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1. INTRODYCTION

This paper presents a model of the exchange of two assets--ome risky,

one risk-free--by means of a trading process similar to those found in
the New York Stock Exchange. The salient feature is that attention is
focused on the actual process, occurring through time or, as Garman (6 )
terms it, on the ''temporal microstructure."

The trading process is used to construct a stochastic process of
endowments and prices. This stochastic process is a pure jump Markov
process, and hence analysis of the motion of the system can be carried
out on the imbedded Markov chain. The analysis is further simplified
by the fact that only integral amounts of stock are traded at prices
restricted to a finite set, and every allocation is feasible. This implies

that the Markov process has a finite state space.

The investor behavior that is assumed in this paper might be termed

traditional behavior. Specifically, investors ignore the possibility of
speculating on future price changes and ignore the informational content

of past transactions. This corresponds to the model traditionally used

in the finance literature in which a share of stock is assumed to have
some exogenously given random value, or random return. Similarly, in
discussions of the stability of the stock market, the distinction between
"good" and "bad" speculation has been made where "good" (stable) specula-
tion represents the behavior associated with buying when the price is
below the 'value of the stock" and selling when it is above (21). This,
in fact, corresponds to the behavior assumed here.

Since a very simplistic form of behavior is assumed, the model pre-
sented here represents a minimal test of the consistency of the proposed.
trading process. Under the assumption that speculation (in the usual
sense) and updating of information are ruled out, we show that if only
unit tradés of the stock are allowed, and if the set of allowable prices
at which trades take place is finite, then an equilibrium is reached in
an almost surely finite number of steps. Furthermore, the equilibrium
has certain optimality properties. The essentially static behavior of
investors also allows us to compare the trading process outcomes with the
competitive outcome. Finally, an example is presented and further prop-

erties of the trading process are discussed with reference to this example.
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The aim of the research initiated here is to examine the foundations
of the efficient markets hypothesis by explicitly considering the
organization of the stock market and the behavior of investors faced
"with this particular institutional arrangement. One criticizm that
has been leveled at empirical tests of the efficient markets hypothesis
is that the lack of an understanding of the equilibration process in
the stock market has led to a lack of a solid foundation on which to
base empirical studies ((4), p. 416). 1In another vein, assuming that
markets are strongly efficient (all privately held information is

revealed by prices) leads to serious theoretical problems. As Grossman

has pointed out, (10) if there is a cost associated with obtaining
information, and the market is strongly efficient, then no one will
pay to obtain information as long as they can view the equilibrium
prices. But then, the market is trivially efficient. This of course,
relies on a "mo-trading-out-of-equilibrium'" assumption. Even though
.the market may adjust to an information revealing price, the fact that
adjustment takes time implies that informed investors may be able to
earn a return on their investment in information. Finally, the
assumptidn that stock prices form a geometric Brownean motion is used
extensively in the literature on the stock market, particularly with
reference to option pricing. The efficient markets hypothesis lies
at the heart of this assumption, and hence it would be useful to
understand the conditions under which efficiency is an appropriate
assumption. |

This research is most akin to that body of literature which studies
the pricing behavior of a firm facing an unknown demand ( see (18)
for an excellent survey). As in that research, prices are determined
and changed by the actions of market participanis, rather than by an
uninvolved auctioneer or "invisible hand." The major difference between
these studies and the current one essentially involveis the differences
in institutional framework and the types of markets considered. 1In

contrast to the uncertain demand literature, this research involves a market



-3-

in which there are not two obviously identifiable and stable goups
of buyers and sellers. While the study of firms facing random demand
assumes assymetrical behavior for buyers and sellers, such a
dichotomy is not appropriate here. Related to this last point is the
fact that there is no geographical separation between buyers and sellers
( or at least no separation between their brokers). This leads to
quite different rules of trading, and much different behavior. Finally,
non-competitive behavior arises quite naturally in the study of
consumer goods markets, for firms in the process of adjusting prices
begin to perceive a demand curve upon which they can base their
decisions. It does not appear so far that non-competitive behavior
arises quite so naturally in the stock market.

Apart from the interest in determining how markets become efficient,

there have been several empirical studies that indicate that the fact

that trade takes place out of equilitrium may be of interest in and

of itself. Studies by Latang (15) and Latané,and Jones {16) have

shown that the adjustment to new information may take a matter of months.
Thus, if the information aspect of markets is taken into consideration,

the disequilitrium aspects of trading may be important.



2. INSTITUTIONAL BACKGROUND

Studies of the stock market have shown that the specialist participates
in trades that involve about seventy-five per cent of the volume of
trading ((17) p.146 ), either as a broker (arranging trades for other
investors) or as a dealer ( buying and selling on his own account).

In the model presented here, the specialist’s role is enlarged so that
the'specialist acts as broker in all trades, playing the neutral role
of matching up investors who are willing to trade. That is, when an
investor reports a buy price higher than some other investor's ask
price, the specialist arranges a trade between the two, according to
specified rules.

In the model presented here, the specialist maintains a book which
lists the individuals who are currently willing to buy at each price
and sell at each price, and the quantities each will supply or demand.
Furthermore, within each price, the investors are ordered according
to the sequence in which the orders arrived. Now, suppose an individual
reports buy and sell prices to the specialist. If the buy price is higher
than some selling price recorded in his book, then the specialist
engineers a trade between the arriving investor and the investor first
in line among those with the lowest selling price. By convention,
this trade takes place at the selling price of the individual on the book.
After the trade has been consumated, the selling price of the trader
registered with the specialist is erased from the book, and the selling
prices of the reporting investor is entered. A similar process is
followed if the selling price of the arrival is lower than some buying
price on the specialist's book. 1If, on the other: hand, the reporting
investor's buying price is lower than all selling‘prices, and his
selling price is higher than all buying prices listed with the specialist,
then no trade is possible, and the investor's buy and sell prices are

recorded in the specialist's book.



