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o adopt some sort of weighted voting

svstem. Namelvy. n numbevrs w(l). w2y, . . . wimn) are
selected angd each 1ndividual o5f the group ass:igas to wzach

ci the 3lternatives one of these numbetvrs The numbetr ot
ooints 225r for ezch altternmztive is then totaled The n

alternatives 3re ordered 3

o
le)

;ording to their total point
vaiues where the grouw ovrdinal ranking of the n

alternatives (35 given =z21ther byv this ordering or by the

reversal of this rankinag. For examole. for a pluralitv
vote w(l) = i while w(1) = C The more vetas an
slternative receives the nlgher 15 its groeus ranking

There r2re votinag systems, notaply in some athletic events,

where Jlowsr vwvalues are 3ssianed to higher ranked choil:es.
ind the smaliar tihe total ass:igned 12 2n alternative i he

Perhaos most pecrie 1tustincrively realize that the

cholce of the weichts can zlter the vulcome of The
elect ton Fot ezaxmele faor 4 alrtermnabivaes shouiad one
advocste the use of ths werghts 5.3.2.1 or ihe weiaghtsx
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weitghted voting systems, 1t would

seaem reasonatle to enxpsct only
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nt pabper 121. P Fishburn established the

following surprising result. Suopose for n 7
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veting svstems. (This ts a svstem whete latrger alues of
welahts 3re assiagned to more favored choices . ) Then for
anyv ranking of the altzinitives, there exiist examples of

voter preferences wherebv i1if the voter use the first

I3

weldhted system then the outcome wil! be the grven ranking
of the alternatives. buf when thev use the second weighted
system. the groug ocutcome 1s the exact reversal! For

example, 1f the four 21lternstives are 2. b, ¢, and d., then

there exist examoles of vaorters so that if they veote with

the first svstem given above then the cutcome 1 a*br>c>d
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while by using t*he se~cnd svstem the cutcome 13 drcrbra.
{The i1necuzlity betwegsen aliternat:ves. such as drc. implies
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worse than iwmplied bDv the Frizhburn artizle Wa 4d9¢ this bHwv

extending Vishburn's tesuit n thie followinag thige wiays:
i Thae weichted voting svstems need not So meonoctitone
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crrresvond to ANY lwz rzakinas of the nob alternatives

Then {for anv two different welochted voting systems there

eR1sSt examnlies of voter's gpreferences s that when they
use the first svstem the cutcome is A71>. vet 1f they use
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for more than tws voting systews.

Suovbose we 3re agiven 1 comoletely different weighted
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votinag systewms ‘wh means for svystemms Lo be

"comoletelv different” will be defined laxtery. Let ACL).
JAC1Y corvrespond to AMY 7 vankings ot the n

alternative
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creferences so that 1f the wvoters use the 1th weighted
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nv rankirng B Then for

anv weltghted wvoling svstem cn the n =liernatives and for
anv welghted voting svster on the (no-1: aliernaztives, it
w3 shown that there exist emamples of voters such Lhat
when thaev votea o the n a2lternatives ths cutcome 15 A, vel

witen thaev uwsz: the gsecsnd gystem to2 13ank the (n-1)

St o ome L3 B Wotice., réneilng A anag
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In thiis cutroent pavar this rasulit will be aemeralized
even turther Start wiin ny2 alternstives znd ithen in
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Let ACa:

Be an erbitrary ranking of the ? 2ilternatives which remain

117 the in-1th step. 1 = 2 .1 For each 1, select a
weichted voting svstem to rank the 17 a2alternastives Our
new resalt szserts that there exist examples ¢cf veoters
such that when thav are to rank the set of 1 alternatives
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1ing the designated votinag svstem, the o2utcome i1s ACI)!

Agzin. s in the original result these rtankings need not
have anv relationshio with one another No restrictions
are 1moposed upon the weisghted voting svstems In
palticular. the votineg system zdopted for smaller number
of zlternatives could be the restriction, or what 1is
rroposed 3as being a natural “prorxection” of & veting
system uwsed for 2 larger number o¢f 3ltzrnatives and the
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by arguina that an "incorrect'" recstriction or projected
svstem was uged on the smaller set cf alternstives,
beczuse this resulit imolies that such a "oprorecred
svstem does nobt exist

Finallvy., we Lombine -2 theorems to obtaim 3 theorem
wh:ch 1meclies that: the ultimzte ¢f -hacs can 1t from
weighted votina svsiens Start with sets of 2 3, , I
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shava Crooo the gel of ¢ 2lvernatives. gelact vl

Ycomnietelyv different!” weighted vaotinag svysiemns On the

set <of 7 zlbternmatives . et HAC:. 3. {=1, . I --1; 1i=2. 3,
, N BEe 2 ranking of the set of 1 alternatives -- there
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w
(553
)¢
lw]
]
~~

conditions 2re imoocsed between

U]
he
W
-
)
e}
e

voting systems

selected to rank 1 and k aziternatives.

in
a3
-+

As cne miaght exo -, there 1is an extensive literature
concerned with the theme o0f welighted voting svstems. Some

of thege veterences ire given tn my earlrer naser [33, but

Fishburn'

*
-~
Or
+
-
<
g
g}
8.
[
Lo
~
"
5
e
c
-
[wh
cr
nr

perhaons a more aunthaor

i

q
i
P
jag
T
[

discusse

[
[
A
L

nazbDear wher2 he cite spfroprilate

art:cies which vredszt hig result and which contribute Lo

m

-+
X
-
u
[a%
dl
-
1]
o
G
0
=
it
4

te bFe mew n the soscial c¢chorce literzture The difficalt



combinataoro s gaon ot at ooy oving chniis Lvpe of Tesult
i3 avoirded bv posinc tThne wroidlaem 1 31 Jecmiiiic selbiting.
The rtesualt then fcocllows fiom the qgqeometyic pDroeperties of
Fuoclidesn SZpzces 2nd thhe mrovcertles ofi <pefl M3apgpings
bPetween them Fourthermore 1in the social choica
literature 2¥xamples di:gsoroving “"what should be'” are often
constructed kv use 2I the Tondoreat trivlets Thaese are

three rankinaos of :three a2lternatives whiclhh are arrangsd 110
2 cveliz ordey swuchk us A oo bYorar oand chravb There 13
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tesults,. the temsinder of the procf is in Eection 4. in
Cection T we will state some extensions of cur basic
resul ts One extemsion 2llows itndifference 2mong
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This means ?*hzt 1t 35 cwewssible tos have the ame general
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voeting svstem with the same voters but any election covld
vield znyv one o5{ several! arbitrarviiv different aroup

cutcomes the carticuiar cutcomas would d
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2nd upon the
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choice made bty the voters a3 how te cast cme from their
selection of votes
z FORMULATIOM AND ETATEMENT OF THEOREMS

