Consequently, S and the
price functions defined in (4) induce a probability distribution on the

4

joint price space-@.l/By assumption, every trader must choose his search
strategy, his component of S, at the beginning of the period priog to the
realization of the search process. Therefore, he cannot know with certainty
what the price vector will be in any one of the markets in general. However,
given the probability distributions on the space of search realizations
I() and the price space generated by any S, the expected utility associated
with each trader EGi(P,ti) is well defined by virtue of (5) and (6). Indeed,
since sij = Etij from (3),

EQi(P,ti) = 2 s

o E{@lj(pj) ‘ t,, = 1}

ij ij

where E{@ij(pj) ] t = 1} is the cxpected utility that trader i would receive

ij

in market j given he were to search it during the period.



3. The Existence of Search Equilibrium

By a search equilibrium, we mean a probability distribution on the
joint price space generated by a joint search strategy with the property
that the search strategy of each trader maximizes his expected utility when
calculated with respect to the equilibrium. Let E* denote the expectation
operator taken with respect to the joint distribution on & and I(/)

generated by some feasible joint strategy s .

Definition (D.1l): The probability distribution on & generated by an

*
S ¢ o is a search equilibrium if and only if

E*ai(ti’P) =  max .Z SijE*%yij ‘ tij =1} V i e N.
s;ef; JeM

An equilibrium, then, is characterized by (i) optimal choice of a search
strategy given each trader's expectation about prices in the various markets
and by (ii) "rational expectations in the éense of Muth [9].

The existence proof which follows consists primarily of a demonstration
that the concept of a search equilibrium is equivalent to the concept of a
Nash [10] solution to the n-person game of choosing trading partners. The
démonstr;tion is more than simply the '"trick" by which existence is estab-
lished. It also illustrates the structure of the problem which arises when
each trader is assumed to use information only about prices in the various
markets to make his search strategy decision.

The set of coalitions possible in market j consists of the integer
points of‘jj, ICTj). Denote the representative vector in this set, tj,
given that tij =1 as (1, <tji>) where <tji> is tj with its ith component

deleted. Because the joint strategy space . is the product of the individual
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trader's strategy spaces, the search of any market by two different traders

arc stochastically independent events. Consequently,

t,, =11 = g6<y.>,<sJ.>0 (7)
y ij i i

Pr {tj

Yk 1-yx

X (50 (1=sy ) if (L,<y>) e 1)

K K

0 otherwise.

Note that the function g is continuous in its second argument.

Let ftlp, P e f,I(Jj), denote the subset of coalitions associated with
3 J
the price p. By virtue of (7),

E Gi (p’ti) = Z S..

BT TN T

= I s.. T o;.(p) g (<yi>,<sjf>)

. i i >
jeu M Pan I (1)<yf>)€fj1p
= Oi(si,<S£>) (8)
since s,, = E t,. and
1] 1]
= _ 1 j
<Si> = (Sl""’si-l’ Si+1""’sn) = (<$i>,...,<si>,...,<s?>§. (9

Moreover,. ei is linear in the trader's own strategy, S and is continuous
in all others, <S{>, by virtue of (8). 1In addition, definition D.l1 implies

that S generates a search equilibrium if and only if
* % _ kS v
ei(si’<si>) =  max ei(si,<3i>) 7 i ¢ N (10)
S.¢eof,
i1
But, (10) defines a Nash solution to the game of search.

Theorem 1: A joint strategy s generates a search equilibrium if and only

if it is a Nash solution to the game {91’ i=1,...,n; A.



Covollary 1: A search equilibrium exists.

Proof. Because ei is continuous in S and linear in sS4 vV igN
and because the joint strategy space # is a compact convex set, Rosen's

[12] existence theorem applies.

