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A. Introduction

The student of labor supply behavior currently has three reasonably
well defined tools of analysis at his disposal. The most familiar frame-
work is the theory of time allocation. This adaptation of the neoclassical
theory of household demand serves as the principal instrument used in the
interpretation of what has become an extensive literature on labor force
participation by and the labor supply of household members. More recent
in its origin is the theory of job: search . Models of this type focus on
the behavior of an individual worker faced with imperfect information about
wage rates and job locationsg/ As a tool of interpretation and explanation,
search theory has found its uses in the study of unemployment and turnover
behaviorgj The availability of panel data on individual work histories has
created a need for a dynamic model that allows for uncertain durations of both
employment and unemployment periods. Viewing the labor market experience of an
individual as a Markov process has proved to be a useful means of describing
the "typical''labor market history of different identifiable types of workersi
As these introductory remarks suggest, the three methods of analysis

—————— —are—eurrently-applied to—somewhat different problems. This fact reflects

the relative strengths and weaknesses of each approach. The neoclassical

model of income - leisure choice and its modern extensions are well suited

to the purpose of analyzing the effects of member wage rates, of non-labor
income or wealth, and of other household characteristics on the labor supply
decisions of its members. However, the approachis limited by the presumption
that an individual has complete control over his or her labor market exper-

ience. That a worker has only partial control in an uncertain world underlies
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the job search approach but the time allocation problem in its full complex-

ity is typically ignored. Because of uncertainties concerning the magnitude,

timing and frequency of job offers and the duration of jobs, one is not surprised

that labor market histories are best described as realizations of a stochastic

process. However, existing applications of this framework. do not explicitly re-

cognize the fact that an individual worker has some control over this process.
In this paper we present an intertemporal decision model of the labor

supply behavior of an individual or household that integrates all three of

these approaches. The basic ingredients of the formulation follow. Prefer-

ences and employment histories are represented by a given intertemporal

utility function defined on time sequences of income - leisure combinations.

A strategy is a rule that determines the worker's labor supply and search

behavior in every conceivable circumstance that may arise. The worker's

future participation history is a realization of a stochastic process par-

tially controlled by the worker's strategy. The strategy selected is as-

sumed to be optimal in the sense that it maximizes the mathematical expecta-

tion of lifetime utility takes with respect the probability distribution

on possible participation histories induced by the strategy . The techniques

——— of dynamic programming are applied to establish the existence of an optimal

strategy and to characterize an optimal strategy.

To give the model structure, we assume that the individual workeér's or
working household's history in the labor market is generated by a Markov
prbcess. Variously defined conditions of employed and unemployed participation
are the states of the process. vThe worker partially controls the time se-
quence of his experiences in the labor market by taking decisions that

influence the transition probabilities.
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Specifically, the probability of finding a job per period when unemployed
or of finding a better job where employed depend on the fraction of his time
endowment that he allocates to search in each period and on the acceptance
criterion that he applies to the job offers received. The marriage of search
and time allocation theory obtained by including investment in search as an’
alternative to work and leisure among the time consuming activitiés proeduces
the following offspring. First, the cost of search is explicitly derived
as the utility value of time in the alternative activities. Consequently,
the optimal search strategy depends on the worker's preferences, income and
participation state. Second, the imputed costs of income and leisure in each
participation state depend on the return to search. Consequently, both the
decision to participate and to supply =~ time to the marketare influenced
by the ease with which a job can be found, the expected duration of a job, and
the entire set of possible wage rates that can be earned in the market.

The analysis is presented as follows. 1In section B, a Markov process
model of labor market experience is developed along lines that exist in the
literature . The dependence of the transition probabilities on the worker's

search strategy is introduced in Section C. The intertemporal decision problem

is formulated in Section D. In the case of an employed worker, the first

order conditions for work and search require that the marginal rate of sub-

stitution of income forleisure be equal to the wage and that the marginal

utility cost of search time, the marginal utility of the leisure forgone,

be equal to the expected marginal expected future utility gain attributable

to a unit of search time. That aversion to risk is required to obtain a solu-
tion involving the allocation of time to both work and search is the most

interesting result obtained in this section.
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In section E, the worker s optimal search strategy is charac-
terized by comparing the criteria for acceptance and the times
allocated to search across participation states. The decisions regard-
ing the extent of labor market participation and the amount of time
allocated towork are studied in section F. 1In the extended theory, non-
labor income is an important determinant of both search and labor supply
decisions. However, the rigorous explanation of "discouraged worker"
effects is the model's most important contribution. 1In both section E
and section F, a number of empirical propositions are established; they are -
all testable, in principle.

In the final substantive section, section G, a two-person household
version of the model is considered. The focus of the section is on the
effects of a change in one member's employment status on the acceptance
and participation decision of the other. The 'added worker" effect is only
one among a rich array of possible dynamic interactions among the labor
market experience of household members. The principle lesson to be
learned is that the participation state of any one member depends on the

employment histories of all the others in the household.
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B. Employment Experience as a Markov Chain

The idea of describing the employment history of a representative
individual worker as a stochastic process is clearly expressed in Holt [21].
In applications, the Markov model has been adopted because it provides a
method of decomposing unemployment rates into two components, the average
frequency and duration of unemployment spells. Specifically, the latter
parameters are estimated for each of several different identifiable worker
groups. Then the estimates are used to distinguish between differences in
duration and frequency as reasons for observed differences in unemployment
rates. In this section we introduce the basic model used in this literature.

Let il = {1,2,3} represent one of three participation states that
the worker may occupy at any date where 1 denotes being unemployed with
no job attachment, 2 is the state of being employed and 3 represents
unemployment with the possibility of recall to a former job. We
assume stochastic movement over time from one state to another. Specif~
ically, the worker's state location is generated by a time-homogeneous
Markov process with a standard transition (probability) function:ﬁ/

That is, the probability that the worker is in state iat time t#At is

P (t4At) =3 p . (At) P (£), t= O (1)

where (Pl(t)’ Pz(t), P3(t)) is the probability frequency distribution

on the states at M[mﬁg(ﬁﬁ)*i's e
the transition probability function. The value of the transition fuﬁc-

tion is the probability of making a transition from state j to i during

the interval [t, t + At). Finally, the initial state is known; i.e.

Pi(O) = 1 for one and only one value of i.



0f course, pij(At) = 0 and

3

iil pij(At) =1 v j el , (2)
since pij(At) is a probability and no transition implies remaining in the
same state. The process is said to be time-homogeneous where the tran-

sition function is independent of t. Let us assume that the transition

function can be written as
At) = i # j
pij( t) aijAt +0(Aat) , i # ] (3)

where aij iz a constant and O0(At) /At + 0 as At + 0. (2) and (3) imply

that the transition function is standard, namely,

1if i = j
lim p,, (At) =
at+0 0 if i # j
In other words, the transition function is continuous at At = 0 and, hence,
the probability of making any transition in a sufficiently short interval

is negligible. When standard, the process remains in each state wvisited

for a strictly positive time interval. Moreover, given (3), more than one

state transition in a small time interval of length At is of order

0(At); i.e. can be neglected. The usefulness of (3) follows from the
fact that it implies a continuous time representation of the probability
laws of the process. Specifically, the probability distributions over
states at all dates can be represented as the solution to the following

linear differential equation system:

P.(tt+Aat) - P_(t) dp
1 1

lim =L = -a P +3a P ,icl (4a)
At40 At dt ii* i 4 ij j

where from (2) and (3)



a.. = 2 a,,. ,  Jjel.
cg. 1
1] i#3 J

To give the model content for our purpose we need to interpret (3)
and name the parameters [aij]'

Suppose that the job offers received by the worker when unemployed
arrive randomly in sequence according to a Poisson process with constant
mean . Then, the number that arrives, n, in an interval of length
At has probability of occurance

2 7AN n
e t QAL

Pr{n} = n! , n=20,1,

where cAt is the expected number that will arrive. If all offers are
acceptable, the probability of becoming employed is the probability

that one or more will arrive; i.e.,

(at) = % Prinl =1 - e
n=1 '

-aAE
Po1

Consequently, the waiting time ( duration of unemployment) is a negative
exponential random variable with mean equal to the inverse of the
. =QALt
arrival frequency, 1/a. Moreover, because e = l-cAt + 0(At),
p21(At) = aAt + 0(At).

The parameter a,.is equal to o, the expected frequency with which offers

21

(4b)

arrive.

There are geveral stories that justify the Poisson offer arrival
assumption. For example, suppose that each of N hiring firms randomly
contact each worker with the same independent probability At per
period of length At. 1In this case the number of arrivals is a binomial
random variable characterized be the parameters (nAt, N). But since
mAt is small when At is sufficiently small, the Poisson distribution
with mean oAt = nNAt 1is a good approximation provided that the number

6/
of firms is large.
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In general, (3) implies that the random time spent waiting in state
j for a transition to state i is distributéd approximately negative
exponential with mean l/aij when At is small. Although the Poisson
arrival story used in the case of offers is less convincing in the other
cases, this general fact allows an interpretation of (3) and of the
parameter aij'

Let B denote the average recall rate, y the layoff rate and §
the separation rate. These are respectively the average proportions
of the stocks of laid off workers recalled, of employed workers put on
temporary layoff and of employed and laid off workers permanently sep-
arated from their current or former employer. Suppose in each case
that individual workers are selected at random with equal probability so
that waiting times are negative exponentials given large stocks. Then,

=6)a =6,a =C(/,

13 21

Of course, o is the expected number of

the aij have the following interpretations, a

a,,= a + B, ag, = 0, a

23 1 32° Y-

offers that arrive per period, the arrived rate. The assumption

a3 T O + B reflects the fact that a laid off worker can become employed

either by receiving an outside offer from another employer or by being

recalled. Obviously, we are assuming that the chance of a separation

is the same whether employed or unemployed but subject to recall; i.e.

a12= a13 . Finally, as, = 0 reflects the fact that our unemployed worker

can move to the layoff state only by first becoming employed. Since
at least two state transitions are required, the probability of such a
movement in a short time interval is negligible.

Given these specifications, (4) implies

dPl

dt )

= -aP, + 5(P2 +pP

1 3



—2 = P, - (6 +¥) B, + (x+ B) Py

2

Since _P1 + P2 + P3 =1 for all t, the third differential equation

is redundant. Moreover, the system reduces to

1 -5 - @+ )P
— 1
de
ap, _
2 =a+B-BP, - (x+B+vy+8)P

P1 + P2 + P3 =1 .

The solution to this system converges to the following steady

state values independant of initial conditions:

a(e+ B+ 8)
(a+8@+B+vy+8)

+d
%
il

P.%* = LY
3 @+B@+Bp+y+o)

The steady state probability distribution (Pl*, PZ*, PB*) has two

useful interpretations. For an individual worker, it represents the long

run expected fractions of his working life spent in the three participation
states. Given a large sample of identical workers, P? is also the ex-
pected proportion of the sample to be found in participation state

i ¢ I provided that all have been participating for some time. In

both <¢ases the time required to eliminate the effects of initial

conditions depends on the speeds of convergence, o + § and (o + B + v + 8).

Note that the unemployment rate for workers with no employer or job
attachment, Pl*, is independent of both .the temporary layoff note and the

recall note. However, the Unemployment rate as usually measured is

(5a)

(5b)

(5¢)

(62)

(6D)

(6¢c)
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8 Y
+ - a + 6) (a + B+ v+ 5)

8
1 2 a + 8§

Obviously, it decreases given an increase in either the offer arrived
rate, a, or the recall rate, B, and it increases when either the sep-
aration rate § or the temporary layoff rate v {s increased. Differ-
ences in any one of these four parameters cen account for differences in
unemployment rates among identifiable groups of workers. For example,
Marston's [ 26 ] estimates suggest that the unemployment rate for
black males is higher than for their white counterparts primarily
because they experience unemployment more frequently; either y or §
is larger.

