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dbstract

The market for & durable good sold by a conopolist is exazmined using both
diserete-time and continuous-tine versions of the same model. The assunp-
tion that buyers' expectations must be fulfilled along the tealized path
for production Is showm to place no restrictions on the observed path.

4 stronger assumption is then adopted: that buyers' expectations also be
fulfilled in the presence of any unexpected, exogenous perturbation to the
stock., Under standard assuwmptions about demand there is then a unique
equilibrium. However, if unit costs are constant and there are ne capacity
constraints, the ecuilibrium path for production is very sensitive to the
time structure of the model. Thus, because of its 2ffect oo expectations,
plant capacisy is a crucial decision variable for a firm selling a durable

good.,



Seli-fulfillias Expectations, Rartional Expectacions,
and durable Goods Pricing
by

Jancy L. Stokey#

1. Tnrroduction

In the market for a durable good, demand ar any date dependsz not ouly
ou the current price but also oa buyers' expectations about future pyices,
gince these determine the expected user cost {implicit vental cost) of the
services of the good. Thwus, the parket for a durable good prnvides.a valy-
able opportunity for examining, on the micro level, the implicatiocns of
various hvopotieses gbout expectation formatiom.

Self-fulfilling sxpectabions equilibria (SEE's) and rational expecta-
tions equilibriz {REZ's) are examined below in the context of a market for
a durzble good sold bv a menopelist. An SEE in such a markei is a pair of
functionus, one describing how buyers' expectations are formed and one
describing the monopelist’s sales strategy, that joinely have the following
two propertias:

1} the seller’s strategy maxioizes the presenr discounted
value of profits, given rhe expectation function of buyers;
and

Z) buvers' expectations are fulfilled aleng the realized path

of

production.
{Note the distinction between buyers’ expectation function--which describes

how rheir beliefs depend on what thev observe, and buvers' expectations-—the

# I an grateful to Morten Kamien, Roger Myervsoa and Johu Roberts, whose
suggestions have improved both the content and the veadibility of this paper.
This researcnh was supporred by the Center for Managerial Economics and Decision
Sciences at Northwestarn Universicy.




values taken on by that function at variocus dates.)

Although in -any SEE expectations are fulfilled along the abserved
{equilibriuz) path, they would not necessarily be fulfilled if an unexpected
axogenous shoek were £o cause a parturbation away from the equilibrium pzth.
Therefore, a particular sales stratezy might constitute part of an SEI only
because expectations awav from the observed pacth sre incorrect.

An REE is an SEE that has the property that expectarions would continge
to be Iulfilled after any such perturbation.l In the context here, an PFE
15 3 single funetrion, deseribing both how buyers' expectations are formed
and the monopelist's sales strategy in every coatingency, thar has the
following properties:

1} 2ach contingent sales strategy maximizes the present dis-
counted value of profits given the relevant inicvial condi-
tien for the stock and given buvers' exsectarion fuutign:
and

2} given any initial lewvel of the stock at any date, buvers'
expectations are fulfilled aleng the realized path of
production from that date on.

In anvy REE the firm is, in every contingsncy, maximizing profics given
the (correatly perceived) expeckations of buvers, and buyers are, in every
contingeney expecting (correctly) that the ffrm will so behawe. T.e., ecach
side of the warket holds correct beliefs about hew the other would behave
in any situation, even in situatiens that nay never be observed.

4 simple model is used below to study SEE's and REE's. At rize zero

the (new) durable product is introduced. There are no production coste and

no capacity constraints, and the product does not depreciate. There 1g a



stationary inverse demand function for the services of the good, and the
monopolist uses an infinire planning hoerizoen.

The total stock of the goeod in the hands of consumers (cumulative
sales to dace) iz viewsed as the state variable of the system. At each date
ronsumers fotm expectations about the total stock of the good that will have
been f0ld at each dace in the infinite furure. These expectations (which
ara poing expectations) are at each date conditioned ou the current stock.

It 15 assumed that buyvers Xnow the ianverse dexand function for the services
af the good, $o rthar their expectations about the parh of the stock determine
their expectazions about the path of rthe implicit rental rate for the ser-
vicas of the good over the infinite futurs., The curreat selling price is
then merely tne present discounted value of this stream of implicit vents.