It is obvious that prices for the same commodity are likely to be
different across markets in general simply because of the restrictions
imposed on search and trade. However, one can show that ex post price
differentials will exist in at least one search equilibrium when all traders are
able to scarch every market and every market allows trade in all commodities.
In this case, (4b) and (4c) imply that the price and coalition space are the
same for all markets since Lj =L V¥ jeg¢M and Mi =M ¥ i ¢ N. Moreover,
there is no reascn for any traders demand functions to differ across markets

by virtue of (5a). Consequently, there is a price function f common to

all markets by virtue of (%4a).

Corollary 2: 1If all markets are identical, then random secarch with equal

probability, S = [ i ], generates a search equilibrium.

8 |~

Proof. In this case, if <Sf> = [ ] ¢ X g%, the conditional distri-

k#i

bution on pj given tij = 1 is the same for all j. Hence, trader i can find

no strategy which dominates random sampling.

In general, differcnces in the ex post price vectors in two identical
markets can be attributed to the restriction. that every trader can search

but one market per period. If this restriction were relaxed, then each



trader could spread his demands evenly among the markets. Price differences

would not exist and the common price vector would be a competitive equili-

brium. The indivisibility of the traders in their search activity, which

in our model rcflects the time required for search, is the crucial assumption.
Of course, a competitive search equilibrium does exist when all markets

are identical.

Corollary 3: 1If all markets are identical, then the joint strategy charac-

terized by Si 1 for some k ¢ M and all i ¢ N generates a search equili-

1
brium. Moreover, the price vector in market k is a competitive equilibrium

with probability one.
Proof. Obvious.

Although the use of a single market by all traders is clearly a possi-
bility, some cooperation in the form of a collective agreement regarding
which one it will be is obviously necessary. No such agreement is required
to achieve a random search equilibriun. Indeed, it is the likely outcome if
each trader is initially totally ignorant about where the others plan to go.

It is obvious from the preceding comments that much must be added to
the model before a meaningful stability theory can be derived. The remainder
of the paper is an indirect approach to that problewm. In particular, our
purpose is to find conditions under which the efficiency losses associated
with equilibria of the type generated by random search are small. As a pre-
view, note that equation (3) and the equations of (4) imply that the price
vector in every market would be distributed about a competitive equilibrium
with a small variance given random scarch if all markets were identical and

the number of traders of each of n types were large.
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4, Search Equilibria and the Core

We have shown that a search cquilibrium is a non-cooperative solution
to the game of choosing ones trading partners. The corc can be regarded as
the set of cooperative solutions to this same game. For this reason a com-
parison of the allocations associated with search equilibria with those in
the core suggests itself as a first step in the study of the efficiency

properties of the search process. As a means of simplifying the study, we

5/
restrict our attention to the case in which all markets are identical. —
11 . _ Axn . . .
An allocation x = (Xl""’xi""’xn) e K is an assignment of commodity

bundles to traders where X o€ RE, is the bundle assigned by x to trader i.

A feasible allocation satisfies

where wi, i ¢ N, is the endowment of trader i. A coalition is a vector
y = (yl,...,yi,...,yn) where y; = 1 indicates membership of trader i in
y and y; < 0 indicates non-membership. A feasible allocation is in the core

if and only if it is not blocked. An allocation is blocked if a pair (y,x')

exists sqch that

) \¥4 . -
ui(xi) >-ui(xi) 7 i such that i # 0 (11a)
and
oy.xl= I y,w, (11b)
igN P hoqen t?

where u, is the direct utility function of trader i. When x is blocked by

(y,x') it is also said to be dominated by x' via y. These definitjons are

6/

the usual oncs used in the theory of the core. ™



The commodity bundle actually received in a scarch equilibrium by trader

i is given by
T2 Bty e 1O (12)

where s is the search realization.associated with trader i and pj is the
price vector in market j. Beccause competitive allocations are in the core,
(12) and Corollary 3 imply that at least one search equilibrium allocation
is in the core. However, most of the realizable allocations associated
with a search equilibrium like that generated by random search will not be

in the core.

