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ABSTRACT

Baron, D. P. - Default Risk, Hrmemade Leverage, and the Modigliani-
Miller Theorem

Using stochastic dominance arguments, the M-M theorem that
the value of a firm is independent of its financing is shown to
be valid if investors are able to borrow at the same nominal
interest rate as firms or if all investors hold bonds of levered
firms. TIf investors are vequired to pledge collateral for personal
borrowing, the nominal interest rate paid by the investor may be
less than the nominal interest rate paid by levered firms. The
values of the levered and unlevered firms will be equal if all
economic agents are risk neutra’, but if investors and lenders are
risk averse, the value of the levered firm may be greater than the

value of the unlevered firm,.



Default Risk, Homemade Leverage,
and the Modigliani-Miller Theorem

David P. Baron
Northwestern lniversity

Franco Modigliani and Merton Miller (MM) have shown in their
classic paper that in the absernce of taxes and transactions costs
the value of a firm does not depend on its debt-equity ratio, since
an individual investor mayv crerte his own homemade leverage to offset
any particular debt-ecuity ratio chosen by the firm. The M-M theorem
recently has been reexamined bv Joseph Stiglitz and by Vernon Smith,
who consider the implications of less restrictive assumptions than
those in the original proof. Giiglitz has indicated that the M-M
thecrem holds under more gen=ral conditions, while Smith focused
on preferences of risk averse, exnected utility maximizing investors
for various debt-equity ratics for firms given that the probability
of default on corporate bonds is positive. Here,the effects of
default risk and differences ir the nominal interest rates for firm
and individual borrowing are consicdered for classes of expected
utility maximizing investors who mav cr may not be risk averse. The
paper provides an intervretat - on of the M-M “heorem using the concent
of stochastic dominance studied by Josel Hadar arnc William Russell,

Giora Hanoch and Haim Levv, and the authors cited therein.
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U(E)dG,(8) > U(t)dG,(t).
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Every individual with such a utility function prefers G1 to G,, and
if all individuals with increasing utility functions prefer Gy to

G then Gl(z) < G2(2> for all =z and Gl(zo) < Gz(zo) for some #°

2’
A distribution G; dominates G, for the class of nondecreasing, con-
- - A7
cave utility tfunctions if and only if | ,C1(t)nG2(t)jdt < 0 for all
1 =

9

7z and G1 # G2 for some 7o Then no risk averse or risk neutral in-

dividual prefers G, to Gl‘

I. The M-M Theorem and Default Risk

To investigate the M-M Thecorem, consider two firms in the same
risk class1 with identical probability distributions of gross earning52
X such that for anv state that occurs both firms have the same earnings.
The probability of bankruptcv [ -2 0) is assumed to be positive (but
less than one),and hence, the probability of default on any corporate
bonds issued is positive. Stochastic constant returns to scale are
assumed, and the distribution function cf gross earnings is denoted
by F(X). 1If suffices to assume that one firm is financed solelv by
equity and the other by debt and equity. The value vq of the unlevered
firm is Vi = Eq where El is the value of the firm's shares of common
stock, while the value VZ of the levered firm is the sum of the value

: . e 13 1 e D r
of its equityv and Cthe value 0L 1ts outstanaing bonas uz C

oy

V, = £, + Dy The gross (nominal) interest rate r{.>1) on bonds al-
2 ) z
v

ready issued is assumed to be a constant. If gross earnings X

are less than the interest plus the



repavment of the borrowing,the carnings accrue to bondholders. The
firms' investments are assumed to be fixed so that the effects of
financing decisions may be isolated. 1In the absence of transactions
costs and taxes, the values of both firms mav be shown to be equal,
independent of the capital! structure of the firm, if investors and

the firms mav borrow at the same rate r or 1f all equitv owners of the
levered firm hold bonds with interest rate v of firms in the same risk
class. The only restriction plared on investors' utility functions 1is

that thev be increasing in the veturn from investment.