Apart from the expanded role of the specialist, the primary
differences between the above process and the actual trading process
on the New York Stock Exchange involve the range of alternative types
of orders submitted to the specialist. In the process described above,
only limit buy orders ( buy at a specified price or below) and limit
sell orders (éell at a specified price or above) are allowed, while
on the stock market, a much broader range of orders are allowed.
Furthermore, it is assumed that buy and sell orders are submitted at
the same time, while on the market this may or may not be the case.

"Essentially, then, somewhat less flexibility is allowed in the trading
process modelled here, but the fundamental structure of trading is
quite similar.

In addition to the requirement that all trades take place through
the specialist, several additional simplifying assumptions are made.
First, it is assumed that at all times individuals have either both
buying and selling prices or neither a buy or sell price registered
with the specialist. That is, when an individual listed on the book
sells or buys, both his buying and selling prices are removed from
the book. Similarly, when an investor arrives at the specialist's
post, he reports both buying and selling prices. This departure from
reality is made for two reasons. First, it simplifies the analysis
somewhat by yielding a simpler state space. Secondly, and more
importantly, it prevents agents from making disadvantageous trades.
For example, suppose an agent is registered with the specialist, and
at some point sells a unit of the stock. This changes his endowment,
énd will ingeneral change his buy and sell prices. Under some circum-
stances the buying price with the new endowment may be lower than
his old buying price, in which case, a trade at the old buying price
may lead to a reduction in his well-being.

A further assumption, in addition to requiring that allocations of
the stock be in integral amounts is that trades only take place in unit
lots. This greatly simplifies the mathematical description of the
motion of the system, although by further restricting the nature of
trading it may in general eliminate some final allocations that could
be reached if orders were merely restricted to integral amounts. Only

in the case of certain types of non-convex preferences does this

[



assumption prevent the attainment of "optimal’ ( in the sense to be
defined) states. ‘

Finally, borrowing and short selling are ruled out. That is,
each investor must have non-negative holdings of each of the assets
at all times., A more realistic assumption would be that individuals
could borrow up to some amount determined by a margin requirement.
As a first approximation, however, the much simpler aésumption is

made.

3. MODEL OF THE TRADING PROCESS

In order to model this process, it is first necessary to define the
state of the market. Essentially, the state will be defined to be a
summary of the specialist's book, including the price at which the
last trade was made and a specification of the endowments of all
investors. Let 7] be the finite set of names of all agents. Buy and
sell prices are restricted to some finite set 8. By taking ¢ to be
of the form {O, 2, 2¢,..., Qc¢} it is guarranteed that after any number
of trades, the number of dollars of risk free asset held will be in
& as long as the initial endowment of the risk-free asset is in 8.

In the case of the New York Stock Exchange, ¢ is one eighth of a cent
or in some cases one sixteenth of a cent.

"Since the trade of fractional shares is ruled out, and since
holdings are required to be nonnegative, there is no loss in generality
in the assumption that & is bounded. No agent can buy at a price higher
than, say, the total amount of money in the world, which is a large, but
finite number. 1f transactions involving fractional shares were allowed,
then an investor could conceivably buy an arbitrarily small fraction
of a share for an arbitrarily high price per share.

For B € 7 define PB to be the set of all permutations of elements
of the set B, with Py = T 4 3. Define ’

Q+1

Sm = r(noynl’-'-an) E N . an = m}, and

It

' Q2 | - Q. -
Sm {(no’nl""nQ’nQ+l) €N : Zni m} where N* is the Q-fold

product of the nonnegative integers. An element, n., of a vector in

S, is interpreted as giving the number of buying prices on the book

which are equal to the ith element of &. The interpretation of Sé



-is analogous except that the extra dimension of the set Sé allows for
the selling prices of those investors holding no shares of stock. Since
allocations of stock are required to be nonnegative, by convention,
the selling price of an individual holding no shares is some number higher
than any allowable price. It is assumed that 0 € 3§, sd no extra dimension
is needed for tbe set Sm. |

i

Let A. = {(Sl,...,SI) ENI: LS = % SSI= S} be the set of feasible

allocations of shares, and

1 TS S S QS .
AW = {(W,...,W)€d: SW = T W.<W )}, be the set of feasible
i=1 i=1 &
allocations of the risk free asset. Then we define the state space E by:

)]xA X A, X &

E—[U(szBxp x s S

B l |B]

where [B[ indicates the number of elements in the set B.

A typical state space vector is of the form:
((i1s-+-51),(n5np500.,0,0,0,...,0), (i],1%,...,1),

Dshst o sh,ah e

U o

(O’f--’o:n Q,DQ+

The first element of a state space vector gives the agents having listed

r+1° 042

buy prices, ordered lexicographically by the magnitude of the price (in
descending order) and the order of arrival., The second gives the distri-
bution of buying prices. The third and fourth elements have a correspond-
ing interpretation for selling prices, with lower prices listed first. The
fifth element gives holdings of the risky asset, the sixth gives holdings
of the risk-free asset, and the final element is the price at which the

last trade was made.

