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Abstract

We study a cooperative game in which one agent has an information on a
new technology and tries to sell it to n producers under the complete
possibility of prohibiting its resales. We derive a necessary and
sufficient condition for a nonempty core, interpret this condition,

characterize the trade in the core, and examine the nucleoulus and its
implications when the core is empty.
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1. Introduction

In this paper we study a cooperative game in which one agent {ries o
seli a new technology to n producers wiho produce the same output with the
same profit. The seller is not a producer. The new Technology may increase
the profit of the producers who acquire it, but may decrease the profit of
the producers who do not purchase it. There is also an externai diseconony
such that as the number of producers who use the new technology increases,
the profit of every producer may decrease. Resales of the new technology
are now aiiowed, so that the selier can choose the number of the possessors
so as to maximize a joint profit of the producers. The producers, on the
other hand, can make a binding agreement not to buy tne new technology if
They want to do so.

Such a cooperative game model may give new insignts in understanding
some of ihe issues on information trading cisciosed by noncooperative gane

modelis. For example, it is known that the prof

[N

t of the buyers of the new
technoiogy generally declines relative to their preinnovational level due to
the noncooperative behavior of buyvers (Kamien and Tauman (1984,1986)). In
cooperative modeis where the binding agreemen:t not tTo buy the information
can be made, the above concliusion will depend on whether the core of the
game 1s empiy or not.

The second point is that when the industry becomes a monopoly in the
noncooperative setiing such as Kamien and Tauman {1984} or Muto (1986),
wnich occurs if the innovation is arastic in the sense of Arrow (1862},
cooperative behavior might guarantee certain profit shares to ine producers
wno otherwise had to be expelled Irom the market. This wili also depend on

the nonemptiness of the core, or other soiution concepts adopted to



determine the profit shares.

Another point would be that if we interpret the profit share imputed to
the selier as the value of the technological innovation, then this is not a
private value but a 'social wvalue' reflecting the coalitional behavior of
plavyers. in this respect, Katz and Tauman {1985) provided a cooperative

game in which a social vaiue of innovation was given by the Shapley value of

[

the seller. There is another cooperative solution concept, the nucleolus,
which is aiso useful to determine the profit shares that may be thought of
as representing a compromise among the coalitions.

Our analiysis will be focused on the core and the nucleoius of the game.
The results can be summarized as folliows:

{i} The core is notT necessarily nonempty. It is nonempty if and only

N

if each producer can expect at least the profit ¥ of the preinnovational

¢

level (we will express this by the inequality: e > =, where e0 denotes a
certain level of profit <that each producer can expect fo obtain under
the coalitional behavior)}. This condition is equivalent to saying that the

value of the new technology to a coalition takes its maximum at the grand
coalition.

{(2) If the core is nonempty, the information is sold at
producer. if, in particuiar, ihe external diseconomy is strict on the
profit of nonpossessors of the new technology, then the nonempty core
indicates that every producer getis the new technoliogy.

(3} The seller generally obtains a positive profit in the core, which
is greater than or egual to the amount left when every producer obtfains
exactly eO which he could expeci to obtain, and is smaller than or equal to

the amount left when every producer obtains exactly the preinnovational

AW



profit E. However, some of the producers can be assigned a vrofit lower
- . 1 , . . . 0 - i . s
than E in the core, excepnt when the eguality: e = E holds; in wnich case

the core reduces to a single point indicating that the selier is the oniy

plaver obtaining a positive net

ko)

rofit in the game.

{4) If we assume that the underlying profit structure of the indusiry
kas a property what we cail monopolistic, then the core of the game is
empty. This means that monopolistic shares of profit cannot arise in our
cooperative game as a coalitionally stable outcome of a trade.

{5) The nucleoius assigns to each bproducer <he profit share which
always results in an amount petween e? and E, and to the seller all the
residual.

{6) There exists a case in which {he nucieonlus gives a compensation to
the seller for not selling the new technology at aii. This occurs, in
varticular, when the profit stiructure has the monopolistic property, so that
the core is empiy {see (2) and (4))}.

These are the results obtained from an abstract model without an
expiicit formulation of tne underivyving economic structure of the industry.
We choose to start with giving fhe profit structure which can be thought of
as piausibie in such an indusiry. Therefore, our model is not exactly =&

cooperative version of, say, Kamien and Tauman (1984} but rather is a

cooperative game with its own interest. Nevertheless, these results provide

Jde

new Iinsights as <o tThe nature of a irade of a new technoiogy from a

cooperative point of view.

