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Abstract

A man dies leaving his sons portions of the estate, but the por-
tions sum to more than the total available, Various solutions are
discussed, some based in the theory of games. The method endorsed
regards the problem as one of rights arbitration in which the division is
based on interpreting the applicable rules, rather than on weighing the

parties' powers and possible benefits.






1, Introduction

In the vocabulary of professional arbitration (Elkouri, 1952; Spielmans, 1939),

rights arbitration refers to situations covered by pre-existing rules
or eustoms. When a dispute has arisen because the rules are unclear,
the arbitrator makes a judgement about the meaning of the rules, and
in this way decides the parties' rights.

The alternative type of arbitration is interests arbitration, in
which there are no pre-existing rules, and in which judgements are made
on the parties' interests, i.e., the relative benefits each would receive.

In the case of rights arbitration the arbitrator must clarify the
meaning of the rules or in some cases resolve a contradiction among
prevailing rules. 1If an employee is discharged for violating a rule
against loafing, and the case is brought to arbitration, the arbitra-
tor must make a decision as to whether the employee's actions constituted
loafing. The decision will be a semantic one, guided by precedent.

If union and management take a wage proposal to arbitration, no
pre-existing rule applies. This is interestsarbitration and the decision
will be based on a conception of fairmess, or on the relative powers of
the two sides in order to make a stable workable agreement. The interests
arbitrator is a fast and safe substitute for the bargaining process,

Most of the mathematical theories of arbitration proposed so far
have dealt with interests arbitration. This paper will present a theory
for a problem in&olving a rights conflict,

Several possible solutions will be presented. Some will reinterpret
the problem as one of interestsarbitration and solve it using a game-

theoretical model, but the solution finally proposed here regards the



problem as one of clarifying and reconciling the rights possessed by
the parties involved.

The problem given here has a very specific structure, in which
individuals have overlapping rights to a limited transferable com-

modity, Hopefully our solution can be generalized to a wider range of

rights disputes, but we will not try to do this here.

2. The Problem

The Babylonian Talmud is a compilation of Jewish secular and
religious laws set down over an extended period from the first to the
fifth centuries, A.D. The book dealing with contracts, partnerships

and found objects gives the following rule of division:

Two hold a garment.,.. if one of them says, "It is all mine' and the
other says, "Half of it is mine',...the former then receives three
quarters and the latter receives one quarter.®

(Babylonian Talmud, Vol. 23, Ch. 1, I. Epstein, ed., 1935)

Around the year 1140 A.D., Rabbi Abraham Ibn Ezra gave a similar

problem involving four persons.

Jacob died and his son Reuben produced a deed duly witnessed

that Jacob willed to him his entire estate on his death, som

Simeon also produced a deed that his father willed to him half or

the estate, Levi produced a deed giving him one third and Judah

brought forth a deed giving one quarter. All of them bear the

same date, (Rabinovitch, 1973)

The problem is that the wills seem equally valid but are mutually
inconsistent in that they give away more than the total estate,

How should the estate be divided? It seems fair that the sons with
larger claims should receive more, but precisely how much more should

each get?

A problem of this type, defined by an estate of given size, n heirs



and n corresponding wills each specifying a bequest for that heir,
which total at least as much as the total estate, with each
bequest non-negative and less than or equal to the total estate, will

be called a simple claims problem. It will be assuméd that the heirs'

utilities are linear with the amounts they receive.

Rabbi Ibn Ezra describes two possible solutions. The first is to
divide the estate in proportion to each son's claim. He attributes this
view to the ''gentile sages' but rejects it in favor of a more complicated
scheme which he describes as consistent with the teaching of the Talmud.®

In the next section, section 3, we will describe Ibn Ezra's solution.
His general response to che problem is to specify which particular part
of the legacy, which quarter, which third, etc., each son is claiming
and he goes on to describe a specific way of doing this. We will argue
that his specific solution contains serious flaws, whatever the merits
of his general approach., In section 4 modifications of his solution
are suggested, still consistent with his general approach. In section
5, the method of proportional division is discussed pro and con., In
section 6, we state the property of consistency and propose it as a
requirement for any acceptable division scheme, A division scheme

satisfying consistency is outlined in section 7 and discussed in 8 and 9.

3. Ibn Ezra's Solution

Ibn Ezra gives an example in which the total estate is 120 units

and the amounts left by each will to each son are as shown in Matrix 1.

Reuben Simeon Levi Judah
Will 1 120 - - -
Will 2 - 60 - -
Will 3 - - 40 _ Total estate
Will & - - - 30 = 120

Matrix 1



The figures in this matrix should be understood as fixed in the
wills and outside the influence of any of the sons. The wills seem
validly dated and there is no suggestion that they were forged.