Assumes there are n>2 altermnatives dencted by adi),

2120 . LN (I We start this section by providing a
desmetrit regprecentetion for the ' poessible ordinal

rankings <of these z2lterns
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pace correspond to 2n 2lternative. Then a n-vector

corresoonds (monotanicsziivr to o a cardin

w
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ranking ot tha

ilternatives when the value ¢©f each Ccoucrdinate 1s
interoreted 235 recresenting thes 1ntensity of wreference
iosr the cocresoeondinag zlternative Thus w(iy > w3,
where glx) 2enoles thse kih ccordinate vzlue, 1moplies that
atternmative 201} 1s vreferred to 2010 Simrfarly. the
hvosrplane xi:) = x{i1' taepresents 1ndi1fierence between the
twa ziternzrives And 1t divicsess wi-svaze 1nbto Lwd recgirong



sach 2f whicn Zenotes the 2ropropviclse Stolol Glreizience
belwesar 2?1 ans 3¢V All possible hvsernleanses <of this
tveoe divide fl-spacsae inte 1! CoTESs wWheEre £2¢h CpEN COTie
tecresents 2 uwpniaue crdinsi vanking of th2 aC1)'s whizsh
does not admit indifference among alternatives We will
czll such an srdinzi ranking eof the alternatives 2z “"sirict
rankinc’ “The hvperplanes, 2nd the intersection 3Imoeng
hvperplanaeas. reorecent ordinal rankings where (ndifference
amena alternztives are vermitted All pvossible complete,
transi1tive crdina! rankings 21e thus revresented by some

recion. For erxamole. the line aiven bv scalar multiples
of vector e=71/ny)dl, 1Y corresponds to the ranking cf
comnlete indifference among all o2f the alternaitives This
iine 1s the intersection of all of the =2bove described

hvoarplanes

The abtcocve tegions which recresent the ordinal rankinas
are ecuivalence classes of czrdinal ranmkings oif &

alternatives . The dimensizsn cf this representation can be
reduced bv <¢ne in *the focllowIing manner Let ¥{n: be the

intarsection of the positive crthant cf n-space wilh the

n
hvoperplane siven bv‘z:lv(j) = 1 P{inj) 1= 13 (ri—-1)
Al
dimensionil!l simolex. and its 1ntersection wilth the above

ranking regtltong on tfthis simeol24% PO30 along with 1ts
ranking reatons. s g:van in ficure 1. We shall use Pin?

toa revrezent Loth the simuolexn and the simpilex divided inntc
the ordiral ram¥ing regions Notice thsiy the gcidinsi

ran«einag ot comolate indifference 13 zilwavsi Qiven bv goint
e S0 we will gcall 2 the Y"zcomolei2 indifisesrence polint'
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PLACED ABOUT HERE

it is 1n this wav we cee that the set cf transitive

srdinal rankings 1= a (n-1J dimensional

n

et {This ¢an be

exztablished with a2 more z2bstracl reu sentation for the
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ordinal rankinaos., one which t1s not dependent upon a
catdinal representatiocn of the alternativeas However . suach

sbstraction is not reaquired fo1r our pPresent purposes.)

Thtis higher dimensicnalityvy and the various symmetry groups
i1t perm:ts piaxv an important role in what follows.
Indeed, i1t z2poears thzat this higher dimensicnality
resulting froem n:2 15 the cause of several of the
different anomalies and varadores described in the sccial

cheice liierzture (Saaril417
Mext, we shall describe 2 <lass of weighted votinc

systems Although the deriniticon is givan 1a tetms of
veclors, 11 1§ whit one would 2HDect: gither the voters
22t the larcer of zssignet weights for more favored
slternatrves or thew cast the smaller The group sutoome
iz detsimined by the sum 23st for 2z2ch altsrnative and the



Tailsing 15 n oa< . ocivdsnes: with the method 2f 1zszxignment
DEFINI{ICN | Assume thers arez n*t alternatives A

"wetitahted vetinz svstem” which cvdinally ranks the n

slternatives is cne which satisfies the following
1 Assign n real numbers wiirdy, 1=1.2.. ., which are
net ali the same The ni ways these numbers., or weights,

can be permuted toc define n-vectcirs form the nt weidght
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favered z2lternatives R reversed svstem 15 one where the

reverszl of ths zss:gned vector lie he slosure of 1ts
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s1om, that is. alagebraizally smaller

weianils 21e a3ssigned ‘o more fzvored slternatives The
reversed vector 15 obtsined by multliplying the grven
vector by the sgalar (-1 The aszsignment c¢f weight

vectors must define either a3 monoctone ¢r a reversed
svstem

3 Ezch wcoter casts the weight vector assigned to the
regizn whiciy reflects the woter's strizci ordering of the n
altermatives . The vectosr sum 1s tz:bven ot al!l <f the cast
weicht vectors Yor a mencteone svsitem, the ranking region
in =vhizh this sum lies det ineg tha grous Lrdrnal ranking
For 2 reverced svsiam. the zyvouz ranibing is detzrmined LDV
the lccation ai fthe rtzvaersed sum vector
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of the wapoht veotors will! not efiect the sarcome of the
zlectilorm Theretaore & Ccan anag Wil 2ssuma= Lthat all the
weichts 2re non-necailve Furthermers= s11lce the outcome

muliiplies 5f{ these vectors. WE ASSBUME THAT ALL WEIGHT

VELZTORS LTE IN P(nj This scaiar invariance holds true
for the sum of the <c2st vectors, 50 we scale the sum and
issume “hat 1t too f{1es 1m Fin) This scaling is achieved
by dividing the sum vector btv the number of voters. In

this wav the grour outcome ca2n be viewerd as being 3 convex

combinations of the weiaght vectors. When we use this
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etation. we 1mpose the restricticn that the scalars

are ail fracticns—--the common Gdenominator. or some
multiole of 11 ccocrresvonds Lo the number of voters while

the numerators, or their 3porooriate multiple. correspond

to the number of veoteis casting a particular weight

vercter

Nerxt, we define whza! we mean when we say that there are
1 comepletelvy difierent welghted voting svyvstems” First
the fcrmai definition will be presented., and then we will

discuss 1t

DEFINITION 2 Let n>i zlternztives be given Assume
thait 7 welshted voting methods are Ggiven where for the i1ith
systeam Wi 1s ithe werght vestor worre<sconding to the
rAnking a7l aC2) S Y The 1 voting zystems are sa14d
te be “comoletaely difterent” or "vailue independent" {f the