Although the assumption that the transition parameters are station-
ary is unrealistic, it is a useful abstraction if one's purpose is a
comparison of the type of employment histories of different identifiable
worker groups. However, one would like to know to what extent differences
in decisions, made by the workers themselves, might .account for ob-
served differences in histories. As a first step toward a framework for
an analysis of this question, the model is extended to account for the

ways in which a worker can control the transition probabilities in the

next section.
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C. Job Search and Participation Histories

For simplicity we assume that jobs differ from the worker's viewpoint
if and only if the wage rates paid are different; e.g., layoff, separation
and recall rates are identical across jobs given the worker type.
Moreover, the wage rate earned in any given job is fixed over time.
Because the worker is qualified to perform many different jobs in gen-
eral, he faces a set of different wage rate opportunities. The worker
does not know the location of an individual job in this set. Their
locations are discovered in the random manner previously described.

Presumably, the worker is more likely to obtain an offer the
more intensely he searches for it. As a means of formalizing this notion,
we assume that the arrival frequency is as where s is the fraction
of any time period that the worker allocates to search activity and the
parameter o iIs reinterpreted as the expected number of offers received
per unit of search timezj Although a linear "search technology' is
special, little insight gained by introducing some notion of 'Himinishing
returns" to search time.

Let F(w) be a c.d.f. describing the distribution of wage rates over

the worker's potential employers. Then, if each employer contacts the

worker with equal probability, F(w) is the probability that any job
offered pays a wage of w or less. By definition a wage offer is accept-
able if and only if it exceeds the worker's reservationwage, denoted

as w*. Hence, the probability that an offer arriving at random is ac=-
ceptable equals [l - F(w#%)]. Throughout the remainder of the paper we
assume that offers must be either accepted or rejected as they arrive;
i.e.;search is without recall.

Collectively, our assumptions imply that one acceptable offer
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arrives in a time interval of length At with probability approximately
equal to as[l - F(w¥)]At and that the probability of more than one ac-
ceptable offer arrives is negligible; i.e., of order 0(At) in the nota-
tion of the previous section. One need only replace a with as[l - F(w¥)]
in the model of the previous section to diszscover the way in which the
worker's choice of reservationwage (w¥*) and search intensity (s) affects
the process that determines his participation history. However, this
procedure implicitly presumes that the worker, when laid off, will
choose the same values of (s,w%) as when unemployed with no employer
attachment. Since one suspects that the worker's incentives to search
are different in the two states, the assumption is not likely to be
consistent with actual behavior.

In general, one expects that the intensity of search chosen when
employed at wage w and when unemployed but subject to the possibility of
recall to a job paying wage w to depend on both whether or not the
worker is employed and on the value of the wage rate. In the sequel,
we adopt the notations (si(w), wi(w)) i = 2,3 as a means of suggesting
this dependence. When unemployed with no job attachment the worker's

o
~

search intensity and reservationwage are denoted as s, and w, respectively.

1 1

If the workers choice of search intensity and reservationwage given
a job attachment depends on the wage paid, then the movements from one
participation state to another are no longer described by the process in
Section B because the wage changes from time to time as the worker changes
job attachments. However, one can construct a new Markov process
that again describes a workers employment history by extending the state
space to include the set of wage rates that are possible.

Specifically, let the state space be I X W where W is the set of

all possible wage opportunities. Suppose that there are a finite numbsr
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of job types for which the worker is qualified and let Wy be the wage

paid in job type k; i.e.,W = {wl, v Wk""wm} . Both the number of

types, m, and the wage paid in each job type Wy k=1,..., m, are con-

stant over time and finite. With no loss of generality, we can assign
the index K so that kk implies W =W . Finally, it is convenient

to include zero in W. Hence,

e -

o
I
g
fIA
A
1A
g
A

w.

m wm-l 1

Think of w, as the "first best'" wage available, of w

1 2

etc.

A participation state for the new process is a pair (i,w) ¢ I % W.
A state has the following interpretation. When i = 2, the worker is em-
ployed in a job paying wage w. When i = 3, the worker is laid off but

may be recalled to a job paying w. When i = 1, the worker is unemployed

without job attachment. Hence, when i =1, the differences among the values

of w have no meaning. A formal way of handling this fact is introduced
later.

Let Pj(w,t) denote the probability that the worker is in state

(j,w) at date t. The transition function is p,4(§, w, At). 1ts value
£ |

as the "second best',

(7

is the probability of a transition from state (j,w) to state (i, W)

during any interval of length At. Consequently

3
P,(w,t) =2 2 p,.(w,w,At) P (w,t), (i,w) ¢ I X W.
i L~ ij j

i=1 wew

Obviously, Pi(ﬁﬁt) is the joint distribution over the state space I X W
at time t.
Let [Pl(t), Pz(t), P3(t)] denote the probability distribution

over 1 as before. Since it is a marginal distribution,

(8)



P (t) = Z P,(w,t) i=1,23
1 1
Wew

by definition. Furthermore,

1]
|-
we

Pl(t) + P2(t) + P3(t)

the worker is either unemployed without job attachment, employed or

lajd off at each date with probabilities Pl, P_, and P3 respectively.

2
The facf that w does not distinguish among states when i= 1 can be
handled formally by assuming that no transitions are ever made to or
from any wunemployment state paying a positive wage; i.e.,pij(%,w) =0
for all w > 0 and pij(%,w) =0 for all w > 0. We further assume that
Pl(W,O) =0 for all w> 0. This formalism together with (8) and (9)
imply that Pl(t) = Pl(O,t) for all t ; i.e., there is only one unemploy-
ment state when the worker has no job attachment. By more subtle argu-
ments, the state space can be reduced still further.
Figure 1 is useful for our purpose. The set of possible wage rates
offers,W, is represented by various discrete points including w =0
along the horizontal axis. The set I is the three designated points

on the vertical axis. The state space I y W is the collection of

coordinates. The point (1,0) is the only possible unemployment state

(9a)

(9b)

with no job attachment given our assumptions. It is represented by A

in the figure. The points labelled B and B are typical employment states,

and C and C are unemployment states with the possibility of recall to

a job paying the wage specified.



3.

~15-

FIGURE 1:

STATES AND TRANSITIONS

v

1
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The arrows to and from the representative states suggest the transi-
tions that are possible in any sufficiently small interval of time.
The figure is drawn to take account of the fact that none of the employ-
ment or recall states, (i,w) 1 = 2 or 3, will be visited except possibly

for an initial instant if the wage is less than or equal to the worker's

acceptance wage when unemployed, w = wF . Indeed, if the workerwas
initially unemployed, the only transition possible is to employment

(A to B) and that transition will be made if and only if the wage paid

is acceptable. Moreover, if unemployed initially, then the worker

could be in a state (3,w), w = WT , for some t>0 only if he were employed
at an unacceptable wage at some prior date. Since this implication con-
tradicts - revealed preference, we exclude it. The same arguments apply

if the worker was initially located in any of the states (i,w) satisfying

i =2o0r 3 and w> w?. Of course, since the initial location. is arbitrary
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the worker may have started out in onme of the undesirable states.
But, if so, he would immediately quit to become unemployed if i = 2
and refuse any recall if i = 3. The latter possibility is equivalent
to (1,0). 1In the apt language of Markov theory, these states, (i,w)
i =2o0r 3 and w= w* , are called instantaneous and transitory. They
can be excluded from further consideration because Pi(w,t) = (0 on this
set for all t > 0.

Now, consider the transitions that are possible among the states
of interest. For this purpose we need notation that represents the
probability that a random wage offer, w, is exactly w. Let f(w) serve

this purpose. Of course,
Pr{iw = w} = F(w) = ;ﬁ% w £(w)

by definition of the <c¢.d.f. Because the probability that an offer arrives
in a small interval At is @slAt and because an offer that does arrive

pays w with probability f(w), a tramsition from . A to B

occurs with probability aslf(w)At if w > WT and with probability zero

otherwise. No other type of transition is possible from A.

From any possible employment state, a point like B in the figure,

(10)

there are three general possibilities. The worker can leave B either
because he was laid off ( B to C ), because he separates ( B to A )

or because he received an alternative job offer paying a higher wage
(BtoB ). The probability in the first case is yAt, where y represents
the layoff rate and in the second case is §At, where § is the separation
rate. The probability of the transition to an agceptable B is @sz(w)f(ﬁ)At,
since asz(w)At is the probability of receiving an offer and £(¥) is the

probability that it has the value W.



-18-

Because jobs differ only with respect to the wage rates paid, an employed
worker accepts an altermative job offer if and only if a higher wage
is paid; i.e., wg(w) = w. Consequently, the probability of a transition

from (2,w) to (2,W) is zero if w = W.

When the worker is laid off, at a state like C, the transitions
possible are to unemployment without attachment (C to A), to his previous
employment state (C to B) and to an alternative acceptable- employment
state (C to ﬁ). The probability of a transition from C to A is §At, where
again .8 is the separation rate. Since the workers previous employment
state is acceptable by revealed preference, the probability of a transi-
tion from C to B is simply BAt, where B is the recall rate. Finally,

a transition from C to B occurs with probability ms3(w)f(;) provided
that w > wg(w). Otherwise, it is zero.

One restriction implicit in the structure that we have designed
needs to be pointed out. A given Markov process cannot occupy two or
more of the specified states at the same time. Consequently, we have
ruled out the possibility that a worker can be both employed in one

job and subject to recall to another. Employed but on recall can be

included but only by extending and complicating the state space still
further. The reader should now be able to see how it could be doneg
The description of the Markov process that arises when the worker
has search intensity andreservation wage choice in each participation
state is now complete. The reader may find it of interest to '"follow
the arrows' in Figure 1 as a means of acquiring a feel for the realized
employment histories that are possible. Our next task is to consider
the problem of calculating the asymptotic probability distribution over

the state space.
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Since we have already specified the transition probabilities,
we will simply write down the special form of the system (8) that repre-
sents our particular model without detailed discussion or algebraic
manipulation. First, remember that (1,0) is the only possible unemploy-
ment state involving no job attachment. Therefore, Pl(t) = Pl(O,t) for
all t from (9a). Since transitions from A to only points like B or B
are possible and from all points like B and C to A occur with the same
probability §At + 0(AL),

Pl(t + At) = (1 - 51[1 - F(wvl'r)]) Pl(t) + 5At[P2(t) + P3(t)] + 0(AL)

is immediate given (9a) and (10). Of course, by arranging appropriately, by
applying (9b), by dividing both sides by At and then by taking the limits

as At » 0, we obtain the following analogue of (5a):

dPl

30 = 8- (6+asll-FehDE, . (11)

The asymptotic probability of being unemployed with no job attachment

can immediately be derived as the value of P1 satisfying dPl/dt = 0.