Ibn Ezra endorses the following solution: divide the estate in
proportions 97/144, 25/144, 13/144, 9/144. This is approximately .67,

.17, .09, .06. He writes,

In accordance with the view of the Jewish sages, the three

older brothers say to Judah, "Your claim is only on 30 [1/4],
but all of us have an equal claim on them. Therefore, take

7 1/4 which is one quarter and depart." Each one of the brothers
takes a similar amount. Then Reuben says to Levi, '""Your claim
is only on 40 [1/3]. You have already received your sharc of
the 30 which all four of us claimed; therefore take 1/3 of the
fremaining] 10 and go." Thus Levi's is 10 5/6 [that is, 30x 1/4
plus 10 x1/3]...Reuben also says to Simeon, "Your claim is for
only'half of the estate which is 60, while the remaining half is
mine. Now you have already received your share of the 40, so
that the amount at issue between us is 20 -- take half of that
and depart." Thus Simeon's share is 20 3/6 {i.e. 30x 1/4 plus
10 x1/3 plus 20x1/2] and Reuben's share is 80 5/6 [ =30x1/4
+10x1/3 +20x1/2 + 60 x 1]. (Rabinovitch, 1973)

This method is consistent with the teaching of the Talmud in that
it yields a division of (3/4, 1/4) when applied to the problem of the

found garment.

Analysis of Ibn Ezra's Solution

Ibn Ezra's thinking seems to rest on three premises. He does not
state them explicitly, but they are necessary to logic of his argument.
The first premise 1is

P1) that each son's claim is to a certain specifiable part of
the estate and the problem is to specify which part,

One might think as an alternative that each son could claim only
a certain portion of the estate and that there is no way to identify
which part of the estate the son is claiming. For example, if the

claim is to 30 units, then any section of the estate totalling 30 units



~is the same as any other in relation to the son's claim. But Ibn Ezra's
concept of the claim seems to be different. He portrays one son as
saying to another, "You claim 30 but all of us have an equal claim on

your 30." 1In other words the brother's claim is not on some 30 units

or other but on an identifiable 30 units.

This premise Pl allows Ibn Ezra to hold the following:

P2) that each larger claim is on a part of the estate that completely
contains all smaller claims.

Thus one brother's claim of 40 completely contains the other's
claim of 30 and so on, This is explicit in the older brothers'
statement to the youngest brother, '"Your claim is on 30 but all of us

have an equal claim on them."

One such arrangement of claims is shown
in Figure 1, where the estate is portrayed as being stretched out on

a continuum.

Estate: (120 units) r_ l

Ris claim (120) 1 i
S's claim (60) | }

J's claim (40) ‘ 1 1

L's claim (30) L )
Figure 1

But why should this relationship hold? What is illogical about
one brother claiming the first 40 of the 120 and another claiming the
final 30 of the 120, in which case there would be no overlap of their
claims? Premise P2 strikes us as the most arbitrary, weakest part
of Ibn Ezra's argument,

The third implicit premise is



P3) if several brothers claim a certain part of the estate,
that part should be divided equally among them.

This seems fully convincing. If the claims on a certain part of
the total are identical, the division of that part should be symmetrical
and equal.

Ibn Ezra's first two premises can be regarded as a way of
manipulating the problem around until P3 can be applied. They are a
way of decomposing any simple claims problem into a set of symmetrical
problems. The original problem is expressed as the sum of the subproblems
each of the latter having an obvious solution.®

So our main objection to Ibn Ezra's argument is to P2. Not only
is P2 arbitrary, it also leads to unaccepﬁééle consequences in specific
cases, Suppose the deeds were consistent with one another, e.g., suppose
there were only two sons, one granted 80%, the other 20%. Certainly
Ibn Ezra should follow the allocations in the deeds and grant the sons
80% and 20% respectively.

Now consider a slightly different situation in which the two deeds
specify 80% and 25% to the two sons. Ibn Ezra's method would then divide
the estate 67.5% and 12.5%. This seems undesirable for two reasons,
First of all, not all of the estate is given away even though there are

more than enough claims to it., In this sense his method is not pareto-optimal.

Secondly, one son's share decreased (from 20% to 12,5%) even though his
claim went up and the other parameters of the problem remained constant.

Thus the division scheme is not monotonic with the amounts appearing in

the wills,
Ibn Ezra's method works well only for a certain class of problems,

those in which one son is deeded the entire amount. The example he



gives falls in that class, 80 his method seems to give reasonable=
results, but in general it does not dispose of all the estate.S

The root of the difficulty is his premise P2, that claims are to
be regarded as systematically including each other. Some alternatives
will now be discussed. Each of the altermatives outlined in the next

section will keep premises Pl and P3, and thus regard the claims problem

as one of specifying which parts of the estate each son is claiming.

4, Alternatives to P2

Method of Random Claims

Another way to assign each son's claimrto a specific part of the
estate would be to make the assignments "at random"”, The estate is
divided up into small equal parts., Each of the four somns claims some
of the parts, the first son claiming all, the second one half of them,
the third son one third of them and the last son oée quarter of them.
Each part is as likely to be claimed as any other, independent of the
claims of the other sons. After the process is finished, some parts
will have been claimed by exactly omne, two, three or four sons. Each part
is divided equally among the sons claiming it. If some parts happen to
be claimed by no one, the entire method is reapplied to those parts,
although this would not be necessary for Ibn Ezra's specific problem,
since the first brother is claiming all of the estate.

Clearly this method retains Ibn Ezra's assumption P1l, that claims
are on specifiable parts and P3, symmetrical division, but it modifies
assumption P2, successive inclusion of claims. Now claims overlap one
another only to the extent expected by chance.

Applying this to Ibn Ezra's example gives the fractions to the four



brothers as 165/288, 59/288, 37/288, 27/288 or approximately .57, .21,
.13, .09. These values are shown in Table 1 for comparison with
other methods. Details of thecalculations in Appendix A.