To show that the values of the levered and unlevered firms are
equal, first assume that the value V, of the unlevered firm exceeds
the wvalue V2 of the levered firm and that an investor holds an v

proportion of the equity V1 = B, of the unlevered firm. The return

Y1 on the investment aVl ie

(1) Yo =
X it X - 0

T

If the investor sells his ecuity »V, in the unlevered firm and invests

the proceeds in the equitv ancd honds of the levered firm in proportions
1

- . P . ~

E,/V, and D,/V,, respectively, the returm Y, from the levered firm is

r
L0 if X <9

(2) Yy = % :

L a(vl/vz}x ifx -0



Let the distribution functions of Y and Yy be denoted by G, and GZ'
respectively. If the firms become bankrupt or have zero earnings,
the investor's return on either investment is zero, and hence, the
probabilities Gl(O) and GZ(O) of no return are equal. With positive
earnings and vy o= V2, the probability of obtaining less than some
return Y is less with G, than with Gy for all Yy -0 LGZ(Y) = F((Y/x)
(V2/V1)) 2 Gl(Y> = F(Y/2) , so the distribution G2 dominates the dis-
tribution of Gy for the class o! increasing utility functions4 as
indicated in Figure 1. TIf the value of the unlevered firm exceeds that
of the levered firm, all investors with increasing utilitv functions
prefer to sell their securities in the unlevered firm and purchase
equity and bonds in the levered firm. The value V2 of the levered
firm will be bid up until it is at least as great as the value of the
unlevered firm.

_Insert Figure 1 here.
The rest of this paper dea'ls with the issue of whether or not

the value of the levered firm mov excced the value of the unlevered
firm. To demonstrate that the values will bhe equal when the default

risk is positive, assume that V., - Vl and that all equity investors

in the levered firm also hold bonds with a nominal interest rate r
of firms in the same risk class as the firms in question. Tf an in-
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vestor helds an « fra the equitv of the levered fivm and %D

bonds, the return on the investment in the levered Zirm is

r .
0 ifx <0
4 * — / e s o 7 -
(3) Xz =4« X if ¢ 7 X < rD2
z AN+ (%= D if X » rD
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and congider selling = (E2 + D2> = a V2 of the

. . O .
investment in the levered firm ard buying an (u VZ/VI) portion of the

Let ~ = min {o,a%

. , O . . .
unlevered firm. The return Y1 orr the investments in firms two and one

g

then 1is
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(4) v = { PK 4 2OX((V,/V)-1) if 0 < X < rD,
% aX + (&*w&)rDz + JOX(<V;/V1)‘1) it X = rD,

The probabilities Gl(O) and 2 0) of no return are equal, but if
V2 > Vy and earnings are positive, Gl(Y) - GZ(Y) for ¥ = 0, since

investment in the unlevered firmw vields a greater share of the earnings
than does investment in the bonds and shares of the unlevered firm.

The dis tion of Yl dominates that for Y2 for the class of increasing
utility functions, so all eguity investors holding bonds of firms in

the same risk class prefer toc £2ll bonds anc shares of the levered

firm and to purchase sharas ‘n the unlevered Zirm 1f V, >V
=

1 If all

equitv investors hold some bords of Ffirms in the same risk class,

then V, b Vy, and the value of the levercd and the unlevered [irms
will be equal independent of thef» financing.
T£ all cquityv investore ir the levered firm do not hold bonds,

the M-M theorem is vaiid given a nositive probability of bankruptey

if investinrs may borrow ar “he =omo nominat interest rate as the
levered firm, Assume that the vsliue Vo of the levered firm is greater
than the wvalue V1 of the unlevevesd fivm and that ar _nvestor owns an

x fraction of the equitv of the 'evered firm and no bonds of firms in

that risk class. The total return Y, is
.0 if X< oeh, ¢ X%
(5) Yy w0 B
‘l U(X"‘ :Dz,\/ ;f X X:)'(