It is convenient to represent the set of acceptable wage rates
given unemployment with ° no job attachment as

}

Wi = {w ¢ Wlw > w?} = {Wl’ Wos e s W

1

where v is the smallest acceptable wage rate among those available.
Analogously, let
W§(§)= {w e Ww> wg(%)}
and
Wk () = {w e Ww > &)}
denote the set of acceptable wage rates given participation state
(j,w) , j =2 or 3. Then for each possible employment state, character-

ized by some w ¢ Wf , we have
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P2(w, t + At) = [(1 - 8At - YAt - cAt Sz(w) - Z f(ﬁ)]Pz(w,t)
W g W%(W)

+ aAtslf(w)Pl(t) + &AtP3(w,t)

+ oAtf (w) Z s3(v'3)P3(€5,t)
w e Wi(W)

+ aAtf(w) Z sz(ﬁ)Pz(v”v,t) + 0(At)

W oe w=2'<(€'v)
where :E: denote the sum over all w such that w is an element
W e W‘_L (%)
of W?(W)- The last two non-negligible terms on the right are respectively the

probability of arriving at (2,w) from some layoff state other than that
associated with the job in question and the probability of arriving from

some other job paying a lower wage. By the familiar procedure, one

obtains
sz(w)
=+ v Fas, (L - F@ DR,
+ ocslf(W)Pl(t) + BP, (w) (12)
+ of (w) Z - 53("77)P3(177) + 2 . sz(?v)Pz(?a)
- W WD W;sgngﬁo

The following equation is obtained in an analogous manner

dP3(w)

So = -6+ B +as;(D (L - FGEW))]D) Py + ¥R, () (13)

for each possible layoff state (3,w), w ¢ Wi.
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'Since Wf contains n elementé, the equations (11), (12) and (13)
define a system of 2n + 1 ordinary linear differential equations in fhe
probabilities P> PZ(WQ,and P3(WQ, k =1, ...,n. The solution is the
probability distribution over the possible participation states at each
date. Although a unique solution exists for every specification of
the initial distribution, the explicit representation requires knowledge
of the form of the relationship between the acceptance wage when laid
off and the wage paid in the job to which recall is possible, the func-
tion wg(w).

The ssymptotic distribution can be derived by first setting all
three derivatives to zero and then solving the resulting linear equation
system for the desired values of the probabilities. The equation
system has a recursive structure that can be exploited for the purpose

dp ’

of finding the solution. First, EEl =0 and (11) immediately yield

T = §/(86 + asl[l - F(W?)])- (14)
Because {w\wn € W?(w)} contains w_only and {w‘wn € Wg(wn)} is
empty, (12) and (13) in the case w = W yield solutions for Pg(wh)

_____Qbﬁ_v‘__éEQ_Egiﬂhlﬁig terms of PT' Given these, PE(Wn-=1) and Pﬁ(wh-l)’

can be found using the same procedure in the case w = w 17’
n-

The functional forms of the solutions become quite complex as one proceeds

etc.

and are not particularly revealing.
From the view point of unemployment analysis the following repre-
sentation of the total probability of being unemployed but subject

to recall to some job is of interest:

f1- P‘f] Y

§+y+B+ta 2 83(W)[1 - F(W§(W))]P§(W)/P§
W ¢ WY . :

. (15)
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where u(xt,zt) is the instantaneous utility flow associated with a realized

real income-leisure combination (xt,zt) during the short interval [t, t + At) and

p is the subjective rate at which future utility flows are discounted.
If the worker is employed during the interval at a real wage w, then the
possible choices of real income Xt’ the fraction of the interwval devoted
to leisure Et, and the fraction of the interval allocated to search St are
restricted by the worker's budget and time constraints.

Formally, let T(w,y) denote the possible set of choices where vy is

. . 3
the worker's non-labor income. It is the subset of R+ such that

x +wj + ws

1A
)
+
5

b3
+

4]
1A
=

The residual fraction of the interval not spent in leisure or search,
h, =1~ -s , is interpreted as the time spent working. When the worker
is not employed, his choices are simply restricted to the set T1T(0,y);
ie, x =y and 4 +s <=1
The specification (16) and (17) is the most elementary intertemporal

generalization of the simple income-leisure choice model introduced by

(17a)

(17b)

Robbins [ 32 ]J. Indeed, if jobs can be located instantaneously, then

no time will be allocated to search and the choice of hours worked depends

on the wage in the highest paying job available and on non-labor income in
ways that are familiar to all students of labor economics. But, if the loca-
tions of the various jobs is not known with certainty and if time is required
to locate any job, then the decision problem requires that é choice be made
in the present, regarding the time allocated to search,that has uncertain
effects on the worker's future employment history. Specifically, this choice

determines the probability of making a transition im the next short time
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interval from the worker's current state to every possible employment state.
For the purpose of formulating this decision problem, we assume that the
optimal strategy maximizes the worker's expected utility at each date, the
mathematical expectation of the future discounted instantaneous utility stream.
The appropriate technique for deriving and characterizing the optimal
strategy is dynamic programming. For the purpose of applying this technique,
we introduce the value function Vi(w,t),defined on the . participation state
space and on time in general. The value function is the maximal expected
utility associated with being in the state (i,w) ¢ I x W during the short
interval [t, t + At), that realized when an optimal strategy is pursued
subsequent to date t. If we 1let d(t) denote the decision to be taken during

the interval [t, t + At), then it solves

1 max
Je,I Wew.

by virtue of Bellman's principle of dynamic optimality where pji(ﬁ,w,At)
is the probability of the transition from state (i,w) to (j,W) during the
interval [t,t + At). The first term on the right of (18) is the present
value of the utility flow realized during the interval [t,t +At). The

second term is the present value of the expected maximal end of interval

utility at date t given that an optimal strategy is pursued subsequenf to

t + At, whatever the worker's participation state as of that date: As —
already noted, both the utility flow realized during the interval and the
transition probabilities depend on the worker's current decisions. Condition
(18) is simply the statement that the optimal current decision maximizes the
expected utility associated with the worker's current state given that an

optimal strategy is pursued in the future.
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equation (18) implies

L+ pat)V(t) = (19.a)
max [u(x,z)At -+ aats I £(w) max.[Vz(v;,t +At),V1(t+At)]
(X;z,S)eT(O;Y) wWeW

+ (1 -aAtS)Vl(t +At)+ O(At)]

~

In particular, the probability of becoming employed at a wage w 1is

ws (DALEE) + 0(At) if vz(%,tﬂt) > ¥, (t+At)

Paq (w,0,at) =

0 otherwise

and the probability of remaining unemployed is

pll(O’O’At-) =1-_2 p21(W,O,At).
weW

The optimal decision given any other participation state at date t

is defined in an 2znatogous manner. Suppose the worker is employed—at—=awage

w_at date t. Then, with probability as,(t)At f(w) + 0(At) he can choose

~

to be either employed at wage w or w at the end of the interval. However,
with probability §At+ 0 (At) he will be separated during the interval and,
hence, unemployed with no job attachment at the end. Moreover, the worker

is laid off with probability vyAt + 0(At). 1In all cases, the worker can choose
to be unempioyed without job attachment, "as a non-participant for example, at

the end of the interval. Consequently,
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(1 + pAt)Vz(w,t) = (x,1,8) m:‘ﬁ,(wjy)[u(x,z)At {19.b)

+ aAts 2 f(w)max[v?_(w,t +A t),VZ(w,t+At),V1(t+At)]
Wgw

+ - YAtmax[V3(w,t+At),V1(t+At)] + aAtvl(t+At)

+ (1 -cAts - YAt - 5At)max[V2(w,t +A t),Vl(t+At)] + 0.(At):|

Finally, if the worker were unemployed at date t but subject to recall to

a job paying w, (18) implies

(L+ pAL)Vy(w,t) = (X}E}Sl)n:;:(o,y)[u(x,z)At (19.¢)
+ - oAts 3 f(;v)max[vz(;,t + At),V3(w,t+At),V1(t+At)]

W€W

+ BAEL max[V2 (w,t +At),V1 (t+At)] + 5A tVl(t+At)

+ (1-cAt-BAt-8At) max [V3(w,t+At),V1(t+At)] + O(At)]

where BAt + 0(At) is the probability of recall and sAt + O(At) is the prob-

ability of separating during the interval. Equation (19.¢) reflects the
assumption that the worker does not have the right to refuse recall or to
remain on recall while employed in another job except by ending his job

attachment.
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In the infinite horizon case, the value function is stationary; i.e.
a unique solution Vi(WO to (18) exists such that Vi(w) = Vi(w,t) for all t
and that solution is the value function for the infinite horizon problem.l'-Q
This fact also implies that any optimal strategy is statiomary which is pre-
cisely the condition needed to characterize the worker's employment history
as a Markov process. Although real working lives are finite, one can also
show that the infinite horizon value function and, consequently, optimal strat-
egy approximates those associated with the finite horizon problem when the
horizon date is sufficiently far in the futuré%L/How far in the future the
horizon date must be to obtain a good approximation depends on the speed
with which the Markov process converges to  its asymptotic distribution.
Because the speed of convergence is quite rapid given reasonable values of
the relevant parameters («,B,y and §), the approximation would seem to be
excellent except for a worker who is very near his or her retirement age.
In the sequel we restrict the analysis to: the infinite horizon case for this
reason. Even so, virtually all of the qualitative results obtained can be gen-
eralized to the finite horizoncase. The arguments needed to obtain these are,
however, more complex.

Given Vl(w.t\ = Vi(w) for all t and each participation state, the equa-

tions of (19) immediately imply that VZ(WO = V1 and V3(w) = V1 because

unemployment with no job attachment can be chosen by the worker whatever
the current participation state. By cancelling the common term Vi(w) on the
left and right side of each equation, by dividing both sides of the result
by At and then by taking the limits of both sides as At 0, the equations

of (19) can be rewritten in the following form:
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- max oy o
V1T (x,058) ¢ IO,y \:u(x,ﬁ) ¥ msﬁ i WT(VZ(W) Vl)f(W)] 02
_ max oy ~
QVZ(W) - (X;,@:S) € F(W;Y) [u(x,g)+ “s 5 ezw’é"(w) (VZ(W) VZ(W))f(W)
(20b)
+y (V0 - Vy0) + 8, - Vz(w))]-
max ~ ~
pVy (W) = (x,0,8) ¢ T(0,y) [u(x,z) + as z V(W) -Va(0)EG)
W € W'é"'(W) -
(20¢)
+ BT, - Ty + 5(Y, - v3<w>>]
where
W= (W e WIVZ(‘NV) > A (21a)
Wi (w) = {we w\vz(%) > Vv, ()1 (21b)
W) = {¥ e Wlv, () DN (21c)

Obviously W?(w) is the set of acceptable wage offers in state (i,w). Conse-

quently, the second term on the right side of each equation of @0) is the total

expected gain in utility attributable to search in. the current period.

It is the product of the expected rate at which acceptable new offers ar-
rive per unit time period, aSiPr{% € Wi(w)}, and the conditional mathematical
expectation of the utility gain associated with an acceptable new offer,

E{V,() - V, () | W] = - ezw(w) [v, () -vi(w)]f(%)/P__r{% ¢ W(w)}.
i
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Consequently, in every participation state, the optimal strategy maximizes
the current instantaneous utility flow plus the total utility gain attribut-
able to current search time.

The optimal choice of (x,4,s) in each state is unique and continuous in w
for each i ¢ T given (20) if the utility function u(x, ) is strictly concave
in income and leisuré%g/lndeed, if the optimal choice is such that time is
allocated to all three activites - work, search and leisure - given employ-
ment, then in some neighborhood of the optimal (x,g) the utility function
u(.) is concave by virtue of the second order necessary conditions. The
concavity of the utility function is a cardinal property of preferences and
as such k&8s no meaning in the standard theory of household demand under cond-
itions of certainty. However, under conditioms of uncertainty, the property
can be interpreted as risk aversioﬁ%g/Specifically, if the worker ranks
uncertain income-leisure combinations according to ‘expected utilitj
then he prefers a certain given combination (%,}) to every joint probability
distribution with (%,2) as its mean if and only if u(x,y) is strictly concave.
This fact motivates the following definition.