In the sequel we are not interested in whether a particular allocation
realized during the exchange period is in the core. Instead, we ask the
following question: Can a coalition and a feasible allocation be found such
that the commodity bundle assigned to each member is preferred to the gamble
he faces given some search equilibrium? 1In other words, would each prefer not
to gamble in search as of the beginning of the period?

Té answer this question we make use of the concept of a certainty
eguivaleﬁt. Let X denote a random allocation. A certain allocation x
equivalent to X is any which yields tc every trader a utility equal to the

expected utility of %: i.e.,
= ) ¥ s J
ui(xi) E Ji(ki) ¥ i ¢ N.

A certainty equivalent to an equilibrium search allocation is, then, any
which every trader is just willing to accept in licu of the equilibrium.

Hence, for our purpose the following definition i1s matural.



Definition (D.2): An equilibrium search allocation is in the core if and

only if one of its certainty equivalents is in the core.

e .
Let ¥ denote 4 random allocation generated by a particular

1

equilibrium joint strategy S". Because every tij in (12) is either unity
or zero, a certain bundle equivalent to x is any x satisfying
( *) ( ¥<SS) Wi N ‘ (13)
U, (X.) T 0. \s. . 1
iti 050815 ) €

.

ata
Because s, maximizes ei given <S.> and because ei is linear in 855 the
i i

following result holds as an implication of (8).

Propositicn 1: For every i ¢ N, the certainty equivalent to the search

o,
w

equilibrium bundle generated by s is any X, e Rﬁ such that

v

E*{@i(pj) | t..=11 Vjen

ui(xi) ij

and

7/

il
It

En{@i(pj) | t. 1} V¥ j such that s;j # 0.

*
ui(xi) ij

Since search allocations are random in general, the attitudes of the
traders toward risk are relevant. In our context, we need to distinguish
between attitudes toward stochastic variations in prices on the one hand

and preferences with regard to risk in commodities on the other.

Definition (D.3): Trader i is said (a) not to prefer risk in commodities

if and only if
E ui(x) = ui(E X)

and is said (b) not to be averse to risk in prices if and only if



- ~ 8/
E @i(P) b= mi( Ep).

When the direct utility function ug is quasi-concave, as we assume, a trader
does not prefer risk in commodities if and only if he is not a risk lover

in the Arrow-Pratt sense; i.e., iff u, is concave in commodities. Similarly,
the trader is not averse to risk in prices if the indirect utility function

is convex in prices.

Although the indirect utility function @i(p) is quasi-convex when
the direct utility function ui(x) is quasi-concave by virtue of the
principal theorem of duality theory, 0, is not necessarily convex if u,
is concave. 3/ Nevertheless, no trader is averse to risk in prices every-
where independent of his attitudes toward risk in commodities. For example,
consider a probability distribution on prices with an expectation equal
to that vector at which the trader demands his own endowment. Since he
préfers to trade at any other price vector, he prefers the gamble of trading
at any randomly drawn vector to trading at the mean with certainty. This
example implies that a trader may not prefer risk in commodities and simul-
taneously not be averse to risk in  prices. The results which follow
suggest the importance of this case.

Is there a feasible certain allocation which all traders are willing

to accept in lieu of an equilibrium search allocation? An affirmative
answer is not always possible. However, intuition suggests that the certainty

equivalent is not feasible only if some traders prefer risk in the Arrow-

Pratt sense. Below, we verify this conjecture.