The first brother's advantage is substantially reduced now that
claims are placed randomly over the estate. His allocation drops.from
67% to 57%.

The method of random claims avoids one fault of Ibn Ezra's scheme
in that it disposes of all the estate. Unfortunately, it has a different
flaw, In problems where the wills are consistent with each other, it
does not divide the estate in the way directed by the wills. For example,
if the will leaves 80% and 207 to the two heirs, the method of random
claims gives them 867 and 14%. We could avoid this';y amending the
method with a special rule for the case that the wills are consistent,
but then the method would not be monotonic. Two wills allotting 80%
and 207% respectively to the two heirs would result in a share of 20% to

the second heir, but wills of80% and 25% would decrease this person's

share to 18%.

The Wills Problem as a Non-cooperative Game

Another alternative to assumption P2 is that the court direct the
four sons themselves to specify which parts of the estate they are
claiming. After their claims are received the court divides each part
among those who claim it.

This is a game of strategy among the four brothers. A strategy in
the game involves choosing some particular portions of the estate of
proper total size and laying a claim to them. The payoffs are determined
by the court's application of premise P3. Of course the game need not be

played -- the court may decide to calculate what the outcome would be



Problem of
Problem of Wills Garment

Reuben Simeon Levi Judah

(L) (1/2) (1/3) (1/4) 1 1/2
Talmud -— -- - C .750 .250
Ibn Ezra's method .674 174 ,090 .063 .750 .250
Random claims .573 .205 .128 .094 .750 .250
Non-cooperative game .486 L2471 .157 .116 .750 .250
Bargaining game .516 .227 145 (111 .750 .250
Proportional division .480 .240 .160 .120 667 .333
Recursive completion . 479 .243 .160 .118 .750 .250

Table 1, Fractions allotted by
division schemes
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for rational players based on some solution theory and allot the bro-
thers that division.

To define the game completely we must specify what possibilities
are available for communicating, making believable threats and making
binding agreements.

If no communication whatsoever is allowed, then all strategies would
appear alike to a brother and he would have no reason to choose one over
another. This leads back to the method of random claims outlined previously.

Alternatively, if the players can communicate but cannot make enforce-
able threats or agreements, the traditional theory of games would predict
they would choose a Nash equilibrium. There is not a unique Nash equi-
librium in this game and the &4-tuples ofrstrategies which are Nash equili-
bria will in general result in different payoff vectors. The set of payoffs
for the Nash equilibria of this game is a closed simplex bounded by an
equilateral triangle with vertices

(70/144, 36/144, 22/144, 16/144)
(70/144, 34/144, 24/144, 16/144)
(70/144, 34/144, 22/144, 18/144)

Since this region is symmetrical and very small relative to the
total set of possible payoffs, we will choose the centre of the triangle,
which is 105/216, 52/216, 34/216, 25/216 or approximately .49, .24, .16,

.12 as a typical point representing the division based on Nash

>
equilibrium theory. Calculations are described in the Appendix.

Note that the first brother's share is reduced even further than
that in Ibn Ezra's method and the random claims method. This is not
surprising. Here all brothers are given the ability to make strategic

choices when they place their claims, but this is no advantage to the

first brother, since he still has only one choice, to claim all of the
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estate, Only the weaker brothers are given a wider choice, and conse-

quently they gain in the final division.

The Wills Problem as a Cooperative Game

Another approach would be to regard the problem as a full-fledged
cooperative game. The players can communicate with each other, can
threaten and bargain, all four at a time, or in any subset of the four.
Ibn Ezra's problem then becomes a non-simple bargaining game with trans-
ferable utility, using the terminology of Harsanyi (1978), who has
proposed a solution method for such games. Details of its application
to our problem are given in the Appendix. The players receive 223/432,

98/432, 63/432, 48/432, or approximately .52, .23, .15, .1l1.

5. The Method of Proportional Division

Rabbi Ibn Ezra writes,
The gentile sages would divide the estate in accordance with
the ratio of the face value of each, while the Jewish sages
divide it in proportion to each one's claim, Thus the
mathematicians [i.e., the gentile sages] say that the amount
is one and when you add to it 1/2 plus 1/3 plus 1/4, the sum

is 2 1/12...In short, Simeon takes half of Reuben's share,
and Levi one third of Reuben's share and Judah one fourth of

1
Reuben’s share. (Rabinovitch, 1973)

The sons are thus receiving a share proportional to their claim.
The division is 12/25, 6/25, 4/25, 3/25 or about .48, .24, .16, .12,

This seems straightforward and easy to calculate, but can anything
more be said to support it? One advantage is shown by the following
example.

Suppose the fourth brother were to die and leave two heirs. One might

expect his heirs to have equal claims of 1/8 and 1/8 to replace his
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claim of 1/4. The original problem with four claims (1, 1/2, 1/3, 1/4)
might be replaced by a five-claim problem (1, 1/2, 1/3, 1/8, 1/8). It
seems reasonable that the other three sons' shares should not change
because of the death of the fourth son and clearly with the method of
proportional divisions they would not.

Alternatively, suppose two of the sons were able to form a partner-
ship and present a deed for the total of their two claims. For example,
the third and fourth sons join together and change the original claims
problem to a thrée-person’problem with claims (1, 1/2, 7/12). (The two
sons have agreed to split up the gain in some specified way after the
court has decided their total share.)