Definition 1: A worker does not prefer (is averse to) risk in income and

leisure if and only if u(x,g) is (strictly) concave.

In the sequel we maintain that

Assumgtion: The worker is risk averse in income and leisure; i.e.,
- i ) i i diff tiabl
u11< 0, Uy < 0 and Ujqlpy = Upolsg > 0 if u(.) is twice differentiable

where u__(.) is the representative second partial derivative of u(x,g).
1]
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E. The Search Strategy

A search strategy is a pair (si(w), W?(w)) for each participation state
(i,w) ¢ I x W where si(w) is the fraction of the worker's time allocated to
search and W?(w) is the set of acceptable offers g.ven state (i,w).

As noted in Section @, a search strategy determines the probability of a tran-
sition from (i,w) to every employment state (2,w). For any small time interval
At, the transition probability is approximately equal to asi(w)Atf(ﬁ) if

W oe Wi(w) and is zero otherwise. In Section D an. intertemporal decision
problem was formulated that generated a search strategy as its solution.

The purpose of this section is to characterize the search strategy that is
optimal in the sense of that problem.

Our first task is to demonstrate that the worker's optimal acceptance
strategy has the so called reservations property as assumed in Section C.

Definition 2: The optimal search strategy has the reservation property

if and only ifa unique reservation wage rate W?(W) exists such that
W?(w) ={we W‘% > W?(w)} for every (i,w) ¢ I x W.
Given the reservation property, the reservation wage is the lower bound of

the set of acceptable wage rates in each participation state. Obviously,

(21) implies that the reservation wage is the largest solution to

v, GrEG) =V, (W)

(22)

where, of course, wf(w) = ﬁi for all w. To establish the reservation property
one need only show that Vz(w), expected utility of being employed at wage w,
is non-decreasing in w. Below we prove a stronger result, one that also

allows us to rank the reservation wage rates across participation states.

Let gi(w), i =1,2,3, denote the maximal value of the sum. of current

utility u(x,g) and the total return to search in participation state
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(i,w) ¢ I x W. It 1is the maximal value of the first two terms of (20a),
(20b) and (20c) in each of the three cases. By virtue of the envelope theorem
and (17), a function gi(w) and non-negative Kuhn-Tucker multipliers (Ki(w),

ﬂi(w), Vi(w)) exist such that

1™ (ngoy [BGOE) Foas B (V6 - VEGH (232)
e WgW"]':'
+ Xl(y - x) + ﬂl(l -4 -8 + vls]
MGy = ®) =1 (1 -L=s) = ys =0, (23b)
By (W) = (g gy [aCR) Fas I (V@) - Vy(w)E(H)
2 el ()
(24a)
+ Kz(y + w(l-g-s) - x) +ﬂ2(1-£-s) + v, sl
Moy + (L= 2= 8) = x) =T,(1 -4 -8) =v,5 =0, - (24b)
and i ‘
g, (w) =, on | [u(x,g) tas _Z (V) - Va(w))£(@)
3 (%54,8) Fewp () 2 3
(25a)
+ K3(y - x) + ﬂ3(1 - 4 - 8) + v3s]
(25b)

KB(y - xX) = ﬂ3(1 - 4 -38) = V3§ = 0.

The multiplier Ki(w) is the imputed wutility value of "full income!'ﬂi(w)
and vi(w) are the Kuhn-Tucker multipliers associated with the non-negativity

constraints on work time and search time respectively.
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Let (xi(w), zi(wo, si(v0) denote the optimal choice of income, leisure

time and search time given the participation state. In the sequel, we assume

that the optimal choice is unique for each state and continuous in w for each i.
A sufficient condition is that u(x,{) be strictly concave. The assumption
also implies that gi(w) and Vi(w) are both differentiable almost everywhere

. 14/
with respect to w for each i7T— Let g{(w) and V{(W) denote the derivatives.

Of course gi(w) = Vi(w) = Osince gland V1 are constants. Equations
(24a) and (25a)respectively imply
gy (W) = N,I1 = gy 5,1 = Vi(was, 3 £(w)

~

w3 (w)

and

ga(w) = -Vi(w)as, ﬁeég(wo £(@)
By virtue of (20b) and (24a),

Vo () = 8, (D) + Y[VI(W) - V(D] - 8V, (W)
Similarly, (20c) and (25a) imply

pVL(W) = gJ (@) + BIVI(W) - W] = §V5(w) -

These four equations form a linear system in the four unknowns gé(w), gé(w),

Vé(wO and Vé(w). The solution implies that

as M1 = 4,0 - 5,1 &0 @26

Vo(w) =z V3(w) 20

Since A= ul(x,g) from (25a) where ul(.) is the partial of u(.) with

2
respect to X, KZ is positive given non-satiation in income. Therefore, (26)

has the following interpretation. The expected utility of being employed

jnecreases with the wage paid more rapidly than does the expected utility of

being unemployed and subject to recall to a job paying the same wage if and

only if the worker allocates time to work given that wage. Otherwise,
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Vé(w) =V!(w) = 0. Since VZ(W) =V, and V3(w) = V, from (19), (26) also

3 1 1

implies

Vz(w) = V3(w) = V1 Y w= W? (273)
and

v, (w) > V4 () > v, ¥ W > v - (27b)
Finally, because the equations of (20) imply that Vz(w) = V3(W0 = V1 if the
worker does not allocate time to work when employed at a wage w, we know that
the supply of labor

hz(w) =1 - gz(w) - sz(w) >0 o w> wi . (28)

Hence, Vé(w) > Vé (w) > 0 if and only if w is acceptable by virtue of (26).
The implications of (22), (26), (27) and (28) for the relationships

among w?, wg'and w§ given any acceptable wage @ > Wf are illustrated in

Figure 2.
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FIGURE 2:

RESERVATION WAGE RATES

VZ(W)

v, ()

v, (%)

o
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Proposition 1: The optimal search strategy has the reservation property.
Moreover, the reservation wage rates are such that Wf = wg(w) = wg(va
for all w= w? and WT < Wg(w) <W§(w) = w otherwise. Finally, wg(w)

increases with w.

Proof. See Figure 2.

Proposition 1 establishes the conjectures usedin Section C, the analysis
of a worker's employment history as a Markov process. Namely, the reservation
wage of an unemployed worker increases with the wage paid on the job to which
he may be recalled but that wage is always acceptable. Moreover, a job is
acceptable given any state only if it exceeds the reservation wage given un-
employment without job attachment. Finally, given employment, the set of ac-
ceptable jobs are those that pay a higher wage.

Next, we characterize the optimal allocation of time to search. The op-
timal solution to the time allocation problem (xi(w), zi(w), si(w)) satisfies

the first order conditions that follow. Let

wif i = 2
Zz = ‘
i
l 0 otherwise
b}v definition. Then for each state (i,w) ¢ Ty W-—— — ——

uy(xgs05) - N =0
uy(x5584) = Zhy =My =0

D [v

ﬁ>w§(w) 2(W) - Vi(w)]f(ﬁ) - zixi - ﬂi + vi = 0

(2%a)

(29b)

(29¢)
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by virtue of (21), (23), (24), (25) and the reservation property. In addi-

tiomn,
xi[y + zi(l -4y -si) - Xi] =0 (30a)
ni[l - zi - Si] =0 (30b)
vis; =0 - (30c¢)
The partial derivatives ul(.) and u2(.) are respectively the marginal instan-
taneous utilities of income and leisure. The multipliers xi, ni, vy are im-
puted marginal utilities associated with the budget constraint, the non-
negativity constraint on work time and the non-negativity constraints on
search time. The possibilities X, = 0 or zi = 0 are ruled out by assumption.
In every state, (29b) and (29c) reduce to
u2(xi,zi) =g 3 [VZ(WO - Vi(w)]f(w) + vy 3

ﬁ>w?(w)

The left side is the marginal cost of search, the marginal utility of the
leisure foregone. The first term on the right side is the expected gain in
utility attributable to the marginal unit of search time. Since vi = 0

if sy > 0 from (30c), the investmentin search is equal to the expected present

value of the future stream of returns attributable to search. Moreover,
no—time—is-allocated to—search if the investment required_exceeds the return =
for all 0 <s, <1.

The worker is said to be a participant if and only if he searches when
unemployed without job attachment; i.e.,si > 0. Consider a participant.

Since z; = 0, (xl, nl) = (ul(.), u2(.)) > 0 given non-satiation from

(29a) and (29b).
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Consequently, (30a) and (30b) imply (Xl’ 21) =(y, 1 - Sl) and, therefore,
(31) is

u, (¥, 1-51) = ou~>§* [v, (& - vl] £(%) @sl>0 . (32)

bl
When unemployed but subject to recall, the same argument can be used to
obtain

uz(y, 1-s3) = oo%%i*(w) [vz(%) - V3(w)]f(%) o s3(w) >0 . (33)
3

Equations (32) and (33) imply that a participant allocates less time to
search when unemployed with job attachment then when unemployed without
attachment.

Proposition 2: For a participant

> s4(w) YW >W‘f . (3%
/

°1

and s3(w) decreases with w when SB(W) > O;lé

Proof. Since wg(w?) = w? and V3(W?) = V1 from Proposition 1 and (27a),
equations (32) and (33) imply that SB(W%) = 5. Hence, (34) is implied by
the second assertion . Because risk aversion implies diminishing marginal

utility of leisure, the second statement is implied by (33) and the fact that

Vé(w) > 0 when w > wF. Q.E.D.

When the worker is employed, (31) is

W w

Of course, x2 =y + w(l-zz-sz) > vy and I 1 - 8,- The effect of the wage
on the demand for leisure depends on the effect of income on the marginal
utility of leisure because an employed worker has an opportunity to trade

income for leisure.
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In production theory, two inputs are said to be complements if an increase
in one increases the marginal product of the other. This concept and the
practice in labor economics of regarding real income (market goods ) and
leisure (home time) as inputs in a home production process motivate the fol-
lowing definition.

Definition:3: Income and leisure are complements in household production

if and only if u , (x,g) = ()>ol—6/

if and only if u ,(x,¢ U, (%54 :
Given (35) and this definition, we have
Proposition 3. If income and leisure are complements in household produc-

tion, then

s3(W) = sz(W) Y w> WT

with strict equality holding when s3(w) > 0.

Proof. The assertion is trivial when SZ(W) = 0. However, because (32)
and (35) imply sz(wf) = sy given V1 = VZ(WT) s SZ(W) > 0 for some acceptable
wage rates if the worker 1is a participant. Since V2(W) > VB(W) and w > wg(w),

uz(y, 1 - 33) > uz(xz, 22) when Sy and s, are positive from (33) and (35).

3
Hence, u(y,1 - 33) > uz(xz,gz) > uz(y,gz)>u2(y, 1 - sz) given ugl(.) >0

and u,, (.) < 0 because %, >y and 2, <1 - s,- Q-E.D.

(36)

By way of summation , we have shown that the possibility of beilmg recatled

to a former job is of value to the worker when unemployed. Specifically,

the expected utility of being unemployed with job attachment as well as

as the expected utility of being employed increases with the wage paid.

As a consequence, the return to search in either state if less than when unem-
ployed with no job attachment. This fact explains why a worker searches

less and demands a higher wage in an alternmative job when currently attached

to a job than he does when unemployed with mo job attachment.
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The marginal return to search when employed is also less than the marginal
return when unemployed but subject to recall to a job paying the same wage.
Moreover, the marginal cost of search is larger as well when employed if in-
come and kisure are complements in the sense of Definition 3. Hence, the
conclusion of Proposition 3 holds even when income and leisure are substitutes
in some cases.