If the investor sells his equitv JEZ of firm two, borrows an amount aD,
at an interest rate r, and invests a(E2+D2) in the equity of the
unlevered firm, the investor owns an q(E2+D2)/El = onZ/Vl fraction of
the equity of the unlevered firm‘5 Assuming that the investor's equity
value aVZ in the unlevered firm may be used as the sole collatera16 for
the personal borrowing 2D, the investor's total return Y, from the

unlevered firm is

0 Lf X < rD,(V,/V,) = Xjf
(6) Yl = .
i v ((V,/V{)X-1D,) Lf X > X¥

If Vv,/v, > 1, then X§ < X%, and the probability Gl(O) = F(X¥) of no

return from the holdings of shares of the unlevered firm is less

than the probability G,(0) = FF(X%) of no earnings from holding shares

NS

in the levered firm. For Y -~ 0, Gy(¥) = F((V,/V,)(Y/c+rD,y)) < G,(Y) =
F(Y/y+rD2) if V2 » Vl’ since the investor is able to purchase a larger share
of the earnings of the unlevered firm. The distribution function Gl
dominates C, for the class of increasing vtility functions, so all

investors nrefer to o sel!t o ghares ot the tovered Firm,to create homemade

leverage bv borrowing st an intevest rate r, and to invest in the

shareg of the unlevered firm, “onsgecuently, the vatues of the levered

m

and unlevered firmg are ecual, ard the cost of capital is indenendent
of the debt-equity ratio.

The above arguments demonst—ate that the M-M theorem holds if the
probabilityv of firm bankruptcy is positive if all equity investors in
the levered firm hold honds vielding v of firms in the same risk class
or if they mav borrow ar the same rate as firms and the borrowing is

- 7

secured solelv by the shares of the unlevered f£irm.’ This result is in



contrast to Smith's Theorem 2 if all investors hold bonds vielding r of
firms in the same risk class. The result is equivalent to Stiglitz's
extension (Sec. III, p. 788) of the M-M theorem and to Smith's Theorem 3
for the case in which the investor may borrow at the same rate as firms.
Risk aversion is not assumed here, however.

Stiglitz's extension is based on the assumption that if an investor
buys, on margin. shares in the unlevered firm using the shares as
collateral he can borrow at the ceme interest rate r as the levered
firm. Smith has argued that marg’n borrowing will be possible only at
a higher interest rate than that at which the firm borrows. To show that
the investor can borrow at & rate r using the shares in the unlevered

Q
'S}

firm as collateral, consider a lender” with initial wealth W¥ who invests

QDz in bonds of the levered firm. His contingent terminal wealth is
( Wr = 4D if X 20
: s }1,;2 i A
(7) W o= f WE - aD, oo if 0 < X <D,
| , . -
] Wee -+ JDQ(Y‘l) if X ~ rD2

Next suppose that the lender lends ~D, to the investor who invests
s(D+E5) in the 'milevered Hirm and pledges the shares as collateral.
The ccllateral arrangemen® is suvch that 17 earnings X are insufficient
to cover the debt obligation yDzr the return a(Vz/Vl)X (for X > 0)

goes te the lender. The lerndev's contingent wealth W' then is

i WE - o0, if X <0
!
5 !/ [ L ~ N 7 / v . -
(8) W'o= \} Wk - <D, + u(\z/vl)}\ if 0 <X « 1D2
LWy o+ “DQ(:-I) if X rD2



T v, > Vy, the lender prefers to lend to the investor rather than
~ . . . . . ’ .
hold bonds of the levered firm, since the distribution of W' dominates

the distribution of W for the ciass of increasing utility functions.

For V W and W' are identical, so the investor is able to borrow
bl

= v
2 1’
at the same nominal interest rate as the firm if the above collateral

. S . .
arrangement mav be made. Conseguently,i{ V, > V, and the margin
permitted [+ at least DO/VO, irvestors will create homemade leverage
by borrowing at a rate v and w! il purchase shares in the unlevered firm

rather than hold shares of the levered firm. This process will equate

the values of the firms.

IT. Differences in Firm and Investor Nominal Borrowing Rates

(]

Tf investors are not abie o borrow the nroportion D2/V2 of
the investment in the unlevered firm bhecause of margin restrictions,
limitations on short sales, or markel iwmperfections, for example,
the investor seeking to creaie omemade leverage will be reauired to
secure personal horrowing wit

interest rate than r. The nori a2l interest rate r¥* at which an investor

may borrow te create homemads leverage depends on the collateral and

)
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)
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+
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may differ from th irm. Personal borrowing creates

a new securitv, and cho imnlics ions of this new securityv for the M-M

theorem are investigated in b o sectior,
Surnpose that collateral o0 atvefving O 0 »C < ™D, ig pledged
against the amount bhorrowed ., whare e amount | may be determined