We would hope that such manipulationrwéuld not work and that the
two sons' total share would be independent of any coalition they form.
In fact, there is no temptation to form coalitions if the method of
proportional division is used. A theorem in Appendix B shows that
proportional division is unmique in this respect. It is the only method
that is 1) symmetrical, i.,e., it is independent of the numbering of the
heirs; 2) continuous at at least one point, regarding a son's allotment
as a function of his claim; 3) efficient in the sense of distributing
all of the estate; -4) independent of the addition of dummy heirs with
zero Claimss .and 5) strategy-proof in the sense outlined above.

This argument for proportional division seems attractive but not
completely convincing. The strategy-proofness property is an advantage
only if such strategies are allowed. The court might simply refuse to
regard the two grandsons aé full-fledged claimants to the inheritance
and might insist on settling the question in two steps, first as a four
party problem where the grandsons are regarded as one, and next as a

problem of division between the grandsons,
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A disadvantage of proportional division from Ibn Ezra's viewpoint
is that it is inconsistent with the Talmud. It results in the found
garment being divided 2/3, 1/3. (All the other methods presented so far
are consistent with the proportions in the Talmud as shown in the right

column of Table 1.)

6. The Requirement of Consistency

We have seen that Ibn Ezra looked upon the wills problem as a
question of stating which particular parts of the estate were being
claimed by each heir. The wills themselves state only the total propor-
tions claimed by each, so in effect he was trying to r¢§d between the
lines, to deduce more information from them than they explicitly state.

The method proposed in this section also tries to deduce more
specific information from the wills, but in another way. As it stands
each will mentions a single brother, We will try to infer what
proportion each will is implicitly leaving to the other three brothers,

This approach will not determine a division of the estate exactly
but it will restrict possible division schemes to a narrow set, In
fact, all the methods proposed so far will be eliminated.

Instead of constructing a division scheme, we will assume we
already have one in mind. This scheme, which will be labelled d, is a
general rule for solving simple claims problems. The procedure to be
given now is a way of testing d for self-consistency, and possibly
rejecting it.®

For certain claims problems, any division method d will not only
give a division of the estate, it can also solve the question of how

to fill in the blanks in each will, i.e., how to determine the amounts
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implicitly left to the heirs not mentioned in the will. The reason is
that in certain problems, filling in the blanks is itself equivalent to
a simple claims problem., (An illustration of this will be given shortly.)

Suppose we were able to fill in the blanks so that all wills
stated what each son should receive. Each will is assumed to have been
completed in some reasonable way, each giving away the total estate,
(although the wills still contradict each other, of course). It would
then be clear how to divide the estate. No will has any more validity
than any other, so it should be assumed that each is equally likely to
be right and has equal reason to be adopted. Thus each person should be
given his expectation, i.e., the average of the values appearing in the
four wills. 7

For certain claims problems and a division method d we now have two
ways of calculating a solution based on d.

1) Apply d to the problem directly.

2) Use d to £ill in the blanks in each will and solve by averaging.
A division method is consistent if the two calculations give identical
results,

For example, suppose we believe in the method of proportional
division and choose it as our favored method, d. We are presented with
the problem shown in Matrix 2.

Heirs 1 2 3

Will 1 12 - - set of heirs N={1,2,3}

Will 2 - 6 - total estate = 18
Will 3 - - 6
Matrix 2

Applying proportional division directly, as in approach 1), gives

9, 4%, 4%.
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Using the second approach, how should the wills be filled in? 1In
the case of will 3, what claims should we regard it as implicitly
assigning to heirs 1 and 2?

Given that will 3 has already allocated 6, there are 18 - 6 =12 units
left for heirs 1 and 2. The two heirs can present claims on this 12,
for 12 and 6 units respectively based on wills 1 and 2. Will 3 does
not regard these claims as totally invalid, but insists only that 6 units
be granted to heir 3. So, will 3 regards the other two claims as limited
to the 12 remaining units of the estate., This is the simple claims problem

specified in Matrix 3.

Heirs 1 2

Will 1 12 - N={1,2}

Will 2 - 6 total estate = 12
Matrix 3

Since proportional division has been assumed to be the proper
solution method we can use it to solve this problem and allot 8 and 4
to heirs 1 and 2 respectively. These are the amounts will 3 is
implicitly leaving to heirs 1 and 2, so that will 3 may be changed from
(-, -, 6) to read (8, 4, 6).

Note that heir 3 still has a bequest of 6 units, just as in the
original incomplete version of will 3. Our aim here is not to revise or
correct existing parts of will 3, but to £ill in the unspecified parts.
We cannot raise or lower the amount allocated to heir 3, since this has
already been specified.

Applying similar reasoning to complete the other two wills, yields
(12, 3, 3) for will 1 and (8, 6, &) for will 2, Solving by averaging each

heir's claim over the three wills gives a division of (9 1/3, &4 1/3, 4 1/3).
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This is different from the solution using proportional division
directly which was (9, &4 1/2, 4 1/2). The direct and indirect modes of
solving the problem should agree with each other, but do not. Conse-
quently, our mistake must lie in our original assumption that proportional
division is the correct method.

This argument is outlined in Figure 2.