({Expecred fururs prices at any date c¢an be calculzted in the same wav.)

The moaepolist is assume bo kpow the funedion describing how buvers' ex-
pectations are Zormed. Given this function, it chooses a sales strarceszy that
maxinizes the préesent discounted value of its profit stream. If this sales
stratagy fulfills consumers’ expectations, the tvesult is an SEE.

It iz shown below that SEE's exist but are not unique., On the con-
trary, the path of the stoek in an SEE is arbitrary except that it must be
increasing ané gust satisfy two boundary conditions. Henee the assump-
tien that expectations are self-fulfilling has wirtuallvy no implicatioas
for the obserwved path of sales.

However, none of these SEE's is an REE; it is shown that no REF exists
in the continuous-time model., The {ntuition behind this result comes through
looking at a discreta-time version of the model., It is shown that in the

di ~ri = . )
screta~time zodel, nnder standard assumptions about demand, there is



a unique REE. The function deseribing the RIE is solved for in the case of
a linear demand curve, with the length of the period explicitly included as
a variable. The effeet of shortening the period is examined, and it is
shown that the equilibrium path for the stock over time is very sensitive
to the length eof the period. As the perioed becomes very shori, wvivteally
all szles cceur in a short length of time. I.e,, as the period becomes
short, the seller saturates the market almost imuediately. The limic of
thegse REE's as the length of the period approaches gere ig for the stock of
the durable to jump immediately to the level that saturates fhe merket
{drives the price to zeral},

The sensitivity of the REE path for the stock to the leagth of the
pericd in the discrete~time model, and the non-existence of an REE in the
coentinuous—time nodel, borh depend crucially on twe assumstions: that the
margpinal cost of production is comstant {(that it is zero is not important
for the qualitative results) and that there are ne capacity constraints.

An implication of fhe wmodel, then, is that plant sigze is a crueisl decision
variable of the f£irt, but cthe rate of production is not. Under rational
expectations, any plant will %e operated at full capacity until the market
is saturated {until price equals marginal cost).

In section 2 the continucus-rime model is desgribed and the 3EE's are

sharacterized; in seccien 3 ir is shown that ao REE exists in the coaginucus-
time model: in gsection & REE's of the discrete-time model are examined; and

in section 5 the ceonclusions are discussed.



2. Salf-fulfillinz Exoecraticns Eguilibria

The product is introduced at time t = 0. Let {Q(c), O < t; denote
the steck of the good in the hands of consumers at time t, There is 3 sra-

F tipnary inverse demand function for the services of the geod, £{+). That

is, £{¥}) is the market-clearing rental rate for the services of the good
when the supply is X.  Assuzse that the seller and &l] buyers kaow the demand
CuTve.

Ab every date consunmers form expectations about the stocks thai will
be available at all futuve dates. Although these ewxpectations could be
conditioned on whatever informatiom is currently available teo consumers, for
simplisity it is assuzed here that only the current stock affects expecta-
tioas. Lat 1%(s,%,%), 0 st<s, 0= X denote tha stock of the good expected
at time t to be available at time s given that Q{t) = XK. {Consumers have
point expectations.) 3Jince burvers can observe the current steck, the functien

Hi*,*,*} must satisiy:

H{E,tgx} = X 3 0« £; O < I {1}

Mpreovar, 1t reasonable to require that buyers' expectations bhe
coasistent in the fellowing sense. £ ar date t with Q{t} = Kt buvers
expect the stock at date s to be Hs and at date 27 * 5 to be KS., then if
expectationg are fulfillad a2t date g, expectarions aboutr the stoek ar date s'

should not be revised. Formally, the function {H{s,t,X)} should satisfv:
Hi{s',t,X) = H(s",s,4(s,t,%)} , D<tves<s'; 0<X.(2

If H{s,t,X) is continuous in s, the situation is represented by

Figura 1. Each path represents the expectations of consumers about the




stock, given an initial conditien. Along each path expectations about the
future are fulfilled, and 30 rewmain unrevized. If at some date buvers'
expectations were unfuliilled they would observe the current date and
s5kock, and juap ontoc & new path,
Consumers' expectaticns about the stock of the durable good in turn
determine, via the demand curve, the curreant marker price. Since consumers
know the dezand function, Re{s,t,K}, the implicit remtal Tate (user cost)

expected at time t to prevail at time s if Q(t) = X, is given dy:
R%(s,t,X) = £(H(s,t,X)) . 0<t<s; 02K,