10

bv a specific collateral arrangement o1 by personal bankruptcev laws.
It earnings plus the collatera! are insufficiont to cover the debt

chiigation

el

(X2 {r#D,=CY V. V., ), the investor is assumed to pay the

lendev (o (V,/V )X + 20) (with prohabitiry one). I7 X = (V1/V9) lr*D,-C),
3 £ -

2

the return nlus the co'laterzi covers the debt cohligations. A lender's

contingent wealth W£ with such a loan is
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- wD, ol if X «0
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aD, + &(C+(V2/V1)X) FO <X < (v]/v2)<r*D2-c)
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JD2(r 1 if X = (VI/VZ)(r D2 C)

£ % >r, V, > Vi, and C > 0, V. > W (in (7)) for all X = r*D2 and W£ =W

for all X - v*D,. The distribution of W, dominates the distribution of
W, so all lenders with increasins utilitv functions prefer to lend to

the investor rather than haoid Honds in the levered firm.

Tf the investor sells his equity «E, In the levered firm, horrows

2D, at r* bv pledging collateral .C under thce above terms, and invests

2 . b
a(E7 + D2) in shares of the unlevered i

1, Lhe return Y3

v

is

2

- =C if X < (vl/vz)(r*nz-C)

T AVERYA Y N Wi if ¥ - v i - .
L VKT ) if X ( 1/V2)(Y D, C)

~

For any nominal interest vrate 1" the distribution of Y? does not
domirate,for the class of increasing utility functions,the distribution
of the refurn Y2 in (5) on ecuity ownership in the levered firm. Con-
sequentlyv, the value of the levered firm mav be greater than the value
of the unlevered fivm, since a covity owners of the levered firm may
not prefer to create honerade leverage and switch to equitv ownership

-

in the unievered firm.

1f ail lenders have concave 1+77{7v functions, a further condition
on the nominal interest vate v mav be cwrained usi, | the concept of

dominance for the class of corcave utilityv functions. TFor r* <2 r and

%D,=C) the probabilitv H(wo) that W < W° is

7 —

for X <{(») X¥x - (V,/V,)

TN

1 1 ey T O vy s O (O
creater (less) than the probabnility hl(w ) Uthat W) 2 W for all W7 <(»)

17
(r#-1)"" ag¢ indicared in [ ‘gure 2. (Given tiis propertv, Hanoch

W -~ N
W T J_lz

ard Levv (Theorem 3) have shown that 211 Tenders with ceoncave utility
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functions prefer the distribution of W{ to W if and only if E(W{) -

E(W) > 0, where E denotes expectation. All lenders thus prefer to lend

to the investor rather than hold the bonds of the levered firm if and

only iflz
’ (e 1».X7'\‘ “rDZ
(11) E(wl) - E(W) = oCF(X*) + . QX(VZ/Vl-l)dF(X) - JX¢ ¥XdF (X)
+ QD2(r7'r(1-—_F‘(}\v‘r_)) - r(l-F(rDZ))) > 0.
Let r**13 be defined as the value of r* such that E(W{) - E{(W) = 0.

B W) =B W) ]
If F is absolutely continuous., —————7— = 2D,{1-F(X¥*)) = 0

o 5 so for

b]

14

r* > r** the difference in the expected wealth levels is positive.
The interpretation of this result is that the distribution of Wi is
"less risky' than the distribution of W if r* > r*¥* and hence, all

risk averse investors vrefer H1 to H. Consequently, if the expected
return from lending to investors sceking to create homemade leverage

is at least as great as that frowm holding bonds, all risk averse lenders
prefer to make secured loang ¢i a nominal interest rate of r** or
hicgher rather than to hold bonds vielding r. To determine if there

is any demand for secured loanc at a nominal interest rate r*, the in-

vestor's opportunities must he investigated.

v

_Insert Filoure 2 here.