T+ ovectors Wuls , Wiir, & zre linmearly independent

12



The ordirosrl vankira ol NG thosen f{or
COoOnvVenience Trimariiv vecause [o:r a monostons method 1t
results 9 the weiright vecior Wiilr sorresnoonding to a

ncn-—-incr2asing ordering of the weights Howeaver ., i1t will
Eecome clear f{rom the wroof that any strict cidinal
ranking cculd have be=n used to reach an eqguivalent
definitizon. {Thi1s 15 net true had we adwwitted systems
which were neither monotone nNor reversed !

When 1=2., the above definition 15 eguivalent to the one

used bv F:shburn {23 to sav that two moncitons methods
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We will use this definition even should one

svstem be monoton
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other a reversea svstem. By
usinag the arguments cgivean above 3bout the effects of
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systems Mmoot be different, e€even 15 cone 15 teversed and the
cther 15 2 moncoctcocne system. then the results In any
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cshouid n=4, then the

Bordz weight vector W{i13=(4.2,2.1% 3nd the reversed svstem

i

with weicght vector (0.0 .,2,2) are the same

beztzuse 1t 1s srtheogona! to the simplez P(n»., thus
mialticplies of 1% d3 necil wroiect ontoc znv of the octher
regions cof Ponor 1{ W is s weizht werstur. then the vector



W-23 Ties 1 ithe tramsierted simolex Fim -~ = and 1t is
crthoagonz!l to e Congeguent iy 1{ twe weichted voting

0
-
It
-
[=]
n
ba
o)
3
el
KL
re
.
?
m
-
-
ot
m
o
—~
v
b
.-
e}
s
g
-
Q
jon
-+
<
m
[yl
-+
1
o}
L
£
=g
-~
0
=g

ys

cortrestond toe the szme stilat ordinal! ranking. maust lie on

ra
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tlows frem the 13
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that 1n z2rnv teqgion cf Pin?), one cf
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the weight vector ies on the hvperviana defined bv e and
the octher weliaht vector Bv what we hzave shown, this twao
dimensicnal hvoercliane intersects P{(n) in 2 line passing
through e . ) The converse 15 obvicusly true. Therefore,
when we h3ve a svstem of completelv different weldhting

systems. we can 3ssume that 311 of the weight vectors for

i

3ll <f the svstems lie on the seme sphere in Pi(n) with

m
=)
r+
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1f 3 weilchted vot:ng systems 2dre not comnietely
dirfferent, then it is easv (o see that the ocuitcome of some
one system 1s always grven by 2 fixwaed linear combination
cf the (i-1) other systems; thuys 1f the systems were not
comoletelvy different the type of result described in the
Introduction woeuld net be wossible tIndeed, this

1]

chbservation can be used to shew that the theorems which

folilow =21e '"best nossible” for the tyvrpes of gcaradoxes
which a7t2 nresented. 7 Since Pin'-e¢ hags dimension (n-13,

it feollows immediaet
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(-1 comelatelyv diffaraent svstewms If n=%, then there
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Thae sbove stastements whicl, detive tmmsdiztely from
iitiiezsr a2lagebrvz snd from the facoct that the retztional

syvmme:ries of P(ny have & 335 the <center voint. play an
imoportant role in the proof of the followinmg theorem
THEOREM 1t For n3l alternatives. 2ssume given a
collection o0f 1 ccmoietely difiereinnt weiagahted voting
systems Let AfCir., A2 . JACTY Be any 3 strict ordinal

rankings Ther

L4

exist examoles of veoters' preferences such

that when

—~
s
m
<
(ol

sters use the 1th veting svstem, the group

outcome {s ACi{}, i=1, ;1

Yor n=12 the nroof <f thts theoirem 15 obvious as 1In
this case d=1! s6 for what folilows we shall assume that
YL 1f we restrict the veoetiting sysilems to be mounotone,
i=2 and A(2) to be the seversal of A(l). we obtain

Fishburn' Theorem

1}
-

To further :1llustratse this Thecvrem we consider a
special <c25¢ where n=4g. where one of the voting systems
is 2 plural:itv vote. one 1s the uswual Borda method, and
the third ¢vstem has each veoter castinag one vote for each
cf the btotiom tweo 2lternatives The outccmes for the

cor222larv were selected to demonsirate whzt can occur

COROLLARY [ .1 For m=2 szlternat:veg, let the weight

vactors oy thres voting meihogs bBe WOiy=00.,0.0,00,

WeZy=7q9 ., 1.0, a2t Vi =100.0¢,1.,1 ‘Svstem o1 2

reversaed sustem. tet thr=e ordinzl 1a iTCE thsz
ilternzt ives be A:1d=0201 SR -G I -
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Ad3r=Cal3rr»acdriradt)atzy) There exist @examgples ot
voters' ctreferencss so that when the voters use svstan
Wi, the cutcome 135 vaenking A(ry, 1=1,2,3

This theorem shows that for comoletely different
systems. there need not ke anv relationship whatsoever
amona the outcecomes The next theorem states that the same
holds as one dercrezases the number of alternatives . This

imovlies that one should not interpret the group cutcome as

a2 linear ordering.