Theorem 2: If no trader prefers risk in commodities, then a feasible certain

allocation exists which is equivalent to any seavch equilibrium.
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Proof. D.3a, equation (12) and the fact that Ektij = Szj imply

1A

% LS * %
<~ o - v i .
g G 2w (BR) =u (28 B{d () | £y = 1] ieM
jeM
The price vector in every market i1s market clearing; i.e., pj satisfies

Zt,.d.(p.)= T t,.w., ¥ je M.
3 AP S VIR B

By taking the expectation of both sides, we obtain

2 os. E{d(p) | t,. =1} = Zs w, Viebl
iey 4 "t tJ ieN **

By monotonicity and continuity of preferences, the inecquality ebove implies

e

that an x; can be found such that

* * %
X 5 Z8;.F {di(pj) 1 €55~ 11 Vv ie N
jeM
Therefore,
Pox = 33 s;.wl = 2 o
ieN ieN jeM 3 1eN
since

Z si. =1 V¥ i¢N.
jeM

The search process is not competitive in spirit to the extent that each
tréder takes account of his presence in the market when choosing one to
search. He does sco in the sense that the distribution on price used to
calculate his expected indirect utility derived from trade in a market is
conditional on the fact that he will have to search it to trade. However,

when this impact on price is negligible for all traders, a search allocation
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is not blocked provided that none is averse to risk in prices. The proof

is an adaptation of that used by Debreu and Scarf [4] to establish member-
ship of competitive allocations in the core. Let Ej = E pj and

Eij = E{pj ‘ tij = 11 denote the unconditional and conditional expected
prices respectively.

Theorem 3: If no trader is risk averse in prices, then an equilibrium search

allocation is not blocked when Eij = Ej for all i ¢« N and every j ¢ M

searched by some trader with positive probability.

Proof. Suppose the theorem is false. Then a pair (y,x') satisfying

(11) exists when x replaces x and x is any certainty equivalent allocation

associated with the search equilibrium generated by an s” e /. Let k ¢ M

<L
w

be any market for which sk # 0. There must be at least one since every
trader searches at least one market. By virtue of (11b), then,
— v
Iy (e - w,) = 0.
ieN

The hypothesis, Proposition 1 and (1la) imply

u G > 6) = EBley () | 5 =1 20y (yy) = up(d;(p))

for all i such that Yy # 0. This fact and the assumptions of (5) imply

ﬁk(xi-wi) > 0 for all such i ¢ N. Hence, we obtain the contradiction

- .
.Z yipk(xi wi) >0,
leN



To sum up, then, a certainty equivalent to a stochastic search equili-
brium allocation exists which is in the core when no trader has an effect
on the price vector associated with any market searched if none prefers risk
in commodities and none is averse to risk in prices. When prices and the
allocation are not random,the restrictions on risk preferences are not needed
of course. These results suggest, then, that the welfare loss associated
with a particular search equilibrium which is not in the core will be small
when each trader is one among many of the same type if either the equilibrium
is non-stochastic or the stated restrictions on attitudes toward risk are
satisfied. For the purpose of making the meaning of the word '"small"

precise we apply the concept of the ¢-core.

An allocation is close to the core, if it is an element in the ¢-core
corresponding to a small positive number ¢. An allocation x is in the ¢-core
if and only if it is feasible and not blocked. Tt is blocked if and only

if a coalition-allocatioun pair (y,x') exists which satisfies both of the

following:
u,(x!) >u.(x.) VY i such that y, # 0. (l4a)
ivi i1 i
! 14b
Ioy;xpE 2oy (w8 e) (14b)

th . .
where w. @ ¢ 1is the vector whose k coordinate is max {wik - ¢, 0}. Because
i

the intersection of all the g¢-cores is the core, our definition of closeness

1
is meaningful. 10/



It is a simple matter to find conditions under which every certain
equivalént to a random search equilibrium is blocked even when risk prefer-
ences satisfy the hypothesis of both Theorem 1 and Theorem 2. Suppose,
for example, that all traderé are strictly risk averse in commodities;

i.e. Eui(%) < ui(Ei) ¥ i ¢ N and any random bundle %. Because the
expected search allocation is always feasible (every realizable allocation
is feasible), the coalition of the whole blocks via the expected equilibrium
search allocation in this case.

