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CONJECTURAL VARTIATIONS

Morton I. Kamien and Nancy L. Schwartz®

A feature common to the perfectly competitive model and the ﬁonopoly
model is each firm's disregard of other firms' reactions to its price ox
quantity decisions. In the former case, each firm regards itself as too small
to Influence the wmarket price and therefore to attract the attention of
rivals; in the lattér'gase, the monopolist regards itself as having no
rivéls. {In some dynamicrmouoéoly ﬁodels, the iﬁcumbent_firm does take‘into
account the effect of its actions on potential entrénts-) In many-margets the
assumptions necessary for application of either of these two polar models are
not satisfied. The firms serving a market éré neither so numerous that each
contribuﬁes only a negligible fraction of the total output, nor does just one
firm serve the market. Instead there are relatively few firms, each of whom
has some iﬁfluence over the total quantity supplied and the wmarket price. In
these cirgumstanceé each firm can anticipate that its pfice or quantity
decisions may call forth a response from rivals. A1l this, as we know, was
recognized by Cournot almost one-hundrad~and-fifty years ago. In the model of
oligopoly that he formulated, firms do not take reactions into account but
maximize myopically. That model has become widely employed to explain

coupetition among the few.

One of the most appealing features qf the Cournet model of oligopoly is
that it yields the monopoly solution when there is just one firm and yields
the perfectly competitive solution when the number of firms increases
indefinitely, assuming average production costs are nondécreasing; see aléo
Ruffin; Thus, in terms of the traditional industrial organization

characterization of a market by its structure (aumber of firms), conduct



(their response to each others' actioms), and performanca/(ﬁfoximity of the
. . 7

S

actuél market equilibrium to the one that-would preyéil under perfect
competition), the Cournot model provides a_é;reﬁf/iink bétween structure and
performénce. This link, however, rests on Cournot's assumption that each firm
regards the current output of its rivals as fixed in deciding its profit
maximizing level of output. That is, each firm believes that its rivals will
not alter their levels .of output in response to change in its own choice of
cutput. .The firm's belief about the rivals' response to its own action was
namgd the conjectural variation'by.Frisch. The Cournot.assumption.is that the

conjectural variation is zéro.

The assumption of zero conjectural variation has been recognized as
naive, especially when the reactious of rivals are thought to be sequential,
as in Cournot. For rivals will in fact al;er their outputs in response to
each others’ choices ﬁor any configuration of outputs other than the
equilibrium one. Indeed if one firm Iecogﬁizes that its rivals hcld this

naive assumption, the Stackelbergz solution results.

In the Coﬁ%ﬁot modél, the deéision variable of each firm is assumed to be
its output. Thus the conjectural variation in this moﬂel is posed in terms of
cutput responses by rivals. But it is contendéd that in wmany real'situations,
price is the ;ctual choice wvariable. fhe formulation of oligopolistic
interdeﬁendence with price rather -than quantity as the choice variable can, as
Bertrandrpointed out, lead td substantially different conclusions ragarding

the final market equilibrium.

In this paper we examine three issues relating to the role of conjectural
variations in oligopolistic models. First, we explore the role of nonzero

conjectural variatioms in the link between market structure and performance.




Famsa and Laffer and }ater Kamien and Anderson noted that an industry of any
fized number (greater than one) of firms may produce the monopoly output or
the competitive output or any intermediate output, depending on the
gonjecturél variations. Reinganum proved an analogous result in a cbntext of

a dynamic differential game of research and development under rivalry.

it follows immediately that a measure or index of industry structure
should';eflect'ﬁore than thg number or size distribution of firms if it is to
capture eiements impinging upon market performance. Cowling and Waterson,
Hause, Dickson, and Dansby and Willig have addressed the question of industry
structure or performamce indices, taking account of possible nonzero
conjectural variations. In this paper we first show in a particularly simple
fofmat how the industry and firm output depend on the cpnjectural variations
of the industry members. We also present some other industry strﬁcture or

performance indices within this format.