As an example, suppose & = {0,.5,1,1.5,2,2.5,3}

4 W = 20.

m=1{1,2,3,4} S

Then a possible state is:
= ((1,3,4),(0,2,0,1,0,0,0),(3,4,1),
(0,0,0,0,2,0,0,1),(10,3,5,2), (10 1,2,1),1.5)

Thus, investor one has the highest buying price and it is 1.5, both three

and four have buying prices of .5, three entered his order before four
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and two is not registered. Similarly, three and four have the lowest selling
price equal to 2 and three is first in line to trade. Investor one has no
shares to sell hence his selling price is outside of &. Finally, investor
one has no shares and ten dollars of risk-free asset, two has one share and
three dollars, three has two shares and five dollars, four has one share

and two dollars, and the last trade took place at a price of 1.5.
It will be useful later to define the following functions. Let

ni:E -~ 3 X N be the projection of E onto the ith components of AW and AS.
That is, m(e) = (ﬂi(e))i is the allocation associated with e, and ﬁi(e) is
investor i's allocation. Let B(e) be the highest buying price associated
with e and a(e) be the lowest selling price. Let T(e) be the name of
the individual first in line to buy and T(e) the individual first in line

to sell. Finally, let P(e) be the price at which the last trade took place.

The state described above is only observable by some omniscient obser-
ver of_the market. Not even the specialist knows the endowments of all in-
~vestors, and hence he only knows the portion of the state of the market des-
cribed in his "book". The only portions of the process observable by inves-
tor i are the processes (ﬁl(et) and (P(et))t' Note that unless a trade

takes place at time t, (Tri(et))t and (P(et))t do not jump at t.

Having specified the state of the market, the motion of the system can
be described. Suppose that in the current state of the market, e s not all
investors have buy and sell prices registered with the speciélist. Individuals
not registered with the specialist or wishing to alter their buy and sell
prices calculate bid and ask prices, report these to their brokers who then
inform the specialist. For each individual i, this takes some random amount

of time T;. A natural assumption in this case is that given e s T: is ex-
e din . i . i A (et
ponentially distributed with parameter A" (e,). That is P{Tn > t[en} =e .

By putting Xl(e) = 0 if i does not wish to report buy and sell prices to

the specialist in the state e, we can then define T; for all i where
2

IEEREE
is the time at which the system will move out of state e - Note that

P{Tl =+ wle } = 1 when Xl(e ) = 0. Define T = min{Tl,T TI]. Then T
n n n n n n n

. i i . . . s s .
assuming Tn and Ti are independent give e for i # j implies that:
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2

n,-o.,

1 2 I
P{r > ¢, T > t,...,T > tle }

P{T_> t]en} P{min(Ti,T Ti) > t]en}

P{T; > t[en} P{Ti > tlen] cee PfTi > t]en]

o]

i
- Z. A t
21 (e)
= e =

e-Y(en)t

That is, given e s Tn is exponentially distributed with parameter
I .
i
Y(e) = .Z Ae ) .
i=1

While it may be difficult to argue that T;+l
tributed given e , it is possible to justify the fact that T_,, is an

is exponentially dis-

exponential random variable. Once it has been argued that Tn+1 should

be exponentially distributed, assuming (Tl is an independent family

n+1)i
of exponentially distributed random variables is convenient and does not

lead to a result contradicting the assumption that Tn* is an exponen-

1
tial. random variable. The argument relies on a result in the theory of

the convergence of probability measures, and is presented in an appendix.

i
Suppose now that T, 2 = T,, that is, person i is the first to reach

s
the sgecialist. Suppose hisnbid and ask prices are respectively bi(en)

and a;(en). In general it will be assumed that the asking price is greater
than the buying price. A sufficient c?ndition for this to be the case

is that investors are risk averse. 1If b;(en) > a(en) then pefson i

will buy one share from person TNiey) at price a(e,) and inv§stor Tey)

will have his bid and ask price erased from the book. If a;(en) < B(en)
then individual i will sell to investor ﬂ(en) at a price S(en) and in-
vestor T(e,) will have both buy and sell prices erased from the book.

In either of the above cases, person i will trade and hence neither

his buy nor sell price will be registered with the specialist. Finally,

if ai(en) > B(en) and bi(en) < a(en), the specialist will enter individual

i's buying and selling prices in his book, and no trades take place.

Denote by e ,; the next state reached as a result of this process.

Now, again define T; for all i, to be exponentially and independently

+1 .
distributed with parameters Xl(en+l). Then To+l = min{Ti+l,T;+l,...,Tg+l]

and the process continues.
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Depending on the assumptions concerning individual behavior, this

's

set-up may or may not make sense. If the only determinant of Xl is 1
endowment and whether or not he is represented in the specialist's book,
then the "memory-lessness' of the exponential distribution implies that
there is no problem with defining T; and Ti+1. To see this, suppose i

is not represented and g: # T , then:

emd i i i
P{T > T + t[en,'l‘n >T}=p{T_ > tlen} = A (e)

i

i
=2 = p{T_, > t]e

<en+l) n+l}'

If, on the other hand, Xi depends, say, on whether or not a trade took
place, and further, if a trade took place, at what price it occurred,
then the interpretation is changed. 1In this case, the arrival of a bid
and ask price automatically cancels any previous bid and ask prices

not yet reported to the specialist, 1Indeed, if all of the I investors
are actually traders on the floor of the exchange, then even this in-
terpretation is not unappealing. Since the specialist is forbidden to
show his book to any traders on the floor, floor traders are likely

to react immediately to any information that becomes available con-

cerning the state of the market, alterning their buy and sell prices.

Whether or not (et)t is a Markov process depends upon the calcula-
tion of buy and sell prices. For example, if buy and sell prices depend
both on the current allocation as well as all past prices, then in general
(et)t’will not be Markov. If, on the other hand, buy and sell prices
depend only on the allocation and the last price, and the parameter of
- the distribution of Ti depends only on the current state, then it is

clear that (et)t is Markov.