The current selling price is then simply the present discounzed wvalue
of the future expected implicit rents. Letting t denote the (counstant) Tate

of interest, and pl{t,X) the selling price at time t if 0(r) = X:

p{t,X} = ] 27LE7S) B2 b X)ds 9
t

o
tuld
L)
f e
I

This price function Is the only one having the following twe properties.
Firsr, if expectations about the stock are fulfilled ar svery darte 5 > £,
the user cest (interest cost wminus capital gaias) for the durable at evary

date t iz Z{C{t}). Second, whenever the stock is constant over time the

price is constant over time. The latter condition rules ovut specularion,

Assume that the seller knows how buvers' expectations are formed, i.e.,
¥nows the fenctionm H{-,=,*}. Giwven H{+*,*,*}, the seller’s profits can be
written as a function of his strategy for the stock, X(z), 0 £ ti.

Assume that there are no capacity constraints but that the seller must

choose 1X(t)} to be continucus, with X{0) = 0. That is, although the rate



of sales is not constrained, the firm cannor sell a discrece quantity at any

=

date. For simplicity, assume that there are o costs of production. Then

profits are given by:
==

oo T R (e, X))
0

TCX(EY)

Ioxr¢ey! & TRE(Hls,t,X(t))) dsde ;
0 3

and the proefit-maximiziung strategy {Q(t)} satisfies:

==

e-rtf{H[t,T,Q[I}}} + Q') jterrsf*{H(s,t,ﬂ{t}}}Hjis,:,Q{t}}ds =0, {3a}
0<T< by
Q{ty = 0 . {3b)
Buvers' expectations are fulfillad aloog this path 1if:
His,t,Q(&)) = Q) , 0<t<s. (%)

Congaqueatly, an SEE consists of a pair of funerions H(-,-,*) and Q{+)
satisfying (1)~{4). Note that when (2} and (3b) are satisfied, (4) is

equivalent o the condicion:

4(s,0,0) = Q(s) , 0 < s. AN




The first question to be asked is whether an SEE exists. It 1s elear
that no SEE c¢an be unique, since any S5EE can be ugsed to generate a wiwle
family of equilibria simply by perturbing the expectation functien in
rvegions of the space away from the observed path. As long as the optinal
strategy {Q(-)> is unchanged, the squilibrium conditions continue to be
satisfied. Hence, at best an equilibriun may be unique in the sense that
IQ{t)} may be unigque and THM{-,-,+)} may be unigque in the neighborhood of
the observed path,

However, even in this senge there is not a unique SEE. It is showm
in the following theorem that amy increasing path for the stock that

satisfiss the appropriate boundary conditions is part of some SEE.

Theorem l: Given any inverse demand functiom F:{0,9] ~ [9,P] satisfving:

E'{X) <0 , 0 <%2q;
— - {5)
ey =7 ; =20 ;
and path for the stock <Q{t), 0 < t} satisfying either:
Q'(t) > 0 ' 0zt H {6a}
QIO = 0 i: a{t) = Q ; (66)
or for some T > (:
Q'{cy >0 . 0<tb<T; {7a)
Q'(t) = 0 ; T <t : {7b}
QA =0 ;5 D) =Q ; (7c)



there axists a functien H{+*,v,") which, together with Q{*), satisiises (1)~ (&)

Fry

(+].

for the desand funetion

Froof: The proof consists of shewing a method, given Q{-), of constructing
an expectatiom functiom H{-,-,*) satisfying the required conditioms.

Supoesa that Q{+*} satisfies (6), 2nd lec H{+*,*,*} be given by:

His,r,X) = Q(s) + oT (5= %;%%% (£ - Q)] , 0<e < s: (8}

0 <X <Q.

Obviously Hi+,+*,*} satisfies {1} and {4}, and by bypothesis Q{-) satisfies

{3b). Sinece,

E{s',s5,H{s,t,X}}

(s'=5}) D'({s")
Q' (s}

[Ocs) + T 578 Q70sk 1 brey) - ges)]

' N r

1y 4 GFle -8 Qi(sT)
Q{s } - QI(t)

(X - q(t))]

3

H{s',t,X)

(2) is alse satisfied. Finally, it must be shown that {3Ja) is satisfied.