THEGREM 2. Fer n>»2 alternatives,

r—

et S(i:. 31=2.3. .

be 2 subset o0f 1 of the z2lternavives where set 3C17 i

u
e

subset of Siky 1f 1<(k. For each 1 select a weilghted
voting svetem Let A{(ii be some strict ranking of the

-~

alternatives in set SCi: Then there exists ezamples 2f

voters suauch that for all choric
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em come 135 A7l

The {inal! theorem given in this secti1on combines both

cf these rvesults

THEDREM 3 Let s=ts S(73¢ 1=7 . ', be ag described :
Theorem = Fer 1 alternatives select and then arbidvorial
Mbose 3an olrder N 1 -1 2sompletely difievrevt vaoting

€V T &IE =l n Le: ACI, 32, 1= -l 2 A
styrrot anking oi the slternciivaes (71 8¢ ] Then Plhiare
©¥EI537 2Rt izs i voters such thal tov 201l choeirces o
“nd 7. owhaen the vooners rane tUw erements of Ll MR VA A
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A T S T - S - e oZEmiE ol two systems .
I [ A S T T SN S A TH
S i Lo o -wnsi3t ot tha alternatives a(lj,
40T Tr 3 There =xist examclass of voters
3oL nlun Fo=nl new rarnk e elemwents cof SC, ) by use of
v L.ids Tznunt wajoht stor 3, 1-1. .. .13%) the uroup

e Loomm= LB Ly gt . »atii when 1 13 3an even 1nteger,

and it 1s rthe reverssl! 3f this ranking when 37 is a odd

1t eger . “n the cocther hand when the szame aroup of voters
rznk the elements cf EZ0(3i) by use 25f a plurzlity vote
iweltagnt vector 1. 0. .. .,0)% the cutcome 3lways is the
reversal ¢t the Borda zutcoms

The title of this paper refetrs to all three of these
thecrems. buit in ocarticuler to Theorem 3 Bv c¢haos, we
mean comblete disctger otv l13ck of perdictability of the
svstem. The ~hoice the word "ochaos" s selected to
teflect both this ageneric usade 2i the word 25 well as tgo
provoke comrevisons with 1ts ftechnical uszge coming from
dynamical svstems. 10 the “ynam:cxi sveghtems literature,

chzos is wused to mean The existence 2f a sybsvstem of the
reguier dynamiciaxl svstem whnich 15 hraghtlw rtandem The



statement of the theoremms in this <cuUuirent Zaper fuolfl
*his reguirement . (X5 an examcle how *his 2po9plies to
Newton's method for finding uzercs of polynomials, see

D)
wn
—d
-
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*hree theorems 3re similar. First

we define maprvings whizh describe a2 scaling of the vector
sumg cast bv the voters The mapoings will be defined 1in

the order the thecrems

I
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1]
P
W
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p
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hall zssert

that these masnings 21e& cpen MaboINgs. From this
asserticn. it will be =zhown how the cnecliusions of the
theorems follaow The crzcof cf the crucial aszssevrtion that
the macopincs are open w:i:ll be prcocved in Zection 9§
Theorem 1

Assame that ACL1, LAY, i'n, are 1 strict orderings
sf *he n zlternatives. Alse assume Jiven 1 completely
dififetent vobtina methode where the corresponding weight

vezrors are WOl ST There are n! strict ordinal
t2nhikings Aamong the o ositernzatives Arbirtrarily impose an

cvder on thsze rankings 2nd let Wix,17., 1=i, L1
k=1 Tt dencta the weiaht vectosr {ram the 1th systen



ch zorcesconds to the kih tuenkina of the alternatives
Let f P<n‘?-—¥1P(n\x rFini {this 1s a i-fcld
Cartesian vroduct of Pin with 1tzself{) be defined as
—
31 f(ct i, cint Yy = «Z:c{k)w(k,li. . ,Z clx )XWk, 32
n n
Since the Wi(k.12>'s 21ii{ !ie in P{n: 3nd since the
c(k)Y's are non-negative numbers which sum to unity, each

of the 1 sums aiven in the definition of f 2re cenvex
combinations of the aproniovriate weight vectors for that

svstem Therefore each sum lies in P(nji;, this implies

.
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hhj
2
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LS

is5 well defined Function can be interpreted In

S

the following wav: H the cti's 3re rational numbers
with 3 common denominator. then the denominator can be

viewed as beinag the teotal number of voters and the

numnerdator of c(k) is the number of voters whose
vpreferences correspond to the kth ranking <f the

alternztive

o

We <claim that when 311 2f the ¢c{i)»'s equal (i/nt!t3y, the
image of f is fte. e, .a) This checice for the ¢'s
corresvponds te wpoint e 1w P(n!). s50 the c¢laim i1s that
filery=Ce, - To se22 why this 1s so, notice that each

slternative 1s ranked in mth place 1n pgrec: of

u
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the n! possible orderincgs of the alternatives. This i
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the 1th coosrdinazate of the 1th

comoonent oi th
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¢ 2f §f 1s ithe sum 2f the weights f{or

the 1th svstem times (n-!»2»!'/n! . Since the weights sum t

(o]

qnitv. each coordinate 1n this sum has value 1/n. This

comuletes the proct c¢f the claim

o]
-
o

Fundament: o the nDras0f o0f this theoiem is the

followinag lemma

Lemma 1. For 1 completely different weighted votinag

systems. function f 15 an open mMappoing That is, f maps

onen sets 1n Pint) to cpen sets in the range.

lemma will be given in the neut

[m
—

:f this cruci:
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Q
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sexztion

Because e lies on the boundarv cof all of the open
ranking rearons Z{:1) of Pin}, 1t follows from the
def:n:ition ¢f the praoduact topolegy that point (e, . .. . e) is
2 boundarv nDo1nt cof ZC1>x .. ®Z2ZC13 where the i1ith factor
Z€1) inm this i-fold Cartesian product is an arbitrary open
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Consider zn oren neighborhzoed YV of point e 1n Pdn!:?

hAoceording to the Lemma. seil (f{(U) is an open set V in
Pinix ¥Fin) which czonitains the point (e.. . ., e) This

means that the intayrsection 2{ V with the 1-fold product
of the oven rankinc redions <¢orresoonding to

Aet:, . JA{3Y, rezpecitivelv. 13 3 non-smgtv open at
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denca 71 Pumir, 1t follows $that tThere 15 a vactaoer d in U

Vecior d is used to create the asssrted exzmole of
veters The total number of voters corresponds to the
zommon denominatcr ©f the components of Jd. while the
numerator c¢f the kih zccmponent corresponds to the number
of voters possessinag the kth ranking of the alternatives.
Bv construction when these veters use ithe 1th voting
svstem. the cutcome i5 strict ranking ACi) Onlv the

lemma remains to be proved.