In the case that (et)t is Markov, it is conceptually easy (although
possibly computationally difficult) to calculate the transition prob-
abilities, Pt' The derivation of Pt requires only the parameter func-
tion governing the jump times, and the transition probability matrix for
the discrete time embedded Markov chain. Let the interarrival times (Tn)n
be defined on a probability space ({1,A,P), and for w € () define the ran-
dom variable NtIQ - N by Nt(w) =n on

n n+l
vz T, <t< = 1,0} .
i=1 ' i=1 T
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Further define eN = e.. Then (en)n is a Markov chain and shows each jump
t

of the process e;. If Q is the transition matrix of (en)n define the
matrix A by
- v(5) i=3j
A(i,§) = for i,j € E.
v(1)Q(i, 1) i#]

Then by Kolmogorov's backward and forward equations (see Cinlar, pp. 253-5)
y q %

d d
ac e T AP o ac Py T RA
tA o
Hence, by a well-known result in Markov process theory, Pt==e = X o7 A"
. n=0 ¢

There are two ways to incorporate finite memory and preserve some ele-
ment of the Markov structure of the process. The first method relies on
the assumption that investors can remember back T wunits of time. Define

the state at time t, £ to be

t’
=it cuct

In this set up, a state is a function, (f;); is a Markov process, and the
state space is enlarged to be the set of functions on [0,T] taking values
in E. The state space is no longer finite and is in fact uncountably infinite.
Furthermore, there does not appear to be any meaningful way to construct an
imbedded discrete time process that is Markov. In any event, this is prob-
ably not the correct formulation of the notion of "memory'. What is impor-
tant is not what the investor can actually remember, but rather, what data
he has at his disposal. On the market, this data consists of a sequence of
prices, or, within the framework of this model, a sequence of past jumps of
the process (et). This suggests that the approprigte way to incorporate
memory is to assume that investors recall the previous n trades. 1In this

case, redefine the state at time m, em to be e = (e yeoese ) and
m m

e
o N m-n’ ‘m-n+1
expand that state space to E . The n, (eyp), is a Markov chain, with a lar-

ger though still finite state space.

To fix the idea of the trading process, consider the state e in the
example above, en==(1,3,4),(0,2,0,1,0,0,0),(3,4)1),(0,0,0,0,Z,0,0,l),
(0’1’2’1)’(10)3)5’2),1-5).
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Suppose investor two's order arrives at the specialist's post and sup-
pose that az(e ) > 1. Now, either: bz(e ) > 2 and az(e ) < 1.5, in which
case 2 buys from 3 or sells to 1; or b (e ) < 2 and az(e ) > 1.5, in which

case he does not trade. Suppose b (e, ) = 2.5. Then the new state is

((1,4),(0,1,0,0,0,0,0), (4,1), (0,0,0,0,1,0,0,1), (0,0,3,1),(10,1,7,2),2)

en+1

If, on the other hand a2(en) = 1.5, then
e 1 = ((3,4),(0,2,0,0,0,0,0),(3,4),(0,0,0,0;2,0,0),(1,0,2,1),(8.5,4.5,5.2),1.5)
Finally, if bz(en) = 1.5 and az(en) = 2.5 then
1 =((1,2,3,4),(0,2,0,2,0,0,0),(3,4,2,1),(0,0,0,0,2,1,0,1),(0,1,2,1),
(10,3,5,2),1.5)

In order to specify the state equations for investors' endowments, it

is convenient to deflne the dlscrete tlme processes (W ) (S n)n analcgously
i

to (e )_, namely th = W, and sNt = 5_. In what follows, it is assumed
that-buy and sell prices depend only on the previous state. Then,
Wi = W -1t I{Tn=Ti}[B(en_l)l[o,ﬁ(en_l)](ai-l(en-l)) - a(en_l)l[a(en-l);Qe](bi_l(en_
Cor(enn)) * o) e ik I{Tn=Ti}1[a(en-1):Qs]( "1t
SRl D E I{Tn=Ti}1[o,s(en_1>1(a’j"l(en'l));
_S‘i‘ St I{Tn=le}E1[a<en_1>,Qel(bi‘l(e“'l) ) l[o,ake;_1>2(ai‘1(e S
* lﬂ(en_l)(i)jii I{Tn=Ti]1[O,B(en-l)](ai 180100 -
-1 CONE- S ol e

ﬂ(en-l) j#i (T 'TJ} [a(en 1) Qe]

That is, an investor's current endowment is the sum of his previous en-
dowment and the net trade made at the last jump of the market process. 1In-
vestor 1 traded at the last jump (jump n) if either 1) his bid and ask

price were reported to the specialist at jump n, I{ = 1, and his bid

i
Tn—Tn}



price was greater than the lowest ask price, =1,

i
Mace, 1),0:1® 41017

or his ask price was lower than the lowest bid price, 1 (ai (e N=1;
[0’5 (en_l)] n-1 n-1

2) investor i had previously reported to the specialist, and has the

lowest asking price, )(i) = 1, and someone arrived with a higher

1
B(en-l
buying price, or 3) investor i has the highest buying price,

(i) = 1, and someone arrived with a lower asking price.

1)

4., BEHAVIORAL ASSUMPTIONS

Immediately after a trade, each investor has three decisioms to
make: what bid and ask prices to report and, through his choice of },
the expected value of the time until his order reaches the specialist.
For most of the modelling to be done, it will be assumed that Xi
will take on one of two values. If investor i has buy and sell prices
registered with the specialist, and he does not wish to alter these
buy and sell prices, then Xi(e) will be zero. If, on the other hand,
investor i is not registered with the specialist, or i wishe.s to
change his buy and sell prices, then Xi(e) = )\, some predetermined
constant.

Though there is reason to believe that, in some models of individual
behavior, the timing of orders may be a strategic consideration, this
can be handled through the particular buy and sell prices reported.