Differentiacing (8),

#,(s,0,%) = Rty

Q'(s}/Q7 () . ()

Substituting dnto (3a) from (4) and (9) gives:

Q) + Q) [ e Percare)e T The o
t

= @ TTREQUEN) 4+ [ £7(Q(s))Q (s)ds]
t
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- 3 )
=ea [£(QL{ED) + J £{X¥1dX] = e ) =0 .
Qied

Eenee (3a) is alse satisfied.

Suppose now that Q(+} sarisfies (7}, and let H{",=,*} be given byv:

t(s-t) Q' (s) .
Q{s) + e ﬁT?ET'[K - 3], 0T
#{s,t,X} 2
r{z=-T) D' (s) _ - ]
Qls) + e T [£ - Q(t}], T<t ;
0< X< @

Clearly (13,(2),(3b) and (4) are satisfied a&s before. 3y ihe previous

argument {3a} is satisfied for 0 £ £ <T., ForTc«e, F{0{1y = £(0)Y = 0Q,

and QT{t) = 0, so that {3a) is again satisfied. .E.D.

Theorzm 1 shows that ithe assumption that expectations are seli-
fulfiliiang places few restrictions on the equilibrium path for the stock.
Any path that begins at zero and increases monetonically to E can he an
equilibriua path for the stock,

Wote teo that the demand curve restricts the set of gquilibriem paths
for the stoeck only through the endpoint conditien: the stock must either
reach Q@ or else approach { asymptotically. That is, only the point fhlED},
the point where the demand curve cuts the horizontal zxis, affects che set
of SEEZ's.

In any S5EE the implicir rental rate at time t, £(Q{t)), stacts a: F
at time t = 0 and falls monotonically, reaching zere at time T if Q(T) = [¢]

or approaching zero asveptotically if G{t) approaches 0 asvoptorically. The

selling price p{t,Q{t)) is given by:



il

sre) = | 2T Veesyias 0

[
—m
n

so that:

p'i{e)y arple) - £y , 0=« ;
Sipee Rt} is strictly inereasing if Qit) < 3} and since £' < 0:

o) < £(QUeN/T 1f Q) < ¢ ;
zo that:

a'{t) <0 ) 1£ Q) < § )

I
Fatl

Hence the price is strietly decveasing, either reaching zero {if Q(T)
for some T) or approaching zero asvmptotically (if Q(t) approaches Q
asvmptotically).

Notz that anvy two SEE's In general lead to different valuves for tetal
{discounted) consumers' and preducer's surpluses. Consumers' surplus is
largest ian SER's where the stock increases to ﬁ-very rapidly. In these cases
£{Q(t)) falls to zere werv rapidly, so that p{0,0), although positive, is
very small, and p{t,Q{r)} falls to zevo very razpidly. Profits are virtually
zeTo in these cases. Profit is largest in SEE's where the stock increases
very rapidly o QH € arg max Xf(X}, and increase very slowly thereaiter. Ia

X
these cases the implicit vents, Q{t)f{Q{t)), are very close to their max-

imal wvalue except at dates very fay in the future. Hence total discounted

profit is aporoximately equal to QME{QH]fr.




X, The Ron-existence of zn REE ia the Continuous-time Mpodel

Although any path for productionm that saturates the market (eithar in
finite time or asymptotically) is comsistent with seif-fulfilling expecta-
tions, none of these eguilibria need be an EEE.

For exanple, ler B{",*,*) and Q(*} describe an SEE, and supposz that
a2t time T > 0 there is an exogenous perturbation that reduces the stosk by 4.

—

At time T, buvers' expectations about the stogk at dates © > T are no langer

described by the path H{s,T,Q(T}) = H(s,0,0). Instead, as shown in Figure 2,
they are described by the path “H(s,T,Q(T)-2), s > T}, Furthermore, at
time T the seller will want to revise his production strategy. By assunption
he knows the expectation funetiom of buyers. Hence he will choose the new
~

production strategy iQ(t), t # T} rhat maximizes the presen:z iscognted value
of furture profits, givén buvers' expectations {see Figure 2}. Ia zeneral,
buvers' expectations will net be fulfilled zloapg the revised path for pro-
duction.