Second, we observe that the Cournot assumptioﬁ is usually wrong. We then
ask whether any aSSumﬁtion about rival reaction can be correct even in the
most favorable circumstance of symmetric equilibrium. The Very narrow class.
of demand curves is displayed for which there exists an interior comjectural
variation that is correct in sﬁmmetric equilibrium. Alsc itlis shown that the
limiting conjectural variation of -1 can be correct for duopoliéts and -only
duopolists with aﬁy demand functiocn in symﬁetric equiiibrium; undef this

“belief, they together produce the competitive output.

Third, comjectural variations may be with regard to prices or guantities,
depending on whether price or guantity is perceived as the choice variable.
Sennenschein and Bergstrom each considered the two cases as dual problens,

arising in related but differing circumstances. On the other hand, Levitan




and Shubik considered a differentiated market and explored the vgrious
solutions that result, depending on whether priée or output is the choice
variable and on the suppoéitions made about the conjectural variations. .Ia
this paper, we show the link betwéen conjéctural variations in prices and in

quantities in symmetric equilibrium.for a differentiated product.

Homogeneous Product-—Firm and Industry Output

Let the industry inverse demand function be p(Q), where Q = zifi q; is

th firm in the n firm industry.

industry output and q; 1s the output of the 1
The demand function is twice continuously differentiable, downward sloping,
and has a downward sloping associated marginal! revenue function. The unit

cost of productienm is ¢, constant. The profit function of firm i, to be

maximized by choice of 94, is

(1) v(qy) = p(Qlqy — cq; .

Before discussing the profit maximization, we take up conjectural

variations and their properties. Let

ol .
(2) w, = 3Q/3q, = 1+ % 2g./2q. , 1= 1,e0s,m
i i . J i .
. _]-"l
J#i
be firm i's belief of the rate at which industry output will change with
increase in its own production. The term qu/aqi is the conjectural
variation, the rate of change in firm j's output anticipated by firm i in
respcnse to its own change. All the pertinent information about the
conjectural variations of firm i is summarized in Wi« We assume that an
increase in one's own output is expected to raise industry ocutput. Further,
other firms are expected to expand their own output at most at the same rate

as dees firm i in respomse to i's increase. That is, each w. satisfies 0 <
_ P y e 5

Wy < n. The conjectural variations are assumed to be coustants throucghour.




Define W by

o
(3y 1/w= & {(l/w.)) .
. , i
. i=1 _

W is 1/n%? of the harmonic mean of the wi's and will be called the harmonic
sums, Since O < w; < m, we have Ei:i(i/wi) > n/n so that 0O < W< 1l. The
harmonic mean (sum) is always smaller than the arithmetic mean {sum) uhless
the components are ldentical. Thus for a fixed aritheetic sum, the harmonic
nean is largest (and eguals the arithmetic mean) when the firms hold identical
beliefs: Wy = w for all i. The harmenic sum W tends to zero if any singlie

component w,; tends to zero. Aad the harmonic sum W =1 only if all

components Wi = Ile

An optimal positive finite output q; (that we assume to exist) satisfies

(4) ¥'(q4) = qyw;p"(Q + p(Q) ~c =0

(5) ¥"(ay) = wylw,qup"(Q) + 22" (Q)] < 0
for i = 1,.4s.,0. Since (4) holds for all firms, the product q;W; must be the

same for each firm. Hence q; = w;q;/w; so that

n
Q= Lq, =w

n
i =W P (1/wi) = /W,

i=1
Therefore -

(6) q;/Q = Ww, i=l,444,0.
Equation (6) tells us that the marker share of each firm depends only on the
beliefs of all the firms. Specifically, a firm's share of total output equals
its share in the harmonic sum of beliefs. Differing beliefs geuerate
differing market shares. A firm's market share varies inversely with its own
conjecturai variation and directly with the conjectural variation of its

rivals.




From (6}, it follows that Wid; = WQ so that (4) can be written as

(7) QWp'(Q) + p(Q) - ¢ = 0.
Industry ocutput depeands on the parmonic sum W as well as on the unit cost and
the demand function. It dces not depend on the number of firms as such. Of
course n affects ﬁhe harmonic sum W . It is clear from (7) that the entire
impact of market structure and.bf market conduct (conjectural variations) upon

market performance——industry output-—is captured in the harmonlc sum W.

