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The theory of perfectly contestable markets and sustainable
prices, summarized in Baumol, Panzar and Willig (1982) is an extension
of the ideas of Bain (1956) in which potential competition, unencumbered
by frictions, entry or exit costs, affect an incumbent firm's decisions
on prices, outputs and therefore profits. 1In particular, the theory of
perfectly contestable markets studies the effect of the existence of
potential entry on market structure, prices and outputs.

The purpose of this paper is to study properties of an
equilibrium in a model with perfectly contestable markets. Namely,
given perfectly contestable markets under what conditions, when poten-
tial entry is taken into account, would there by only one firm found
producing the entire vector of outputs and operating under sustainable
prices? It is shown in this paper that when technology is expressed by
a joint subadditive cost function, the notion of a sustainable monopoly
can be derived as a result of a Bertrand-Nash equilibrium of an economy

consisting of many potential multiproduct firms.

Consider a monopoly producing n infinitely divisible goods
and facing a vector Q(pl, e pn) = Q(p) = (Ql(P), ceey Qn(P)) of
inverse demand functions. Here pj € Ei—is the market price of good j.
Suppose that tne menopoly nses the rechmology erpressed by a joina sub-
additive cost function C:Ei > Ei (i.e., C(y+z) < C(y) + C(z) for ezch

v, 2 € Ei) where C(y) is the minimum cost of producing the output vector

Tl
€ E..
y € E,
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Denote by N = {1, ..., n} the set of all goods and let S C N

W

be a subset of N. Let s dencte the number of guods in (or the

cardinality of S) then, for a given 5 C N, yD (or similarly Qs(p)) and

pS are vectors in Ei denoting quantities and prices, respectively, of goods
in S. For S = N the subscript S is omitted. Thus yS and pS are the
projections of y and p,respectively, on Ei. For convenience the nota-

Q
. . n . . . .
tion z|y° with y,z € E, will sometimes be used to denote the vector

N\S
(ys,zN ) where N\ S denotes the complement of S with respect to N,

N\S , . ..
) are the vector 2z except that the coordinates

N\S

i.e., both z‘ys and (ys,z
in S are replaced by ys. The convention that C(ys) = C(yS,O ) = C(Olys)
will also be used.

Consider a potential entrant having access to the same technology,
expressed by the cost function C(y), as possessed by the monopoly and
incurring zero entry and exit costs regardless of the goods and quantities
produced. The entrant may produce any vector of quantities §S of any
subset S € N of the goods at price ﬁs. Panzar and Willig (1977) (see also
Baumol, Bailey and Willig (1977) considered two types of entry behavior

and their corresponding sustainability concepts. The first one is partial

entry sustainability.

Definiticn Suctninabilicy against partial (guantity) entrr. The price

- . . . .. =-S5 -8
vector p is PE sustainablc if for every pessible triple (S,y ,p )

satisfying



~8 S, ~S _N\S
(ID) yo < Q. )

then

~S~S ~S
py - C(y") <0

Conditions (I) and (II) describe the behavior of a partial
(quantity) entrant. For the goods in S, prices are offered which are not
greater than those already prevailing in the market (condition I). At these

prices any quantities up to those determined by the market demand func-

tions evaluated at the new (lower) prices ﬁs,for goods in S and the pre-
s . —N\S L
vailing prices p= 7, for the rest of the goods (condition II) may be sold.

Thus, p is PE sustainable if a potential entrant cannot anticipate

positive profits by lowering some or all of the market prices and

supplying only a portion of the demand. The second sustainability con-
cept is weaker and specifies that entrants must supply the entire mar-

ket demand generated by the lower prices they offer.

Definition Sustainability against full (quantity) entry. The price

vector E—is FE sustainable if for every possible triple satisfying (I)

and
A 5 —: -8
(L1I1) y7 = G ipipT)

then

5555 e3S) < 0

P

Clearly, PZ sustainability implies FE sustainability. In
Section II conditions under which the reverse implication holds are

discussed.



I. Bertrand-Nash Sustainability

I tuis section 2 <imple general equilibrium model 1is
studied. Corresponding to this general equilibrium model is a Bertrand-
Nash game which is played by many potential producers. Outputs are
produced by a joint subadditive cost function available to all the
producers. The equilibrium points of the game are characterized by
three properties: outputs are produced by a single firm, monopoly
profits are zero, and equilibrium prices are FE sustainable. This
characterization combined with the discussion of Section II relating
FE to PE sustainability, provides a justification for the above defini-
tions of sustainable prices.