Theosrewm 2

A=zsume that the n alternzatives are adly, 2025,

.aln) and that set S{ir» consists of the first 3

alternattives. Let ACiY . 1=2 .73, . .n. be some rvanking of
the elements of set Z03) Assume that W(3i) 15 the weilght
vestor which defines the weijghted vecting syetem to be used

tc rank the elements of S7 19
In nur proof of this theocrem, we will need to be more

careful 1n the labeling of the n! strict rankings of the n

alternatives. Toward this end. notez thaxt on set S5(j) there
2re 1% strict ordinal! vankinas Each of these rankings
sre rveizted t7 (3+1) rankings on the set 573+:i); these are
the rankinas which corresvpond t2 the (1413 difierent wavs
2iternztive 3f%+1) can Dbe vostiioned wifthin Lie grven
ranking Sa2, fecr anv ranking Bfi) on st (i3, call the
f1+1y tankings cn et Z{(1+ .Y swhich zzre obtained n this
feshion 25 Delongrng Yo the “Iiib oif B! {See (31
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1ot rank:ngs of
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the summations given

ch 1 in DC1, 1}
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rankings on 3¢731),

ymmzti1on containing j+1
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bove for functicocn f holds to

w

cshow that a(3.,e, 2. L.e) = Note, vagtor € can lie in o

1]

different dimensicnil spnace Wwith each zppearance in this
egunatien

Because g 1s linear, it follows that function g(i) isg
an oren maoping if :is image contains sn cpen set To see
why this is s2. we shall show that this ocours even with
the restriction that D(k? = e for k{(i, and the (i-1)!
different D(1.7)'s remain variables. With this
restriction. i’y is a funcstizn of (iY! variables. This

mwagpoping 15 open 1f and onlyv i1f its Jacobean Da 1s of
maximum rank . However, with this rtestriction, the
Jaeobean turns out to Ee eguivalent to the Jacobean of one
cf the comuonent maps of fuaction £ given in Egquation 3.1.

Thus the 2pen mapping propercty of g(id follows from Lemma

FY

Let YV be an open neighborhocd of e¢ 1 Pin)d. By the
continuitv of c(n) and the condition that (e,. .. .,e’) is
napped to e. the inverse :iwmage of YV wilh respect to g 1s

an ooen neighborhsod U cont This and

"
"
ju
-
o]

g8
n
t
1]

the oven mipnlng property of g thence a is "jective)

i
o}
"

imolies there 15 a cholice fcor vectcocrs D1 . n), say HCi,nt,
siuch thiait ale. e, CHOL ey, CHOn~1310 ,ny») lies in the
non-emotyv interssctieon ol set V with the ocen ranking
regron co2rrespeonding to ranking Adn: {Recall. ranking
Ain: 135 tne ai1b:trariliy zs=2lectaed ocrdering of the elements
tf Sn Tn fz2:%t, the inverss :mage <-f th:z new open seat
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e ML Hiin-1Lr»v .m0 Let UL2YxgUCTyx .. awullny
be 2 £till smd4iier -genn set in the demazin which 1s
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tructed v the (n-2) fcld Cartesian cwroduct of open

n
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s which define the domain of a.
Here {1, 1=z2, . ni~-i, 1s an owen nei1gnhborhocd of (e,

,e) in the ¢(i-112! product of P{i) with itself, and U(n?
is an c¢pen neilaghtorhocd of (HILl,n) . , HCZm- 1P 'nY) in

the (n-11 fold vreodu

-+

of Fla» with 1tselt Since U(n)

o]

15 2n open nelghborhoscd, we =3n assume that the

Q

sordinates of the peint H(1.n) a2re all rational numbers.

cntinu

£
s
=}
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L3

ib

this aragument btackwards from one

level of aliternatives toc the mext level contsining one
fewer 2lternative Suonose that at level! (i+l1) we have
*hat tha vectors D(i. k>, k=1, 1. lie in the product
Uil oy ®U(1) which 15 a3 neichborhcecod of point (e,

- Fixing the varitabies at Lhe first 43-1% levels to b=

e, we have that g(3* takes open seft Uri' tc zn cpen
neiaghborhood 2f e in Fuyi) This opren nei:ghborhood has a

nen-emptyv initerse2ction with the ocwonen raznking region

corresponding to ACT The 1nvarse 1mayge of this open set
crested by this 1ntersection contains a2 st1ll smaller
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n tha (k-1)! fol

(o}

nroduct ci PLk> k=%, i-1, and an ocpen subecset of Ui
In thiie cpen subset ot Y(i; s=2lect a point with Tational

z CHOT Lo HCO -1y Ty Comntinue this
arguament 3t the i-! level using the smaller product set of



Acoccryding T2 the —onstrtuctisn of 32t UC2iyx.  .x Uoen),
and the subseguant vrodusct subsets of prsosjections of this

set. gov Hol.Zx, S HOLL T SyHOC1-12 0,33y lies in the
cpen v2nking region of P(1) which corresconds to ranking

ACHdy, =2, ... n MNMeg! we show how to find the

aporoporiate raticnal eguivalent representation of points

X

20 . HO(n-1) ' )

n

o that 1t provides the example of

voters s3sszerta2d in the staltement of the theorem.

The fdesi1ted ;aticrnal eaguivalent representation of

these points will be obtained though a finite iterative

1. Rewrite vector H(:.2) 5o that the two components
have 3 common denominator

Z Each ¢omoenent, h¢i.k.37, of H(k,i) corresvonds to
scme rsnking ,E71.k,.i3, of the set S57i), i=2Z, . . ,n-1. One
of the Hi{i+1) wectors corresponds to the 1i1ft cof BCi,k, 717,
rewrit2 the cosfficients 0f this vector so that their

comeen dencmiaatrcr 135 2z nmulitiple 2of the numerator of

2 Rewrite 2ach comzorent 2f the H{3}Y wectors, i1=2,
,i. 52 that the numerator o5i eech combonent is the same



2 Lommen denominator otf Lthae 2ie

iT
a
lig
Cinad
u
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aporovrizste HOi+1: vzotor corresgonding to the li1ft of
BCi1,k.1)

After this process is completed. the common
denominator of H<}l.2z2: vields the total number of voters 1n
the examnle The numerztors of the components of the

H«i:1 .1 vectors specify the number c¢f voters helding the
corrvesponding ranking of the alternatives 1n &3 By
construction. when thess voters consider 7 aliternatives
using the desiunated veting system, the result 1if

eguivalent te evaluating ftunction gf¢i) at these H pointes

2]
-
<
(8]

onstructicsn, this. outccocme 1s ACI) . This completes

the pvrocof of Thezorem 2.