Dansby and Willig have introduced an industry performance gradient index
defined by
n
2.1/2
= —_— !
(8) ¢ .15 ((pymeilg; /e )71 7,
In view of (7}, this index becomes

whersa

(10) e = =p/p'(QQ
is the elasticity of demand. While the industry output does not depend on the
number of firms as such, recall (7}, the Dansby-Willig performance index (9)

does.
Gther indices of market structure include the Lerner index

-L = (p~c)/p = W/e

and the Herfindal index

n . n
: : 2 2
H= I (g /07 =W I (1)
. i . i
i=1 i=1
Beth depend on the conjectural variations. The former depends on the demand

function while the latter does not. Note that if all firms have identical

beliefs, w, = W, then d = 1/n, independent of that belief.



The conjectural variations of each firm can be inferred from market
data. From {6), w; = W(qi/Q). The w, . are proportional to market shares,

where the constant of proportionality W is found from (7) to be

W= eg{p-c)/p.
Essentially this observation was emploved by Iwata in his empirical

agstimation.
Differentiating (7) impiicitly, we find that

(11)- 2g/ow = ~Qp' (Q)/[WQR"+(1+W)p' ],

To sign the denominator in the right side of (1l1), note that

(12) WOP"+(1+W)P' = WIQP"+(1+W)P'/W] < W(QB"+2P') < O.
The first inequality holds since W £ 1 implies that {1+w)/w > 2 and the
second inequality holds since the marginal revenue function is downward
sioping. Therefore, 3/ IW < O; industry output %aries'inversely with thé
harmonic sum W. We noted above that for any given arithmetic suﬁ of
© conjectural vafiations, the harmonic sum W will be largest when the firms hold
identical beiiefs. Thus the more homogenecus the firms' beliefs, ceteris |

paribus, the smaller the industry output.

Industry output Q is maximized 1f W=0; that occurs if wi=G for any i.
Thus if any firm believes that its output will have no impact on industry
ocutput, then the industry produces the competitive output: p(Q) = c. .(Review
{7)). This result was noted By Fama and Laffer. The competitive assumption
is usually stated és the firm beliaves it ﬁill have no impact on industry
‘price; but so long as the industry demand is downward sloping, this is

egquivalent to the belief that it will have no impact on industry output.

At the other extreme, Q is minimized if W=l, which occurs if w;=n for all

i=l,...,n. The monopolistic output results if each firm expects its output

changses to be matched by each firm in the industry.




The standard Cournot output results if W=1/m; one of many ways for this
to happen is that wi=i for i=l,...,0n 80 each firm expects others do not

respond to its output changes.

Thus the oligopoly can produce the moﬁopoly output, the competitive
oﬁﬁput, or any intermediate output,‘deﬁending on the conjedtural variatignse_
The more :espoﬁsive the industry is thought to be to one's own action and the
more similar are the firms' bellefs aboﬁt the others' responsifeness, the

‘smaller the industry dutput and the larger the industry profit will be.

Homogeneous Product — Comnsistent Conjectural Variations

The Cournot assumption of zero conjectural variation 1s nalve and
experience usually shows it to be inappropriate. To iliustrate, consider a
simpie two firm example qith a linear industry demaﬁd P = a~b(ql+qé). Lf

Cfirm 1 selects its Qufﬁuﬁ to maximize its own prefit), taking q2 as given, it
chooses ¢ = (a=c)/2b - q2/2. fhis implies that a change in firm_Z*s output
will lead to a chamge in firm 1's oﬁtput in the opposite direction and half as
large; i.e. the slope of firm 1's reaction curve is Bql/aq2 = =1/2. Thus with
& linear demand curve, a firm that makes the Cournot assumption will always
respond té'its :ivai's change in output and so will not itself satisfy the

Cournot assumption.

Can some other conjectural variation lead to ccnsistent expecﬁatioﬂs in
‘symmetric equilibrium if demand is linear? _If.firm 1 .of the previous
parégraph believed that the industry ocutput would change with its own at rate
Wy, then it ﬁould select its profit_maximiziﬁg outpﬁt to be q; =

(a=c=bq,)/(l+w, )b, This means firm l's output changes with firm 2's output at.
42 i .



rate Bql/aq2 = - 1/(1+w1). in éymmetric equilibrium with consistent
expectations, the actual rata of change of firm 1's output with firm 2's
output should equal the rate conjgctured by firm 2 se 1 + Bql/8q2 = W, with
Wy = W, = W by the assumed symmetry. This condition can be satisfied by w =
0O only. Only if both firms act as thcugh'they'are'in a perfectly competitive

situation will their expectations about each other be fulfilled in symmetric

egquilibrium!

