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1. Introduction

1.1 The problem of incentives has arisen in a number of economic contexts,
including most recently, as a general issue in the design and analysis of
resource allocation mechanisms [c.f. HBurwicz (1973)). Most simply, the incentive
problem concerns the rationale there is (or can be provided) for economic

agents to follow prescribed rules of behavior designed to achieve some ob-
jective, usually an efficient or optimal allocation of resources. Typically

the prescribed behavioral rules are some type of competitive market behavior

such as, the communication of one's (net) demand for goods at prices that are
announced by a central agent, e,g. a central planning buresau, market custodian,

or auctioneer. The incentive problem concerns whether or not it is in an
agent's interest to behave according to these rules and truthfully reveal his
demand . Al:hougﬁ i1t has been shown by Hurwicz (1972) that even in the most clas-
sical, no externality, private goods contaxt it is typically in an agent's inter-
est to vioclate the rules, the incentive problem is most familiar to econo-
mists as it arises with reference to public goods. Furthermore, it appears
widaely believed that no mechanism can be devised to optimally allocate public
goods that avoids the incentive problem. The reason for this belief is easy to see.

In the private goods, no externality case, if equilibrium prices are known

and announced, an efficient allocation will result, under general convexity
conditions, vhem agents maximize preferences or profits at these prices and
demand or supply the maximizing quantities, i.e. behave competitively. However,
in the public goods case, or more generally when extermalities exist, no price

system with a single price for every good will lead to an efficient allocation.
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profit maximum under general conditions. In fact, typically every firm would
be better off Lf each purchased a larger quantity of the public input.
Traditional economic analysis suggests that centralizing the decision over
the quantity of the public input to provide may lead to an improved
solution. However, any scheme for centrally determining the quantity of the
public input creates an incentive problem of inducing the firms to reveal
their true preferences or demands for the input.

It has been argued by Raizuka (1965, p. 118) that "the benefiting firms have
every incentive not to reveal their exgct benefit from (the public imput)...An
attempt to use decentralized pricing will here, too, invite game-theoretic
dissembling on the part of producers. Hence in the absence of detailed
social planning and fiats, any system of voting and taxing can be expected not
to achieve social or even Pareto optimality.”

In section 2, we formilate the model and develop & general procedure for
solving the incentive problem, Kaizuka's comment notwithstanding. The pro-
cedure is defined by rules that specify the quantity of the public input to
be provided and the share of the costs to be borme by each firm given all the
firm's messages. It is shown that the procedure provides the firms an
incentive to send the ''correct' messagas.

Section 3 discusses an interpretation of the procedure in which the
"correct'" mmssages is a truthful revelation of demand and further interprets the

orocedure in tarms of a typical t3tonnement adjustment process in which
prices are announced, firms respond with demands, and then prices are adjusted

repeatedly until convergence is achieved.



Tn order to achieve efficiency chrough competitive behavior, different agents

must face different prices for those commodities for which an extermality in

use exists (c.f. Arrow (1969)]. Furthermore, these individualized prices will
depend directly on the individual characteristics, primarily the preferences,

of each agent. Thus, in the absence of general knowledge of the agents'
characteriscics, any procedure for determining these prices must rely on the

agents to truthfully reveal their characteristics. But g3 Samuelson (1954, p. 389)
states, although "ome could imagine every person...indoctrinated zo...reveal his
preferences,...by departing from his indoctrinated rules, any ome person can hope

to snatch some selfish benefi:..."l

Thus, Kamien and Schwartz (1970, p. 19) argue
that "...there is no market mechanism to determine either appropriate price or
quantity' of a public good. And Buchanan (1968, p. 87) goes further, in asserting
that ''it may prove almost impossible, however, to secure agreement among a

large number of persons, and to enforce such agreements as are made. The

reason for this lies in the 'free rider' (probl;m)...iven if an individual

should enter into...(an) agreement, he will have a strong incentive to break

his own contract, to chisel on the agreed terms'.

1.2. In this paper we consider a group of firms, all of which use in their
production processes a good that is non-exclusionary in use -- a public input.
Examples of such goods might be weather forecasts available to a group of
comnercial farmers, general research available to all firms, or advertising
by an industry wide trade association.

It is well known that if each firm purchases the quantity of the public
input that maximizes its own profits, given the quan:icies‘purchased by the

other firms, the resulting (non-cooperative) equilibrium will not be a joint



any K, the familiar free rider problem exists. Since firm i will »enefit
from the total purchases made by the firms, it will add to this total only
if the marginal benefit of doing so (the marginal revenue ”i evaluated at
the level of K provided by the other firms) exceeds the marginal cost to

the firm (the market price p). Thus, at any aggregate quantity K where each
firm's marginal benefit is less than the price, none of the firms will pur-
chase more of the input. This holds even if, in addition, the aggregate
marginal benefit (the sum of the n firm's marginal benefits) exceeds the
price indicating that the f{rms could all profit by purchasing more of K

and sharing the cost.