Whenever a search allocation is blocked, the extent to which it is
outside the core can be measured by the smallest number €5 specifying
a e-core containing at least one certainty equivalent. Moreover, the
value of €, is a measure of the berefit, in terms of commodities, which
each member of the blocking coalition would obtain if the coalition were
formed. However, if it were costly to form the coalition because identifying
its members absorbs time and resources, for example, then the benefit would
not compensate for the costs when €, is sufficiently small. Since the
non-cooperative solution to the game of choosing trading partners, a search
equilibrium, does not require that anyone know the identities of any of
the traders, the stochastic equilibrium search allocation may dominate
that associated with the blocking coalition when the costs of forming
coalitions in a deterministic manner are taken into account. In the next
section we establish this possibility for large economies by proving that

€ vanishes as the number of traders of each type becomes large.



5. Symmetric Equilibria and the ¢-Core

In this section we establish that allocations associated with equilibria
generated by joint search strategies with the property that like traders
pursue the same strategy are in the e-core when the number of traders of each
type is large if certain restrictions on risk preference hold. For this purpose it
is convenient to reinterpret N as the set of trader types. Let n, denote
the number of traders of type 1 ¢ N. Fix these and distribute the aggregate
endowment for each type, w; » equally among the traders of type i ¢ N.
Then, cach trader of type 1 ¢ N can be characterized by the utility
function uy and endowment wi/ni when the markets are all identical.

Let the representative element of the sequence {Sr? denote an economy
composed of ni(r) = rng traders of each of the n types. Therefore,
the sequence of economies unambiguously increases in size and the set of
compétitive equilibrium allocations is invariant with respect to r.

An allocation which is feasible for £r is said to be symmetric if

and only if it assigns the same bundle to all the traders of a given type.
11/

It is well known that core allocations are symmetric. In an earlier version

of this paper [8], we show that any symmetric allocation not in the ¢-core is

dominated b; a symmetric allocation. Therefore, if we interpret

X = (Xl""’xi""’xn) as a symmetric allocation which assigns the common

bundle x; to all traders of type i and y = (yl,...,yi,...,yn)

as a coalition which contains the proportion Y, of the total number of

traders of type 1i, the definitions of the core and ¢-core above apply

to this section as well.

A certainty equivalent to an equilibrium search allocation is not



symmetric in general. However, if every trader with a given characteristic
pursues the same search strategy, then a symmetric certainty equivalent exists
because within a market traders of the same type receive equal treatment. A

symmetric joint search strategy can be represented as an nXm vector

S = (31;---;31;---;Sn) € o/ if we reinterpret s, as the search strategy common to all
traders of type i. Since random search with equal probability is symmetric,
at least one symmetric equilibrium allocation exists for each §r.
When the joint search strategy is symmetric, the effect of the presence
of any trader on the price vector in any market is the same for all traders
of the same type because they have identical demands and endowments. Let
ﬁij denote the conditional expected vector in market j given that any
trader of type i searches. A sequence of symmetric strategies {S(r)},
then, generates a sequence of differences {ﬁij(r) - 5j(r)}, where, of course,
Ej(r) is the unconditional expected price vector in the jth market of £r

The following result is an implication of the law of large numbers.

Proposition 2: The sequence {Eij(r) - Ej(r)} converges to zero for all

(i,3) € NxM as r 2 o.