The discuséion above rests on the sﬁppositidu that demand is linear. Is
there any family of demand functions and any conjectural variation fbr which
expectatiogs will be fulfilled in symmetric equilibrium? We will show that
the answér is "yes” for a small family of demand functions and for the
limiting case of w=0 in duopoly, and "no" otherwise. Specifically, we will
show fhat if the copjectural variatiéns are to lead to consistent expectations
in an n-firm symmetric equilibrium with w;, = w > 0 for all i; the demand

function must bhe

(13) p = a + pQl™™

where

(14) r n(n+w2—2)/w(n+w"2), 0 <w< 2, a <. ¢, b > 0.

H

Note that the demand function depends on w parametrically. The bound con w

assures that the output selected (see appendix)

(15) Q = [b(m=1)w(2~w)/a(e~a) (zrw-2)]L/ (F71)
will be positive., Since the sum of a firm's cenjecrural variations is

theréfore bounded above-by'unity, the firms must believe that others will

collectively change their output by less than the firm changes its output.
The bound on the parameter a eliminates‘infinite profits. The parameter <t >

1 (see appendix) so the quantity demanded varies inversely with price. The



second order conditions for a profit maximum will be satisfied under the

stated conditions (see appendix).

If o = 2, then r = 2, independent of w for duopoly. Thus, for a duopoly

facing a unitary elastic demand p(Q)=b/Q, any conjectural variation less than

one can be consistent in equilibrium. Firm l's reaction function is
q; = [b(l—w)~2cq2+(b2(1+w)2+4bcwq2)l/2]/2c
and firm 2's reaction function is analogous. These reaction functions are

sketched for various values of w {with b=1, c=1/2).

0L wg 1/2 (w=1/4) 1/2<wal {w=3/4)

rm 2
irm 2

curves downward sloping. ecurves intersect after pealk’

91 1cwe2 (w=l 1/2)

firm 2

es intersect at peak .
curv P curves intersect hefore peak




If the conjectﬁral variations are zero so that w= 1, then r = n. This
(demand function (13) with r replaced by n) is the only case that the Cournot

assumption will be appfopriate‘in symmetric equilibrium.

To validate our claims in caseVW'ﬁ 0, recall that under consistent
expectations, a firm's conjectural variation (of the anticipated'response of a
rival to a change in its own output) equals the slope of the rival's reaction
function {the actual response of thg rival to a chaﬁge in the giﬁen firm's

output.) Firm i chooses its profit maximizing output g; to satisfy

q;wip'(gyteaata ) + plgy+eeatq ) - c = 0.
Implicit differentiation shows that the rate of response of q; to change in

firm 1's output, i.e. the slope of firm i's reaction functiom, is

= _ - " + _— "
qu/aq1 (p q; W, P/ ((1+w )p 9,2,
Therefore the rate at which industry output will actualiy change with firm 1l's

output is
o n
: -1 - ' " 1 "
(16) 1+ I3q/8q =1- I (ph+qw p")/((L+w Jp' + qw,2").
i=2 i=2 )
On the other hand, the rate at which firm 1 expects industry oatput to chapge
with its own output is wy. If expectations.are to be fulfilled in symmetric

equilibrium, w; equals expression (16). Thus with wi = w and g = q for

i=l,¢..,n, we require

(17) w= 1= (n=1)(p'+qwp")/{((1+w)p'+quwp”}.

Rearranging (17} and setting nq = { gives

(18) Qp"/p' = - r where T = n(n+w2—2)/w(n+w—2).
This is a differentizl equation for p{Q). Separating variables gives dp'/p' =
- r dQ0/Q that may be integrated to p' = bOQ—r, where b, < 0 for economic
sense., Integrating again produces p{(Q) = & + le—r,.as claimed {where b =

bO/(l~r) > 0 since b, < 0 and r > 1}. This shows that even in equilibrium,



conjectural variations will rarely be correct. It further suggests that a
theory of oligopoly in which mutual interdependence is recognized should be
dynamic rather than static, since our static theory is typically incorrect

even under the most favorable circumstance of symmetric equilibrium.

