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It is shown that the proper equilibria form a nonempty subset of the
perfect equilibria, which in turn form a subset of the Nash equilibria.

An example is given to show that these inclusions may be strict.

* The author acknowledges helpful conversations with Ehud Kalai

and David Schmeidler.






REFINEMENTS OF THE NASH EQUILIBRIUM CONCEPT

by
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1. Introduction

The concept of equilibrium, as defined by Nash [2}, is one of the most im-
portant and elegant ideas in game theory. Unfortunately, a game can have many
Nash equilibria, and some of these equilibria may be inconsistent with our
intuitive notions about what should be the outcome of a game. To reduce this
ambiguity and to eliminate some of these counterintuitive equilibria, Selten

[31 introduced the concept of a perfect equilibrium. In this paper, we shall

define the notion of a proper equilibrium, to further refine the equilibrium

concept. We will show that, for any game, the proper equilibria form a non-
empty subset of Selten's perfect equilibria, which are themselves a subset of
the Nash equilibria.

To see how these counterintuitive equilibria can arise, consider the game

in Figure 1.

T . Player 2
1

1 B2

“111,1 0, 0
Player 1
o 0, O 0, ©
2
Figure 1

There are two Nash equilibria in this game, (al,ﬁl) and (az,Bz), because in each
case neither player can improve his payoff by unilaterally changing his strategy
But it would be unreasonable to predict (az,ﬁz) as the outcome of this game., If

player 1 thought that there was any chance of player 2 using Bl, then player 1



would certainly prefer oy Thus (az,Bz) dualifies as an equilibrium only be-
cause Nash's definition presumes that a player will ignore all parts of the pay-
off matrix corresponding to opponents strategies which are given zero probability
The essential idea behind Selten's perfect equilibria is that no strategy should
ever be given zero probability, since there is always a small chance that any

strategy might be chosen, if only by mistake. So, in our example, o, and Bl

1
always must get at least an infinitesimal probability weight, which will elimi-

nate (az,Bz) from the class of perfect (and proper) equilibria.

2. Normal Form Games and Nash Equilibria

Although Selten [3] initially developed his theory of perfect equilibria
for extensive form games, we will limit our attention in this paper to normal

form games. I is an n-person game in normal form if

(1) ' = (8 s5_5 U »U)

120953 Upsee n
where each Si is a nonempty finite set, and each Ui is a real-valued function

defined on the domain S, X S

1 g X «.. X 8 . We interpret {1,2,...,n} as the set

of players in the game. For each player i, Si is the set of pure strategies

which are available to player i. Each Ui is the utility function for player i,

so that Ui(s .,sn) would be the payoff to piayer i (measured in some vonNeumann-

1°°

Morgenstern utility scale) if (§1,...,§n) were the combination of strategies

chosen by the players.
For any finite set M, let A(M) be the set of all probability distributions

over M. Thus:

S,
_ 1 _ ’ ’
(2) asp) ={o, €RY| = o(s)) =1, 0,(D 20 Vsi€s T

s.€ES,
i~7i



So Q(Si) is the set of randomized or mixed strategies which player i could choose

in T,

It is straightforward to extend the utility functions to the mixed strate-

gies, using the formula:

) n
(3 Uj(cl,...,c ) = {m (‘H

T.(5.)) U.(S,5...58 ).
n - il il
(sl,...,sn)eslx .o XSn i=1

n

That is, Uj(cl""’cﬁ) is the expected utility which player j would get if each

player i planned to independently randomize his strategy according to o,
n
Suppose that (Gl,...,Un) e X A(Si) is the combination of mixed strategies
i=1

which the players are expected to use, but suppose that player j is considering
whether to switch to one of his pure strategies s} € Sj' Let Vj(s;lgl,...,gn)
be the expected utility for j if he makes this swite¢h and all others remain

with their Ui mixed strategies, so that:

*

(&) Vj(sjlgl”"’ch) = Uj(gl"'"Gj-l’cj’cj+l""’gn)

where U,*(S,) =[1 if s, = 8.
J J

0 if s, # s,

We say that Sj is a best response (in pure strategies) to (Gl,...,cn) for player

j iff

/
Vj(sjlgl""’cﬁ) = Pax Vj(sjlcl""’oﬁ) .
sj€§j

A combination of mixed strategies (Gl,...,Gﬁ) is a Nash equilibrium if no

player can gain by unilaterally switching to any other mixed strategy. That is,

n
(O5+++50,) € X A(S;) is a Nash equilibrium iff
i=1

7 . /
(5 Uj(cl,...,cn) E-Uj(gl""’cj""’gn) Yj, ch € A(Sj).