Consider an infinite set M of producers and a finite
set N = {1, ..., n} of infinitely divisible outputs. The producers in
M all use the same technology. They produce a subset of outputs in N
using a single input (labor). The production technology is represented

by the cost function

L = C(yl, e, yn)

which measures the minimum amount of input L required to produce the
vacror (yl, cees yn) of outputs.

Consumers in this model play a passive role and only thei:
aggregate demands are considered. Behind-the-scenes it is assumed that
consumers are endowed with some positive amount of the input and consume
nt+l goods: Leisure and the n outputs. The input is used in the model
as a numeraire. Thus if p = (pl, ey pn) is the output price vector
(in input units) then Qj(pl, ceey pn) is the total amount of the j-th

output demanded. Let



Q(p) = (Ql(p), cees QU (P))

4
L

|
U () - X
N {«} and E+ X E

L
. i=1
to be defined on E+ with the convention that pj = « implies Qj(p) = 0.

=i ; . . i
Let E+ = E The demand function Q(+) is assumed
The above model is associated with the following
game in strategic form. The set of players is
the set M of producers. The strategy set of each producer is Ez,
i.e., the set of output price vectors. This strategy set is consistent
with Bertrand's use of prices and not quantities as strategies.
. . . =n
An M-tuple of strategies is a function p from M to E+. The
, . . el

strategy of the i-th producer under p is p(i) € E+. Any M-tuple of

. . \ . —=n
strategies p determines,as an outcome, the price vector p = (pl, ey pn) € E+

which is defined by
(1) Py = inf{pj(i)lieM}, j €N

In (1) 1if the inf can be replaced by the minimum operation
the price pj is the lowest price offered for the j-th output.

The payoffs to the producers are defined as their profits.
The question is how to define these profits. To answer this question
additional notation is needed. For each j € N, let Mj(P) be the set

1

of all "aciive producers' of the j-th outpu: under p, i.e.,

Mj(?) = {iGM{Pj(i) = pj}

The set Mj(p) contains all firms willing to produce the aggregate demand
Q.(p) at price pj. If Mi(p) is not a singleton then Qj(p) must be allocated
J 1~

in some way among the producers in Mj(p). The main results of this section,

however, do not depend on the way Qj(p) is allocated among the firms in



Indeed let aj(i,p) be a function which determines, for each

producer 1€M{p) and each X-tuple of strarezies p, thc part ot Qi(p) to

-

be allocated to the i-th producer. It is required that, for each je€N,

ieM. (p) <= a.(i,p) > 0O and T a,(i,p) = 1, 1if M.(p) % ¢
J - J ~ iGMj(P) J ~ J -

The i-th produces, as a result of the M-tuple of strategies p, the quantity,

i
L ( = a,(i,p)Q.(
730 = ey the)ty )
of the j-th output. Let
i i i
y (g) = (yl(g), cees yn(g))
The payoff ﬂl(p) is the profit under p to the i-th producer. Namely
T (p) = py (p) - CyT(P)) ,
where p is defined by (1).

Definition An M-tuple of strategies p results in a monopoly if for

some i€M, Mj(?) = {i}, for all jeN. 1In particular, if p is the price

vector determined by p then p = p(i) and for each keM, ki, p(k) >> p.
If an M-tuple of strategies p results in a monopoly then its

proIiit under the coriesponsirng price vactor n iz

m(p) = pQ(p) - C(Q(p))

Definition A Bertrand-Nash equilibrium (hereafter BN equilibrium) in
pure sirategies in thismedel is an M-tuple of strategies p such that for

i -n
each p~ ¢ E+ and for each iel,
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AGlh < @),

— 1 . PN - bl . .
where pip is the M-tuple p with p(ax) repluced by p The wrice vecior

p determined from E-by
Ej = inf{Ej(i){ieM} , jeN ,

is called a BN equilibrium price vector.

Assumptions
(i) The aggregate demand function Q(p) is continuous on

EL_= {ernExj >0, 3 =1, ..., n}.

(ii) The cost function C(+) is strictly subadditive over the set of
1 2 _n 1
products N. Namely if y = yl + y2 where ¥ >, ¥ € B> Y + 0

5
and y~ % 0 then,

C(y) < CyD) + C(vP)

Theorem 1 Under Assumptions (i) and (ii) any BN equilibrium E> yielding

a positive level of production results in a monopoly.