We now consider the limiting case that w=0. with w=0,_(l7) becomes
OEZ-n; This is satisfied if and only if n=2. Therefore if duopolists have a
conjectural variation of ~1, it will be consistent for any dgménd.function;

. With this belief, the industry produces the competitive output. To see why
such a belief is consistent, note thqt in this casé, the first order condition
reduces to.p(ql+q2)=c. Firm l's output is thergfore ql=p_l{c)—q2, the
competitive output minué'firm 2's output. The slope of this-reaction function

is -1, in agreement with the comjectural variation of -1.

Differentiated Product

Suppose there are n symmetric firms, each selling a gingle good that is

an imperfect substitute for the geoods of the n-l other firms. For instance,

cne may think of the products differing in color or flavor. The price each
firm receives for its product can be written as a function of the quantity

made available by each firm. For the first firm

(19 py = P(qy,qpse+esdp)e
The price received by the ith firm, i;2,3,..;;n is written similarly, except
rhat the positions of a4 and q, are intarchaﬁged on the right. Letting
subscript j indicate the partial derivative with respect to thé jth argument,

we assume the functions:

(20) 2y =B, for i = 2,000,0

(symmetry) and



(21) B <Py <0
An inc%ease in the quantity supplied by any firm will depress the pfice
received by firm 1. TFurther, an increase in his own output will depress.his
price more than will an equal increase in the output of a rival. (If the

goods were perfect substitutes, in the limir, the impacts would be equal.)
As examples of the general model, one may think of the linear form

ol
(22>. p; = A= Bg; - Djil qq

or the isocelastic (loglinear) form

{23) Pi = Aqi‘B(qla"')qn)_.D:
whera B > 0, D > 0. It is readily checked that (20) and {21) are satisfied in
edach case.

Each firm has a constant unit cost of c¢. Firm 1 chooses his output qq to

maximize his profit:

max {P(qi,qz,...,qn)-c]ql
94
A positive finite symmetric soluticen in which all n~1 rivals behave

identically satisfies

(26) P - ¢ + (B, +(n-1)P,k)q, = 0

where

(25) x = qu/Bql, j = 2,04,
is firm 1's conjettural variation in quantitiss, the assumed rate at which
each rival will adjust cutput in response to its own output change. The

second order condition is assumed to be satisfied.

In symmetric equilibrium, each firm behaves identically, qj = gq for
J=l,vee,n and (24)-(25) hold for each firm, i.e. with g replaced by q in (24)

and by q; in (25). The same price is received by each firm.




Alternatively,'the firms may perceive the problem as one of choosing
prices. The system of n price equations represented by (19) can be invertad
to express the quantities that can be sold by each firm as a function of the

prices charged by each. For firm 1, the demand function is

(26) qp = Qlp{,PgseevsPy)e
Therdemand functions for the other firms are similar; in the demand functiom
for firm i, py and p; are interchanged on the right. The proﬁerties of these
“‘demand functions are obtained using the price equations from wﬂich_they have
been derived, together with the implicit functién theorsm. To determige the
partial derivatives of (25), differentiate totally the n equations represented

by {(19), yvielding in symmetric equilibrium (qj=q, j=l,..,n) the systenm
.
= oo ] o= ‘s a
i=1
i#j

Solving this system by Cramer's rule (see appendix) gives

(28) qu/api (Pl+(n~2)P2)/(Pl+(n-l)Pz)(Plsz) <0, . i=l,e..,n

2 = - - - i,3=1,+.,n; 1i%]j

(29) aqi/QPj. PZ/{P1+(R 1)92)(Pl PZ)_> G, i,i=1, y0y 1]
where the signs folleow from (21). As expected, the quantity demanded frem

firm 1 will increase if either firm 1 reduces its price or any rival raises

price.

If firm 1 percelves the problem as one bf sgelecting price, it chocses P1

to maximize its profit

©max [(Pl_C)Q(plspzs"';pn)]
pl .