Original Matrix Complete Matrix
12 - - = 12 3 3
6 - 8 6 4
Completion by
- - 6 proportional 8 4 6
division
Solution by Solution by
proportional averaging

division

(9, 4 1/2, 4 1/2) é—— contradiction —> (9 1/3, 4 1/3, 4 1/3)

Figure 2

The other methods stated above, Ibn Ezra's method, random claims,
solution as a non-cooperative or cooperative game, are also not consistent

as can be verified by applying each to Matrix 2.

7. The Method of Recursive Completion

The method to be proposed now satisfies the requirement of
consistency and also has a simple dynamic interpretation.

It involves two steps. First, for each of the n wills, a claims
problem is defined whose solution would allow us to complete the will,
It is as follows: let the original nxn claims matrix be C, the total
estate be t, and will i assign <claim ci to heir i. Then we construct

the claims problem with the (n-1) x(n-1) matrix Ci’ the submatrix of
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C found by deleting will i and heir i. The new claims problem is
defined as having total estate ti= t - ¢, as in Matrix 3.

This may or may not be a simple claims problem as defined in Section
2. It will not be simple if someone claims more than the possible total
ti' It is easy to show that if someone claims more than the total poss-
ible, then after the matrix is completed and the bequests are averaged,
the resulting division will be more than the amount available. Therefore,
we must alter the matrix Ci to make it a simple claims problem. The
obvious way is to define a matrix C{ in which any claim in Ci which is
more than t.l is replaced by a claim of exactly ti, so that the heirs are
not allowed to claim more than the total estate. If they do, their
claims are truncated.

For each will in C{ a set of (n-2) x(n-2) claims problems is
generated in turn whose solutions will allow the completion of Ci' This
procedure is followed recursively. Eventually we arrive at a list of
problems with only one claimant each.

St;ge two of the method consists of solving each smaller claims
problem and using the so;ution to fill in the blanks in the next larger
problem, For the smallest problems, those with only one claimant,
the claim and the total estate available will both equal max (t - ZZ ci,0),

ienN-{3}
where heir j is the single claimant. The solution is obvious, that
heir j takes whatever is available. Each k x k problem is solved and
used to fill in some of the blanks of the (k + 1) x (k + 1) matrix
that generated it in stage one. Once the latter matrix is comple;e its
sol&tion can be found by averaging and it is used to compiete a8 matrix

of the next larger size. Eventually we arrive at a solution of the

original matrix.
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The final solution will be feasible and efficient, that is, it
will give away exactly all of the estate. This can be shown by re-
cursion: the one-claimant problems are feasible and efficient, and if
a k-claimant problem is feasible and efficient, then so is the (k + 1l)-size
problem that generated it.

The method of recursive method is applied to Ibn Ezra's problem
in Figures 3 and 4.

The total estate available appears to the uvpper left of each
matrix. Arrows indicate the flow of the calculations. As an example
we will follow the computation involving the two starred matrices.

We wish to f£ill in will 3 in the original matrix, to determine what it
is implicitly leaving to heirs 1, 2 and 4.

After 40 units have been transferred to heir B, there would be
80 left for the other three heirs. Based on wills 1, 2 and 4 these
heirs are claiming 120, 60 and 30. The first claim of 120 cannot be
allowed so it is truncated to 80. This is the claims problem shown in
the second starred matrix and its solution will allow us to £fill in
the blanks in will 3. It is solved in like manner, by generating a
number of smaller problems as shown in Figure 3.

In Figure 4, the smaller problems have been solved and the starred
matrix is filled so it is complete and solvable by averaging. . It
yields 115/3, 85/3 and 40/3 to heirs 1, 2 and 4 respectively. These
values are inserted in will 3 in the original matrix, and along with
the other values this gives the solution as 57 1/2, 29 1/6, 19 1/6, 14 1/6.

The four sons receive fractions 69/144, 35/144, 23/144 and 17/144
or approximately .48, .24, .16 and .12. The method gives slightly less
to the first son than does proportional division, although this is

disguised due to rounding off.
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The method of recursive completion can be given a dynamic interpre-
tation, Suppose the claims problem is solved by holding a race. The
brother who arrives at court first has his claim satisfied, since no
other claims have been presented. The next brother is satisfied with
as much of the estate as is left, and so on, each arrival receiving his
claim or part of his claim until the estate is exhausted. Instead of
actually holding such a race, we could give the brothers what they would
expect to receive if all orders of arrival were equally likely.

Clearly this would give the same solution as the method of recursive
completion, since after the first person has been paid off the problem
becomes a race among a reduced set of.brothers for a reduced payoff in
just the manner specified in the method of recursive_completion.

This dynamic interpretation shows the close connection between this
solution method and the Shapley value for n-person games, which can be
modelled in a very similar way. It also gives a way of calculating the
solution that is easier than Figure 3: 1list all possible orders of

arrival and for each one, calculate the amount each heir would receive,

and take the average of these for a given heir.
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This entails the following formula for heir i's share, X

H 1
s.(n -? -1). b
n! i

where c, is heir i's claim, t is total available, s =|S!, and

b, =c, ift-Zc,>c.
i i j i
€S
=t - ZJ Cj if < > t- 24 cj =20
jES j€Ss
_ i N
=0 if 0 = t - c.
Lo~
jES

The method can also be derived from a bargaining model of the claims
process. For a given coalition of heirs .S, suppose the complementary

b c. Wwhere ci is the claim

coalition has claims totalling t
. i
i €N-S

N-S

of heir i. Then if t <t, N-S has no claim over the amount ¢t

N-S " ty-s

and there can be no objection to the court granting this to coalition S.