Proof. The representative element of S(r),sij(r), is the probability
that any trader of type 1 searches market j of £r. Because the search
of a market by any two tradérs is stochastically independent, the probability
that’ ti of the rn, traders search j 1is distributed according to the
binomial with parameters sij(r) and m, for all i ¢ N. 1Its value, then,
is given by

rn, ! t rn, -t,

1 i i i
(sij(r)) (l-sij(r)) .

i

b(t;rs; (), my) t.'(rn.- €.)!
1 1 1
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For the same reasons the conditional probability that ti-l of the remaining
rni-l traders of type i will search j given that one searches is

b(ti-l, sij(r), o, - 1) . The market clearing price function common to all
markets, £, 1is homogeneous of degree zero in the vector t = (tl""’ti""tn)
~since di and w;, are common to all traders of type i. Moreover, without

loss of generality we can define £(0) = 0. Therefore,

rn,
n 1 n
p.(r) = z . 3 £(t/r) X b(t,,s,.(r),rn,) (15a)
] i:_o ti=1 1=0 1 1] 1
and
P..(r) = = Z  f(t/r) b(t.-1,s,.(r),rn.) X b(t,,s, .(r),rn, ) (15b)
tJ <t >0 t =1 t tl st K OKI "
Since
t4
b(ti-l,sij(r),rni—l) = s o b(ti,sij(r), rni),
i7ij
it fqllows that
N t, n
p..(r) = 2 —/————= f(t/r) -+ X b(t,,s, .(r), rn )
ij =0 rnisij(r) k=1 k’7kj Tk

by virtue of (15b). By subtracting the corresponding sides of (15a), we

obtain

E./rn,-si,(r)

RGOS NOREE s e

where the expectation is taken with respect to the joint distribution on t.

Because f 1is bounded, it suffices to show that the random variable

(ti/rni - sij(r)) / sij(r) converges to zero in probability as r = o,

Chebychev's inequality
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and the fact that 0 < Sij(r) < 1 imply the result.

*
Consider a sequence of equilibrium symmetric search strategies {S (r)}

which generates a sequence of symmetric certainty equivalent allocations

{x (r)}the representative clement of which is symmetric allocation in the
economy & . The economies {ir} increase in size with r in the sense
defined earlier and each contains m identical markets and n trader types.

The following result is a consequence of Proposition 2.

Theorem 4: If each trader type has a strictly positive endowment and if no
trader type either prefers risk in commodities or is averse to risk in prices,
then search allocations generated by symmetric equilibrium joint strategies

are in the ¢-core when the number of traders of each type is sufficiently large.

Proof. Feasibility is implied by Theorem 2. Suppose that the conclusion

is false none the less. 1If false, the sequence of symmetric strategies con-

tains a subsequence {Sn(rt)1, r.o =z t, gencrating a subsequence of certainty

equivalents {Xw(rt)} which is blocked from the e¢-core. Because {S(rt)} C S

and  is a compact set, we may assume that {S"(rt)} converges to an

o,

ke # 0 for

2 % % m* ] .
S = (s ,...,sJ s++.38 ) without loss of generality. Morecover, s

some k ¢ M. Because the subsequence converges, ei is continuous in S and u,
% *
is continuous, equation (13) implies that {x (rt)} converges to some X as

t 4 .

Kannai [5] has established that the ¢-core is lower semi-continuous
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in the sense that XX implies X is in the e-core of £r if x

is in the ¢/2-core of the limiting economy given continuous and monotonic
preferences. Therefore, the supposition, the equations of (14), continuity
of preferences, the lack of aversion to risk in prices and Proposition 1

imply that a coalition y # 0 and an allocation x' exist such that
' €
oy, x, €< % y. (m. 0 %)
= 2
iy b1 feny 101
and
' * 7 v . t '
Ui(Xi) > ui(xi(rt)) > ui(di(pik(rt))) Y i such that yi #0

for all large ¢t.

As implications of these inequalities we obtain

—% , ¢
Zoy,op (T (- (o 8)) = 0
ieN
and
o '
2oy Py (7)) Gy m )2 0
ieN
Because w, is strictly positive by assumption, (mi e %) - wi = %(g,...,e)

for all ¢ > 0 sufficiently small. Because £(z ) 1is in the simplex of Ri

when z #0 and £(0) =0 by convention, equation (15a) implies
= . - k -
pk(r) (ey...5e) = e(1-Pr {z (r) = 0})
' k . . .
where 2z (r) 1is the random coalition to be found in market k of dr

Finally, then, wec have

2y, G ) < B (1) () - o) 2 £ a-rrEN) 0Dz oy
ieN ieN



*
But, zk(rt) converges to s k in probability by the proof to Proposition 2.