The first order condition satisfied by a positive finite price in symmetric

equilibrium is



(30) Q + (p;=e)[Q; + (2~1)Qym] = 0
where Ql_and Q, denote the partial derivatives of Q with respect to its first
and second arguments respectively {and Qy = Qj, j= 2,4¢s,n by the assumpiion

-of symmetric equilibrium) and where

(31) m = Bpj/apl., = 2,04a,n
is firm 1l's conjectural variation im prices, the rate ar which it believes any
rival will adjust price in response to a change in its own.' By symmetry,
equations (30)-(31) hold for cach firm; p; may be replaced by p in (30) ana

by p; with i=1,...,m; i#j, in (31).

If the conjectural variation in quantities is zero, so each firm believes
that its rivals will not change their quantities sold in response toc an
incfease in irs own sales, it then impliéitly assumes that the rivals will
lower price to maintain sales in the face of its own pricelreduction (that
must accompany a planﬁed increase in sales). Any coﬁjecturél Yaxiation in
guantities of inrprices implicitly implies a corresponding squivalent
conjectural variation in prices or in quantities respectively that yields the
same symmetric equilibrium price and qgantity. To see more generally how the
conjectural variations in prices and iﬁ quantitiés are rélated,'we_observe

that (24) and (30) can give identical price—oﬁtput préscriptions only if

(32)  -(p-e)/q = P +(a-1)kP, = 1/[Q1+(n-l)mQ2].
This was obtained by arranging both (24) and (30) to .give expressions for
-(p-c)/q and equating the expressions.
- Using (28)-(29) as expressiomns for Qq and G, respectively,
(33> 'Ql+(n-l)mQ2 = [Pl+(n~2)P2*(nfl)mP2]/[Pl+(n—l)P2}(Pl“P2).
Substitute (33) into (32) and collect terms. Rearranging the result gives

(34). 1-m = {1-k){(1-Z)/[1+(n~1)k2Z}




whare

(35) Z= PZ/PI’ <zl
reilects thé exgeﬁt of perceived product differentiation. The bounds on Z
fellow from (21). The limiting case of Z=0 indicateé independent products
while the limiting case of Z=1 indicates perfect substitutes. For both the
linear (22) and loglineaf {23) forms of inverse demand function, Z = D/{BD),"

a constante.

Equatica (34) is our objective, relating the conjectural variation in
prices mw to the equivalent conjectural wvariation in quantities k. In our
simple model, that relationship depends parametricalily on the number of rivals
and on the extent of perceived product differentiation. In the limit, if k=1,
then wm=!; if the firms expect their chahges in output'to Le foilowed exactly,
then they implicitly expect their p%ice changes tc be followed exactly, and
vice versa. At the other extreme, if k = ~1/{n¥l), then m = -1/(n-1). If
each firm believes that its increase in quantity will be 3ust offsst by
reductions in quantity by each of its riva;s s0 in&ustry output in unchanged,
then it implicitly expects that its price increase will be offset by price

redsctions by each of its rivals to maintain industry sales.

We can now check our assertions about the meaning of zers conjectural
vafiations. If k=Q, then m=Z. If the firm expects rivals to keep their
quantities fixed despite an increase in its own cutput, it is Implicitly
expecfing others to change fheir price in the same direction as it changes its
own price, but bf a lésser amount {since 0 < Z < l). On the other hand, if m
= 0, thgn k= =Z/(1+(n-2)2) < 0. To understand this? suppose we raise our

price and thereby reduce sales. If rivals are expected to maintain their

prices unchanged (m = 0), then they must increase their output (to accommodate




the customers we leose by raising our price). Thus their output is expected to

-move in the opposite directien that ours does. That is, the conjectural

variation in quantities is negative if the conjectural variation in prices is

22T 0.

Having discussed (34) at several interesting points, we next lock at the
relationship between m and k, for given values of n and Z. It is an

increasing, concave relationship from (-1/(m-1),-1/{(n-1)) to (I1,1).

m  (price c.v.)

k  {(quantity c.v.)
\

. Thus an increase in one conjectural variation implies an increase in the
other. Nonetheless, the conjectural variations need not always have the same
sign, as we saw earlier. There is an interval in which a positive conjectural

variation in prices implies a negative conjectural variationm in quantities.