By reporting lower buy prices, and higher sell prices, the investor
can (probabalistically) delay the time until he is involved in a trade.
Thus, 1t appears that little is lost by making the above assumption
concerning the choice of Xi. This specification has the added benefit
of ruling out the choice of xi = 4, If this were allowed, then Tl
would-be zero, a.s., and the process (et)t wouid have instantaneous
states.

It is difficult to define reasonable rules of behavior for
individuals who recognize that the market 1is not in equilibrium. The
fact that investors know something about the way the trading process
works, opens the way for a wide range of strétegic behavior, and to

a large extent, analysis of the stock market and the motion of prices
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rests on the analysis of the etrategies used by investors. As an
example, the 1929 crash has been attributed to widespread speculative
behavior on the part of investors (5 ), while calmer times have been
attributed to the dominance of more conservative investors interested
only in the underlying '"value'" of the stock (21). 1Indeed, Zeeman's
catastrophe theory of the stock market (22) relies on the hypothesis
that chartist speculation is destabilizing'while fundamentalist behavior
is stabilizing. Thus, it may be unreasonable to expect results concerning
the motion of prices to be particularly robust with respect to changes
in behavioral essumptions. In fact, the result shown in this paper that
trade will stop after an a.s. finite amount of time is probably due

as much to the unrealistic and naive behavior that will be ascribed

to investors, as it is to the lack of change in the expected payoff.

In this paper, both speculation and the fact that traders may gain
some information from the process are ignored. The type of behavior
assumed can, at best, be called conservative, and perhaps more
accurately, naive; however, it does allow examination of the actual
trading process in the simplest of environments.

The investor views the stock as having some underlying value
around which the actual price may fluctuate. The value, however,
is not known with certainty, and his somehow related to the real, -
as opposed to the financial operation of the firm that issues the
stock. The ith investor has access to some information about the
firm, and this, along with an initial allocation of the risk-free
asset Wi € & and shares Si € N, is the datum of the problem. Formally,
let ¥ be a random variable defined on a probability space,

( O',A|, P'), denoting the value of a share of stock. Each investor i

has some information about V which is represented by a c-algebra on

O', i A[. Then, if the ith investor has W' dollars of risk-free

asset, and Si shares of stock, he views his random wealth to be

Wl + SlV. The investor is assumed to have preferences over gaubles
involving wealth and these preferences satisfy assumptions sufficient

to imply the existence of a von Neumann-Morgenstern utility function

Ul. That is, if H1 is a o-algebra representing i's initial information,
then,-E[Ul(Wl + SiV)l Hi] represents i's preferences given the information

'Hi.



Note, that E[Ui(wi + SiV)l Hi] is a random variable, depending
on what information is received. In what follows, the initial
information is considered fixed. That is, a particular realization
of the above random variable is picked, and to simplify the notation,
define:

el + sty 1t @) = Eputets stoy) = viat,shy.

Admittedly, a somewhat peculiar investor has been defined. Though
the trading process occurs over time, the investor ignores any temporal
aspect to the problem, and in particular he ignores the possibility
of capital gains as a result of trade out of equilibrium. There are
several possible vignettes one might draw to justify such behavior.

In the examples below, suppose that the risk-free asset is money.

In the first example, suppose that a share of stock represents
fractional ownership of some short term operation. During its life,
this operation pays no dividends, and at the end of its usefulness it
will be liquidated. If S shares of stocks are issued and the firm
is unlevered, then one share entitles the owner to 1/S of the book
value at the time of liquidation. If the lifetime of the firm is
short enough, then the role of discounting could be ignored and the
individual's random wealth, if he ignores the possibility of speculation -
is the sum of the amount of money he has plys the value of his share
holdings. This latter amount is the number of shares times the value
per share. An important qualification is that the lifetime of this operation
is left unspecified. Though it will be shown that the trading process
will converge in a finite amount of time, the time to convergence is
not bounded. Though the probability that the time of liquidation is
before an absorbing state is reached can be made arbitrarily small,
it cannot be made zero if the lifetime is finite.

.As another example, suppose the investor is concerned only with
the dividend income that results from owning a stock. Then, ignoring
the possibility of future trades, his current wealth is the discounted
stream of dividends per share times the number of shares plus the
amount of money he currently holds.

Whether or not these stories are interesting, the reason for -~
this particular formulation is its managability. Assuming the particﬁlar

form of simplistic behavior facilitates the analysis of the trading
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process. In future research, behavior will be more realistic and hence the
models analyzed will be inherently more interesting

Given il : above specification of investor behavior, buy and sell
prices are defined so that the investor will be willing to buy at any
price less than or equal to his buying price and sell at any price
greater than or equal to his selling price. Specifically, the buying
price bi(wi,si) is defined to be the solution to:

min E[0T (W -q+(8T+1)V) ]

qe?® . . .

s.t. 1) Erputat-grsteonm > elput it+sivgg
2) Wi-q > 0.
Note that by 2), if the investor holds none of the risk free asset,
his buying price is zero.
If the individual owns no shares of stock, the asking price is some
price greater than any element of 3. If st > 0 then the selling -
price ai(wi,Si) is the solution to:
Cmin BNot it +(5T-1)v)]

et . i .

s.t. EYMut W+ q +st-1)V 1 > E [(vrwt+ sty .

The strict inequality in the constraint is used to gugrantee that.
trades lead to strict improvement. The fact that & is finite
guarantees the existence of solutions. Note that if the investor
is risk averse, then hi(wi,si) > bi(wi,si).