2. The Profit Structure

Consider an indusiry where there are n producers producing the same



nomogeneous output with the same {echnology. Assume that the profit of each
producer is identical and given in terms of money. There is another agent
wno has an information about a new technoliogy which may increase the profit
of & producer who acquires and utilize it. The agent has no means of
production, so that he can act only as a seller of the information.
Hereafier we use the words information and new tTechnology in the same
meaning.

The underlyving economic situation is as follows: the profit of a
producer may decrease if he does not purchase the information and continues
to use the ‘old' technology; and the profit of every producer may also
decrease by the increase in the number of producers who purchase and switch
to the new technoliogy.

T N,. . . . s . 4 :

83y B” (¢} and E (t), we denote the monetary profit of each producer who
has the information and not, respectively, when there are 20 nroducers who
have acguired the information. Then, the above assumpiion can be summarized

as follows:

Assumption i. E"(g¢) = E > 0,
h i P —
Y0y < (1) 2 EP(2) 2 ... 2 EF(n).
N N N N .
Ny > 21y 2 N2y > ... 2 V-1 2 oo,
. o2 _N, . v a .
and E°{t) > E {t) for all t = 1,2,...,n~1

s s . P . oN i e . - - ,
Notice that E (0) andé E (n} are not defined. However, for convenience, we

- ‘D -'N’ N 13 - 3 4 P N "‘N ERRY H Ly 1
ut E" {(0)=E"{n}=0. We call the collection {E {{),E (f) | t=0C,1,2,...,n

e

-

satisfying Assumption i1 the profit structure of the industry.

e
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3. The Gane.

Let N = {6} U N be the set of plavers, where ¢ is {he seller of the
information and N = {i.2.,...,n} is the set of ail producers. Anv noneampty

o a0 - - e . 0 B, . .
subset of N will be called a coalition. By S§°, we aiwavys denote a
coalition that contains 0, i.e.. S° = {6} US, S € N.

» e . e wP oy 2Ny - ; : Csas .0

Given the profit structure {E (t),E (t} | ©=¢,1,2,...,n}, coalition S

seeks to maximize iis joint profit of productiom if a trade of <the

information is to be carried out. Resales of the information can be
— s . . 0 ) . L e s s .-

completely prohibited, so that S  can determine the profit independently of

. . . I G . : . C s
the compiementary coaiition N - So. On the other hand, any coalition S €

N cannot acquire the information, and the worst conceivable state would be

wnen all the other producers not in S acguire the information.

Let v denote a function that assigns to every coalition its maximal

joint profit. Then,
, o0 P NN .
vi{ST) = max {tE (i) + (s-T)E (t} | te{G,1.,2,...,8} }
N
for a11 s® c N7,
ana
. | \ . .
v{S} = sE (n-s} for ail S € N,

N . . .- . . -0 - .
where and hereafter. s denotes the number of producers in S and S. Thus,

0

c s .. . “ . . . . . 0
the information trading in N~ is represented by the cooperative game (N ,v)

in characteristic function form. Notice that the number of the producers
. s .o L. . 0O, . . _ P ) o
possessing the information in S° is not necessarily s. We define t{s} to be

s X s . . s . . . G ..
the number of the producers possessing the information in S if

t{s) = min {r i rEP(r)+(s—r)EN(r)=v(SO), re{0,...,s} }.

That is, we assume that the information is shared by the smaliest number of

. . s . . s 0 .
producers in case tThere are more than one numbers that attain v{(S ). Before



completing the description of the game, we state here a straighiforward

property of v which wilil be use

[}
Juut
<Y
ot
@
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Lemma 8.1. v(N%) > v(s%) « (n-s)EN(t(s})), for a1l s° ¢ N7.
Proof. By definition,
v(s%) = tisyE (e(s)) + (s-t(s))EN(t(s))
= t(s)E  (t(s}} + (n-t(s})EN(t(s})
- (n-t(s)EN(t(s)) + (s-t(s}}EN(2(s))
o

< v(N%) - (n-s)E(t(s)). QED

.. - 4 e . G ~
Based on this lemma, we define a parameter e as follows:

e o o 0 .
e = max {e | V(N )} 2 v(S87) + (n-s}e,

for all nonempty sY < NO. ¢ = NO}‘

- N c . . . e P , -

The parameter e is the maximum value that every coalition § aas %o allow
. L . . 4] . - . . L .

each of the producers not in 8Y to obtain. We interpret eo as the maximum

vaiue that every producer can expect to obtain by participating the grand

4o O ) J. 5 .- . . . .
coalition N°. The parameter e will play an essential role in our anaiysis.