Theorem 2 Under Assumptions (i) and (ii), the following two conditions are

necessary and sufficient for a price vector p to be a BN equilibrium price

vector

I. E is FE sustainable

II. is a cost sharing price vector, i.e.,

o |

7(p) = pQ(p) - C(Q(P)) = 0
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- i i, . . -
Remarks 1. ©Notice that the payoff = (p}p ) is not a continuous func-
tion of p7 and thus the evistence of « BN equilibrium, in this model,
is not guaranteed. The sufficiency part of Theorem 2 implies, however,

that any sustainable cost sharing price vector p is associated with a BN

equilibrium.

2. PE sustainability cannot, in general, replace FE sustain-
ability in condition I of theorem 2. First note that PE sustainability
is inconsistent with the market mechanism described above. It seems
difficult to make PE sustainability consistent with any market equilibrium
in the Nash sense since it gives an entrant the opportunity to determine
both prices and quantities. Corollary 6 below shows, however, that there
are wide classes of markets for which PE and FE sustainability are

equivalent.

3. If.g is a BN equilibrium and if n(+) is differentiable

then é%lwgdzp, for each jeN. This observation follows by the FE sus-
J —
tainability of p and the differentiability of w(+).

4. Notice that if this model the notion of BN equilibrium is
equivalent to the notion of strong Nash equilibrium. In a BN equilibrium
only deviations by individual producers are considered while in a strong

=

dash equilitrium the deviations of gronps<of producers are ccnsiderad.
5. The set M i1s assumed to contain infinitely many producers,

since the finite case is very restrictive, as is made clear in Proposi-

tion 3.
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6. Using the notion of e-equilibrium it can be shown that
with no restricticon on the cardinality of M, conditicus I and I ot
Theorem 2 are necessary and sufficient for E to be an ¢-BN equilibrium

price vector.

Proposition 3  Under Assumptions (i) and (ii) if M is finite and if D

is a BN equilibrium then the profit function w(+) has a local maximum

0.

at the corresponding BN equilibrium price vector E-and ﬂ(E}

In the one dimensional case Proposition 3 implies that if M
is finite then the price vector E-is a BN equilibrium price vector if
and only if the average cost curve is tangent to the demand curve at
E-and for any price p below E.the average cost curve is above the demand
curve. This is illustrated in Figure 1 where P(y) is the inverse

demand curve.

Figure 1
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Both El and ;2 in Figure 1 are PE sustainable cost sharing prices. If
M is finite then Ei is a2 BN eguilibrium price while Sé is mot. If I is
an infinite set then both are BN equilibrium prices. This example shows
that the finite case (;M) < =) is couasicerably more restrictive then the
infinite case.

Let E-be an M~tuple of strategies and let P be the resulting
market price vector, i.e., for each jeN, 55 = inf{EG(i)IieM}. The
following proposition states a necessary condition as well as sufficient

conditions for E-to be a BN equilibrium.

Proposition 4 Under Assumptions (i) and (ii),

a) A necessary condition for 5 to be a BN equilibrium is that for each

jeN eitherng_ is a local maximum of ﬁ(Eij) (as a function of pj)
J

or Py is an accumulation point of {Eg(i)|i€M}.

b) If p results in a monopoly, E-is FE sustainable and 55 is an accumula-

tion point of {Ej(i> |i€M} for each jeN, then p is a BN equilibrium.

We now give the proofs of the above results.

Proof of Theorem 1 Let E_be a BN equilibrium. Assume that more

than on~ firm produces positive anantitizs under ;, i.e.,
i— k,— 1
(2) y () $0 and T y (p) 70
~ k+l ~
Without loss of generality it may be assumed that ;5 > 0, for each jeN.
Let e = (1, 1, ..., 1) and let € > 0 be small enough such that

- n . .
P - ge € E+. Consider the price vector
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SRR
Clearly

(3) P elph =l - ceh)
and

(4) @ ey () - CTR))

. k — ~ .
Since I vy (p) = Q(p) we obtain by (2), together with Assumption (ii),
k€M -
that

H

(5) DE) = I CEER)) - @) > 0 .
- k&M ~

By the continuity of Q(*) and C(-), for ¢ > 0 sufficiently small there

exists an S(p,e) > O such that
(6) prah - caGh) > G - c@@) - 5(B.e)

where S(p,e) -~ 0, as ¢ > 0. By (3), (4), (5) and (6),

HE13h -t @ = pTaeh - e + e - ceh)

LB - my @)+ Sy (B - () - 5(p,e)
N — i — i,— kK — — —
= pQ(p) - py (p) + C(y (P)) - ¢ C(y (p)) + D(p) - S(p,e)
~ ~ keM - ~ ~
= L py (p) - ¢ C(y (p)) + D(p) - S(p,e)
keM ~ KeM ~ ~ ~
k$i ki

— k- R
> % {py (p) - Cly (pP))i .
k€M ~ -

k$i
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The last inequality follows for small enough € > O since D(p) > O and

v » 0. as £ - 0. Ncw since each prcducer makes at leas: zero

I\

S0,
profit (the alternative not to produce Dy selectlng P(i) = (=, ..., ®)
is always possible) under the equilibrium E-the right hand side of (9)

is nonnegative. Hence

el -1t 3) >0,

contradicting the fact that S is a BN equilibrium.