- 4 -

It is well known that a combination of mixed strategies forms a Nash equili-
brium if and only if every player gives positive probability only to his pure
strategies which are best responses for him. The following proposition states

this fact in terms which will be most convenient for our purposes.

Proposition 1 (Ul""’gh) is a Nash equilibrium iff:

(Gl, Gh) € A(Sl) X X A(Sn),and if Vj(sjlcl, ’Gh) Vj(sjlcl, ’Gh)
then o,(s,) =0 Yy, Vs. S., Vs’ S..
3659 3 V1 Vey € By, Vey €8,
To check this proposition, observe that
n

/
Uj(crl,...,crn) - Uj(crl,...,crj,...,cr)

= Z z o, (s ()N (s, |0 ,.0.,0)-V (S seees .
o (505 (Vs [0y RN CALIPIPITLIND
7375

The proposition then follows easily from the definition of a Nash equilibrium.

3. Perfect Equilibria

In this section we review Selten's concept of perfect equilibrium, using

a new approach which will be more convenient for our purposes.
For any finite set M, let AO(M) be the set of all probability distributions
on M which give positive probability weight to all members of M. So, for any

eeee player i,

S,
[o) . 1 = / /
(6) Av(8,) = {cri R [ z o.(s) =1, 0.(s) >0 Vs € si] .

siESi

The members of AO(Si) are called totally mixed strategies for player i.

Heuristically, a perfect equilibrium could be described as a combination

of totally mixed strategies (Gl""’ch) such that, for any player j and any pure



strategy Sj € Sj’ if Sj is not a best response to (Gl""’ch) for j then Uj(sj)
should be infinitesimally small. Thus, in a perfect equilibrium a player can-
not ignore any point in Sl X ... X Sn as "impossible'" when he computes his best
responses, since every one of his opponents' pure strategies has a positive prob-
ability; and yet no player wants to make any substantial change in his strategy,
since each player is already putting almost all his probability weight on his
best responses.

To make these ideas about "infinitesimally small' probabilities precise,

let ¢ be any small positive number. Then we define an g¢-perfect equilibrium to

be any combination of totally mixed strategies (Gl,...,cn) € éo(Sl) X eve X Ao(Sn)

such that:
(N if V, (s.lo,,...,0) <vVv.(¢|o,,...,0 then o,(s.,) < ¢,
PCHLH W) < V65leg ) 5G9 <

Yi, ¥s. € S,, ¥s'. € s.
] SJGJ 55 €35

So an e-perfect equilibrium is a combination of mixed strategies such that

every pure strategy gets a positive probability, but only best-response strate-

gies get more than ¢ probability.

A perfect equilibrium is then defined to be any limit of c-perfect equili-

bria. That is, (Ul,...,Un) € A(Sl) X oo X A(Sn) is a perfect equilibrium iff
= k k1%
there exists some sequences {ek} and {(Gl"°"cﬁ)] L such that:
] h| L - =

(8a) each € > 0 and 1lim ¢, = 0,
k—e k

(8b) each (GT,..,,GE) is an ek-perfect equilibrium, and

: k _ .
(8c) ;iz Ui(si) = Gi(si), for all i and all si € Si .



(Notice that every U? will hgve to be in Ao(Si), but o need not be, since the
closure of éo(Si) is A(Si).

Selten has shown that a perfect equilibrium must be a Nash equilibrium (see
Lemma 9 in [3]). The proof follows easily from the fact that Vj(sjlcl,...,cn)
is continuous in (Gl,...,Un). So a perfect equilibrium must satisfy the condi-
tions of our Proposition 1, because it is the limit of e-perfect equilibria which
satisfy (7).

All perfect equilibria are Nash equilibria, but the converse does not hold.
For example, consider the game Fl defined in Figure 1. The only e-perfect
equilibria are those pairs of totally mixed strategies in which Gl(az) < ¢ and
02(82) < e¢. Thus the only perfect equilibrium is (al,Bl)--or, more precisely,
it is (UT,G;), where Gi(dl) = 1 and 03(51) =1. (az,Bz) was a Nash equilibrium,

but it is not a perfect equilibrium.