4. The Core

g X ....,xn} be an (n+i)-dimensional vector such that Xq + Xy

o t X o= v{N }. We call x a payoff vector. If a payorif vecior x

Cioes e L R Ce 0 . . . ,
satisfies that x, 2 v({i}) for all i € N . we call it an imputation. The

£
N
core of the game (N”,v}, denoted by €, is the set of all payoff vectors x

fr e . 0 - . .
such that LiGS X, 2 v(S} for all S € N . For notational convenience, we

shall write xX{(R) instead of I, X. whenever X is

£ ¢ R i
ieRr a payoff vector and R is a



subset of NO.

The first resuit is a necessary and sufficient condition for the core

0 be nonempiy.

Theorem 4.1 C #@ if and only if eO > E.
Proof. (necessity). If x € C, then
O 0, .
X, £ viN'} - v(N} = v{N } - nE {4.1)

0

On the other hand, by the definition of ec, there must exist some integer r

< n-1 such that for ail R° c n° with §R05=r+1,
x(RO) > v(R”) = v(NO) - (n—r)e‘U
Hence, x(NO—RO) < (n—r)eb. Summing over all NO—RO with QNO—RO§=n—r we have
C x{N} = C (n—r)eo
n-1"np-r-i T~ nn-r - ’

where n’n denotes the number of combinations which selects r out of n.

x, 2 v(N°) - ne’. (4.2)
Combining (4.1) and {4.2). we have eO > E.
{(sufficiency}. Let X be a pavoff vector such that
Xy = v{NO) - neo, X, = e0 for all i € N.
Then. by the definition of e°,
x(s%) = v(d®) - (n-s)e® 2 v(s®) for a11 5% ¢ x
And, by Assumption 1,

x(S) = se’ > sE > sE(n-s) = v(S} for ail S C N.

QED

The meaning of Theorem 4.1 is intuitively clear: the core is nonemptiy

if and oniy if every producer can expect to obtain at least the

-1



nreinnovational profit E in the game. This is a precise statement of what
Kamien and Tauman (1984) conjectured in tThe summary.

A more accurate interpretation can be obtained as follows. or each s0

)

= {0} U S, let us call d(SO) = v(SO}—sE the value of the new technonlogy to

.- G . . . . . . < R o X
coalition §°. Then the core is ronempty if and only if the value of the new

. Y . . . 0 .
technology takes its maximum at coalition N . Namely:

Theorem 4.2 C # @ if and oniy if d(N°) > da(s®) for a1l s° ¢ n°.

Proof. (necessity). Suppose d(NO) < d(SO) for some S0 £ NC‘ Then we

e

have V(NO) < v(SG} + (n-s}E. By the cefinition of eo, this implies e‘J < E.

Hence, by Theorem 4.1, £ = @.
et s o 0 0, - SN o ..
(sutfficiency). We have viN } 2 v(S } + (n-s}E for all § € N, which
0

means e >» E. Hence, by Theorem 4.1, C = @. QED
The foliowing proposition states the relations beiween the nonemptiness

of the core zand the number t(n) of the producers who actually acgiure the

information.

Proposition 4.3 (i} C = @& impiies t(n) = C.

- - =N - s e PN
{ii) Assume that E > E (1)} Then C = @ implies ©(n) = n.
Proof. (i) By Theorem 4.1, we nave e 2 E. Hence, by the definition
= 0 _Y .0, - = - &0 o 0 - - o
of e, w{N') 2 v{S'} + (n-s}E for all 8 # N . Therefore, if t(n) = 0 we
o s PR T , ~ 0, - BN ¢ BT ¢ N
must have Vv{N } = nE, so that sE = v(S~) for alli § % N . But, this is a
. ce o . 8 .
contradiction because for S° = (0,1} we nave

v{{0,1})} = max {EP(I},E} = Ep(l) > E

by Assumption 1. Hence t{n) # 0.



{ii) Suppose on the conirary that t{n) < n. Tnen, if x € C and i € N,

we have
x. <o) - v’ - {1})
Ly P N v
< t(n)E (t(n)) + (n-t(n})E (t{n))
~ t(mE (t(n)) - (n-1-t(n}}EN(t(n))
= EN{t(n)).