This suggests defining a characteristic function game

v(S) = max (t - 2 c., 0) for SEN
i€N-s *

This function v ignores some relevant parts of the original problem
since v(S) is not the amount S is actually claiming, which may be a good
deal more. In any case the game is well-defined and we can calculate
its Shapley value as a reasonable solution,

The Shapley value of this game for heir i is

®. - ‘Z (s - l)i:(“' 0t (y(s) - v(s- (i)
s] i€s¢eN
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The term v(S) - v(S - {i}) can be shown to equal

i o =
ci if ¢ Z; cj ci
j €N-S
t - . if c. 2 t- z c, =0
z 3 i 3
j €N-5 j EN-8
0 if 02 t- 3- cj
j €EN-5

By changing the variable of summation in the formula for ¢i from S to
N-S, cpi is shown to equal X5 the share by recursive completion.
These two dynamic interpretations of recursive completion are
interesting but the most substantial support comes from the original
justification, namely, that it results from completing the blanks in

the wills in a sensible way.



8. GCeneralizations of Ibn Ezra's problem

Ibn Ezra included the same number of wills as heirs, but there
is no reason why the problem should be restricted in this way. 1If
there are fewer wills, and each will specifies a bequest for one heir,
we can drop out the heirs who are not named in any will, the claim
matrix will become square and the problem will become a simple claims
problem.

If there are more wills than heirs, so that one heir appears in
several wills, then the method of recursive completion can te applied
without modification. WNothing in its justification relied on the num-
bers of wills and heirs being equal.

Problems of this type, which would be simple except than there
are more wills than heirs, will be called rectangular claims problems.

It is not obvious how any of the other methods would be generalized
to deal with rectangular claims problems, The method of proportional
division, for example, seems to depend on each heir having exactly one
claim to the estate,

A broader class of problems, exemplified in Matrix 4 allows one
will to name several heirs, This will be

Matrixz 4 - - 7\

N = (1,2,3}
6 4 - Total estate = 12
- - 6
A - 8

called a general claims problem.
The method of recursive completion canmnot be applied to such

problems directly since it gives us no rules to follow if two claims in
the same will are made on the same amount of estate, Some generali-
zation of the method is necessary but we will not pursue this question

here,.

24
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9. Comparison of Methods

The six division methods presented are

1) Ibn Ezra's method

2) random claims

3) claiming parts of the estate in a non-cooperative game

4) claiming parts of the estate in a bargaining game

5) proportional division

6) recursive completion

Methods 1) and 2), Ibn Ezra's method and the method of random
claims, are not monotonic with the heirs' claims or else do not dis-
pose of all the estate. These are fatal flaws, in our viewpoint.

Methods 3) and 4), the game-theoretical models, share two features.
First, they tend to take the approach of interests arbitration, aéking
in effect, what would the outcome be if there were no arbitrator to
settle the dispute., Second, they accept Ibn Ezra's premise Pl, that
we must specify who is claiming what parts of the estate. Anyone who
finds these two features appealing on philosophical grounds may favour
one of these methods.

It should be clear that we do not find these features appealing.
We believe a theory of rights arbitration is possible and appropriate
here, and we do not think Ibn Ezra's premise is convincing. We also
note that there are many other assumptions that could be made about the
possibilities of cooperation and threats, if the heirs were to be
regarded as playing a game. It seems to be arbitrary whether 3) or 4)
or any of the many intermediate possibilities allowing partial com-
munication or enforceability is chosen as the proper way to solve the

conflict.
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Proportional division, method 5), takes no position on what the
claims in the wills "really mean', and in this way makes itself less
vulnerable to objections., It is a simple method and it is also strategy-
proof, although we have given reasons to suggest that strategy-proofness
is not especially compelling in this context. Also, it cannot deal
with rectangular claims matrices. Nor can any of the other methods,

1) - 4).

The method of recursive completion strikes us as reasonable, general
and relatively free from arbitrary assumptions. Recursive completion
belongs with Ibn Ezra's original method in the category of pure rights
arbitration, Just as a dispute over loafing on the job would be solved
by clarifying the meaning of the term loafing, these two methods try
to clarify the meaning of the wills. Interests or benefits are not
involved. 1In this way they show that rights arbitration, like interest
arbitration, is open to mathematical treatment.

The method of recursive completion takes an approach to rights
arbitration analogous to the approach of game theory to interests
conflicts., In the theory of games the players put themselves in each
others' shoes and look at the conflict from the opposite viewpoint.

The method of recursive completion takes the attitude that the parties
should not simply reiterate their own rights but try to clarify what
rights they see the others as possessing in the situation, which we
termed "filling in the blanks,"

This is a very general principle of conflict resolution and
hopefully it can guide us to extend the types of rights problems

solvable by mathematical means.



27

Appendix A - Calculation of the Solutions

Random claims

Let s be the amount of heir i's claim, and let pi==ci/t be
the proportion heir i is claiming. Let x, be the amount awarded to
heir i by the method of random claims.

Then X, is equal to the amount heir i receives from that part of
the estate claimed by himself alone, plus the amount from the part
claimed by himself and one other person, etc., plus the amount yielded
when the process is reapplied to any part claimed by no one,

For example, for heir 1,
x;=t p; (1-py)) (1-py) (1-p,)
#3 9y [py (1=p) (L=p) + 5 (1-py) (1-p)*p, (1-py) (1-y)]
....+t(x1/t) (1-p)) (1-py) (1-py) (1-p,)
Substituting for t and Py to P> and solving the equations for

p ¥ou Xg and X, gives the values stated in Section 4 of the text.