Suppose, however, that che funceion H{*,-,=} has the property that,
in addition to deseribing buyers' expectations,starting at z2av date T > 0
and any initial stock X > 0, the path {H{s,T,X), s > T describes the sales
strategy that maximizes the present discounted value of future profits, given
buyers' expectations. Then it iz as 1f buyers realize that the seller kaows
how expecations are formed, and realize that the seller alwavs chooses the
sales strategy that maxmimizes the present discounted wvalue of future profics.
This is the sense in which buyers’™ expectations are "rational.™

Fermally, an REE ig a function “H{s,t,X}, 02 ¢t £ s; 0 <€ ¥ < 0} econcin-

uous 1in 5, satisfying (1} and (2), and having the property that:
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m o
(9{s,7,X}, s > T} ¢ argmax | Q'(c) [ e CE(H(s,t,0(c)))dsdr, (10)
(s}, s>T) T =

for 0 < T; 05X i-a.

{The requizement that H{s,t,¥) be continuous in 5 follews f[rom the assunption
that the seller pay nmot sell a discrete guantity at any date.)

Sigece the iaverse demand function for the services of the good is
grationary over time, it is reasonable to suppose that if any REE exists,

the funmetion H{=,=,*} is stationary, i.e., is of the form:

H(s,t,X) = his-t,X) 0<t<s, 0<X<Q

for some functionm k{+,"}. That is, at anvy date t buyers' expectations about
the stock and the seller’s strategy for the stock at any date s ia the fukure
desead enly on the current stock X and on the length of time s-t; expectatioas
and zhe sales stracegy do not depend on the calendar dates t and s independ-

ently. It is shown im the following theorem that no statienary REE exists.

(0,31 -~ [0,P] satisfving (5) does there exist

LY

Theorem 2: For no function

a funetion [h{s,X}, O <35 U<X E.E]: continuous in s and satisfying:

hi{0,X} = X , ¢ < X<qQ; (lla)
n{s,X) = his-t,a{t, X)) , 0<t<s; 0<X<q (LB}
[als,%), 0<s] ¢ arg max J’m Q' (&) jm e "PE(h{s-t,Q(t)))dsdr . (11e)
[Q¢s); O £
s.t. Q0) = X ; 0<Xx<qQ .
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Proof: Suppose that h(",*} sacisfies the required conditions. The continuity
of h{s,X) in & together with condition {(lla) implies that h{s,X) i3 alszo
continuous in X, Meraever, the range of h{*',*) is the interval ED;a]. Since
h{z,X) is increasing in s and in %, it is differenciable almost
evervwhere. Therefore, applving the standard variarional method ro (1le},

a4 necessary condipion fFor profit te be at a saxizua is:

=}
TEER(,X) 4 b (6K [ €T R (a s, X0)h, (s-t,h(2,X0)ds = D, (12)
E

L{t}:{} T e
ot, equivalenkly, that:

L0,y =0 and Llit,x} = (]

Using filb}:

'nl(s,:-:} = hlm,h{s,:{}} (13a}
0 = -hlfs-t,h[t,x}] + h2f5~t,hft,xj}h1{t,x} {13b}
0 = -hll{s-t,h{t,x}) + hlztsut,h[t,xﬁ}hliz,x} {13c)

Substituting (13b) inte {12}, the reguired conditionm is:

L(x,X) = ¢ TTER(E,X)) + ) e TTE (h(s, X))k (s-t,h(E, ) )ds = O
E

Using (13a) and (13e¢), this condition iz zatisfied only if:

0 = L (x,X) = -re " £(h(z,X)) + e-rtf'{h{t,x}}hl(t,x} - & TTE (r(E, X)), (0,h (e X

+ | e'”f*{h{s,x})[-hu{s-t,h(t,:i}} + by, (5-5, 000, X0 (£, X0 1ds
[

= —re TTE(H(E,X}) : {14)



Condition {14} is satisfied only £if:
h{e,X) =@ 0<t; 0<X<Q, (15)

Bowever, the function h{-,*} defined in (153) violares (llaj.

Q.E.D.