Summing over all i € N, we have
Ny < neN
X{N) = nE"(t{n)).

o ) z - P ] 3 k) P - ‘
Cn the other hand, the fact that x € C and the assumption that E > Eh(l}

imply
X(N} 2 v(N} = nE > nEN(l)_
; =N, N, ., R, e . - . .
Hence. E"(t{r)) » E (1}, which impiies that t(n) = § by Assumption 1. But,
this contradicts {i}, so that we must have t(n} = n. QED
= < =N,

The profit siructure with E > E (1) simply says that the profit of a

producer who does not acguire the information will be strictiy lower than

the preinnovaitional level. In this case, every producer obtains the
information as an outcome of the trade in the core. Anyway, there is at

least one producer who obtains the information if the core is nonempty.

We can now partialiy characterize the imputations in the core.

Theorem 4.4  Assume that el > &, and let
n+i 0
K=(x e R | x0%) =vn®), e xsx, 2e® forallien).
Then: (i) Kg¢c¢.
- n s R 0 0 -0
{ii} x € € implies v(N”) - ne" € x. < viN"} - nE,
PR - C — - ~ 5 O fed o Y
{(iti) If e” =E, then C = K = {{v(N ) - nE, E,...,B}}.



0 0

Proof. (i) 1If x € K. then for all §° € N,
x(NO ~ SO) < (n—s)eO
Hence, by the definition of ea. we obtain

x(8%) = v(8°) - (n-s)e’ 2 v(s®) for a11 8% c N,

For all 8 € N, we have
3 ; N =
X(S) 2 sE 2 sE (n-s)} = v(S).
{ii) This foliows from the inequalities (4.1) and (4.2).
{(iii} Let x € €. Then,
Xg = v(NO) ~ neo = v(NO) ~ ni& (4.3)

Then, since (4.2) now holds in equality, there must exist a nonnegative

integer r < n-1 such that for all RY ¢ NO with [ROE = r+1, x(RG) = V(RO).
By (i) of Proposition 4.3. we have r # 0. Otherwise, we would have Xg = 0 =
v(NG} - nE by (4.8), so that the contradiction that t(n) = 0. Hence, RO #
{0}. Take any i € RO. i #0and j € N0 - RO. Recall that RO # NO. Then.

. Cro s 0
x((R~(1) U 31 = x®) - x; + x; = v&).
Hence X, = xj. Repeating this procedure we eventually have
X, = x, = =x_ = (V(NO) - X,)/n = E
1 2 -~ n o :

Hence C € K. The converse follows from {i). QED

Property (i) says that the 'normal' imputations are contained in the
caoare 1if it is nonempiy. But. of course, the inclilusion may bpe proper.
e iy o e I . o .
Property (ii} bounds the profit share to the seller. When e = E, the core
reduces to a single point. Notice. in this case, that Xg > C because tT(n) #
0, so that the seller is the only piayer in the game who obtains a positive

net profit.

We now turn to the case in which the game has an empty core. A typicail

i0



example of this occurs if the profit structure is of a particular type as

follows: we say the profif{ strucifure is monopolistic if

EN(l) =0, and E (1) = tE" (t) for all t = 1,...,n.

For example, in the linear oligopolv model studied by Kamien and Tauman
(1984}, this profit sitructure is induced in case the new technology 1is

drastic.

1l
8

Proposition 4.5 If the profit structure is monopoliistic, then C

Proof. By assumpiion. we have

d(NO) = max {Ey(l), nE) - nE = max {Ep(l) ~ nk&, 0}
D .
< E (i} - 2 = v({0,1}) - E = 4d{{C,1}).
Hence, by Theorem 4.2, we have C = @. QED

Under <the monopoiistic profit structure, the industry would become a
monopoly if producers acted noncooperatively. Proposition 4.5 states that
in this case coaiitional behavior of players bprevents any imputation from

being the stable outcome as far as the core is concerned.

5. The Nucleolus

So far, we have considered the core to see what imputations can be the
siable outcomes of the game. We now turn to the question: what imputation

1

should then be the outcome, especially when the core is empty? Whilie in
general this is a difficult guestion to answer, we shall examine the

nucleolus and its implications in the cooperative trade of information. For

other recent economic applications of the nucleoius, see Legros {(1887).