Theorem 3.

ed

e proof of thige theovrem is cbtained by simple

wedilfications and ecombination of ideas from the above tweo
preafs. Azsume the 7-~1 rankings of the alternmatives iIn

S¢31) have been made and the (i-1i3 ocmpletaely different

o]

voting methecds have been selected Pef:nie 2 serires of
mapoings G(i1) which have the same domain as a(3ji’ but hizh

have tvanade ths (3-1) fold Cartesian produ

Ial
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<
h
T

1) with

1ts2lf . v = 2, . T The 1-1

L

ifferent functicns definina

(3 are essentirally the same

0
I
&
-
o
m
-«

differ only in

"
]

corresecocng te the different vollina systems. The argument
showing thet o v f tzke le, ) 1o = externds
directic o S0 T"he fazt tha* wwhen 511 the variables
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€ the are =d 21 = Tosr 05 =strll an open
maopling tellows frem Lemma §{ and o Jacebean argument
similar to the one used {2r g1 Thus we have that there
1s an open set 1n the domain of Giny contazining e's for
all but the nth ievel which 15 magped intc the appropriate
ranking region in the appropriate factor cf the n-1 fold
Cartesian oroduct The s3ame reductiorn argument as
presented 1n the prcof of Thecrem 2 further restricts
these opben sets so that Gii1s will have the appopnriate
image The raticnal representation argument 15 Lthe same
as agirven above

Thus . the vrrcof vt all three theorems are completed
once we establish the validitvy of Lemmz 1 This will be
dome in the neixt section
4 PROOCFEF OF LEMMAE ¢

Function £, given in the sftatement of Lemma L, is 2
linear map wher2 the dimension of the range is i{(n-1)
For n*Z. this dimenstiom 15 less than that ¢f the domain
which is‘n' —1). ‘Hevre we uyse the fact that 147n ) To
srove the lemmz 1t suffices to shew that Lthe Jz2cobean maco
of which mies the tangent space of Pinl to the tangent
snaze 3{ the 1 fold prascduct of Pinl with itself 15
suyriectiva it the weigh® vectocrs 2re WIiLly), WrZo,

WO fthen the oo vestocrz: 2f LDf cre the transpose

¢ the weot:orsz W1, LWl 3! where 1 ranves from |
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hazs on the rang=2 itz that the range now
multiplies of znv element frosm the range of

nction f Thus, this new range is P(noix

e R denctes the real line. In thigs new
ltnear maco:ng {f 3and only :€f UDf has rank
Imese the tanseni space is5 nl-space no

e any censtraints on the s5c3lars when this
is being verified

raumeant uvsed te show that {fer = ve, -
demonstate that a 1inezr combination of

Tamin vectoyr whith is
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ttansvoss of = = Thereiorsz the giobiem of showina
that D¢ fiss masimal r3mk 35 the same 25 {1nding J73¢(n-17
choices 92f k surzth thazt *the resuliina se: oi i1im-!) vectors
Y R ] Wilk,7)-& Y 15 linaarly i1nmdevendent; there
3ire no constraints on the thoica of the sczlars.

Since we will be coneidering vectosrs of the tyvpe
(Wil ki-e. We3  k)-e VI, we simpiifyv the notation by
dencting suzch a4 vectocr ocn (P(nd -e)xr. x{P(nr-e) 3s Z(k}
If A 15 3 linear mac mapping P{(ni-e back inioc itself, then
we 2%t=2nd A to the pnroduct space by def:ining A(Zik)>»? to
ba {(ACWCL kY-=23, | CRAUW O kY —ad ) The i1inear mappings
in which we 27e (nterssted are the f"Transpoeosition maps
M(l m)» which map n-space back onto itself but which
interchznge the= Ith znd ‘he mth coordinates It 1s easy
to show that these margs maip (P(n) -e) back 1nto 1tself.

These transcoesition msaes ave the mappings which take
cne 2 vectsr onto ancther, and for any twe Z vectors.,
there is scme <omSinaticn of traingspoziticn mappings which
takes ocne onts the octher fThi=s 15 bec¢auzse the
transpositicn mans genstztes the cermutation maps . )
Therefore the Iinezt =zo3c2 soanned by the vzotors Zok),
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1avsriant owith respa2ct to these

M2DULINnags where bv barnz invariant w2 m2an that the linear
space 1€ maooced btk 1nto tsell We ne=d to show that
this spzce generated by the Z°'s hag dimsnsion j3(n-1). The
way we do this i1s ts class:iiy *the 1nvariant spaces with
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classes of mapoings
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ON 3 Let G be scme itmezr mappings which

mab 3 vecbocr space VS bacy 1nto i1tself Then L(G) is the

w
it

set of linear subspaces ot VS which are invariant with
respect o 311 the mavoings 111 &
1t is 2an alamentarv edercise to show that LG)Y is the

intersection of the sets L(g) where g ranges over the
elements of G. Therefore the problem 15 to determine
what subspaces z2re invariant with tescect to each linear
man 2 n G One sgoroach., 2f course, 15 to determine the
e1cenvalues and the cortresgponding eicensrpaces oi each
maogcing g Bv using th+ eigenvesicrs 35 1 basis for V5.,
it 15 fairlyv easv to computes the 1nvasriant subspaces.

This is the asvproac we shall use to 2nalyze the following

r
[0

two erxamnples. thea

u
14

erxzmplies are designed ¢ complete the

prosf ot Lemma 1 A dif{erent anoroash can be found in
Lemma 2

Crxasmole 1 Let C be the set of =21{1 {trznsgositlion
matrices Mik.1:. 2n n-ssoace We il zhow that L(G)
comsists of T-3pace (Flny - e the spzce spanned DV e,
or the verc-drgenz.conal soace G Crice this fact is
zstzbiished Re orooi 2f Lemmz 1 foilsws Zorv j=1 This
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zpace genserated Hy (Pimy - e zonstists of vectiors of this
tvos it toilows that should this grotect:on be 0 for fcor
all choizces of ¥ and s, ihem V iIs e:rther € or the
one-dimensicnz2! space spenned by e Thetrefore, assume for
some chorce of k and i thast this proiection 1S
non-trivial Ev what we have shown 3bove this means Lhalt
V z2entains this vector Let | be any oSther 1ndex
Acscording to the definition of L{G), subspace V must be
invarliant with raspsct to Mk, 1) end Mij, 1) But
Mik,1Yt{e kY, -—2(3)23) = {e¢l3¥, —e(73)) and M(i.1l¥{{e(k)

—2f 333 = fedky, ~=(13)7 By continuing this a2rgqument, it
15 clear that V gontains (Pi{n) -e) This means that
either 1t is this space, o 1t is 11— Space. In either
tase., this comoletes the pnroof of the claim.