Proof of Theorem 2 First it will be shown that if'g is a BN equilibrium

price vector then it satisfies conditions I and II. Indeed let E-be a
BN equilibrium which determines the price vector El Assume first that
a positive profit can be made under El Let keM. The k-th firm, by
offering prices below E'by a sufficiently small € > O, becomes the only
producer in the market. By the continuity of Q(+) and C(-) the k-th
firm makes a positive profit. Consequently it pays the k-th producer
to deviate from its equilibrium strategy E(k), which is a contradiction.
Hence condition II is satisfied. Condition I follows immediately from
the definition of a BN equilibrium.

Finaily let us prove that if M is an infinite set then condi-
tions I and II are sufficient for S-to be a BN equilibrium price vector.

Let p be an M-tuple of strategies such that for some i¢M, p(i) = D,

pj(k) > pj, for all j€N and E_is an accumulation point of

for each k#i,
{S(k)]k+i, k€M}. From condition II profits at p for firm i are zero. Herce,
using condition I it is now easy to verify that E_is a BN equilibrium.

Thus the proof of Theorem 2 is complete.
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Proof of Proposition 3 Since M is finite, the BN equilibrium price

vector p cannot be an accumulation point of {Eki)(i€M}. By Theorem 1,
there is a unique producer i€M such that p(i) = E and E(k) >> p for
each k+i. Thus i remains the only producer even if it changes prices

in a small neighborhood of E. However such a change cannot yield an
increase in i's profit (since p is a BN equilibrium). Thus E—is a
local maximum of 7 and by the necessary condition of Theorem 2 (which

bolds for |M| < » as well) W(E) = 0.

Proof of Proposition 4 a) Assume that p is a BN equilibrium resulting

in a positive level of production. Let i€M be the resulting monopoly.

By Theorem 2, 5 is FE sustainable. Thus

7 (p) = w(p) > wl<ﬂpj> , whenever p,

< P

Now assume that 55 is not a local maximum of w(Eij). Then in each
neighborhood of 55 there exists pj with pj > 55 such that ni(§) < n(Eﬁpj).
Thus, since ? is a BN equilibrium, W(Elpj) + wi(§ij) which is possible
only if for some k€M, k+i, 55 < gg(k) < pj. Consequently, for each

neighborhood U of 55 there exists keM such that Eﬁ(k) € U and thus 53

is an accumulation point of {E&(k){keM}.

b, Let i€} Le the resulring nouopoly undey ;. Since p is
FE sustainable no other producer in M can make a positive profit.
Finally it must be shown that producer i cannot increase its own profit

by increasing some of the components of4;. If this could happen then



_l_/+_
since E is an accumulation point of E(k), k+i, the monopoly would lose

the market ip these components and bv the FE sustainability of ;_ the

menopolist cannot increase its profits.

-

II. PE, FE Sustainability and BN Equilibrium

The sustainability notions of Panzer and Willig (1977) or
of Baumol, Bailey and Willig (1977) aim to provide conditions which
are necessary to deter a potential entrant and to sustain a monopoly
through the use of prices. In Section I a simple general equilibrium
model was presented consisting of a number of potential producers and
a corresponding game in strategic form played by these producers in
which a BN equilibrium of this game results in a monopoly sustained by
the equilibrium prices. In the context of this equilibrium FE sustain-
abiliﬁy seems to be the appropriate sustainability concept. The purpose
of this section is to show that if all outputs are weak gross substitu-
tions then any FE sustainable price vector is PE sustainable. Moreover
since M is an infinite set taen a PEsustainable cost sharing price vector
is a BN equiiibriunm price vector and viee versa. damely, Zf all outputs
are weak gross substitutes the two ﬁotions, PE sustainapility and 3
equilibrium prices,are egquivalent.

Tarvugaout tals secticr vre consider o mouopcly uperati g at a

cost sharing vector p (i.e., pQ/p) = C(Q(3))).