=t
[



The nucleolus is a cooperative solution concept which exists unigquely
and is contained in the nonemptv core (Schmeidler (1968}). Intuitively, the
nucleoius is the outcome of the game that represents a compromise among

coalitions such that the largest 'dissatisfaction' of all coalitions is
thereby minimised. For the formal definition, see Schmeidler (1969). We
only state below the property that is needed in the proof.

Let x be an imputation of the game (No,v), iet v(R}-x(R} be called an
excess of coalition R ¢ n° given x, and let 8(x) be the 2% *._dimensional
vector obtained by arranging the excesses of ail coalitions in <the
nonincreasing order. Then, the nucleolus has the following property: X is
the nucleoius if and only if for all imputations v # X,

n-i, ,

t Y} e {
3o Gj(x, = ej(y) }.

Thus, the nucleolus is the imputation that minimizes ihe vector 8(e} in the

Sh(x) < eb(y), where h = min {je{i,2,...,2

iexicographical oraer.
To obtain the nucleolus of our game, we need some notations. For any

real number e, let f{e) and g(e) be defined as foilows:

max {v(s9)-v(x)+(n-s)e | & = s® c 80, s® = x¥3,

f(e)

1l

gle) max {v{S)-se | & 2% S € N}.
These functions give maximal excesses to coalitions S0 and S, respectively,

against the payoff vector (v(NO)—ne,e,...,e).

Theorem 5.1 Let x* be the payoff vector defined by

0 - 1.
X*O = v{N”") - ne*, and x*, = e* for all i € N,
XL
. u o c e - , . . .. ) ¢
where e* gatisfies f(e*) = g(e¥*). Then e*¥ is uniquely determined beiween e
c s . - )
and E. and x* is the nucieolus of the game (N ,v).

Proof. See Appendix.



The nucleolus x* of the game (NG,v) is thus the imputaition <t<hat
balances the maximal dissatisfactions between the coaliitions containing the
selier and not. The profit share of each producer is always beitween eO and
E, and the seliler aiways obtains a positive profit share. When the core is
empty so that eO < E, the producers compromise with the profit less than the
preinnovational ievel E.

The number of producers who acguire the information as an outcome of
the game was indicated by i(n). When the core is empty and t{n)=0, in
particular, a positive profit share 1o the seller wouid imply a compensation
for not seiiing the information. This occurs, for example, if the profit

structure is monopolistic.

Proposition 5.2 Assume that the profit structure is monopoiistic.

. D
{i) 1If E*(1) > nE, then t{n) = e¥ = nE/{2n-1), and

i i
x*, = E°(1) - (n/(2n-1))nE > 0.

(ii) 1f EF(1) < nE, then t(n) = G, e* = (2nE-E (1})/(2n-1), and

(n/(2n-1))(E° (1}-E) > O©.

»
¥*
it

Proof. The moncpolistic profit structure impiies that

v(s%) = max (87(1), sE} ir sY = o).

Hence, the assertion on t{n) is straighitforward in each case. Also, x*O is
a matter of calculation. By Theorem 5.1 we need oniy check if f(e*) = g(e¥)
in each case. Notice, in both cases, that we have v(S) = 0 if 8§ # N and
v(N) = nE, and that a simple calculation yields E > e¥. Hence,

g(e*) = n{E-e*) = v(N}-ne¥*.

(i) f{e*) = max {V(SO)~se*+ne*—v(N0) i S0 = N7}



P :
= max {E* (1)—se*+ne*—EP(1) } 1sssn-1i}

= {n-i)e*

= (n-1}(n/(2n-1}}E

= {(2n-1)E-nE)n/(2n-1)
= n{g-e¥*)

= gle*).

(i) £(e*)

fi

max { max {sE~se*+ne*—v(N0)§1$s$n~1},

P(l)—e*+ne*—v(NG)}

E

= max {(n-1){E-e¥*)+ne*-ng, EP{l)—e*+ne*—nE}

= max {(Ep(1)~E)(n-i)/(Zn»1}+ne*-nE.

(EP(I)—E)Zn/(Zn—l)+ne*-nE}

5

= (E" {1)-E)2n/(2n-1)+ne*-nk
P P, ,

= (2E" {1)-2E+2nE-E" {1)-2nE+E}n/(2n-1}

N -

= {E" (1)-E)n/{2n-1)

= n(E-(2nE-E’ (1))/(2n-1})

= n{E-e%)

= g(e¥*). QED

in case (i), the information will be sold to one of the producers, and

the monopolistic profit is shared by the seller and all of the producers.

