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Abstract

A strategic interpretation of a convex game is given by formulating a
sufficient condition for a convex game to be derived from a strategic form.

Two well-known examples of convex games are examined to see how the sufficient
condition is satisfied.
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1 Introduction.

The convex game, introduced by Shapleyv {6]. is a cooperative game that
exhibits an intuitively appealing property that incentives to join a
coalition increase as the coalition becomes large. The property, often
referred to as a snowballing or band-wagon effect is formallv equivalent to
the definition of the convex game. Therefore. the convex game itself does
not explain why and how such an effect comes out when the game is plaved
cooperatively.

In applications of cooperative games, we medel the given situation by
constructing the characteristic function. considering the relevant strategic
opportunities open to coalitions. The game of "lake" due to Shapley and
Shubik [7] and the recent bankruptcy game due to 0'Neill [5]. Aumann and
Maschler [1] are the examples of convex games in such applications.

The usual way to derive the characteristic function from strategies
taken by the coalitiong is the maximin principle of von Neumann and
Morgenstern [8]. But, it is well known that the maximin principle only
assures that two disjoint coalitions have incentives to join each other.
i.e., that the derived characteristic function is super-additive.

This note considers the duestion that under what strategic
environments, plavers will have incentives to join larger coalitions. We
shall formulate a sufficient condition for a convex game to be derived from
a strategic form through the maximin princinle. The strategic form we set
out is a usual one except for the cost function to each coalition. This is
simply an expression of the fact that the net benefit to a coalition is
given by the difference bhetween the benefits and costs associated with a

selection of strategies of all plavers.

o



Our condition for the convexity is concerned with the marginal
contribution of plavers. It requires that the marginal contribution of
players when they join a coalition must bhe greater than or equal to the
amount they produce by full non-cooperation; namely, by playing their part
of the strategiles that induce the worst state to the coalition, and the
marginal contribution must bhe smaller than or egual to the amount they
produce by full cooperation:; namely, by playing their part of the strategies
that bring the bhest state to the coalition. We show this condition is
sufficient to obtain a convex game, and illustrate how it 1s satisfied by
two well-known examples: one is the game of a public good, and the other is

the bankruptev game.

2 The Strategic Form for a Convex Game.

Let N={1....,n} be a finite set of players, and let S be a nonempty
subset of X. We call S a coalition. A strategic form to be considered here
is given by G=(N.{X_} {u

), where

U VD SRS Mo S
S 8EN i’ ieN SSEN

is a strategy set of player i,
1 . . .
UitX1 -+ E7 dis a utility function of i. and

C.:X,, = E is a cost function of S.

We adopt fthe conventional assumption that the utilities are
transferable, sidepavments are allowed and the costs are measured in terms
of the same unit as the utilitv. Then, the classical von Neumann and

Morgenstern characteristic function v can be defined as follows:
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Definition 1. For all ScN.
F(S) = maxmi . X X —C 1
v(S$}) = maxmin { sy (Xg Xy (1-Co(Xg Xy )],

where max is taken overall X €Xo . and min is taken overall X ¥y g

We assume the maximin is attained for esach SEN so that v is given by

. S _S 53 8 ; .
vi(8) = L. (XD - < : N
(8) iesly (Xg Xy o) Cglxg Xy o). for all SeX.
Notice that if ScT. then XT=(XT XT j€X,. but not necessarily XT=XJ
' ’ T 5'°T-8S T Y Ty T8 TS

Let (N,v) denote the characteristic function game. It is well known
that if c¢.z0 for all SEN, the game (N.v) thus defined is super additive,
i.e.. vI(3)+=v(T)gv(8UT) for all disjoint S.TEN. Following Shapley [8], the

convex game is defined as follows:

Definition 2. (N.v) is a convex game iff for all S.TEN,

vi3) + v{T) £ v(SUT) - v(SNT).

The convexity implies the super additivity. Our main assumption is the

following:

Assumption I. If SCTEXN. then

(1) V(T 2%, _u(xo.x> - >

( 1erV Xg Xy g) mClxg Xy o)
P o I-T ~T - 'f ’T
(ll) ‘(b) sl iGSui\XT’kN“T) CT(XT’XN-T)'

To interprete this assumption, let us rewrite (i) and (ii) as follows:

s 5.8 T T
iid L, U (KDL < V) -v(S) £ L, (X X .
{ ) jeT-g4q(Xg Xy gt vIT)-v(3) < ZlGT"SUl(YT Xv 1)

The amount v(T)-v(S) measures the marginal contribution of the members in T-

5. Thus, inequalities (iii) gives the lower and upper bhounds to the



marginal contribution. The first inequality states that it must be at least

equal to the amount thev would produce by plaving the part of the strategies

.S - ) R . 1 s ,
XY—Q: that is, by plaving most antagonistically against S. This would give
them the incentive to join S and take cooperative strategies., On the other

hand. the second inecuality states that the contribution of T-§5 cannot

exceed the amount thev would produce by fully cooperating as members in T.