Assumptions
(iii) The cost function C is twice differentiable on Ei\{O} and clj < 0,

for anv £, SN,
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{iv) For each je¢N, Qj(-) is differentiable on Ei\{O}.

5Q,
v . - . . J
(v) Tiie gocde in N are weak grcece <ubhstituies, nanely 3 ~ > 0, for
5
2
each 2 % j.

Proposition 5 Under Assumptions (iii), (iv) and (v), an entrant

e . . ~8
maximizing profits can select a subset S C N, of prices p~, such that

~S =N\
and will produce the entire demand Qs(ps,pN S).

~S

=S
P <P

Proof A maximizing entrant will solve, for each S & N and eacn

S —
p ,with pS i_ps,the following problem,

S S )
(10) max v p - C(y7) ,
S

subject to,

ys_z 0,
and
S. S —N\s S
Q (", ) -y >0

. S =S
The result is the maximization of profit over S C N and over p < p .

Assume that an optimal solution of the entrants problem is a set S C N

~S

. : —S
and a price vector p < p

- . ~S
Tiien, for the giv:n S and p~, the Karush-
Kuhn-Tucker necessary optimality conditions for ithe maximization

problem (10) are

(11; -
~S —N\S S
VRS ) -0 =0
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S —N\S

Now, if for some j€S, 0 < yj < Qj(ﬁ ,P ), then by (ll),uj = vj =0
and hence p, = :? (ys), T this case by shifting from vy, to
J b J
~S —N \b ) - i . .
Q (»r,p ) the entrant cannot make less profit. Indeed in this case

the profit of the entrant changes from ﬁsys - C(ys) to

: . \\s S ~8 —N\s
L p,y - (y° )Q; G35 - el (7,0
g€s A g * Yy j
L3
Thus the change A in the profit is
\s 3C ~§ —N\s S
bm e GG ) -5 G NCEN SRS PIETea)
y a9y .
j j
~S \ 3 S ~S —N\s ~5 —N\S
= (y )[Q (p ,EN S) - yj] 3y, + oL(Qj(p S yj))[Qj(p P ) - yj] ,

for some a, 0 < a < 1. Therefore by Assumption (iii), 4 > 0. This

proves that for each j€S, the optimal yj is either zero or

y. = Q (ﬁS,EN\S), Suppose now that S can be broken to S, and S, such

J |
that the optimal solution of (10) is

1 1,~8 —\s 2
y =Q7(p,p ") and y " =0

Now, by Assumption (v)

S, S, N\s S, S, S
1-"1—- "1 1,~°1 .72 —N\s
(12) Q "(@ ".p ) > Q 7 ,p Tsp )
51
Hence the entrant by selecting Sl’ instead of S, and p will make at leacst
S S
as much profit as with S and ﬁs, since by (12),y L. Q l(pS SN S) may

still be selected and with ﬁs the same profit made. On the other

. . ~S . . R .
hand since S together with p~ is optimal it is not possible to make
S < S, s, N\sl

- ~71 1,-71
more profit under S, and p l. Hence by selecting Sl’ p and @ (p T,p )

1

the entrant maximizes profit, as claimed. Finally, notice that S, might be

empty in which cases the prices p are PE sustainable.
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Note that a result similar to Proposition 5 was obtained
by Panzar and Wiliig (1977) under a dirfferent assumption. Namely,
assumption (iii) is replaced by declining average incremental cost

(DAIC).

Corollary 6 Under Assumptions (iii), (iv) and (v) any FE sustainable

price vector is PE sustainable.

Proof This is a direct consequence of Proposition 5.

It should be mentioned that the definition of PE sustainability
in the case in which outputs are not gross substitutes,besides being
inconsistent with BN equilibrium, suffers from a severe problem. Since
the entrant is not required, under PE sustainability, to supply the
entire demand resulting from the new prices, the demand might be
manipulated bv announcing low prices for goods not produced. For
example, consider a market consisting of two complementary goods, e.g.,
gasoline and cars. Suppose that the cost of producing these two goods
is separable (namely, there is no joint cost) and that the average cost
of producing cars is declining. <Clearly, if an entrant announces a
near zero price for gasoline together with a minor reduction in the
price c¢f cars a higher cemand for cars will result. Tnus, the average
cost of cars at the new demand will be lower and the entrant will make
a positive profit. Hence, as long as sustainable prices are considered,

it seems necessary to require that an entrant be required to produce the

entire demand of the goods offered at reduced prices.
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