The neo—2xistence of an REZ ran best be understood by exapining a
discrete-tine version of the model abeve. In the discrete-time model an
REE daes exist, and examiniag the behavior of thesze equilibria as the meried
shrinks provides an explanation for the nom-existence of an REE in the

continusus-tine model.
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5. A Digcrete-rizme Model: the Existence of an REE

In this section & discrete-time version of the model abowe is
gxamined. The length of the period is explicitly included as a wvariable,
s0 that the effect of shortening the veriod can be studisd.

A ynit of time cao be chosen arbitrarily. This unit of time is held
constant throughout the analysis. As before v is the {ceoustant) rate of
interest per enit time. It is assumed throughout that interest is compounded
continuously, The choice of the time unit does not affect the equilibrium
in any way.

A "pariod" in this model is defined by the length of time between
selling dates. Hence it is the length of time over which the steck of rthe
durable is constant. Let z denore the length of a pericd, measured in terwms
of the chosen units of time. (E.g., if the unit of time is chosen to be
one vear and a period is one month, then £ = 1/12.} A pericd say be any
multiple or any fraction of the unit of time. The length of z pariod,
{mezzured in fixed units of time), as will be szhown below, fs a crirical
detetminaunt of the REE vath of production over time.

At before, let £(X) denote the stationary demand curve for the flow
of services of the durable. Let F(4,2) denote the {implicit) marker-
clearing vental, when the supply is X, for the use of the durable during
one period of length z. The rent is expressed in beginning-of-period

currency, so thak:

-4
F(X,2) = £} [ e “®ds = £(0) (1-e  Z)/1
0

As before, it i{s assumed that the seller and all buyers know the demand

CUTyYe.



(2]

Ler {Gi{zs,r,0,2), 3 = t,e+l,...; t =0,1,...: © < X E_ﬁ; 0« z] denote
the stock of the good buyers expect in period t to be available in peviod s
i1f the current stock in period t is X and the lenzth of the period is =z.
Buyers are assumed to observe the current stock {includiag cutrrent szles},

$o that:
Gle,e,X,2) = X . Tr.¥.z; f1")
and their expectations are assumed to be consistent, so that:
Gis',t,%,2) = G(s',s,G(s,t,¥X,2),2), 7s,8',E,¥%,z. (2"

Assume buyers know the incterest rate and the lenzth of the peried,
as well as the inverse cdemand function for the flow of services of the guood,
: G ) . . . .
0 that R (s,t,X,2}, the implicit reatal rate buyers expect in period t

te prevail in peried 35 if the stock in perind t is X, is given by:
Cra v - - .
(5,54, 2} = F{G{s,t,X,2},2) , Ja,0,%,z .

G . . - :
Consequently o7 (&,X,z), the price in period £ when the cumulative stock

{including current sales) is X, is given by:

[+ =3
o%e 0,2y = T e T fCrran,r,X,2) , Ve, 2

n=0
A% before, an REE is a functiom G(s,t,X,z} that describes both
buyers' expectations and the seller’s profit-maximizing sales strategy.
L.e., an REZ is described by a funmetion G{s,t,X,z} satisiving {1') and (2%,

and naving the property that
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[G{s,t.X,2)}, s=t,t+l,...] €

arg max D & o) T e TR (G(sHn,s,0,,2),2)
[qt’qt+l""] s=t+1 n={)
5.t. Qt =X : {1073

Given anv demand curve £{-) , interest raze ¢ > 0, and period length
z > 0, an REE can be found using the standard method of dvnamic programming.
If the demand curve satisiies standard c¢onditions (e.g., if marginal
revenue is strictly decreasipg-- 2£7({) + Xf"(¥) < 0, 0 < X f_ﬁ], then
there {s a unique REE. Moreover, the funection G(-*,-,=,*) deseribing the
REE will clearly be stationary, (If the uniqueness conditiens fail and
there are multiple REE's, some of them will be stationarv.}

Since the purpose here is merely to provide insight inte the non-
existence of an REE in the continuous-time model, for simplicity a linear

demand curve will be used in the rest of rhis sectien. Ler,
E{i) = = - BX . 02 X< a/8, (18)

Since wmarginal reveunue is strictly decrezsing inm this case, there is a3
unigue REE., It ecan be solved for explicitly by hypothesizing that

G{*,*,*,~) has the form:

G{t+l,t,X,z) = aD + alx :

and solviag for the ceefficients a, and a,. <the golution is npresented in

it

Theorem 3.
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Theorem 3: For any r » O and z > 0, the solution of (1'),(2"),{10') when
£{+*) is giwvea b¥ {16) 1is the functien:

Gls,c,X,z) = af2 + u()¥ T(% - 2/3), ¥s,t,%,z; (17)

where ufzy £ {1 - Fl-e T2 }Erz < 1 , Tz

Proof: Obviously the selution in (17) sacisfies (1"} and (2'). To see

that it alse sarisfies {10') define:

gfs,r,X,z) S G{s,t,X,2)} ~ G(s~-1,t,X,2}, Ya,t,X,z.