1

t is easily verified that the profit share of the sellier is greater than
that of each producer.
In case (ii), the information cannot be sold in this market; instead,

the seller is compensated by the amount x*  for not selling the information

0

. ce P . ) . . .. N .
at all. if E (1) 2 3E, then the compensation exceeds the profit share to

each producer.



6. Concluding Remarks

We have analized how a new technology would be traded if coalitional
behavior of players is aliowed. We found that the existence of a nonempty
core depends upon wnether or not the profit structure allows each of the
buyers {producers) to obtain the preinnovational profit as an outcome of
the trade, or eqguivalently, whether or not the value of the new technology
to a coalition is maximal at the coalition of all playvers. 1In the exireme
case in which the profiti structure does not exhibit a strict externality,
Theorem 4.2 immediately indicaies that the core is nonempty; and, in the
case in which it is monopoliistic the core is empty.

Tnis last conciusion would become different if we assumed that the
seller could also produce the output. The seller would then assure himself
at least the profit EP(l), and the core would be nonempty under the
monopoiistic profit structure. This case was considered as an example of a
certain type of cooperative games called 'Big Boss Games' in Muto et. al.
{1987).

The empty core does not necessarily mean ithat no trade occurs. But, if
no trade occurs, the nucleolus induces a compensation to the seiier. This
will be also the case with Shapley value, since the 'contribution' of the
seller is positive at least in coalitions of the form {0,i}, 1 & N. Such a
result reflects the nature of coaiitional behavior in the game.

We have assumed that resales of the information can be completeiy
pronibited so as to obtain a well-defined characteristic function. Muto,

Potters and Tiis (1986) have aiso developed a cooperative model, which they

5



call the information market game, under the assumption of perfect patent
protection. If we relax this assumption and alilow resales of the
information, considerations will be necessary on what kind of coalitional
behavior is appropriate. Nakayvama (1986} is an example of such a study, in
which a bargaining set-type soiution is proposed. Cooperative-game

approaches in this direction would merit further study.

16



Appendix

To prove Theorem 5.1, we need some lemmas. Let us write

fa Y=Y .

fle) = V(S”“}—see+ne—v(N0), and

Q
o
S’
]

V(Se)—see.

- . e s . . . . . e -, .0
Lemma Al f is continuous, monotone increasing and satisfies f{e }=

0.
Proof. Continuity is clear by definition. To show the monotonicity,

let d>e. Then,

fig) = V(_SOd) + (n-sd)d - V(NO}\
= v(S"®y + (n-s%)d - v(NO)
> V(Soe) + (n-s%)e - V(NO)
= f{e).
R N . e - ., C . 0 -
That f(e }=0 follows from the definition of e . GED

Lemma A2 g is continuous, monotone decreasing and satisfie g(E}=0.
Proof. Continuity is clear by definition. Let d>e. Then,

gle)

[t

vis,) - s e
z V(Sd) - S48
> V(Sd) - de
= g(d}.

g, we have

[ a0}

Finally, by the definition o

g(E) = max { s(E"(n-s)-E) | 1Sssn)
= n(8"(0)-)
= . QED
Lemma A3 {i) if eOZE, then there exists a unique e* such that



.
f{e*)=g{e¥*) and e > a¥% > K.

I
- o _, . , . L w o .
) if E>e”, then there exists a unigue e* such that f(e*)}=g(e¥*} and

fote

3
(%
)

E>e*>e” .

Proof. (i) Assume that eO>E. Let h(e)=f(e)-g(e). Then h(e0}=0—

Ia)

g(e”)>0 and h(Z}=f(E)-0<0 by Lemma Al and Lemma AZ2. Since h is continuous

and monotone increasing, by the mean value theorem, there exists a unigque e*

s cr N ¢ R .- O . ¢ ¢ : .
sucn that h{e*}=0C and e '>e*>E. if e =E, then h(e }=f(e )-g(E}=0. EHence,
C_ . o I . f oyiia s s L R
e =e*=E, This proves (i}. The proof of (ii} is simiiar, and is omitted.
QED
Proof of Theorem 5.1 Initially, we show that x* is an imputation. if

[al
LV

¢ 2E, then the proof of Theorem 4.1 and Lemma A8 imply x¥€C, and therefore

s . s U ¢ - A , .
x* 1s an imputaition. If E>e ., then E>e*>e by Lemma A3. iHence, for i=0,

x*, = v(x°) - ne* > v(®) - nE 2 ¢ = v({0}).
To show that x*i=e*2v({i}} for i¥0, we first prove that eOZEN(n—l). Assune

. . - X e e sas (3] .. . e
the contirary. Then, by the definition of e , it follows that for some

C

O
ST=N .