Therefore, skk # 0, Y4 # 0 for some 1 and Proposition 2 imply the contra-
diction:

0= £ y. > 0.
2 jey &

That every sequence of symmetric search equilibria converges to the

12/
. But,

intersection of the sequence of cores is an implication of Theorem 4.
this set is the set of competitive equilibria in our model because the latter
is invariant with respect to size given our replication method. Comsequently,
a search allocation generated by a symmetric joint strategy is approximately
competitive by virtue of the Debreu-Scarf [ 4] Theorem when the number of
traders is large in the sense of r. This fact suggests that the realized

price vectors in markets in which trade takes place are all approximately equal

to the same competitive equilibrium price vector when the number of traders

of each type is large.

Theorem 5: Given the hypothesis to Theorem 4, the price vectors associated
with those markets searched with positive probability converge in probability
to a common competitive equilibrium price vector as the number of traders of
each type gecomes large if the common price rule is continuous except at the

13/
null coalition. —

Proof. In the proof to Proposition 2 we established that the variance
in the coalition which forms in any market vanishes in the limit as r becomes
large. Since the price vector in each market is a function f of the coalition
which forms and the function is continuous except at the origin by assumption,

the variance in the price vector vanishes if the market is searched with



- 27 -

positive probability in the limit.

With these facts in mind suppose that the theorem is false. Then a

W w
sequence {S (r)} exists which contains a subscquence {S (rt)}, r = t, converging

t

Y *c
to some S as t + » and a pair of markets (jl’jZ) exists such that s 1 70

oLos
w

J
and s 2 # 0 and

5.y =5, =t by 7 es D =5, = 1in ..
im p., (r =p., = (s ] =9p,, = lim p, (r ).
rco jlte jl j2 oy j2 ¢t

Moreover, because all uncertainty vanishes in the limit

* - - v .. x x
ui(xi) ui(di(pj)) (i,j) e NxM such that sij #0

by virtuc of Propositions 1 and 2, where x; denotes the limit of {x:(rt)}.

Hence, we are free to choose the sequence of certainty equivalents such that

S % *
x. =d, (p,.) and x, =4d. (§.)
1, 1 le 12 12 sz

i #0 and s. ., # 0. But, this fact
12_]

1131
and another of type 1

for any pair of types (il,iz) such that s

implies that some trader of type 1 are in effect trading

1 2

at different certain prices in the limit. Hence, the limiting certainty equi-

L
w

valent x 1is not Pareto optimal which contradicts Theorem 4. That the price
vector common to all markets searched in the limit is a competitive equilibrium

is obvious.



6. Summary and Future Research

The following picture cmerges from our analysis: In a pure exchange
economy with many markets, the process of matching traders (forming trading
coalitions) is part of the process by which initial endowments are reallocated.
The extent to which gains from trade are exploited depends on the ways in
which traders with complementary preferences and endowments are matched.

In an economy operated as a single market this function is performed by the
mythical auctioneer. 1In particular, a matching of trading partners which
maximizes gains from trade in the sense of Pareto is implicit in any competi-
tive equilibrium in the standard general competitive market model.

In our formulation the process by which traders are matched, the search
process, is not centrally directed. It is the joint outcome of the limited,
uncoordinated and self interested search behavior of all the individual
traders. As we have shown, this joint decision problem can be formulated as
a non-cooperative n-person non-sum zero game in which trading coalitions are
the outcomes. Under appropriate informational assumptions, optimal individual
search decisions correspond to a Nash equilibrium sclution to the game. This
fact cnables us to establish the existence of a search equilibrium in general.
In at least some equilibria, realized prices for the same commodity differ across
markets. DMoreover, because traders may search in accord with mixed strategies,
equilibrium allocations and prices are random in general. Price differentials
are a possibility because each trader is limited to search one market per period
and no trader knows with certainty what prices will be when he takes his
search decision.