Solution as a non-cooperative game

To find the set of equilibrium strategies, let t be the total estate,
let c; be the brothers' claims for i=1, ..., n, and let s be an n-vector
of strategies, Each strategy £ in $ will be a finite set of disjoint
intervals in [0,t]. These are the parts of the estate brother i is
claiming based on will i. The measure of the intervals in s must be c; -

For a given strategy vector 5, let 5(5) be an n-vector whose
components ai(5) represent the amount of the estate claimed by exactly

i brothers.



Suppose the brothers choose a strategy vector such that two values
aj (s) and aj,(g) both are positive, with j'<j-1. Vector s will not
be an equilibrium, since a brother who claims some positive amount
claimed by a total of j brothers could benefit by switching some of
that claim to parts of the estate claimed by only j’ brothers. An
equilibrium strategy is one that results in a vector 5(5) of the form

fo, ..., 0, , 0, ...0} with aj-l>0' Since the elements of a

aj-l’ aj
must sum to t, we can set aj_1=a and aj = t-a, Setting c= Z Ci’
the total estate claimed, it follows that
(j-1l)a + j(t-a) =¢C
or j = (c+a)/t
Since 0<a <t and j is integral, it follows that j can be chosen

uniquely as theleast integer greater than ¢/t. We will designate this

Ja

value as j“. For Ibn Ezra's example ¢ = 250, t = 120 so that a =110

and jA =3, This determines the players' set of equilibrium strategies.

)

They must calculate j" and a, and lay claims so that amount a of the
estate is claimed by j“ -1 players and amount t -a by jﬂ players.

To calculate payoffs let yij be the amount claimed by player i

and also by a total of exactly j players, for some equilibrium strategy

S. Then
yy §=0 for j#j*-1, i*
yi,j*-l’ yi,j"“zo

and
Yi,5%1 " Vi,5% " S4

Letting X, be the final payment to heir i,

28
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X, =y, g /GF-D +Fy, /5%

J?’s‘

and

The set of payoffs arising from equilibria are the vectors x

satisfying the above conditions on Xi, s and For Ibn Ezra's

2.
w

i, 5x-10

problem, this is the region bounded by the equilateral triangle given

in Section 4.

Solution as a cooperative game

Harsanyi's bargaining solution is calculated in two steps. First,
a characteristic function for the game is determined. Then a Shapley
value for this characteristic function is calculated to give the
bargaining solution.

The characteristic function states the amount each proper subset
of the N players will receive if there is no agreement. Harsanyi
suggests that any coalition should threaten to play in the case of a
disagreement in such a way as to maximize the difference between their
total payoff and that of the opposing coalition. The opposing coalition
will likewise threaten as if they were playing to maximize the negative
of this difference. This is a two-person zerosum game and can be solved
by the minimax method. Since threats are binding, the characteristic
function for a coalition gives the total payoff it would receive if it
acted as if it were playing this difference game.

To determine v(12) and v(34), the function for heirs 1 and 2, and
for heirs 3 and 4, note that the heirs within a coalition can coordinate

their choices as to which parts of the estate they are laying claim to.
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It can be shown by arguments similar to those used in the analysis
of the Nash equilibria for this problem, that heirs within a coalition
should lay claims which have minimum overlap. Thus heirs 3 and 4
should claim 30 + 40 = 70 units in all with no overlap. Heir 1 will
clearly claim all of the estate and heir 2 will claim 60 units., The
important parameter effecting the payoffs is z2’34 defined as the
overlap between heir 2's claim of 60 and heir 3 and 4's claim of 70.
The difference in payoffs x1-+x2 "X, =X, can be calculated to be

X, +x% = 50223,4/3

172 T 3T
Thus {1,2} will try to maximize the overlap and {3,4)} will try to

minimize it.. Each coalition should claim units at random, and the

expected overlap will then be

E( ) = 120 x (70/120) x (60/120) = 35

22,34
The expected difference between the coalitions' payoffs will be

50 + 35/3 = 61 2/3. This is v(12) - v(34), and combining this with the
requirement that v(12) +v(34) = 120 gives v(12) =90 5/6 and v(34) =29 1/6.

The other values of v can be calculated in a similar way:

v(d) = 0 v(1234) = 120
v(l) = 58 1/3 v(234) = 61 2/3
v(2) = 24 1/6 v(134) =95 5/6
v(3) =15 v(124) = 105
v(4) = 10 5/6 v(123) = 109 1/6
v(1l2) = 90 5/6 v{(34) = 29 1/6
v(13) = 80 v(24) = 40
v(l4) = 75 5/6 v(23) =44 1/6

Calculating the Shapley value of v gives the bargained solution,

as quoted in Table 1.



31

Appendix B - Uniqueness of Proportional Division

Theorem. Let t be the total estate and c be an n-vector of claims such
=(n) , - .

thathiZt and OSciSt. Let f( )(c) forn=1, 2, .., be a series of

functions giving a method of dividing.the estate for each number of

claimants n. Then Al) through A5) hold if and only if B) holds.

Al) f(n)(E) is symmetrical in the components of c.