Although later we establish that the demand for leisure increases with
the wage given the hypothesis to Proposition 3, one cannot show that the time
allocated to search declines everywhere with the wage earned even in this case.
Because of the income effect of a wage increase, the time allocated to both
income and leisure may increase with the wage in some range. Since h = 1-g-g,

the labor supply curve is necessarily 'backward bending" in any such range.




A

F. Participation and the Supply of Labor Time

In the received theory of labor supply, the decision to supply time
to work depends only on the highest wage available in the market and the worker's
non-labor income. That the supply of time may decrease with the wage rate
in some range is the most interesting theoretical implications of this

model. This possibility arises only when leisure is a normal ééod;

i.e., its demand increases with non-labor income. 1In this case, the income
effect of a wage increase can offset the substitution effect as every student
of labor economics knows. The evidence suggests that a '"backward bending"
labor supply curve is an empirically relevant case as well as a theoretical
possibility;lékueover, that the supply of labor and indeed participation
rates decline with non-labor income in virtually all empirical studies con-
firm the needed hypothesis.

More recent elaborations of the model include other prices as deter-~
minants of labor supply. Possibly the most important of these is the multi-
person extension in which the wage rates of all members of a household

18/
enter as determinants of the time supplied by each. Still, as an application

of the neo-classical theory of household demand, the emphasis of the theory

and the empirical work—based-on—it—is—en substitution and income effects

of prices and wage rates.

However, students of labor force participation have long recognized the
importance of measures of labor market conditions in their efforts to explain

participation rates. That participation rates decline, ceteris paribus, with

measures of unemployment is attributed to the so cdled 'discouraged worker"
hypothesis. The idea is that participation is less likely when jobs are
hard to find. The discouraged worker effect is not explained by the received

neo-classical theory of supply simply because this theory abstracts from the
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market imperfections that are responsible for discouragement. Specifically,
the highest paying job can be found instantaneously at no cost. The model
developed in this paper is an extension that takes this imperfection into
accounts As such, it is a matural vehicle on which to perform an aumalysis
of the effects of labor market conditions on both the decision to participate
and the decision to allocate time to work.

This purpose is achieved with a greater clarity in expodtion if we
restrict our analy;is to a simpler version of the general model outlined
above - one in which temporary layoff states are excluded. Formally, the
simplification is obtained by setting the temporarylayoff rate, y, equal to
zero. In this version of the model, then, all turnover is permanent. Although
the results reported in this section are valid without the restriction, the
arguments needed in the proofs are more complex and confusing.

In general, the state of unemployment without job attachment is equivalent
to employment at an unacceptable wage by virtue of (27) and (28). Consequently,
in the simplified version of the model we have no need for the subscript i.

Instead, we simply let V(W)= V_ when w = w and V(w) = VZ(W) when w > w*,

1
where w* is the reservation wage given unemployment. Then (20, (23) and

(24Y  dmnls
£ —% +

= Py

pV(w) = g(w) + 8[V(w*) - V)] Y w=0

where

max

BO) =y 6y b Flwryy D +os o 2 V@ - V) IEE]

> w

given y = 0. Note that these two equations can be rewritten as

BOWL-) 8 yies) if w > wk

p+ 6 pt+ 8
V(w,.) = (37a)
Wy ifws wk o,
p .
50D T o by [BG0D) * ST, (37

and
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& 5
pt s w o w

r(w,.) = [gF,.) - gw, )£, .) (37¢)

by definition.

The equations of (37) all have insightful interpretations. First, g(.)
is the indirect utility flow attributable to the optimal solution to
the worker's current time allocation problem. It is the intertemporal gener-
alization of the indirect utility function of mneo-classical demand theory.
Second, the function r(.) is the expected marginal gain in the discounted
future utility flow attributable to current search given that time is
allocated optimally in the future. The discount rate applied is the sum
p + § because the return to any current investment made in an attempt to find
a higher paying job in the present '"depreciates' at the expected rate at
which the worker will be separated ‘from that job, §, in the future. Finally,
the expected utility of being unemployed, V(w*), equals the expected present
value of the indirect expected -utility flow associated with searching for
an acceptable job. These are all functions of the wage earned if employed,
of non-labor income, and of parameters that characterize the conditions in the

labor market faced by the individual worker.

The difficulty of locating a job and the expected duration of any job

re-reflected—in the value of § =a/(p + §) Specifically, g increases with

the offer arrival rate o and decreases with the separation rate § for a given
worker. Hence, an increase in 8, holding the distribution of wage offers
constant, reflects an improvement in the worker's labor market.

Let k be a parameter characterizing an improvement in the probability
distribution on possible wage offers. As a means of formalizing the nption of an
improvement, we assume that the probability of receiving a higher wage offer

increases with k; i.e.,

Bngzkz < 0
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for all values of w such that F(w,k) < 1. Given this definition of k, one

can show that

2 @(%)—%%Lkl >0 if F(w,k) < 1
%> w

where 3 (W) is any increasing function. Hence, an increase in k is an improve-
ment in the wage offer distribution is the sense that an increase induces
an increase in EV(W), the expected utility of being employed at a randomly
sampled wage.

The functional dependence of g(.) and r(.) on the parameters (w,y,0,k)

is implicitly defined by the following rewritten versions of (37b) and (37c):

B00y,8,K) = (T fyy [800) + sT(0,,0,10 ] (38a)
r(w,y,6,k) =0 I [8(y,0,K) - g(w,y,0,RIE@K) - (38b)
w w

It is of interest to note that the separation rate, §, influences behavior

only through its affact on §. Given the assumption that the worker is risk
averse in income and leisure in the sense of Definition 1, the optimal solu-
tion to the problem defined on the right side of (38a) is determined by the

following first order conditions:

ul(x,g) -A=0 (39a)
—\L\U?wa—‘%‘*ﬂio— (39b)
r(w,y,0,k) = wA =N+ 4y = 0. (39¢)

Of course, (\,T,y) = 0>

ANy +w(l-p~-58)=-x)=0 (40a)
ML -4 -5) =0 (40b)
vs = 0 (4OC)

and w = w* when the worker is unemployed.
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We begin the analysis with the familiar case in which the worker is

employed but not searching; i.e.,T| = 0 and > 0.

for income and leisure satisfy

Since A > 0, the demand

of the system (41) is

The assumption of risk aversion in income and leisure imply that the Jacobian

ul(x,z) -A=0 (41a)
uz(x,z) -wA =0 (41b)
y+w(l-g)-x=0. (41c¢)

In words, the marginal rate at which the worker is willing to substitute

income for leisure, uz(x,z)/ul(x,z), is equal to the wage. Given this condi-

tion the optimal income-leisure combination is determined by the budget con-

straint.
When no search is optimal, the demands for income and for leisure

(x°,4°) and the imputed value of full income )\° depend only on the wage and

on non-labor income. The following Slutsky equations are derived by applying

Cramer's rule to the differential form of (41):
ox° OxP
S =W/ + (1-1)5¢~ (42a)
ox° _
Sy T (Mugy mup)/ L (42b)
m = .20 _ g0 og” -
S N /3, + (1 - 4°) 55_ (433)
oL o - i}
3y (u21 Wull)/Jb (43b)
N 094° 0\ ON°

= - - 44

v xay + (1 L )ay (44a)
N o (u, u., - u,u..) /J (44b)
dy 12721~ Y11%22’ /e
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_ 2
J, = --[u22 +wu - W(u12 + u21)] >0

> 0.

11
and that Ugq Uy = ulzu21

In the theory of demand, a good is said to be normal if its demand in-
creases with the size of the budget. In our model "expenditures' on income,
leisure and search are limited by "full income", y + w, by virtue of (17a).
Hence, we have the following

Definition 4: 1Income, leisure or search time is a normal good if and

only if its demand increases with non-labor income.

~_An increases in the wage, of course, has other than "full income" effects

on the demands because the wage is the 'market price'" of both leisure time

and search time as well as the value of the worker's time endowment.
Proposition 4: When an employed worker does mot search, then (a) an
increase in the wage induces an increase in the demand for income if

income is normal and (b) income and leisure are both normal if they are

19
complements in household production-——/

Proof: Assertion (a) is implied by the equations of (42) and Definition 4,

Since risk aversion implies U q <0 and u 2 < 0 from Definition 1 and income

2

and leisure are complements if and only if u,,6 = > 0 from Definition 3,

12 Y21

(b) follows from (42b) and (43b).

The possibility of a '"backward bending" labor supply curve is reflected

in (43a). When leisure is normal, the income and substitution effects are of

opposite sign except at the cormer 4° = 0. Furthermore, if leisure is normal,
the imputed marginal utility of '"full income" A° (w,y) is a decreasing function
of the wage given risk aversion by virtue of (4%4a). This fact plays a role

in showing that the return to search decreases with non-labor income in the

sequel.
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In the received labor supply theory, just outlined above, an individual
participates in the labor market if and only if the highest paying job
available exceeds the marginal rate at which he is willing to substitute in-
come for leisure given (x,4) = (y,1). 1In other words, the wage must exceed,

Wo = uz(y,l)/ul(y,l).

One can easily show that w, increases with non-labor income if and only if
leisure is normal. As a consequence, the hypothesis that leisure is a normal
good is the accepted explanation for the negative empirical associate between
participation rates and non-labor incomes.

When time is required to find a job and the location of the job paying
each possible wage is uncertain, the existence of a wage offer in excess of
W, is not sufficient. The theory of participation under these conditions
is based on the following definition.

Definition 5: An individual participates in the labor market if and only

if he searches for a job while unemployed.
In otherwords, s° > 0 while unemployed must be preferred to specialization

in leisure. The theory based on this definition provides a somewhat different

explanations for the . observed relationship between participation rates and

(45)

non-labor income.

The state of unemployment is formally equivalent to the state of employ-

ment at a wage less than or equal to the reservation wage, w*, as already
noted. Because g° + s° =1 when w = w*, the equations of (39) and (40)
imply that the demand for search time by a participant satisfies

u,(y, 1 - 8%) = r(w¥,y,8,k)
Moreover, the worker is not a participant, ° > 0, if the marginal cost of

search, uz(y.l) , exceed the marginal return evaluated at the worker's

(46)
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reservation wage, r(w¥,y,0,k).

The fraction of each period of unemployment spent searching is obviously
a measure of the degree to which a worker participates. The dependence of
this measure on non-labor income and on labor market conditions as reflected
in the values of § and k is derived from the dependence of the marginal return
to search on these parameters. For the purpose of deriving these effects,

we represent (38a) in the following form implied by the envelope theorem:

max

g(w,y,8,k) = (x,4,8

) [u(x,g) + sr(w,y,0,k) + N(y + w(l -~ g - s) - X) 47

+ ML - g - s) + ys]

Given the first order conditions for the general case (39), the partial

derivatives of g(.) are representable as follows by virtue of (47):

gw(.) =N (1 - g° - s°) + s%r; () (48a)
gy(.) =20 + s°ry(.) (48Db)
gy () = Sore(-) (48c)
gk(.) = s°rk(.). (48d)

Note that if no search is optiomal, the indirect utility function is independent

of the market condition parameters k and g. Indeed, g(.) reduces to the in-

direct utility function in the standard neo-classical case. By virtue of

(38b) we have

r () =-8g ([l - F(w] (492)
r () = 0.7 W[gy(v”v, SIEE-FCARREICAS) (49b)
r () = r()/e+ 2 [g @) - g, (0, )IEGEK) (49¢)
o §>w ®
r() =e6_ 2 [gG#.) - sW, )] e ok (494)
' W w
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The equation of (48) and (49) are used to establish the following character-
ization of the marginal return to search function:
Proposition 5: At the highest possible wage T the largest solution
to F(w,k) = 1,r(w

1
0 if w= w¥, (b) ry(.) < 0 if leisure is normal when employed

,y,8,k) = 0. For all w< w5 (a) rW(.) <0 if w > w*

and rW(.)

but not searching, (c)rég):> 0, and (d) r,(.) > 0.