If all investors have con<cave utilitv functions  all investors

may prefer the distribution of Y, in (5 ) to that of Yy in (10),since

the distributions of Y% and Y, satisf{v the conditions of Hanoch and

R

Levy's Theorem 3. All risk averse investors prafer Y, to YT if and

only if E{Y?) - E(YT) > 0. Evaluating the difference in the expected

- ,.15
returns vielids
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WD .
(12) B(Y,) - E(YD) = 5CF(X¥) = o “(V,/UDXAF(X) + ,  X(1-V,/V)dF(X)

X ”rDZ

oDy (pr(1-F(X¥)) - r(l—F(rDz))),

where X¥* = (Vl/VZ)(r*DZ-C). If E(YZ) - E(YT) > 0, all investors with
concave utility functions orefer to hold their equity in the levered
firm rather thon to create homemade leverage and switch to equity

ownership in the unlevered firm.

To investigate firm valuation when collateral is pledged to create
homemade leverage, onemust determine if investors holding equity in
the levered firm will wish to horrow at r* and lenders will wish to
lend at r*. All investors and all lenders are assumed to have concave
utility functions. The differences in expected earnings opportunities

for investors and expected weanlth opportunities for lenders are related

-2

by E(Yz) - E(Yf) = E(wf) - BE(W) + g(l-vz/vl) jO XdF(X). 1If 5 = Vq

(&) - E(W) = 0. The derivative with re-

and r¥ = ¥, E(YZ)— E(Y?)

spect to r* of the differences is

SRR ] CED-EGD |
(13) - o i - — ! = 2D, (1-F (X)) - 0.
‘V\_.r'r)‘::.v1 V =V

2 1

All helders of bonds in the levered firm prefer to lend to ecuitv owners

[}

of the levered firm at interest rates v* > r**% rathor than hold

a

the
bonds of the levered firm, but none of those equity owners prefer to
borrow, sell their eguity in th. levered firm, and purchase equity in
the unlevered firm. For r* - v¥% and v, = V7,W(YZ)—E(Y?) = E(wi)-—E(w)<\0.

All equity owners of the icverced firm may not nrefer to hold their

cquity, and some mav prefer to horrow at r¥ < r¥¥ {o create homemade



leverage and switch
all lenders may not

firm and hence some

- [N

to ownership in the unlevered firm. For r* < r*=
prefer to lend to the equity owners in the levered

may prefer to hold bonds in the levered firm.

Alternatively, if r* = r*% with r** defined at V2 = Vl’ a greater
value V, increases E(W{) - E(W) and decreases E(Y,) - E(Y¥), since for
all r*

51E(w£)—E(w)i. X
- ; =, («/V)XAFE(X) >0
AV | . 1
2 : _ 0
P Vo=Vy
(14)
2LE(Y,) -E(YF) oo
éVo | = - (a/Vy) . Xde(xy <0
- V,y=V, o
For V2 > V1 and r* = r*% (defined at V9 = V1) all bondholders with
concave utility functions prefer to lend to equity holders in the

levered firm, and there mav be some equity owners in the levered firm
who prefer to borrow to creats homemade leverage, sell their equity,

and purchase equity in the unlevered firm. The same may occur for

oot
T

rates v o>

N

certain nominal interest

¥

it v, - V,. This process may

stop with the value of the levered firm greater than the value of the

unlevered firm 1f "nvestors and lenders may have any concave utility

functions. Determination of the eauilibrium values reocuires further
assumptions regarding urilitv functions and/or nrobability distribu-
tions.

As an example, assume that @ll investors and lenders are risk
Ti '\72

to sell! his equity,

neutral. = V, and v* = r**  no equitv holder in the levered

firm prefers horrow, and switch to the unlevered

firm, and no bondholder in the levered firm prefers to lend to equirty
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holders in the levered firm. 1If V, = Vl and r* <(>) r**, then all (no)

risk neutral lenders prefer to hold bonds in the levered firm and all

(no) risk neutral equity owners in the levered firm prefer to borrow

to create their own leverage. Consequently, if V2 = V1 no transactions
will take place and V2 = V1 and r* = r** yields an equilibrium. If
vV, > Vl’ then there exists an r* > r¥**,  r*% defined for the particular

v, and Vy in question, such that E(Wi) - E(W) > 0 and E(Y,) - E(Y§) =

0

E(Wi) - E(W) + a(l—V2/V1) ’ XdF(X) < 0. For example, at r* = r** and
Ly

@

.

v, > Vq, E(wl’) - EM) = 0 and E(Y2) - E(Y*'i\‘)‘ = Q(I—VZ/VI) ' XAF(X) < 0.