0

v(NO) v(SO) + {n-sje

v(s%) + (a-s)EN (n-1)

A

v(SC) + (n—s)EN(t(S)).

tA

wnich contradicts Lemma 3.1. Hence, by Lemma A3,
w« C_.N . -
e¥*>e 2E (n-1)=v({i}} for all ieN.
This compleies the proof that x¥ is an imputation.

Now, let x be

o

ny pavoff vector. Then, the following Claim 1 and Ciaim

2 can be proved in a similar way as in Theorem 4.1:
y

Claim 1. If x(S)<se¥* for all SEN such that n-s=seh, then XOZV(NO)“



nes .

s

. . s e¥* . e e L . .
Note that we have 0<s~ <n-l1 by definition. Recall the meaning of the

. et . . . o L. .
notation s given at the beginning of the appendix.

0 0_.0

.. . G . - .
Ciaim 2. If x(N -8 }z{n-s)e* for all S &N such that n-s=s then

e*’
xGSV(NO)—ne*.

Note that we have 1$se*sn by definition.

it x does not satisfy the assumption in Claim 1; that is, if x({S)>se¥*

. - e*
for some SCN with n-s=s ., then

v(8°-8)-x(8%-5) > v(n’-s)-v(nC)+se*

v(NomS)—v(NO)+(n—(n—s))e*

f(e¥)

1l

= gl{e*}.
This implies that x cannot be the nucleolus.

- e e i . . o Ce s . 0
if x does not satisfy the assumption in Claim 2; that is, if x(N -

G, R 20,0 o o byes
$7i<{n~s)e* for some S N such that n-S=8 s

33 ] A1
v(8°-s%) x(8°-5%) > v(n®-s%)-(n-s)e*

gle*)

f{e*).
Hence x cannot be the nucleoius.

Now, suppose that x satisfies both of the assumptions in Claim I and
Claim 2. Then,

¢
X, = V(N }-ne¥*,
¢

and since strict inegualities cannot hold in the assumptions of Claim i and
Claim 2, we have

*

X(8) se¥* for all SEN such that n-s=s° {(A.1)

]

andc



x(NO--S’U) = {n-s}e¥* for all SOEN0 such that N-8=S . {A.2)

. . e¥ . . s . .
Case {i)}. If s~ 0 or se*:n, then at least one of (A.1) and (A.2) holds for

some s such that 1<sxn-1. Hence, we must have

0 .
X; = .. o.o=x = (V(ND)-xg)/n = e¥.

Therefore, in this case, x must coincide with x*. Hence, by the nucleolius

existence theorem, x* must be the nucleoius.

£ s&"

Case (ii)}. 1If s~ =0 and S %=1, then (A.1i) and (A.2) reduce to the following

singie equation: xX(N) = ne*. 1In this case, we nave

£(e¥) = v({c}} + ne* - v(N’) = v({el) - x,
g{e¥) = v(N)}) - ne* = v{(N) - x(N}, and
f{e*} = g(e*}. (A.5

1f for some S#N, we had v(8)-x(S} > I(e*)}=g(e*), then x cannot be the
nucleoius. So, assume that v(8)-x(8) = f(e*)=g(e*) for all S=N,. Then,
{A.3) implies that the iargest excess against x is egual to the one against
" _ , 0 Oy o to mi , :
x*. {(Here, we iIgnore the excess V(N }-x{N } which is ailways equal to C.)
Therefore we consicder the second iargest excess. To do this, we redefine f
and g under the additioral constraint that 1i<sgn-i. Notice, then, that
i%s” =n~1 and 1%s_,<n-1, and that Claim 1 and Claim 2 hoid true for these
s ana Se*' We can now repeat the similar argument to obtain that x
satisfies the assumptibns in Ciaim 1 and Ciaim 2. Hence, at ieast one of
{A.1) and (A.2) holds true for some s with iss<n-1, so that we have X, =

= X_ = e¥,  Hence, x¥ must be the nucleolius. GED
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