Although cquilibrium price differentials way persist, they are small when



the number of traders of cach type is large relative te the number of markets
if all traders do not prefer risk in the commodity bundle received and arc not averse
to risk with regard to the prices they face. 1In particular the certainty equivalent
to the gencrally random equilibrium search allocation is in every e-core of
all cconomies containing a sufficient number of traders of each type when all
markets are identical and all traders of the same type pursue the same strategy.
This result implies that thc price vector in every market approximates some
competitive equilibrium price vector when the number of traders is large. In
other words, a large multi-m:irket economy acts almost like an economy with one
market under the assumed restrictions on risk preferences. )

A number of restrictive assumptions ccould be relaxed without altering
the basic logic used in the proofs. 1In the paper we assume that each trading
coalition once formed in some market allocates to its members bundles which
represent a competitive equilibrium allocation for that coalition. Possibly
it would be more realistic to assume that they obtain an allocation in the
core of the sub-economy represented by the coalition. Although the '"message
space" would have to be enlarged, the existence proof would go through.
Moreover, because the number of traders in the coalition formed in each market
searched with positive probability will increase in size in proportion as the
sizeiof the'economy increases, any such core allocation approaches some com-
petitive allocation in the limit. Hence, one would expect that Theorems 4
and 5 would continue to hold under this alternative specification. Of course,
they will not hold if any one of the trader's sets prices as either a monop-
sonist or monopolist as Mortcnsen and Phelps and Winter respectively assume

in two somewhat related models studied in {117,



It would be of interest to include some form of intertemporal speculation
in the model. This could be done either by allowing the traders to hold inven-
tories or to exchange futures contracts of some type. In either case it is
optimal for each trader to set reservation prices, prices above or below which
the trader will not join the coalition as either a buyer or seller respectively.
The micro economics of this problem is the central issue in the literature on
price search. The model developed in [7] represents an initial effort in this
direction. The results obtained suggest that the principal conclusions pre-
sented here continue to hold. i

Questions concerning the dynamic stability of search equilibria are probably
the principal ones left unanswered here. To formulate such questions, of course,
an adjustment process must be specified. The process by which traders learn

about the price distribution in each market would presumably be an important

component in a dynamic formulation of the search process.



FOOTNOTES

It goes without saying that there are at least two traders and two markets,

Later we reinterpret N as the set of trader types. 1In that case tij

is rcinterpreted as the proportion of the traders of type 1 who belong

to coalition tJ. It is for this reason that we want JJ to be a dense

set but restrict the set of possible coalitions to ICJJ) when there is

8/

only one trader of each type.

The term px represents the inner product of the two vectors p

and x.

Note that each individual market can be thought of as an economy with
“random agents." The probability distribution defined on the set of

possible agents is determined by S, the joint search strategy.
The general case is considered in an earlier draft [8] of this paper.
See Arrow and Hahn [1] p. 184.

Because all markets are now identical,demand and indirect utility
functions are independent of the market searched. For that reason

j 1is dropped as a subscript on di and Wy here and in the sequel.

Note that both properties are local in the sense that they depend on

the "location" of the distribution in question.

Sec Hanoch [16] for a discussion of this point as well as a summary of

known results concerning preference for stochastic variation in prices.

The concept of the ¢-core was introduced by Shapley and Shubik [14].

Our definition corresponds to that of the "weak e=core" in Kannai [5].

See Debreu and Scarf [47.



See Kannai {5].

The market clearing price function £

origin because it is homogeneous of degree zero.

If only onc market is searched, the theorem is trivial.

can never be continuous at the

Indeed, this

case is covered by Corollary 3 to Theorem 1.
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