Exambple 2 Let the vector sg3ce be the 1-fold CTartesian
croduct 2f n-sg3ice with ittself. The set of mappings we
will zonsider 2re the szame 2¢ i1 Example 1, ths
transecsiticon mascoings f{rom n-space bazck into 1ilself

Here we will use {the magrinags acscordimg toe the convention

described sbcve: namelwy. any mapping 1s 3pplied to all 13
factsosrs 2 this 1-fold product fThi1s 1= eguivalent te
choosina the disganal 1 the 7~told preoeduzti of set G with
1tselt Rather than dztermining 211 of thz elements of
[ we wil! olass:ify only enocugh cf tlhie slements so¢ that
C AN TS Lemma |
Yor MO ko the sigenvazive -1 ha:s mulbtiolisity

o
[X]

-
-
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n

sy the t-dimansionial @widensScase Ccorrezsponding to
fg=znvaluz -1 2an be c¢cznstiiacted with the products of 1-1

zeto vectors (firom n-spasce) with vector {el(3j), —~e(k):

or each of the 1 veciors this non-zero n-vector
cmbonent corresceonds Lo a3 different {actor of the j-icld
rcduct . The crthooconsl complement of this space is the
1{in-1 dimensional esigensnace for ergenvalue 1. Any

mbhspace 1nvariant with respect to M(3,k) must er1ther be

rthoadanal *to the -1 etr1genspace, or i1t wmust contain a3
innear subsvacs com:ing from 1k
Let YV Le an element o2f LIG)H . Now, 1t is fairly easy

ts show that 1{ the dimensicn of V lies between i(n-1>> and

“n. Yhen V 1s the 1-fogld product of n-space and (Pin) -e)

.

hz number of fzctors ¢in this Cartesian product) which

crresoond to the last space eguals the difference between
o
v

in angd the diigens: Therefore. assume that the

o)
o]
[}
"

di:mension of V 15 less than that of j(n-1). furthermore,

hegauss <¢udr Jezxl 1=z thz comoletion of the proof of Leism

fu

we will bBe concerned with the special! cise where YV 135 3
ubszpasz: of the i-{c¢cid Catrtrtesiazn vwroduct of (F{(nl) - e’
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assume for soms schoirc 2f 1ndices that this srojection
ncen-tzivial If this proitect:ion centiins the
-dimensiconal! eigenspace carresponding te ercgenvalue -1
hen the arcument Jgiven fov Example i sppiies Lt ¢ chow that
contains the 1-fold wroduct ocf (Pin) -2
NMext . assuame that this proclection of V on the Mk, 1)
elgenspace s & d-dimensional space where DOy k,13,
-1 . d 1 is the basis for the subspgace. Each vector

1:k. 1Y 12 determined by the coericients in
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tinguished esigenvectors

€ coefficienls define a dx1i matciwr. Using zndard

i
-

inear z=lgebrs tcols, in particular the technigues related
row reduction cf mairices we can assume that the basis

s selected so that the matrix 135 im a row reduced form.

rthermore, in ocrder to simplfv the exposition, assume
4t the indicing is such that the first d columns vields
dxd identitv matrix. Now. feor anv other index, m, we
zve M. ID(DCe; k. 10> = LBiéy:m,1y, 3a vectsr which 1s

=4

1

Dv *the same coeoefficien
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m
la]
=
-
juil
14
L

Inn this wav we have

Eepaces The zraument! wused 1n brxamol2 1, 3snd the basis
{Pfn» —-a), agpolv ta show that the 1118t 4 components of

2r2 oiven bv the 2-fol1d Cszrtesian wreduct of (8(n) - 23

th 1tszeld Indeead tv this ¢hoice 2f the bLasis vectors,
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LG invariant subspace V
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, 37 18 2 specific linear

return tc Lemma 1. The we:iaht

completelv difterent vecting

cf

the

.. n!'!, which lies 1n &

j-fold product of

are described above. Since the

ineartly

’
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which

Lemma

the

independent, V can only

has dimension i(n-1)

1, and conseagquentlvy,

three theorems
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% SCME EXTENSICNS AWND THE CONDORKCET MN-TUPLE

The vurnose of this section 15 to extend the three

thezrems of Se=ction 2 50 that they apply to2 mest weighted
votinog sSvetems Then. we conclude this s=z2¢cticon and the

csner bv briefliv discussing the effects of (mposing
restrictions on veoters' preferences. scme restrictions
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Im the ststement ot the three theorems, we required

the arous outccmes to ba

U1l

trict ranking the m, or 1<in,

[I1]
[l
r

alternatives Thi1s condition was used 1n twoe places in
the prooi:. one was {for ccocnvenlence of expesition and the
other was necessarvy *7 deri1ve *the generz] resul?t The

regzson we Imposed this condition 1s that strict rankings

define 2sven regicnrng n the vranking spocce Fint. We used
thizs a2and ths s=uyrzest:ivitvy of mapoinags § and gti) to show
that fThe 1nwversses 1mage <f *he anvrenriste ranking vegion
1 a2 non-2moitv subsst <o the Zomain This usa of the
"shtrict rankings” i3 for oonvenience beczuse evan tf the

Srous Tanking conitaiined ndifirence between aliernatives



the surr2ct ittty =7 the mazygings would a2nsuwre that the
inversze image of the rankins 7edglions 3@ INohi~eMmoty
Althecugh these inverse m:iges no iondger are open sets

(thev are parts ¢fi l:inear subsopices which have the same

in Edn:r)
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straight-forward :rguments empioving continuity and

b

show that
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Q

surtiectivitv of these mapo:nus <an be used

[

there exist points Iin the domain which satisfy 211 but

n

sossiblv one of the oreopertie described :n the proocfs.
The one pronartv which does not necessarilv follow