A2) for all values of the components of ¢ other than cy E(n)(é)
is a continuous function of s at at least one value of c,.

A3) f(n) is Pareto-optimal, i.e. Z:fgn)(é) = t,

A4) f(n) is independent of the inclusion of heirs with no claim,

i.e”rfgn)(é) = fgn-l)(E/) for i =1 to n-1, where cn==0 and Eh

is formed from c by deleting the last component .-
AS5) f(n)(é) is strategy-proof, i.e,, for any heir i and subset of

heirs, S,i € S € N,

t-IsD 2y o m g

jEs
where ¢’ is the vector formed from c by replacing the claims

of heirs in the subset S by a single claim of > cj for heir i,
j€S

f(n)

B) is the method of proportional division:

fgn)(é) = t ci/%? cj

=(n)

Proof: Suppose each of functions £ satisfies Al through A5, For

fixed cl + ¢, and fixed ¢ eees cn, defin

. '
2 3’ (cl) as heir 1's

€8 12

award: ~(n)
gl,lZ(cl) = f1 (Cl’ c2, ooy cn)
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. ) . _ () .
Heir 2 will receive g2,12(C2) = f2 (cl, Cy> . cn) which by symmetry
(n) '
equals f1 (c2, Cl’ .o cn) and therefore equals gl’lz(cz).

Heirs 1 and 2 in alliance will receive f(n-l)(cl-+c2, c3, . Cn)’
which by A4 and Al, symmetry, equals f{n)(cl-+c2, 0, c3, . Cn)’ which
equals gl,lz(cl-+c2).

Since f(n) is strategy-proof, i,e., satisfies A5,

81,12(61 9 = 8 12(c)) T8y 15(cy)
= 8,120 T8 5.

Since E<n) is a continuous function of ¢ at at least one point,
(A2), then by Cauchy's theorem of functional equations (Aczdél, 1966),
g1,12(cl) = kc1 for some k a function of c1-+c2, c3, sees Coo By
symmetry we can show that for j#1, gl lj(cl) = kc1 where k is a function
of c1+cj and the remaining variables other than c1 and Cj'

This can be applied successively to show that k is a function of
c.+c, ...+c , as follows. GChoose c and ¢’ such that L ¢, = 2 c/=c.

1 2 ‘n i i
Then
k(cl, s> - cn) = k(c1-+c2, 0, Cys eees cn)
= k(c1-+c2-+c3, 0, O, CA’ vees C )
.. = k(ec, 0, ., 0
= - 7 4
k(e Cys Cyo 0, ..y O
= 4 7 7
vee k(cl, Chs eves cn)
By Pareto~optimality, (A3),
> k(c,+c. +...+c ) c, =t
LEN 1 2 n 1
. = >0
k(c1-+c2-+. .-+cn) tef 2 <,

i€N



Thus fi(E)==t ci/ D> cj which is the method of proportional
JEN
division.

It can be verified that proportional division satisfies each of

the conditions Al through AS.

33
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FOOTNOTES

1. The section quoted here occurs just after a rule dealing with two
individuals who have found an object and lay equal claim to it. In this
case, the answer given is that the court should divide the value equally.

It makes sense that the individuals should sometimes lay equal claims
to the object but the Talmud does not make clear how unequal
claims could arise. Perhaps one person states that he found the
object first while the other declares that the two found it simultaneously.

In 2 later discussion of this rule, another situation is
mentioned which might give rise to unequal claims on an object. A seller
has unwittingly sold the same object to two people. If the court knew
which sale occurred first, the problem would be solved but there is
no point, says the Talmud, in seeking out the seller's testimony since
the very fact that he made the mistake shows himto be unreliable, so the
court must base its division on the buyer's claims. It is not difficult
to generalize this situation and imagine that the seller sold all of the

commodity to one buyer and one-half of it the other,

2. Rabbi Abraham ben Meir Ibn Ezra was born in Toledo, Spain around
the year 1090 A,D. He travelled widely and was a prolific writer on
biblical studies, geography, astrology and science. Some details of his

life are given by Friedlander (1873).

3. Problems of inheritance were widely discussed by Islamic scholars,
Rabinovitch (1973) states his view that by ''gentile sages'" Ibn Ezra is
referring to Moslem scholars., A ninth century discussion of the math-

ematical theory of inheritance is quoted by Gandz(1938).

4. In this regard, Ibn Ezra's method is remarkably similar to the
Shapley value for n-person games (Shapley, 1953). A key step in
Shapley's logic is that any n-person game of a certain class can be

expressed as the sum of symmetrical games.

Another basic idea of arbitration appearing in the Talmud is the
principle of equal division:

R. Tahlifa, the Palestinian, recited in the presence of
R. Abbahu: two [people] cling to a garment; [the decision
is that] one take as much as his grasp reaches and the other
take as much as his grasp reaches and the rest is divided
equally between them.

(Epstein, 1938, Vol. 24, p. 7a)
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5. One possible remedy would be to add a rule reapplying the
division scheme to any part of the estate not given away previously.
This method would be efficient but still not monotonic with the sons'
claims. This can be verified by applying it to the example given here,

with claims of 807 and 25%.

6, The argument here has the structure of an indirect argument in
the sense of von Neumann and Morgenstern (1945). It assumes there is a
correct way to solve the problem and uses this assumption to deduce

properties of the solution.
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