We can now state our theorem.

Theorem. Under Assumption I. the game {(N,v) defined by Definition 1 is

convex.

Proof. Let S$.TGX. Then,
ey L . S S S 5
AN = T) = s X X - h N
vis) = viT) Zlesul(hS'hX—S) Culxg. Xy o)
) T T 3 T T
: ZiGTui(XT'XN—T) CrlXp X g
We may assume without loss of generality that
S _S T T
s, ¢ ~ > Loy s Xone
Zlef_8u1(XS"XN"S) > ZieT«Sui(hT’YR"T)'
Then,
. . . 5 S T T -8 S
vis) - vw(T) = L, X Xy )~
) (T} lesul(xs YR_S) ZlGT—Sul(\' YN'T) CS(YS \3~S)
(XT XT ) -~ ¢ (xT !T }
1€TNS™i "T'7°N-T T 7T °N-T
<5 $ s 5 8
= Fiesurty Ko ¥y ¢! 7 C5 ¥y ¥y g
T .T T .T
- L. {X...X - e (X..X
1”TﬂSu1‘kT'\N—T) LT(\T XNMT)
= Y7 ! - ’SS
VIS) T Liesury-sty (X5 Xy g
L T T
+ vIiT) ZjeT'(TﬂS)ui(hI'hN—T)
Hence., by Assumption I or {iii), we have
v(S) = v(T) < v(SUT) - v(sNT). QED

We now consider a variant G'

of the strategic form G by introducing an



outcome function h a

follows:

CS(X) = ¢(hix)) for all SEN and XEXY.
. (x) = bi(h(x)) for all ieX and XGXY.
where

h:XN - E° is an outcome function.

m 1oL . .
c:E” - E7 is a cost function. and

m 1, g .
bi:E -+ E7 dig a utility function.
Assumption II. Assume that SETEN. Then,

(i) for each Zﬁexs’ there is a yTEXT such that
’ S
h(v 'I ) = h(z..X .
\ T S X—S)
{ii) for each Vr€X, . there is a z€Xg such that
< 3D
5 T
hizo.x2 o) = hiv..x{ ).
“$N -5 CUYTUON-T
This assumpiion states that if SE€T then as far as the worst
concerned 5 and T are in the same strategic enviroenment, i.e.,

realize the same outcome,

Pronosition.

Assumption 11 implies Assumption 1.

Proof. Let SST. Then, Assumption II implies
S S S .S
I, e )
e .(h( S A S ) ((ﬂ(h% L\__S):
= T b (v, xe ) )-elhiv,. s ) € viT).
ieT™§ T \ T )—T -
and
. T T T .7
aa b Ro XL j-¢ .1 )
lEb)l(h(\I Xo_qp)) cl{h(x Xp Xy p)
= ¥ b.(h(z 5 Ji-ce(} (“ 'S 1l < v(S) QED
ies?y MEg Xy glImelilzg. Xy g1 = VST
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Although Assumption 1I is strong, there exists a tvpical economic
example. called a public good game. which satisfies it in a natural wav. We

show this in the next section.

3. Examples.

3.1 Provision of a Public Good. Our theorem has a natural econonic
application. Consider a public good economy where each coalition S can
supply v20 amount of a public good at cost c({y) in terms of money. The cost
c{y) is born by the members of S, and possibly by plavers in NX-$ if they are
willing to do so. Each plaver i obtains the monetary benefit bj(y) when
consuming v amount of the public good.

Assume that each bi is continuous. increasing, bounded from above and
bi(0)=0, and that ¢ is continuous. increasing and c¢(0)=0. The inverse of c¢
is denoted by ¢. The strategy X; of each player i is taken to be the amount

. s . . T
of willingness to pay for the public good. Then. the strategic form 6P for

the public good provision mav be given by

Xi = [0. ) for each ieN.

AR Xy = b, ‘o ‘or all i€S and all SGN.
Ui ixg Xy o) bl(q(zles)), for all i€S and all SGN.
Colrg Xy o) = Zjexxi zieN~SXi’ for all SEN.

The characteristic function v is then given by

vi(8}) = max{¥. _.h. (a(X. ) - . Ix 1 4 ; SCN

i 1ES‘1(1( lESxl)) ZiesxitheXS;. for all SCXN.
We call the game (N.v) the public good game. Notice that for each SCEN.
5 ., . . . ‘o .
AV—QZOGXV «- That is. no payment is the maximal damage that coalition N-S
A . INTO

can inflict upon S.