Differentiating (10*')and uvsiag (2'y and (15}, profit-maximizing requires:

T TN _ ag(r,e,X,2) - Bg(T,t,X.z2)

[T

0

i

Substitutiag from (17), the required condicion is:

=]
T- & ] =L . -
@ - o4 ul@  Te0] - w2 e e Gy T Tt a0,
n={
or,
- -1
ufe) + (uiz) - 1L - & “Cu@)) =0 ,
or
-z 2
g opfz) - wlzy + 1 =0 H
which 15 satigfied.
Finally, #{z) < 1, since 1 > 1 - E-rz‘ s that:

1.~ T2 a_e-rz .

F A -
and 1 - ¥l-e TZ < @ TZ

Q.E.D.

e-rznGB{Tﬁ!TlG(T’t’sz} JZ}] = 0.
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The effect of varving the length of the period can be studied usinp
{173, Let T and T+) be arbitrary dates, and suppose that the stock at time

T iz X. The stock at time T+4 , when the pericd is of length z, is given by:

GUEE I %, 2y = /8 +[( - VlmeT™F )e™) M x - arp)

4z the pericd shrinks,

1im (1 - Yl-e T%y &7 o Th L4 .

zr

T+4 -
and lim Gf i;— » = X, 2) = af8., Hence for any fixed length of time A,

z+0

o |-

as z =~ ) the stock of the good approaches its limiting value /2 within the
lepgth of time .2

This result is illuscrated in Figure 3, As the period shrinks, zales
per period are approximately unaffected. {4 miner adjustment <occurs through
the effect of digegunting, dut this effect beceomes negligavle as the peried
gets very short.} Since as the period shrinks there are more pericds per
ynit of time, eventually virtually all sales occur within an arbitrarily
short {burz nom-zero} length of time. As z -+ 0, the fuaction G(-,=,*,2)
approaches the limit [G{s,t,X,0) = Q, ¥s,t,X]. However, this potential
solution for the continucus-time model vielates the Teguirement that the

path of the stock over time be continusus, as well as the Tequirement that

Glr,t,X,2) = K.

Compaving REE's as the length of the period, z, varies, the seller's
profit is a conotenically increasing function of z and consumers' surplus

a monotonically decreasing funstion of z. This fellows directly from the
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Fzet that che stock 4t anv date is an increasing function of z, so that
implieclt rents and prices are decrzasing functions of z (see Figure 3}.

The eifect 0f having sales occur only at fixed intervals is to enable
the seller, after making sales at the beginning of o¢ne period, ro guarantes
to buyers that the stock will net increase any more over the course of the

is
period. This " valuable te the seller, since it 1s his only effective means
of convinciaeg buyers that the total suoply available te them will remain
limjited ever the mear future.

It has been shown (Stokey [1979]) that if the monopolist can make
binding commitments to limir his future production, his optizal stratesy
_ .o .
is to sell the quancity O ¢ arg max X£(X) at date t = 0, and to commit

X

bimseli to make ao sales ar later dates, This stratesy maxdeizes the
implicit zents QIo)E(Q{c)) at evary date2, and the seller collects the present
.- - M., M
discounted value of tihese rents, Q {07 )/r, as sales revenues. (is 3ulow
[1979] has pointed ou:, a monopolist renter would use an eguivalent strategy,

. M . .
ranting the quantity @ at every date, and would reap the same profits.)

In the model axaninad here, the seller cannot oake expliecir commit-
ments about his future sales. However, a peried model-—where sales occur
only at fixed time intervals of langth z--is similar to a continuous-
time model where the seller can make commitments about his sales over a
length of rime z inteo the future.

In the discrete~time medal, as the period gets verv long it is as if
the seller can make commitments about his entire future sales strategy.