Since E(Wi) - E(W) is continuous in r*. an r* > r*¥ may be found such

that all bondholders prefer to lend rather than to hold bonds of the

levered firm and all investors prefer to create their own leverage

and switch from equity holding in the levered firm to equity holdings

in the unlevered firm. This process continues until V2 = V1 and r* = r¥¥,
If some or all investors or lenders are risk averse, the process

may terminate with the value of the levered firm being greater than

the value of the unlevered firm. Some risk averse investors may

prefer to be protected by the limited liability of the levered firm

and will not create homemade leverage by pledging collateral in order

to purchase equity in the unlevered firm. Furthermore, some heolders of

the bonds of the levered r[irm mav not prefer to lend at a low enough

ot the shares of the levered

-
o)
197}

interest rate to generate sufficien

T

Sa L
firm and purchases of the shares of the unlevered firr to equate the

values of the firms.
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ITT. Conclusions

Using stochastic dominance arguments, the M-M theorem has been
shown to be valid if all investors are able to borrow at the same nominal
interest rate as firms by pledging the securities in the unlevered
firm as collateral or if investors in the equity of levered firms
also hold bonds yielding r in firms of the same risk class. If because
of margin restrictions, for example, the investor is required to
pledge additional collateral, the default risk to the lender is re-
duced, and the nominal interest rate paid by the investor may be less
than the nominal interest rate paid by the levered firm. The values
of the levered and unlevered firms will be equal if all economic agents
are risk neutral | but if investors and lenders are risk averse, the
value of the levered firm mav be greater than the value of the un-

levered firm.
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Footnotes

If Xq and X, denote the gross earnings of two firms, respectively,
then both are in the same risk class if Xy = kXZ with probability

one. To simplify the notation, assume k = 1, and let Xy = X, = X.

This representation of the earnings of firms is discussed

by Modigiiani and Miller and by Jan Mossin (p.65).

For X > rD,, Y, = aVl(Ez/VZ) (X-rDZ)/EZ + aVl(DZ/VZ) (rDZ/DZ) =

2)
a(Vl/VZ)X. For 0 < X < rD, the profit X accrues to the bond-

holders, and the investor's share 1is yvl(DZ/VZ), so Y, =

aVl(Dz/VZ)X/Dz = a(vl/vz)x if X > 0.

Hadar and Russell (1971, Theorem 4) prove that if (Vl/VZ) > 1 and

Yy = 0, the distribution of Y, = (V;/V,)Y; dominates that for

Yq for the class of increasing utility functions.

The margin requirement necessary to permit sufficient borrowing

is (D2/V2).

That is, if the investor defaults, he forfeits his shares of

the unlevered firm and none of his other assets.

Stiglitz indicates that the M-M theorem holds if instead of
personal borrowing the investor may sell short the shares of
the levered firm pledging the new shares of the unlevered firm

as the sole collateral.

The distinction between lenders and investors is only made for

expository purposes. Anv lender may also hold shares of the firms.



10.

11,

12.

13.

14.

15.
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The same result obtains if both firms are levered and the
investor invests an (El/vl) fraction in shares and a (Dl/vl>

fraction in bonds.

An analysis analogous to that in this section can be made for
the case in which no collateral is pledged and the individual

borrows at a nominal interest rate greater than r.

This condition implies that the distribution functions of W

and W{ cross only once.

The condition in (11) holds for X* < rD, (equivalently, r* <

(VZ/Vl)r+C/D7). If X% > rDZ, then r* > r and the distribution
of Wi dominates the distribution of W for the class of increasing

utility functions implying that E(W{) - EW) > 0.
The nominal interest rate r** is a function of (Vz,Vl,C,r,F,DZ,a).

The interest rate r** is less than r, since at V2 = V1 and
rHF% > E(Wi) - E(W) > 0, and E(Wi) - E(W) is increasing

in r* and in V2 as indicated in (14) below.

The expression in (12) holds for r* < (VZ/Vl)r + C/D,. 1If

r* > (VZ/Vl)r + C/DZ’ a similar expression can be determined.
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