4., Proper Equilibria

Consider now the following simple example:

Iq2: Player 2
(U,,0,)
172 B1 B2 B3
@y 1, 1 0, 0 -9,-9
Player 1 oy 0, 0 0, 0 -7,-7
oy -9,-9 =7,~7 =7,=7
Figure 2

As in our first example)(al,Bl) would seem like the obvious outcome for this
game. There are three Nash equilibria, and all are in pure strategies (or, more

precisely, in mixed strategies which assign all weight to one pair of pure stra-



tegies); these equilibria are (al,ﬁl), (az,sz), and (a3,83).
Of these three Nash equilibria, (QB,SB) is not perfect, but (al,Bl) and

(az,sz) are both perfect equilibria. To check that (a2,82) is a perfect equili-

m

brium, define oy and 0; by

€ € € a
Gl(al) €, Gl(az) 1 - 2¢, Gl(a3) = ¢

o@) =&, 0,B,) =1-2, 0 @By =e,

and observe that (Gi,cg) forms an e-perfect equilibrium. (For example

[ [ - _ c € = - 4 € = - - .
Vl(allcl,cz) = -8¢, Vl(azlcl,cz) 7¢ and Vl(a3lcl,02) 7 2¢, so @, is best
response. As required, di(al) < ¢ and di(aB) < e€.) Then, as ¢ = 0, these Gi

€ , .
and o, converge to the strategies which select ¢

5 and 82 with probability 1.

2

In effect, adding the g row and 53 column has converted (az,Bz) into a perfect

equilibrium even though «, and BB are obviously dominated strategies.

3
To discriminate between.©ﬁ,51) and (02,52) in this example, we need a new

refinement of the equilibrium concept: the proper equilibrium.

For our general normal form game, we define an ¢-proper equilibrium to be

any combination of totally mixed strategies (Ul""’cﬁ) € AO(Sl) X ovee X AO(Sn)

such that:

i < ! <e . y
(9) if vj<sj1al, ,0) vj(sj[al, ,0,) then 0.(s,) <& - 0,(s),

Yj, ¥s. € S., ¥s’. € s, .
J j € j 5 €5

So an e-proper equilibrium is a combination of totally mixed strategies in which
every player is giving his better responses much more probability weight than
his worse responses (by a factor of 1/¢), whether or not those '"better' responses
are "best'".

It is easy to check that an e¢-proper equilibrium must be ¢-perfect (since
€ -Gj(sg) < e in (9)), but the converse does not hold. In the example above,

€ €, . € € € €
(Gl,dz) is not e-proper because, for 0 < ¢ < 1, Vl(a3[01,02) < Vl(allcl,cz)



but Gl(a3):> € -Gl(al).

We now define a proper equilibrium to be any limit of e-proper equilibria.

That is (01,...,0n) € A(Sl) X veo X A(Sn) is a proper equilibrium iff there

w
exist some sequences {€k3k=0 and { (o k,...,dnk)}:=0 such that:

(10a) each €1 >0 and lime, =0

k= o

(10b) each (o k

1 ,...,chk) is an €, ~Proper equilibrium, and

(10c)  lim G?(si) =0, (s,), for all i and all s € 5,.

k=
As with perfect equilibria, a proper equilibrium need not be totally mixed; it

must only be the limit of totally mixed e-proper equilibria,

Proposition 2. For any game in normal form, the proper equilibria

form a subset of the perfect equilibria, which in turn form a sub-
set of the Nash equilibria. These inclusions may both be strict

inclusions.

Proof: We already remarked that a perfect equilibrium must be a Nash equilibrium,
and that an c-proper equilibrium must be an e¢-perfect equilibrium. So a proper
equilibrium, as a limit of ¢-proper equilibria, is also a limit of e-perfect

equilibria, and is therefore perfect,

The example in Figure 2 shows that these inclusions may be strict, since
this game has three Nash equilibria ((al,Bl),(az,Bz), and (a3,B3), but only
two perfect equilibria ((al,Bl) and (aé,Bz)), and only one proper equilibrium,
(al,Bl). To verify that (al,ﬁl) is the only proper equilibrium, suppose

0< e <1, and let (01,62) be an e-proper equilibrium. Since «, dominates «

2 3°

and 02 is totally mixed, we have Vl(a3]Ul,02) < Vl(azldl,dz), and so 01(a3)§ge' Ul(az).