. bl .
AS Z + @ the monopolist's optimal strategy is to sell Q{0) = @ in peried 0,
: byl s e
at a price of pf(0,0{0)) = F{(G")/r. 1I.e., as the period gers imfiaicely lomg

the seller's profit apvroachas the maximum that it would attain even if any

tvpe ol cormitmeats about future sales were allowed.



5. Conclusion

The sensitivity of some results to the lengsh of the time periocd is

a probler that has long plagued macrceconcmists. Their respoase has taken

the form of a rule, concisely stated by Foley [1973] as f{ollows: "No sub-

stantive prediction or explapation in a well-defined macroeconcmic period
aodel should depend on the real tizme lepgrh of the pervied.” TFolev goes
on to say:

Period models are attractive hecause they are easy
to conceptualize. This advantage is bought at a prige,
however, which is the danger that hidden assymrtions
may enter the zodel under the cover of the fixed period
length. If the results of 4 period medel do not depend
in any important way on the periad, the model can be
formulated as a continucus model.{p. 311}

The REE's in the discrete-time wodel examined above obviocusly violate
this rule. However, it seems likely that introducing capacity comstraints
and/or increasing marginal costs of production would make
the egquilibria robust against changes in the length of the period. More-

over, it seems likely that the limit of these equilibria as the length of

the pericd shrinks to zero would be an BEE of the continucus-time model.

Thus, the analysis above suggests that decisions about iavestmeat in

fixed capital are particvlarly important to the seller of a durzhie. Hot

j culy do these deeisions affect his production costs {as thev do for all
Zirms), but they may also play an important rele in shaping buvers' expecta-

tions about future rates of production. Liniving his progduction capacicy

tmay be the ouly wmeans by which the seller can convince rational buvers that
he will restrict production. Buvers' expectations, in turn, are a erucial
determinant of the orice. Conseguently, because of the effect on expectations,

building a small capacity plant may be an effective means of raising the price-
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The seller's strategic decisions then are not decisions about rates
of producticn, but rather are decisions about plant capacicy (e.g., the
papacity at which minimm average cost on a U-shaped average cost curve is
atrtained} and planr flexibiliry (the zize of the range over which average
cost is approwimarely constant). Some of these questions have bean analyzed
in Bulow [1979). However, the assumption about how expectacions are formed
used there is guite diffarent freoo the assumptions used here.

Another interesting area for further study is the effect potential
entrants might have in changing the behavier of the encumbant monopelisc.
Spence [1977] has argued that an encuzbant firm may find it advantageocus te
build excess capscity in order to deter entry, even if thi¢ capacity is not
utiifzed {(or not fullv urilized) before entry, The aznalvsis above suggzests
that in the marker for a durable, the adwvantages of increasing capacity in
order to deter entry must be weighed against the advantages of restvicting

capacity in order to affect buyers' expectations.



FlEur l
¢ =]
g‘



Fl
o
fﬂ.‘r’/‘f )
'_,_,"'“ . -
/ g
.
, i -
rxal a{t]/ g T
&1 "
H(z,0,0) = o(e), 77 | P
/ --J#..--'
4}-:5 A ,;H,-f_ H(t,T,Q(T)=4)
- -~
4 /!_/
r -
r
7
y
4
b/
/
%
o

a T t

Figure 2



- 26 -

e

. . i o s . o

tioe

— e - i w e

——

1
3

(=

Ll |

— i e e e

L ey e T . T T Sy o A

T . . e . . R . ot g i & —

time

5

—

L=

_Ja.-.il;ll -
_ _n e

z = 172

———— —r——— . |
Jor—— - —_—

-

————rr—— o —

ET

R ——

z = 1/4

Tigure 3

Craphs of G{£,0,0,z) for z = 1, 1/2, i/4



Footaotes

L nis condirion is similar o the “perfectness” condition used in game

rheoty (s3ee, for example, Selren [1973]).

2 Yote that there is never an REL in which the stock tveaches O in finite

time., For supvose that along sooe eguilibrium path the stock G{e) reached
a'in pericd T. Price, and consegquently revenueg, ia perviod T would be zero,

wnile if sales were limited te any positive quantity smaller that Q - Q(T)

the price would be pesitive and the seller would reap a positive profit.
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