The final choice that the investor makes is the function Xi.
Since the model of investor behavior essentially rules out strategic
behavior as far as the timing of orders goes, the definition of buy
and sell prices implies that the investor should place an order as soon
as pqssible after a trade, as_long as he is not represented on the
specialist's book. Furthermore, there is never a reason to change an
existing order on the books. Therefore,

A if i is not represented on the specialists book in e

Ale) =

0 otherwise
for some pre-specified A > 0.
We have thus specified all the data of the trading process for the
particular behavior under consideration. Furthermore, an equilibrium

of this process can be defined. Recall that y(e) = Zkl(e) is the
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parameter governing the distribution of jump times of the process.
Following the terminology of the theory of Markov processes, a state e
is defined to be absorbing if y(e) = 0. The state e is absorbing

in the sense that once that state is reached, the time until the next
jump is infinite a.s. That is, the system never moves from tﬁét

state. By the definition of y, y(e) = 0 if and only if ki(e) =0

for all i; that is , if and only if all investors have orders registered
with the specialist, and hence only if bi(wi,Si) < aj(wj,Sj) for all

i and j. This leads to the following definition:

A state e is called an equilibrium state if y(e) = O.

Before showing the result that equilibrium is reached in a finite
amount of time, it is useful to examine the optimality properties of
an equilibrium state. Examination of the trade process indicates
that trade will continue as long as there are investors willing to
trade and that it will stop when there are no longer any mutually
advantégeous trades given the restrictions to the set of prices &
and to unit lots. This suggests that in a limited sense, an equilibrium
state should enjoy some optimality properties.

With convexity of preferences, the restriction to unit trades
causes no problems, for if at a particular allocation an investor
is willing to sell or buy n shares at a price of q per share, convexity
implies that he is willing to sell or buy one share at a price of g
per share. Hence, if a redistribution of n shares is possible at some
rate of exchange in 3, then a redistribution of one share and risk-
free asset is possible through the trade process.

The restriction.of prices to the set & does, however, require
modification of the optimality concept. It is easy to construct
exam@les where, limited to prices in %, no trade is possible but in
a larger set of allowed prices, a mutually advantageous trade is
possible. Unfortunately, there is no way to enlarge ¢ enough while
maintaining finiteness to avoid this problem entirely.

Finally, the usual notion of Pareto optimality is not the
appropriate one. Since trading requires strict improvement, there may
be the possibility that a redistribution could be accomplished that

would make one person better off and leave everyone else indifferent,



-18-

Since trade only results if two people can make themselves strictly
better off by trading together, this reallocation could not be
accomplished through the trading process:

The above discussion motivates the following definition.
Definition
An allocation (Wi,Si)i is a Pareto optimum relative to ¢ if there does
not exist another al%oc§tion (Wi,si)i with éie N for all i, and
s'-8% # 0 implies W?-w?[e &, such that

A T e C

1 vE@eh,$h > viwt,sh) for all i and VI(RY,8%) > viut,sh)

for at least one i;
and (Wi,si) is feasible . That is,

2) z8t = zst
3) o'

i
if the first inequality in 1) is required to be a strict inequality

W,

it

for all i, then (wi,Si) will be called a strict Pareto optimum relative
to §. Note that due to the indivisibilites, the set of Pareto optima
relatiye to & is contained, but not equal to the set of strict Pareto
optima relative to 3.

The fact that trade will continue if there are mutually advantageous
trades suggests the following
Theorem 1.
Suppose e is an absorbing state. If'Ui is concave and strictly monotonic
in wealth for all i, then the allocation m(e) is a strict Pareto optimun
relative to 3.

Let mi(e) = (wi,Si)i, and suppose T1(e) 1is not a strict Pareto
optimum relative to &. That is, there is another feasible allocation
(wi',si')i with vigwt',siy > viwt,st) for all i, si' e N, and if
Si' #ASj, W%'-W% €%. For notational simplicit&, define

stiost

H=(i |si'= si}, F=1(i]s

. i, . i i . . i,
monotonicity of U implies that W ' > W for i € H. Since U  1is concave,

"> 5" and 6 = fi|S"' <s'}. The strict
i, ,
V" is quasi-concave. Thus, for g € [0,1)
i, i i, i i, i, 1 i . . ,
ViaWw + (1-a)W ',aS™+ (1-a¢)S7 ') > V" (W ,S7). In particular, for i €FUG,
a=1-1/1s*"-s" € [0,1), so

Al . L
Vi + wil-wh o, st 488t )y > viw,sh.
‘SI|’SI' lSll_Sll



That is, for i € F,

i1 i, i i I S . i, i .

V(W + g :-éw’ S+ 1) >V (W,S"). Since lg,::g, € 3, it must be that

wiowt > biewt,sty. similarly, for i € G.

ls"-iﬁ

viw+ wh-wl, st-ny > viwt,s!), and nence wli-wl > atwt,sty.

|s"-srl. IsT7-57|
> i . )
Thus, SW ' =5W ' + 5w’ + sw™'
H F G
> it + ettt shiststy + noet + at ot shLstr-st)y
H F G
=o' +zatait,sh strestl - miadt,shstr-st
G o F
> IW +a(e)Tls -5l - p(e)z |s*'-s'l since e is an
G F
absorbing state. Now,
0 =x(s''-5%) = (s '-s%) + z(st'-sY) = -z¢st-sty + 25t -sh)
G F G F
= —zistrestp o+ mystrostt L Thus, ® psttesit = misteesiy = 2.
G F G F

Then, TW™' > IW- + z(a(e) - B(e))> TW'.
Hence, (wi')i is not feasible which is a contradiction.

It is not true that every strict Pareto optimum relative to % is
an equilibrium allocation. The trading process will continue if two
people can be made strictly better off by trading with each other,
and hence does not rely on there being an allocation in whic¢h everyone
can be made better off. The fact that trade will stop if there are no
mutually advantageous trades suggests the following
Theorem 2.
1f (Wi,Si)i is a Pareto optimum relative to §, then there exists an
absorbing state e such that mi(e) = (wi,Si)i.