This implies that V2(B3]01,02) < Vz(sllcl,dz), so 0,(B;) < ¢ 0,(8,). This
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. . . \ < .
in turn implies that Vl(azlcl,cz) Vl(allcl,cz), so Ul(oé) <e Ul(al). So
2
Gl(az) <e 'Gl(al) < ¢ and Ul(a3) <e¢ 'Ul(aé) < e . A similar argument shows
that 02(52) < ¢ and 02(53) < €2 Since the probabilities must sum to I,

Ul(al) >1-¢ -~ e2 and 02(81) >1l-¢-c¢ As ¢ - 0, our ¢-proper equilibria

must converge to the mixed strategies which select oy and Bl with probability

1. Thus, although (a2,52) is perfect for this game, it is not proper.

5. Existence of Proper Equilibria

To be useful, a refinement of the Nash equilibrium concept should generate

a nonempty set of Nash equilibria for any game. We have already shown that

our proper equilibria do form a subset of the Nash equilibria. The following

theorem assures us that the set of proper equilibria is also nonempty.

Theorem. For any normal form game I' (as in (1)), there exists

at least one proper equilibrium.

Proof: We show first that there exists an e-proper equilibrium, for any ¢,

0<e <1,

- ¢™. For any player j, let

g -

Let m = mgxisi[. Given ¢, let 6
i

* - ¥ 3 .
A (sj)‘ {cj € A(Sj)lcj(sj) > 8, 5 € sJ}

Gbserve~£hat-Ai{S39—i£_a&nonempty_compact_subset*gf_AgiSj)J We now define a

n * %*
point-to-set map Fj: X A (Si)=?'A (Sj) by:
i=1

.. = d en” i ens < ! ...
P (@senes0) oy €47 (S |if vj(sjlcrl ) vj(sjlcl, »0)

then 0¥(s,) < ¢ - 0 (),
J( J) <e J( J)

Vs, s., ¥s' S.
SJ € ] ] € ]
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For any (Gl,...,cn) the points in Fj(cl""’gh) satisfy a finite collection of

linear inequalities, so Fj(cl""’ch) is a closed convex set. To check that

Fj(cl,...,cn) is nonempty, let p(sj) be the number of pure strategies 53 € Sj

< ’ . ; .
such that Vj(sjlcl,...,cn) Vj(sjlcl,. ’Gh) then letting

wle , 7‘\‘
U}(sj) = ep(sj)/( 2; ep(sj)) will give us Uj € Fj(Ul,...,Un). (Observe

/
sjESj

that G}(sj) > em/m, so U; € A%(Sj).) Finally, continuity of each Vj(sj]') func-

tion implies that Fj(') must be upper-semicontinuous.

n o x n

Let F(*) = X F.(-). Then F: X A (S,) &= X A (8.) satisfies
=1 J i=1 ' i=1 -

conditions of the Kakutani Fixed Point Theorem [l], so there exists

n *
(O'i,..,,cri) € X A (S.) such that (0°,...,0°) € F(0°,...,0°). This
i=1 1 it n

is clearly an e-proper equilibrium.

all the
some
€ €
(Ul,...,Uh)
,Uﬁ). Since

So for any 0 < ¢ < 1 there exists an ¢-proper equilibrium (Ui,...

n
XiA(Si) is a compact set there must exist 8 convergent subsequence and a

i=1

o oq € €
..,Un) = lim (Ul,...,Oﬁ).

-0

proper equilibrium (Ul,.




- 11 -

References

[{1l] Kakutani, S., "A Generalization of Brouwer's Fixed Point Theorem,"

Duke Mathematical Journal, 8 (1941), 457-459.

[2] Nash, J. F., '"Non-Cooperative Games,'" Annals of Mathematics, 54 (1951),

286-295.

[3] Selten, R., "Reexamination of the Perfectness Concept for Equilibrium

Points in Extensive Games," International Journal of Game Theory,

4 (1975), 25-55.