Proof. That r(wl,.) = 0 is implied by the definition (38b). Property
(a) is implied by (48a) , (49a) and the fact that the worker supplies time

to work if and only if the wage is acceptable. Formally,

r () =-ell - FGw,RK)IN(1 - ¢° - s°)/(1 + s°6[1l - F(w,k)]) <0 & w > w* (50a)
given w < Wy .

Equations (48b) and (49b) in combination yield

(1 +06s°(w,.)[1 - F(W,k)])]&(w,.) (50Db)

=0 2 [N(@@,.) - @, )IEEk +6 3 °w,.) r (¥, )Em@).

w > W w>w y

The first term on the right is negative if %P(.) is decreasing in the wage
rate. Under the hypothesis, the equations of (44) imply that this condition

holds when the worker is emgdoyed but not searching. When the worker does

allocate time to search while employed, A\°(w,.) = r(w,.)/w from (39b) and

(39¢) because ° =0, Hence;property—(a)—implies that A\2{.)—is-decreasing in
w when searching. Since r(wl,.) = 0 and u2(.) > 0, (39c) and (40c) imply
s°(w1,.) = 0. In otherwords, when employed at his highest possible wage,

LT the worker does not search. Hence, (50b) implies ry(wz,.) < 0 where
v, is the second highest .possible wage offer. Property (b) then follows by

induction for all w ¢ W = {wl,w yeeen ,wm}.
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By virtue of (48c) and (49¢),

(L + s°(w,.) [1 - F(w,k)])re

=r(w,.)/8 + s° (i, .) re(%,.)f(%,k).

2
v w
Since r(w,.)/8 > 0 for all w < wland s°(wl,.) = 0, an analogous proof by
induction implies (c). Finally, (d) is implied by the fact that g(w,.) - g(w,.)
is an increasing function of % and by the definition of the shift parameter k
given (49d). Q.E.D.

The following result is implied by (46), Proposition 4 and Proposition 5.
Proposition 6: When unemployed, demand for search time increases with 8
and k in general. It decreases with non-~labor income if income and leisure
are complements in household production..
The somewhat stronger condition is needed to explain the observed relationship
between participation rates and non-labor income because non-labor income
generally affects the marginal cost of search, uz(y,l), as well as the marginal
return. However, the theory does explain discouraged worker effects. Speci-
fically, reductions in the expected rate at which offers are received per unit

of search time a, in the expected job duration 1/8§ , and in the probability of

44 13

(50¢c)

finding a high wage offer k¥ —all “discourage' participation—as measured-by

the time allocated to search while unemployed.

If the worker allocates time to both work and search, then 1 =y =0
from (40b) and (40c). Consequently, a complete differentiation of (39)
yields the partial derivatives of (x,4,s) with respect to (w,y,r) that follow.
Although the marginal return to search is also a function of the wage and
non-labor income, these structural relationships are useful for expository

purposes.
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ox  _ o

S = WA u22/J
ox  _

dy 0

g% = wlVuy - uy,1/3

N

)\ O o -
WA ull/J + wA° [wu u21]/J

11

154
it
o

6r = wluyy-wuy, 173
Os = )° ) o )
Se J, /3 + wN [Wu11 - ulz]/J + (1 - g° - s°) /w
%? = 1l/w
%% = -J,/3
where
_ 2
J = = lugguyy - uppuy,] <0

.y . - 2 _
is the Jacobian of the system (39) and J, [u22 +w urg w(u12+u21)] > 0.

(51a)

(51b)

(51¢)

(52a)

(52b)

(52c)

(53a)

(53b)

(53¢)

The most important difference between these treésults and those for the

standard case, (42) - (44), is the absence of '"full income'" effects on the

demand for income and leisure except through its effect on the marginal re-
turn to search time. These are absent because ul(.) =N = r/w and uz(.) =r
when the worker searches while employed.

Holding the marginal return constant, the right side of (51a) is the cross
substitution effect of a real wage incréase on the demand for income which
is positive. The two terms on the right side of (52b) are first the own

substitution effect, which is negative, and second the cross substitution
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effect of an increase in the price of search time. This interpretation
arises as a consequence of the fact that the wage is the market price of both
search time and leisure time when the worker is searching and working.
Since the sum of the two terms is -w%°u21/J, the sign of the total effect is
positive .if and only if income and leisure are complements in household pro-
duction.
Because the demand for search time increases with income from (53b),
the income effect of an increase in the market value of the worker's time
endowment, the last term on the right side of (53c¢), is positive. The first
two terms on the right of (53b) are the own substitution effect and the
cross substitution effect of an increase in the price of leisure in order.
Because the sum of the own and cross substitution effects, %9(wu21— uzz)/J,
is negative if income and leisure are complements, the total effect of a wage
increase on search time is ambiguous even holding the return search constant.
The effect of an increase in the marginal return to search on either
the demand for income (51c) or the demand for leisure (52c¢) is identical to
that of a reduction in non-labor income in the no search case. ©Bf course,
ceteris paribus, the time allocated to search increases with its marginal

return by virtue of (53c). That the first result is implied by the second

is illustrated in Figure 3.

~ The determinants of the optional-income—~—leisure-combination (x°,4°)
given that it is optional to allocate the fraction s° of the current period
to search is illustrated in Figure 3. TFeasible combinations are those that
satisfy the budget constraint, x = y + w(l ~f - s°), the time constraint
£ =1 - s° and the non-negativity condition (x,) = 0. The feasible choices,
given s°, are then the combinations enclosed by the figure labelled OABC,

where the segment AB has a slope equal to -w. The optimal combination
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(x°,4°) lies at a point of tangency of this segment to the highest possible

indifference curve. Note that the worker could achieve a higher current utility

As s° > 0 is optimal, the gain in future utility

flow by setting s° =1,

attributable to that search compensates for the opportunity loss in the real-

ized current utility flow.
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FIGURE 3:

OPTIMAL TIME ALLOCATION
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Let EE represent the Engel's curve through the optimal combination; the
locus of points such that the marginal rate of substitution equals the
given wage rate. In the figure the Engel’s curve is drawn with a positive
slope, which is the case if both income and leisure are normal. In the no
search case, s° = 0, a small increase in non-lahor income, holding the wage
constant, shifts the segment AB upward but does not change its slope.
In response, the optimal conbination (x°,y°) moves up along the Engel's
curve in the familiar manner.

However, if s° > 0, an increase in non-labor income, holding the wage
and marginal return to search constant, only induces an increase in the time
allocated to search. Geometrically, the line segment AB shortens as the
point B moves toward A by virtue of (51b), (52b) and (53b). However, a
decrease in the marginal return to search, holding y and w constant, decreases
s°. Hence, AB shifts up with no change in slope and (x34°) moves up along the
Engel's curve as in the case of an increase in non-labor given no search.

The reduced form comparative static results follow. They are implied
by Proposition 5 and the equations of (51), (52) and (53).

Proposition 7: When an employed worker searches, then (a) a wage increase

induces an increéase in the demand for income if income and leisure are
both normal and an increase in the demand for leisure if income and
leisure are complements in household production, (b) income and leisure
are normal if they are complements in household production, (c) the
demands for both income and leisure decrease with 8 and with k if they
are both normal.

Proof. Given (51) and (52),

80
53_ = %§ + %% ry(.) =w ry(.)(wulz- u22)/J (54a)
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and

. _ 3y L _
§§~ =y + 50 = wry(.)(u21-wu11)/J.

Risk aversion implies u,, < o0, Ugy <0 and J < 0; and income and leisure are

complements if and only if u 1 > 0. The hypothesis, Proposition 4(b),

)
and Proposition 5(b) imply ry(.) < 0. Hence (b) holds.

The equations of (51) and (52) also imply

ox° Ox Ax
S - w FosE )

w>\°u22/J + wrW(.)(Wul - u22)/J

2

and

3° _ 3 . _ e
S{f v T o5 5,00 T oo u12/J+""’W(')(‘121 - W /3

Since rw(.) < 0 from Proposition 5(a) and since u22< 0 and J < 0 from risk

aversion, both terms of (55a) are positive if (wu_, - u22) > 0. Since leisure

12
normal implies ry(.) < 0, income normal as well is sufficient given (54a).

Finally, because Uss <0 as well from risk aversion and Uy = u21 >0
when complements, ‘both terms of (55b) are positive under the hypothesis.
Assertion (c¢) is implied by (51lc) and (52c¢) giwven Propositions 5(c¢) and 5(d)

and the equations of (54). Q.E.D.

(54b)

(55a)

(55b)

We conclude the section by considering the implications of the analysis

for the supply of labor time. By definition, the supply function is

he (w,.) =1 - g°@w,.) - 8°(w,.) = (x°(w,.) - y)/w.

Consequently, the supply of time to work depends on the state of the worker's

labor market as well as on the wage ‘earned and on non-labor income in general.

Since W (w,.) > 0 if and only if w > w*, continuity implies h°(w¥*,0) =0.
Equivalently,

-

wk = uz(y,l - s*)/ul(y,l - s%)

(56)

(57)
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where s* is the fraction of any interval spent searching when unemployed;
i.e. , the solution to equation (46). Since s* > 0 by definition in the case
of a participant, it follows that any participant searches while employed
when earning a wage near his reservation wage. As a corollary to Proposition
5 (see the proof) we also know that no worker search when employed at a wage

equal or close to the maximum wage offer available w Hence, the interwval

1
of wage rates at which the worker could be employed and would accept employ-
ment (w*,wl] can be partitioned into two subsets. On the first, which includes
a neighborhood of w*, the worker searches while employed. On the second,

which includes a neighborhood of w., the worker does not search. Unfortunately,

1}
one canmnot establish that each of these two subsets is connected because the
response in the demand for search time to an increase in the wage is ambiguous
due to the full income effect of an increase in the wage. However, as a
corollary to Proposition 7(a), it does follow that the demand for search time
decrease with the wage if the supply of labor time increase with the wage
when income and leisure are complements in household production. In this case,
a critical wage rate w* < % < w, exists such that the worker searches when

20/

w g(w¥*, W) and does not search when we{Ww, wl]:—-

It is of interest to note that the intercept of the general supply

curve w* is stricly greater than w, , the marginal rate at which the worker
is willing to substitute income for labor at .(x,4) = (y,1) , when income

and labor are both normal. With reference to Figure 3, w%, the absolute value
of the slope of the indifference curve through the point B, exceeds the ab-
solute value of the slope at 8 because the Engel's curve through either is
upward sloping. Indeed, the Figure also implies that the supply of labor time
given no search, the line segment B&, exceeds the supply of labor given that

some search is optional, the line segment DC, at every wage when EE has a
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positive slope. In otherwords,
= a(w,y) if °(w,.) =0
h® (w, .) . {58)
< h(w,y) if s°(w,.) > O
where h(w,y) is the labor supply function in the received theory. Because
ﬂ(wb,y) = 0,h° (w¥, .) =0, and s° (w*,.) > O and because both h and h° increase
with w at their intercepts (there are no income effects when h = 0), w* > w,
is implied by (58).

The inequality (58) is represented in Figure 4 for the case in which the
set of wage rates at which the worker searches is connected, although the
comments that follow do not depend on this representation. One interpretation
of (58) is based on the fact that the time spent working is equal to ﬁ(w,y)
when the wage offer distribution is degenerate, i.e., the set of wage offers
includes only the wage w. . The worker - allocates generally less time
to work at each wage rate when the distribution of offers is disperse than
when it is degenerate. The reason is clearly illustrated in Figure 3.