Comparative statics analysis applied to the first order condition (24) or

(30) indicates, as expected, that am increase in the conjectural variation
{either k or m) will lead to a reduction in the equilibrium quantity, an
increase in the equilibrium price, and an increase in profits. The maxinum

profit is achieved by perfect coordinaticn: m = k = 1.



- Summary

We have discussed severél facts about conjectufal variations imn static
symmetric-equilibrium. We showed that a harmonic sum of conjectural
variations in a homogenéous market contains all the relevépt information about
market structure‘(numbers)rand conduct (beliefs or,coordiﬁatibn} for
determining market performance (industry Output)._ The role of similarity of
beliefs in market performance Qas noted. We also wrote sevaral established
étruéture and performance indices in .our format using the harmonic sum of

conjectural variations.

It was shown that even in symmetrié equilibrium, firms' conjectural
variations are unlikely o be correct since there is only a very narrow class
of demand functions.and associated interior conjectural variatibns for which
this is possible. This class was derived. It was also shown that the
limiting comjectural variation that leads to the compeﬁitive gutput can be
congistent for dubpoiists'and any demand function, but not forrany other

finite aumber of producers.

Finally, we have demonstrated the relationship between conjectural
variations in prices and conjectural variations in quantities that are
equivalent in the sense of yielding the same price amd cutput within the

context of a differentiated product market in symmetric equilibrium.



Appendix

1. We show that v > I, i.e. that 1 ¢ n(n+w2~2}/w(n%w—2). Since w < n and
2 { mn, it follows that w(n=-2) < a(n-2) and that W2_< nwt. Adding inequalities

vields w{n+w-2) < n(n+ﬁ2—2) which implies r > 1 as was to be shown.

To find Q in (15), we sgbstitute {13) into (7} and sclve. The second
order condition (5) implies Q_I{I—r)b(Z-wr/n)_s_O for demand fumction (13).
Since l-r < 0 while b > 0, this implies that‘2¥wr/n_2_0. Substituting for r
and rearranging the inequality leads to n~1 > {w—l)z. Since the left éide'is
at least 1 (since nm > 2} and the right side is bounded above by L (since 0 < w

< 2), this second order condition is satisfied,

2. We will show how to solve the system of linear equations in (27)
using Cramer's Fulé} To evaluate the determinant of an n X 1 matrix with a on
the main diagonal and b elsewhere, subtract the first coluin from eéch of the
othér_columns. Then add each of the last a~]l rows to the first row. Fiﬁally

expand by the first row:

(Al)
a b b ..e b a2 b-a b-a ... b-al fa+(n-1)b 0- 0 .o O i
b a b ews b b a=b 0 e 0 i b a_b O “s0 0
b b b oaes a b 8] Q ese a=b i b 0 0 see.d—h

]

[a+(m+1)b] (a=b) 7L,

If the first column is replaced with a vector with 1 in the first row and

zero elsewhere, the determinant -is readily evaluated by expanding by the first

column and then applying the above result:




1 b b .. b
0 a2 b ... D

(a2) . ] = ar(a-2)b] (amb)22

O B b .ve a

If the.first ;olumn of the original matrix is replaced by a vector with 1
in the second row and zeros elsewhere, the determinant may be evaluated by
expaading by the first column, subtracting the first column cf the reduced
déterminant from sach of the other columns, and then expandiﬂg by the first .

row:

(A3)
0.5 bucen] b b bab] b 0 0.0
‘l a b ... b b & b ees b b ab C ... 0
| .
éo b b oaee 2l b b b .. a 5 0 0 ve. a-b
(o x nj ({n-D)x{n-1)} ({n=1)=(n-1))
= -p{a-b)™"C, |

‘Let a = Py and b = Py. The determinant of the coefficient matrix on the right
in (27) is given by (Al). Using Cramer's rule, (28) is the ratic of (A2)

divided by {Al) and (29) is the ratio of (A3) divided by (Al).



*Managerial Economics and Decisioﬁ Sciences Department, Kellogg Graduate
School of Management, Northwestern University, Evanston, Illinois 602Cl. We
héd useful discussions with A. Davghety, R. deBoadt, E. Gal-Or, M. Harris, L.
Mirman, J. Reinganum, and N. étokey. R. Braeutigam and G. Goldstein Eroughti
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