(withecut hzavinaog the {lexitbtld
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-

tv of an orven set 1n the

domein’ is that i
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1

approprilate

domzin mwecints which have rational components

o3
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thi

[¢]
(4]
[
"
Uf]
1
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e reason 2 praoblem o

h s poei1nt 15 that by
3dmitting indifferences, the domain pocints wmust now
satisfv iinear ecuations whi:th involve the weightis. It
the weiaghts z2re rationaillv :ndependent scalars, then the
appropriliate rational solution Iin the domszin mwav noet exist
On the =z2thevr hand. 1 have ntever encoumntered a3 weighted
votinag svstem used in the "rezl world"” where the weights
are 1irrztional numbers! Consecuently, even though the
zonditions imoosed ¢n the foclleowing theorem zte tar move
strict than necegssary ¢ cbtain the conclusicn, the
results most likelw apolv to all practical voting systemnms
THECREM 4 in addition fo the sonditilong 1mpscsed on the
weighted voiing systems in Theorems !,24 02 25354me that sl
st the waeichts sre 1tzticnai nuambers Then. the respective
conoiusicens of these theocrems holi evesn 3f the aruvo
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akings sdmit indirffarence wmong sliternLlives

i

We will 1llusirsats this theorem witn the following

statement which fcllows froem Theosrem 2 z3nd Theorem 4

COROLLARY 4. :. Assume given f:ve za2ltsrnatives a,b,c, d
and f . Then there exist enzmples ot veoters so that when
thev rank « and 5 bHv means ot plurzality vote the outcome
1s comtlete indifference: when Lthev rank z.b, and ¢ with
the Borda count, the outceome is z2:c>b: when thev rank the
four alternatives a, b, o, sand d with a plurality vote,

the ourtcome i1z b=d > cYa; vet when thev rank all five

i

siternatives with the reversed system having weight vector

¢r., 2., 3. 4, %), th=z cutcome is a?> f = d4 » b = d

A second wav :n which these theorems can be extended

1s to a2iiow the voters to admit itndifferences in their
vreferences 0f zourse, this 1s only meaningful shoulad

the v

(o]
-~
n

[a}

ina vetem admit weiaght veciors which eflect this

indiftferen 3monNg certain aliernatives. Thi means thai

a
in

in

we ate 1ntredveing add:ticnal weight vectors

-

o gorrespond

to all of the claisses in the vanking regions of P(n): not
rust the ocoen ranking reclons gut, 1{ we &sre going to

intreduce additionzl weraht vectors, we might 35 well
nandle ot csituations where more wejljught vecicrs are
aviilabie I'm garftirzualav, | z2m retevring to voting
svstems s59Ch as aporoval veoiing where eicfh wveoter c¢asts tne
we ight <of unitv {27 ea-h z2coroved alternztive ot cardins:i
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Crefaraenss vyaobling whars £ o0d ;Ctey lJetermines the welght
ty be cust {nor ecceh sliternarive in 3dacsorvdance with the

aiternatives What cnaractezizes ‘hese systeme 1s that
there mav be more than one weight vector cocrrespondinag to
gazcn rsnking region of Flia:

UDefinrtion 4 Assume there are n;1 aiternatives. A

general! welaghted voting system 15 cne where at least one
weiaght vector is assianed to each of the c<open ranking

reainns ot Fin: Kot 311 of these weight vectors assiagned

te &2nm orven Tanklng recions are Lo be
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THEOREM 3 For Thecrems | .2,3.2nd 4, 3ssume that the

descrtbed weiaghted voting zystems are replaced with

general weighted voting systems admitting 2 subsystem of
welght wvectors zati1stving Both Definition 1 and the
conditions of the respaective Theorems Then the

conclusions o
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ve theorems avnoclv.

Toe prove thiz theorsem one modiiies the definition of
the magpings § z2nd ad1y t» admit the =zdditisonal
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feczusse we hive established that 11 holds {ocr a
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Bezcocauss thev a2 rmefdizx: extensiong 2§ 1hose 33 cf threse
rankings on “hree a3lternztives used by Cendorcetr, we cail
them “"Condeocrcel n-tuoles” (See (3.41 o

DETINITION 9 Assume thevre are ! alternztives. Let ¥
Ee seme rznking of the alternatives Ll ybi{n. where
eazh bB(1l) is some alternative sik)y. The following set of
n rankinags of the alternatives 1s ca2lled the Condorcet

n-tuvle generated bv B. {E; b(n)>biY> yein~12
bin-i*bE(nidp il ybh(n-23 ;

BOZY:BO32 Einy b1 To get ftom one ranking tc the
nert 1n this n-tupie, esch alternative 15 lowered one

position 1n thz ranking while the least faveored
slternmativse new ba: the most faveored zltertnative

1{ n=2 than the Condorcet Z-tuple 1s(arb bra) wheie a
and b are fthe *wo alternatives Since the Condorcel
n-ftucle 15 Z2efined ian 3 cyclic tashien, 1t seems rTesonable
t> ewpect the asscciated weioght wvactors Yo sharfe & similar
propertv To see that they do, let P be the permutation

matrig “<(pfi.ir Y whevre o(i,1) = ! 1f i= 1+} for
i=1. fin=-1y and 1f 1=n. 3=l Dtherwise wui,jr=0. It W
is the column w=2ight vector asscoclated with ranking B,

then 2z simple comcoutaticn shews that vectcocr P(Wr 135 the
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¢zt ranking in

the Condorcet n-~tuan!le in general te zbtain the weigil
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crevious vanving., voul rust ospply mwatrix F Thes any osne
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lime: and tvow weoteoer D iz givaern oy 340 :, ... .din):
Vastzcr D must bea thse zetrs wectoc: 1if 3nd aomnly 1{ the
determinant of mairix T(W! is zeroc whioh 15 true 1f and

enly 1f anv o1t the eigenwvalu
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biis symmetric matrix

ire &8Juai to zero. One of the eigsn values of this matrix
18 unitv with corresoonding si1genvector e, while the other
eigenvzliuvues are given by Di{W.,.r) where r 1s one o2f the nth
s of unitv. By hvopothesis, all of 'he eigenvalues are
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