The worker spends time looking for a higher wage offer in general when one
exists and no time when one does not. Moreover, the additional leisure taken

when the wage offer ig degenerate is less than the time spent searching

when it is not if income and leisure are both normal.
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FIGURE 4:

LABOR SUPPLY
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By virtue of the definition (56),

SR W
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When no search is optional, the response to a wage increase is ambiguous,
the response to an increase in non-labor income is negative if leisure is
normal and there is no response to a change in either market condition para-
meter.

When the worker is searching, the sign of the reponse to a wage increase
is ambiguous although (55a), risk aversion, rw(w*,.) =0 and h°(w%,.) =0
imply %gi > 0 at w = w¥. 1In otherwords, the supply curve is upward sloping
at its intercept in general as drawn in Figure 4. Especially when income and

leisure are both normal, it need not be the case that the marginal propensity

(59%a)

(59b)

(59c¢)

(594d)

to consume.from non-labor income, 0x°/dy , is less than unity by virtue of
(54a). Because the return to search is decreasing in non-labor income when
leisure is normal, an increase can decrease the time spent searching.

In this case, the time freed will be reallocated to both work and leisure
if income is normal. If the decrease in search time is large .=

enough, the supply of labor time increases. Figure 3 illustrates

the point given an increase in y big enough to induce the worker to stop
searching. Nevertheless, empirical evidence suggests that 0x°/Jdy < 1 is the

relevant case.
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Finally, because the return to search increase with both k and §;the
equations of (51) imply that the supply of labor decreases given an improve-
ment of either type in the worker's labor market if income and leisure are
both normal. In other words, the supply curve in Figure 4 shifts to the left
as w* and w both increase given an increase in either the rate at which
offers arrive per unit of search, job duration, or the probability of obtain-
ing higher wage rates. The worker invests income as well as leisure
in search when his labor market improves. Of course, the investment is made
in the hope of spending more time in the future working at a higher wage.

We conclude our discussion of the supply of labor time with the following
corollary of the results just presented.

Proposition 8: 1In the case of a participant, the reservation wage w¥*

is such that

wk > w, (60a)
—g}‘j—* >0 o %’;—o— <1 (60b)
%Y—k >0 (60c)
S >0 (604)

if income and leisure are normal.

Proof. The results are implied by h® (w*,.) = O and the properties of
h® (w,.) at w = w¥.

The reader may also wish to verify that w* - Wl as

@ » » in general. Hence, the received theory which implies that a worker
participates if and only if vy > w, is simply the special case in which
the highest wage offer can be located instantaneously. In this extension,
both the participation and the labor supply decisions depend on the parameters
characterizing the worker's labor market because the return to search time

is finite.
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G. A Two Person Model

The purpose of this section is to preview the implications of our formulation
when the household is composed of more than one person. The effects of one
member's wage on the others' supply of labor time has been studied in the
1iterature%l However, there is no study that investigates the dependence of
one person's optimal search strategy on the employment status of other household
members. In this section we take a step toward filling that gap.

Consider a two person household that acts as a single decision unit.

The household's utility function is defined as in (16). However, now x is
interpreted as the household income and g is a vector (zl,ﬂz) where fq Trepre-
sents the fraction of the time period devoted to leisure by member #1, and

2, is the fraction devoted to leisure by member #2. In an analogous manner

s = (sl,sz) and w = (Wl, w2) where s, is the fraction of the period devoted
to search by member i and W, is the wage earned by member i when employed.
Let T(w,y) denote the set of possible choices of (x,4,s) open to the house-

hold given a wage vector w and a household non-labor income flow y. It is

the subset of Ri_ such that

A‘“*""""‘*"‘A3?fFWFizI**—wgziv*fmqfﬁf4—wﬁfﬁ2@§—y + i R (61a)
2q + sg =1 (61b)
L9 + s, =1. (61lc)

The participation states for each member are essentially the same as those
described in the one person household case. However for simplicity we rule
out temporary layoffs as in Section F. Let o, denote the expected rate at

which member i receives offers per unit of search, 6i represent the expected
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rate at which he or she separates from any job and fi(wi) be the probability
that an offer received is equal to W, . By extending the state space to in-
clude the employmeint status of both members, one can again represent the house-
hold's labor market history as the(realization of a Markov process.

The probability that member i ﬁill receive an offer LA during the short
time interval [t, t + At) is aisif(wi)At + 0(At). Given employment, member
i is separated with probability siAt + 0(At). Note that the probability
that both members receive offers, equal say to w1 and vy respectively, is

[aslf(wl)At + O(At)][azszf(wz)At + 0(at)] = 0(ae).

Given both employed, the probability that both lose their jobs during a short
interval of time equal in length to At is also of order 0(At). Similarly,
all other joint events have negligible probability when At is small.

We assume that the household's choice of strategy maximized the mathematical
expectation of U at each date. Let V(wl,wz,t) denote the household's expected
lifetime utility given an optimal strategy when the two members are both
employed at wage rates (wl,wz) during the short time future interval [t,t+At).
Because the constraint set is F(wl,wz,y) with W, = 0 when member i is unemployed
during the interval [t,t + At), V(0,0,t) is the expected utility when both

are unemployed, V(O,wz,t) is the expected utility when member #1 is unemployed

and V(wl,O,t) is the expected utility when member #2 is unemployed. Since
each member has a free choice of the time he or she allocates to work, the
value function is non-decreasing in both wage rates.

Because joint events (both obtain an offer, one receives an offer but the
other is laid off and both are leid off) - occur with negligible probability
when At is small and because V(wl,wz,t) is non-decreasing in (wl,wz), Bellman's

principle of dynamic optimality implies that the value functions satisfy



—Glim

max

(1 + pAt) V(w,w,,t) = (%,4,8) el (w,y)

[U(x,zl;zz)At

+ as At I fl(wl) max[V(wI,wz,t + At), v(wl,w2,t + At)]

|
Wy ey
+ onszAtN z fz(wz) max[V(wl,wz, t + At),V(wl,wz,t + At)] (62)
VoW, -

+ §,At V(0,w,,t + At) + § AL V(wl,O, t + At)

+ (1 - 61At - 62At - alslAt - GZSZAt) V(Wl’WZ’t + At) + O(At)J
0f course, Wi is the set of possible wage offers for member i so that
z f.(w,) =1.
W, eWi ot
As in the single person model, the value function is stationary ; i.e.
V(wl,wz) = V(wl,wz;t) = V(wl,wz,t + At) for all At > 0. Hence, by subtracting

V(wl,wz) from both sides, by dividing the result by At and then by taking the

limit as At » 0, we obtain

max

DV(W]-’WZ) - (XJIIJS) € F(WJY) [u(x,[,l,zz)

V \'"71 ,4;72) - 37 (\;.;rllr.;rz) } 'F(‘ml)

171 (63)
+a.s. 2 [V(wl,ﬁz) - V(wl,wz)]f(ﬁz)
%2>W2

+ 51[V(OJW2) - V(WlJWZ)] + 62[V(W110) - V(lewz)]]
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In the two person case, there is a total expected utility gain attributable
to the fraction of any time interval that each member allocates to search.

These are the second and third terms on the right side of (63). The house-
hold's optimal choice of current income, leisure, and search time maximizes
the sum of these plus the current utility flow, u(x,g,s), realized by the

choice.

An optimal solution (x°,4°,s°) satisfies the following Kuhn-Tucker condi-

tions:
u (x,07,8,) = =0 (64a)
uzl(x’£1’£2) - wlx - nl =0 (64b)
u£2(25z1,zz) - sz =My = 0 (64c)
ey ?.gw [V(Wl’wz) - V(WI)WZ)]fl(WP - wlx - “1 + vy T 0 (64d)
11
o, “’;W [V(wl,wz) - V(wl,wz)]fz(wz)- WZX =My + vy = o . (64e)
w
272
The multipliers (x,ﬂl,nz,vl,VZ) are non-negative and such that
Ny + wl(l - 4" Sl) + w2(1 - 4 52) -x}]=0 (65a)
ni[l 4" Si] =0 , i=1,2 (65b)
v,8. =0 , i.=1,2. (65¢)
ii
Again, A is imputed marginal utility of "full income". Of course, My and y_
i

are respectively the Ruhn-Tucker multipliers associated with the non-nega-
tivity constraints on the work:time and the search time of member i. In the
remainder of the section we assume that the instantaneous utility function u(.)
is strictly concave. Again, the assumption can be interpreted as risk aversion

in income and leisure.
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As in the one person case, the marginal rate at which income is substi-
tuted for leisure must equal the wage if the worker allocated time to labor
and the marginal return to search equals the marginal utility of leisure
if the worker allocates time to search. However, these conditions now hold
for each member of the household. 1In addition, if both. work,(n1= ﬂ2= 0),
then the marginal rate at which leisure of one member is substituted for lei-
sure of the other must equal their relative wage rates. This condition is
well known from the standard theory of household time allocation. Because
the assumption of risk aversion (u(.) strictly concave) implies that the
utility function is strictly - quasi concave in 29 and 293 there always
exists some range of relative wage rates at which both will work if one
does. In otherwords, the two types of leisure are not perfect substitutes
except as a limiting case.

The conditions (64d) and (64e) are original to our formulation. Note
that these require that the ratio of marginal returns to search be equal
to the ratio of wage rates when both member 's work and search; i.e., when
n;:= v; = 0 for both i =1 and 2. But, this condition can hold only by
accident. Indeed, because we assume that the total return to the search of

— ——— each member is linear-in—thetime allocated-to search by that member and

because the cost of search for each member is the utility wvalue of the time
were it spent working xwi , the search times of the two members when both

work are perfect substitutes. As a consequence, only the member with com-
parative advantage in search, the higher return to search relative toc the wage,
searches when both are employed. Although hardly ever will both search when
both are employed, the conditions allow both to search when either both or

one member is unemployed because ﬂl and nz generally take on different values.
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In the remainder of the section we study the effect of one household
member's participation state on the other's decision to participate in the
labor market and to supply labor time. Specifically, we answer the following
questions. What is the set of wage offers such that:

(a) both members supply time to work?

(b) only one member supplies time to work?

(¢) neither supplies time to work?

(d) one member does not participate given that the other is working?
For this purpose we assume that both are participants in the sense that both
allocate time to search when neither is employed. Were this not the case, the
two person model simply reduces to one person version already studied.
That the marginal utility of leisure for each given no search by either
is less than the marginal return to search is necessary by virtue
of (64d) and (64e).

Because T'(0,0,y) , r(wl,O,y) and T(O,wz,y) are all subsets of T(wl,wz,y)
one can easily use (63) to establish that V(wl,wz) is constant as the set of
wage rates at which neither member chooses to work. Formally

I

0 —=VO;w)=V(0,0) & 1L - 9= 9=0 for i =1 and 2. (66a)

ya hY {
\WyoWol Wy i1

Furthermore, the equations of (64) and (65) and the envelope theorem imply

- o . g°
v, Gy swy) >0 o 1 85 - 83 >0 (66b)
and

v, Gy 5w,) >0 o 1 - g5 - 5 >0 (66¢)

where Vi(.) is the partial derivative of V(.) with respect to v, - Finally,

since V(.) is non-decreasing, it follows that
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1 Ll S1 >0 e W1 > WT(WZ) (67a)
and
1 £2 52 >0 o W2 > WE(WI) (67b)

where w?(.), i =1 and 2 , are respectively the largest solutions to

V(wy (w,) ’Wz) = V(0,w (68a)

2)
and

V(Wl,W"z*(Wl)) = V(wl,O) . (68b)

0f course, w?(.) is the reservation wage of member i , the lower bound of
his or her set of acceptable wage rates. As the notation of (68) indicates,
the reservation wage of each member depends on whether or not the other is
employed and, if employed, on the wage earned.