If (V&i_,Si)i is a Pareto optimum relative fo 3, then there does not

. . ] i .
exist a feasible allocation (wl',Sl')i with s' € N for all i, 8 '# st

implies lwf'-wfle 3 such that Vl(wl',Sl') > Vl(wl,Sl) for all i with
s -s” -

strict inequality for at least one i. In particular, there does

not exist i and j such that if q € 3, Wi' =Wi-q, str= st+ 1,

wie wle o, oIr=sio 1, viwtr, sty s vt sy, vied, sty s vl

,s9).
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Hence, there do not exist two investors who can trade, and thus
(Wi,Si)i is an equilibrium allocation.

Theorems 1 and 2 are analogues to the two fundamental theorems
of welfare economics with the usual condition of optimality replaced
by the much weaker "strict optimality relative to §." An equilibrium
of the trading process will always be a strict Pareto optimum relative
to &, and any allocation that is Pareto optimal relative to 3 can be
reached from some initial endowment (namely the optimum allocation).
It is unfortunate that equilibria do not enjoy the much stronger notion
of Pareto optimality; however, it can be shown that if the set, §,
is made finer in an appropriate manner, the set of possible equilibria
will converge to a set contained in the set of allocations with
integral amounts of stock and that are Pareto optimal.

) From a given fixed endowment, let (W,S)k be the final allocation
when trade is restricted to Qk. Now, (W,S)k is a random variable
depending upon the arrival process of orders to the specialist. That
is, given a particular pattern of order arrivals, the final endowment
is determinate. Define Pk to be the seﬁ of allocations that are strict
Pareto optima relative to @k, and define P* to be th? set of strict
Pareto optima- with integral shares. That 1is, (wi,Sl)i is in P*
if there doeslnot exist another feasible allocation (wl',Si')i

with S*' € N for all i such that Vv (W ',s'") > v w',s") for all i.
Qk!

i=0 ° Then, & increases to

k

$* the interval of rationals between 0 and Q. Furthermore, P

For concreteness, suppose that § = ri/k!}

k

decreases to P*. Define the probability measure v, on the space of

k
allocations by P{_(W,S)k € B} = vk(B)._ Though it is not -in general

true that P{(W,S)k € P*} increases to 1, if y,  converges weakly to

k
a probability measure v (vy 7 V) then P{(W,S), € P*} » 1. Thus, if

% is made fine enough, and vy oV the probability that a non-optimal

allocation is reached can bekmade arbitrarily small. The crucial step
here is that v, converges. Though 1 have not yet been able to establish
this, I conjecture that in fact the weak convergence holds.

The fact that there are only a finite number of states implies
that in an a.s. finite amount of time an equilibrium will be reached.
To see this, let L(e) be the set of feasible allocations such that

viat,sh > vi@tee)) for all i.
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_ i i, 4 i i i .
Let T(e) = U {(ﬂ(e)\TT (e) + (a7 (M (e)),-1), mi(e) + (-a" (7w (e)),1)),
i,j
@@ \rt(e) + ®mie)),-1, me) + pimie)), 1))
where (m \'ni',nj') indicates that the ith and jth components of T
3

are replaced by ﬂi and 7' respectively. Then, T(e) is the set of
candidates for the allocation reached from e after one trade. Starting
from e, if T(e) N L(e) # 4, then in an almost surely finite amount of
time a trade will take place, and a new allocation will be reached,
ﬂ(el). Now, L(e) has a finite number of elements for all e. Furthermore,
L(el) C Lf{e) strictly. Thus, in a finite number of steps taking an
almost surely finite amount of time, an allocation will be reached,

say ﬂ(eN),such that T(aN) N L(eN) = 4. Then there will be no further
trading, and hence from this time in an almost surely finite amount of
time an absorbing state e* will be reached. Thus, we have proven
Theorem 3.

Given the trading process described above, an equilibrium will be

reached in an almost surely finite amount of time.

5. EXAMPLES

In this section, a numerical example is shown, and the outcomes
of the trading process are analyzed and in particular compared to
what would be the competitive outcome.

Suppose there are three investors, each with the same utility
function Ui(w) =1 - e ¥ and initial endowment of one share and three
units of the risk-free asset. Suppose further, that given i's information,
-V is normally distributed with mean i, (I=1,2,3) and variance 1. 1If

& = {je }?=o’ then the buying and selling prices are respectively:

i - (si+ £ - ¢ A wi'

bW ,sh)
A . i C Y
i-(S-%) +¢ if 8" > 0.

a-wh,sh)
Note that in this case only 1 and 3 will trade, and they will either

trade at a price of § +¢ or 1% - ¢. In either case, the final allocation
of shares will equal the allocation in the competitive outcome. The final
allocation of shares and risk-free asset together, however, will never
equal the competitive outcome, but the arithmetic mean of the trading
outcomes is the competitive allocation.

Given that there is only one possible match up of traders, this
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result is nol particularly surprising. It does indicate, however, that
in general there is no hope that the process will result in the
competitive outcome, nor even come particularly close to it.
This second example exhibits the effect that random matching of traders
has on the outcomz. TLet the utility functions be as before, and let the
common initial endowments be two shares and six units of risk-free asset.
Further, suppose that giveni's information, V is normally distributed
with mean 2i (i=1,2,3) and variance 1. The competitive allocation is
then ((10,0),(6,2),(2,4)) and the competitive price is 2, 1In this case,
the buying and selling prices are respectively:

bi(wi,si) 2i - (si+ £) - e A wi

atwt,sty = 21 - (st~ 3 + ¢ if st >o.

Then, to start with, 2 and 3, 1 and 3, or 1 and 2 will trade. As might

it

it

be expected, the number of possible outcomes increases considerably
(to 18). 1In all cases, the final allocation of shares of stock agrees
‘with the competitive allocation of shares; however, in all outcomes

of the trading process, investor 2 is at least as well off as in

the competitive outcome.