Corollary 1. The strategic form 6P for the public good game satisfies
Assumption II.

Proof . By the assumptions on bi and c¢. v{S8S) is well--defined. By
Proposition, it is sufficient to verify (i) and (ii) of Assumption II. But,

these follow from the fact that for all R.WEN, and all Xp€X there is a
\

R
YyeXy, such that

£ - ;
1eR™i T Sjew¥i-

= ™

and the fact that x. TIOGXV T for all TEN. QED
T N

o4

The public good game (N.v) can be also given a priori by
vi{s} = maX{Xiegbi(y)—c(y)lyZO}¢ for all SEXN.
The convexity of this game was proved in Kaneko and Nakayvama [4]. Champsaur

{2] has also given a set function with the convexityv in a model of public

goods .

3.2 The Bankruptcy Game. The hankruptcy game (0'Neill [5], Aumann and
Maschler [1]) is also an example of our theorem. Let E be the estate of a
bankrupt, and let di>0 he the debt to creditor i. X is the set of all
creditors. Assume that

0 fEsDh=Z, . d
1€&Qi'
The bankruptcy game is then defined to he the characteristic function game
{(N.v) such that
v{(S) = max (0, E-X. . c :
(S) nax {0, F Jex—sdj) for all SEX.
Curiel. Maschler and Tijs [3] have shown that the bankruptcy game is convex.

The bankruptcy game can be derived from the following strategic form



-b X . , . . . .
GY, The strategy of each plaver i consists of making a concession x, of
1

his demand; namely. he can obtain the amount d, only if he pays the cost

1.

, b .
Xy Then G~ may be given as follows:

X, = [0, d.] for all ieXN.
= d if <. > D-E
s ¥x-g) T4y AF Eye¥y 2 DOE

= 0, otherwise.

) = E, ,xi for all ScN.

Note that di is not the net amount that player i finally obtains: he must
bear its cost, and therefore, will end up with only a reduced amount.

. . . . t

That the bankruptcy game is derived from G° can be seen below:

It di2D~E, then for any x_. _€X_. S there is a joint strategy Qqexg

.
i€s N-S TN~

such that

A .
2, . .X. + %, . .Xx. >D-F
ies®i iex-s%i = Dok
Hence.
v(5) = max{¥, _u.(x YS Y- X, |Z X.2D-E}
1€STi S XS jes™ i €S 1~
= max{r, .-, X.|Z. .x.2D-E}
{ iesty ZlESYll jeg¥ZPE
= Ziesdi~(D—E).
. .. A
. d ~E * any X €X_ there is a strategy eX,.
If Zl€$“j<D E. then for any hSeXS there is a Jjoint strategy XN~SC\N—S
of N-S such that
. A .
, .x. - X, . X, -E.
165‘1 Z16&-—8)‘1 < Dok

Hence.

$) = max{0-L, _x
vis) max{ ¢ Zleshiiz

{

(esX;<D-E} = 0.

Hence !N.v:i is the bankruptcy ganme.

We now show that the condition (iii) is satisfied. Let SET. and assume



that v(T)>0. If XiesdizD_E, then

i
™

v{T)-v(8) d

1€T-571
= L. . u,(xT XT } = L v (xS xS )
1€T-S71i T " "N-T 1€T-871 78" N-5""
If Ziesdi<D«E. then v{S)=0 and
0 = E, 0 o (X0, %0 ) < v(T)-v(S) = E._.d.~(DE)
1€T-871"78" X85 ieT 1 -
T T
<E, . od., =
jer-s% zieT«Sui(XT’xN-i)
Finally. if v(T)=0, then . _d.<D-E and
iesri
- S s T T
0 = L, = v(T})- < - -
leT~Sui(xs,xN_Sl v(T)-v($s) £ XieT—Sui(XT’hN—T)
This completes the proof of the following Corollary.
Corollary 2. The strategic form Gb for the bankruptcy game (N,v)

satisfies Assumption I.

4. Concluding Remarks.

We have given a sufficient condition for a convex game to be obtained
from a strategic form, and two examples illustrating this. Since the class
of convex games is narrow. any sufficient condition as considered in this
note would tend to be strong. Therefore, there will be convex games which
are not covered by our assumption. In particular. the stratlegic form Gb for
the bankruptcy game does not satisfy Assumption II, though the strategic
form GP for the public good game does. Notice that. in characteristic
function form, the bankruptcy game is a degenerate public good game. Hence.
this would imply that the public good game is, in a sense., generic to our
sufficient condition.

We have confined ourselves to games with sidepayments. A more

challenging question would he to ask iIf it is possible to give a strategic
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interpretation to convex games without sidepayments, This would merit

further study.
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