Clearly, (66a) implies that V(Wl’WZ) =V(0,0) for all (Wl,wz)g(wT(O),wg(O)).
For all wage combinations satisfying this inequality, neither member of the
household allocates time to work - they are all unacceptable to both. By

virtue of (64), (65) and (67)

e = ~S% -g% -g¥ -g%
Wl(O) u 1(}’,1 Sl, 1 Sz)/u (y, 1 Sl, 1 SZ)
d.l.l.d
wk = - -g% -g% -g%
2(0) u‘ (y,l s¥, 1 S2)/u (y, 1 Sl, 1 SZ)

where (sf,sg) are the search times per period allocated to search given that

both are unemployed. Hence, (w?(O),wg(O)) > 0 and finite given non-satiation.
The set of wage rate combinations at which both members allocate time

to work is

Qpp= LGr5W,) | V(i ,wy) > minfVy (w;,0),V,(0,w,) 13

=[Gy | Wy > wiwy) and wy > wh(w)]
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Our first task is to prove that this set is non empty. Consider the wage

for member #£2, @(wl), given a wage of Wy for member #1, such that
V(Wl,O) = V(O,@(wl)) . (69)

From the argument above the reservation wage combination given that both

are unemployed is a solution; i.e., Q(w?(O)) = wg(O). Continuity implies

that a solution exists for all Wy > WT(O) is some neighborhood of WT(O) as

well. Since V(w;,0) > V(w§(0),0) when wy > w(0) and V(w¥(0),0) = V(0,w}(0)),

we know that V(0,3 (wl)) > V(0,w*(0)) and, consequently, @(w1)>W§(0ﬁJfW1>Wf(O)-

Hence, the household is indifferent between member #1 working at vy given

#2 is unemployed and member #2 working at §(wl) given member #1 is unemployed.
Suppose that V(Wl,é(wl)) = V(Wl,O) = V(O,Q(Wl)). In words, the house-

hold is also indifferent between the two options even when faced with the op-

portunity for both to be employed at the combination (Wl,Wz) = (Wl,é(wl)).

Since this supposition and the equations of (64) imply that the leisure time

of the two members are perfect substitutes, it contradicts the fact that

risk aversion (u(.) strictly concave) implies the u(:) is strictly quasi-

concave is (21,22). Hence, (Wl,é(wl)) is an element of 922. Indeed, by

virtue o

. sz is an open dense set containing
every (Wl,é(wl)) in its interior for all vy > Wf(O).
The fact that V(Wl,O) is strictly increasing in wy on W, > WT(O) and

V(O,WZ) is strictly increasing in w, on v, > w§(0), implies that % (Wl) is

2

increasing given (69). The curve v, = §(w1) is appropriately represented

in Figure 5. Finally, since V(W1;§(W1)) > V(W1’0) and V(WI’WZ) is increasing in

LD} given w,, the largest solution to V(Wl,wg(wl)) = V(Wl,O) is such that

1
wg(wi) < §(w1). By an analogous argument w¥(w,) < @-l(wz). The combinations

at which both work, sz,is the set of points boutided by the curves LT WT(WZ)

and w; = W?(Wl) in Figure 5.
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Although we have assumed that both members are participants if both are
unemployed, we have not ruled.out the possibility that one member does not
participate given that the other member is employed. In the standard two
person model this situation typically arises when the leisure times of the two
members are reasonably close substitutes and both are normal goods. In this
case, the cross substitution effect and the income effect of an increase in
the wage of one member both act to increase the demand for the other's lei-
sure. Given a sufficiently large wage for one, the other does not participate.

Essentially the same result holds in the extended model. Specificdly,
the demand for search time by the unemployed member decreases with the wage
of the employed members given that the employed member is not searching,
if income and leisure are complements in household production, if the leisure
time of the two member are substitutes in the sense that an increase in the
leisure of one decreases the marginal product of the other, and if an increase
in the wage of the working member reduces the return to the other member's

2/

: 2 . . ‘s ]
search .=— .Given the first two conditions, the last condition is likely
to hold as well. The income effect of an increase in the other's wage reduces

the return to search by the unemployed member for the same reason that an

increase in non-labor income reduces the return to search in the one person
household case. When the leisure times:are substitutes in the sense defined,
one expects that the cross substitution effect on the return to search is
also negative. In any case, given the conditions stated each member of the
household does not participate if the other is employed as a sufficiently

(o] [o]
large wage. 1In Figure 5, Wy and,w2 represent these critical wage rates.
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FIGURE 5:

DYNAMIC INTERACTIONS
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In sum, the set of all non-negative wage combinations (WI’WZ) can be

partitioned into the following subsets:

fiA

0,;= g(wl,wz)\wl WT(O) and w, = WE(O)}

2
Qg™ Loy vy > Wiy and w) > wi )

it

o]
le- {(WI’WZ? \Wz = W2 > W“«z'f(Wl) and Wl < W’f(Wz)}
o
0,,= {(Wl,wz)lwl > w; and w, < WE(WI)}

Qg™ {Cuyswp) |wy > ¥y and wy <))

(70a)

(70b)

(70¢)

(704)

(70e)

(70£)

For the purpose of interpreting these subsets one can think of v, i=1o0or 2,
as either the wage currently earned if member i is employed or as a wage offer.
Combinations in Qll are unacceptable to both members under all circum-
stances. If the two members are both employed at wage rates (Wl,wz) then the

combination is an element of Q,,. Furthermore, if one is employed and the
other receives an offer such that the combination is in sz,then both are

employed subsequently. Tf member #1 is employed and member #2 receives an

offer while unemployed such that (wl,wz) € Qy1> then #2 rejects it but continues
to search while member #1 remains employed. However, given the same combina-
tion but with member #2 initially employed, member #1 will accept the offer

vy and member #2 will quit and search for a better job while unemployed.

If member #1 is employed at a wage in excess of %1, then member #2 is not a
participant if unemployed. Finally, if member #2 is employed and member #1 receives an
offer such that the combination is in QZO’ then member 2. quits and does

not serch for another job. The sets Q_ . and Qg2 has the same interpretations

12
given a reversal of member roles.
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The dependence of the decision to participate and to accept employment
by each household on the employment state of the other member is illustrated
by the interpretations of the regions designated in Figure 5. An even better
understanding of these interactions is acquired by constructing possible
household labor market histories. Our first example illustrates the so called
"added worker" effect.

Suppose that initially member #1 is employed at W, and that member #2

1
is unemployed. Member #2 does not participate because the marginal utility

of his or her leisure exceeds the expected future utility gain attributable

to search time given w

1 =%1 > %1. But, if member #1 is laid off, member #2

enters the market as a searching unemployed worker. The change in the status
of member #l1 has reversed the relationship between the marginal cost and return
attributable to the second member's search time.

To continue the story, we suppose that member #2 is the first to find
an acceptable job and that it pays w

gs as illustrated in Figure 5. Shortly

thereafter member #1 is reemployed at a job paying his old wage W Since

1
(Wl’WZ) e Qyyo member #1 accepts but member #2 does not quit. The two

examples together illustrate that one must take into account the household's

past employment history in order to explain the participation behavior of
a single member. Specifically, it is possible for both to be employed at
(%1,%2) only if member #2 is employed first. Other examples exist that

illustrate the point. We encourage the reader to comnstruct them.
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H. Summary

A frame work is developed that permits an analysis of the effects of
uncertainty in the wage and in the durations of employment and unemployment
spells on the household's decisions concertiing the allocation of time to
leisure, work and search activities. The core of the formulation is a syn-
thesis of labor supply theory under certainty and of job search theory in
which search is viewed as a time using alternative to leisure and work.

Given the formulation, the opportunity cost of search is derived as the utility
value of leisure, on the one hand, and the opportunity costs of income and
leisure depend on the marginal utility return to search time. As a consequence,
the supply of labor time depends on parameters that characterize the worker's
labor markets and on the employment states of other household members, and

the demand for search time depends on non-labor income, the wage rates of

other household members and the worker's own wage rate if employed.

A number of avenues for future research suggest themselves. First,
the multi-person version of the model needs to be elaborated further. Given
the availability of panel data on household employment histories, a model

of this type is needed as a tool of interpretation.

Second, one can easily incorporate multi-dimensional differefices in job
characteristics. For example, let layoff, recall and separation rates differ
across jobs as well as the wage rate. The acceptance decision in this gener-
alization is characterized by a derived reservation indifference surface in
the job characteristicsspace that reflects the worker's willingness to trade
one characteristic for another.

Third, investment in education, training and other forms of human capital
can be incorporated in the model. The effects of changes in the employment
states of other members of a household on the extent ofiand timing of such invest-
ment by another is an interesting issue in such a model. The effects of employ-

ment duration uncertainty on investment in training is another.
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FOOTNOTES

Ciassic theoretical and empirical work in this tradition include Robbins

[32], Becker [2], Mincer [27] and Bowen and Finegan [8]. For more recent
treatments see Ashenfelter and Heckman [l], Ghez and Becker [17], and

The job search literature is surveyed in Lippman and MecCall [25].

For examples see Katz [22], Parsomns [31], and Mortensen [29].

The literature in this tradition is less extensive. See Holt [21], Hall [19],

The terminology is taken from Ginlar [14]. This work also includes proofs

See Wilde [33] and Mortensen [28] for other applications of the assumption.

This idea is exploited in other papers by the authors. See [9], [11], [29],

Employment in two different jobs at the same time is. also ruled out by the

An excellent model of this type is formulated and analyzed by Blinder and Weiss

Although only the value‘6f*V{ijti—at—the~wage4rates—fhat are—possible,the
discrete elements of W, are of interest to the worker, the value function

is defined for all non-negative real values of w given (19).

See Beckman [3] for a proof of this assertion. The general problem of existence
and uniqueness of a solution is treated in Blackwell [6].

The value function Vi(w) is continuous in w as well.

1/
Heckman [20].
2/
3/
4/
and Marston [26].
5/
of the assertions made in this section.
6/
1/
and [30].
8/
structure assumed.
9/
[7]. See also Ghez and Becker [17].
10/
11/
12/
13/

This notion of risk aversion implies risk aversion in the Arrow-Pratt sense.

For a discussion, see Kihlstrom and Mirman [23].
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14/ Because z f(w) is continuous except at each finite element of W, the
WQW%(W)
derivatives of gi(w) and Vi(w) are continuous except at each w ¢ W. At these
points gi(w) and Vi(w) as. defined below are the right hand derivatives
because the set W?(w) is open.

15/ In his recent work on temporary layoffs, Feldstein [16] assumes that workers
who are on temporary layoff don't search. This result provides some theoretical
support for his assumption.

16/ As Chipman [13] points out, both Edgeworth and Pareto define complementary
goods in this way.

17/ See Lewis [24].

18/ This literature includes Mincer [27], Cain [12], Ashenfelter and Heckman [1],
and Gronau [18].

19/ Recently Chipman [13] has shown that (b) holds in the general n-good model
of household demand.

20/ For a more extensive discussion of search while employed, see Burdett [10].

21/ For a theoreticzl analysis of the received two person model see Gronau [18]
and Ashenfelter and Heckman [1].

22/  See Felder [15] for some relevant empirical evidence on the effect of the wage

rates of other household members on search behavior.
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