' In terms

In a sense, investor 2 is a "probabalistic middleman.'
of shares, investor 2 always ends up with a total net trade of zero.
Since there is a certain probability that 1 and 3 cannot meet directly,

2 may buy from 1 and sell to 3 and make a profit on these transactions.
This occurs even though investor 2 does not plan to speculate. One might
expect that ingeneral there would be a group of investors who would

act as middlemen, probabalistically, and hence a group that would on

" average be better off than in the competitive outcome. '

The fact that the outcomes of the trading process diverge from the
competitive outcome does not appear in general to be due to indivisibilities.
In fact, in both of the above examples, the competitive allocation consists
of integral amounts of shares and rational amounts of the risk-free asset.
All that one can expect is that trading outcomes lie on a contract curve,
modified by the existence of indivisibilities. The second example shows
even more clearly why trading outcomes will in general not correspond to
the competitive outcome. The fact that trading occurs over time and at
different prices seems to imply that not only can one group consistently

improve their well-being through trade, but they can actually increase
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Their expected wealth as well through arbitrage.

6. CONCLUSION

We have shown that under essentially static assumptions on investor
behavior the trading process described above converges to an equilibrium
in an almost surely finite amount of time. Furthermore, an equilibrium
is a strict Pareto optimum relative to the indivisibilities and if the
process starts from a Pareto optimum relative to the indivisibilities
the allocation will not change. Finally, an example thows that in
general a trading outcome will not be the competitive outcome, and that
(probabalistically) certain investors may serve as middlemen and make
arbitrage profits from this activity. '

This paper has served primarily to describe the trading process
and examine some of its properties under the simplest of behavioral
assumptions. As such, it functions as an introduction to further
research in which more interesting investor behavior can be examined.
As pointed out above, the central purpose of this research is to
examine the informational characteristics of a market when trading
. occurs out of equilibrium. Therefore, the research plan is as follows.

First, it will be assumed that investors ignore the opportunity
for speculation, but that they recognize that market signals convey
information. Thus, as above, investor i will view his random wealth
to be of the form SiV + wl, but now the possibility of information
accumulation is included. Thus, the expectation of his utility is
conditioned on his initial information as well as a sequence of past

'prices. In this case, one would expect the indivisibilities still
to lead to finite time convergence, though they might possible prevent
complete dissemination of information.

One way to attack the problem of information dissemination is to
suppose all preferences and initial endowments are the same, and that
investors are only concerned with the mean and variance of the value
of a share. Then, by observing buy and sell prices, th~ investor sees
other individuals' subjective means and variances with some random
noise. With this model, a possibly useful definition of information
dissemination is as follows: if all investors have the same utility

function and the same endowment, then information is common to all
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if no trade takes place. Under certain structural conditions (on utility

functions and a priori expectations) one might expect that (with a

high probability) information would be disseminated in the above sense.
The next step will be to make the model truly dynamic by assuming

that investors recognize the opportunities for speculation. 1In this

case, one would not expect finite time convergence, and hence the analysis

will be more concerned with the ergodicity of the process. Another

major difference in the analysis will be due to the fact that the

stock will no longer have any objectively given'random value. Thus,

the nature of expectations concerning future prices must be specified

and, indeed, one would expect different expectations to have very

different impacts on the stochastic process of prices. Siiice regulation

of borrowing and short selling is primarily directed towards maintaining

stability, this model will be used to examine these regulations.
Finally, the simple model of two assets will be extended to a

model with more than one stock traded. This extension is not necessarily

straight forward, for if, as in the stock market, ali trades involve

money (the risk-free asset) then transferring wealth between markets

becomes difficult since one is unable to trade shares of one company

for shares of another company directly. This problem has been noted

in models of Keynesian unemplyment (9).
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7. APPENDIX

The assumption that the interarrival times in the process (et)t
are exponentially distributed is justified:by the following argument.
Consider a fixed state, and let T be the time until the next jump of
the process. Consider the following hypothetical situation. Let
Ynk(t) be the number of orders investor k enters with the specialist
in t units of time after the state e is reached, when there are n
total investors. Define Zn(t) = EYnk(t). I; is reasonable to assume
that individuals make decisions independently, and hence, given e,

a) (Ynk(t))k is a family of independent random variables taking values
in the set of nonnegative integers. As the number of investors gets
larger, it should get harder for any one individual to get an order
entered due to the limited information processing ability of the
brokers and the specialist. That is, P%Ynk(t) >1} - 0asn=e

for all k and t< . Furthermore, this should hold for the most
energetic of investors or b) max P{Ynk(t) > 1} - 0 for all t < e.

As the number of investors becomes large, no single investor
should be able to enter more than one order in t units of time. It
is assumed that:

c) T P{Ynk(t) > 2} - 0. Note that
P{Ynk(t) > 2 for some k} = P,(U{Ynk(t) >2) < EP{Ynk(t) > 2} - 0.

Finally, as n gets large, the expected total number of orders in
t units of time should depend only on the amount of time. It is
assumed that v

d) ZP{Y , (t) > 1} - ct. Note that for n large,

E[Zn(t)]_= ZE[Ynk(t)] ~ X PfYnk(t) = l} - ct.

By a theorem of B. V. Gnedenko ((7) p. 132-3) under conditions a)-d),

Zn(t) converges in probability to a Poisson random variable Z(t). That

-ct j

is, Pfz(t) = j} = e _(cE)".

large, Zn(t) is appro}imately a Poisson process, and T, the time of the

Thus, if the number of investors is

first jump of Zn(t) is approximately exponentially distributed.
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