Since independent purchases will typically lead to such a suboptimal
purchase of the public i{oput, thera is the recognized advantage in coordi-
nating decisions over the purchase of the public imput. One method for
accomplishing this coordination is to ccﬁtralizc the decision. We theraefore
consider an agent, hereafter called the center, whose task it is to determine
the quantity of the public inmput to be provided the firms and the share of
its costs to be borne by each firm. The center may be thought of.either as
an agent hired by the firms to perform this task in accordance with some
agreed upon rules, or alternatively as a central authority (a goverument
or the administration of a large conglomerate organization composed of the
n firms as divistsus) with the power to purchase the public input amd to
levy charges liiiant the firms to finance {ts costs.

The centsr’s objective in determining the quantity of K to provide is
to maximize joint profits:

. ,
Choose K 2 0 to maximize I ~ (K) - p-K.
.1
i

(&)
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2. The Public Ioput Model

2.L Consider a collection of n firms, indexed i = 1,...,n, which use a
particular commodity K in their production processes. The commodity K is
a public input to the n firms since the total quantity is available to all
firms and the use of it by one firm does not diminish its availability to
the othar firms. Thae net revenue T, of each firm i (gross revenues less

costs of inputs other than K) is given by a funmction R, of the total availa-

i
ble gquantity K, however provided, and soms local decisions Li’ e.g8. a

vector of other inputs, variables specifying the choice of technique, etﬁ.:
T, = Ri(K’Li)’ 1 =1,..,n. (1)

Assuming (a) the total available quantity of K is known by all firms
at the time they make their decisions Li’ (b) for evary quantity K there
exists a value of Li that maximizaes net revenues, (c) the firms are profit
maximizing, and (d) the difference between profits and net ravenues is inde-

pendent of the firm's choice of Li; we may restrict attention to the

(maximum net) revenue functions ull defined by:
- - . 2)
ni(K) Hf: R1<K’Li)’ i=1,...,a (

The revenue functions m, are assumed to satisfy the regularity condition:

i

For every 1, Hi(K) 1s monotonic increasing, strictly coacave, and every- (3)
where differentiable for K 2 0 with lim ”i(K) = 0. Let 7 denote the

Kaa
set of all such functicns.

2.2 Suppose the public imput K i3 available to the n firms in aay quaatity

at a (positive) market price p.3 If the firms must independeatly purchase



i3 not counstrained to satisfy the budget constraint:
z Ci M = pK (M (6)
i

In other words, the center is permitted to rum a surplus or a deficit

(see below, Sections 2.6-2.8).

Given the centar's purchasing rule K(:) and cost share functions

Ci('), the firms' profits are defined by:
wi(M; Ci) - wi[K(M)] - Ci(M), i=1,...,n. (7

~ *
Since the center's rule K(') gives the optimal gquantity K when the firms
send their true revenue functions, the incentive problem asks if there exist
*
cost share functions Ci such that each firm will maximize its own profits

*
w, (M; C,) by sending its true revenue function:

*

Incentive Problem: Find cost share functions Ci’ i=1,...,n, such that,

k4 ¥
for every 1, Mi ] U maximizes wi(M’CL) over all Mi in 11 for anmy
M Mi | (Ml?""Mi-l’Mi+1""’Mn> that 1is:
MAC: €Y 2, (M, C |
wi( L i) mi( s i) (8)
R 4 %*
for all Mi in I where M;'Mi 2 <M1""’Mi""’Mn)'

< * ¥«
Any n-tuple C = (Cl,...,cn) of cost share functions sclving the incentive

problem is called an optimal incentive structure.

Several important properties of an optimal incentive structure deserve
-~ *
emphasis. First, although both the quantitcy K(M) and the cost share Ci(M)
depend, in general, on all the messages received by the center, under an

optimal incentive structure the true revenue function maximizes the firm's



If the center knows the revenue functions 'y this problem is trivial.
If, however, the center does not know these functions, as we assume to be
the case, in order to calculate the optimal or joint profit maximizing
quantity of K, it must acquire information from the firms regarding the

functions Ty

We suppose, therefore, that each firm i communicates information to

the center in the form of a function M, from the set 7T of all revenue

i

functions satisfying the regularity condition (3) which the center inter-

prets as the firm's revenue function m Thus, given any n-tuple of

=

messages M*-(MI,...,MQ), the center then maximizes ''reported" joint profits:

Choose K(M) 2 0 to maximize I Mi (K) - peK.
1

Since each message Mi

exists and is unique if p > 0. Furthermore, comparing (4) and (5), if

must satisfy the regularity condition (3), RM)

*

the firms send the center their true revenue functions, i.e. M, ® ~ the

i)

[l

R .
center's rule will select the optimal quanticy, i.e. K(M ) = K .

2.3. However, depending om the method by which the purchase of the public
ioput is financed, it may not be in the interest of the individual firms
to send their tfue revenue functioms. The incentive problem asks if it is
possible to induca the firms to send their true revenue functions by levying
charges in an sppropriate manner.

Formally, the center assesses the firms by choosing functions Ci of
the meassages M = (Ml,...,Mn) it receives from the firms -- c; = Ci(M) is

th

the 1 firm's cost share for the public input K(M) purchased by the center.

Although it would be natural to do so, the choice of cost share functions

(3



' / * . * " / * - ~ * - M*
(MM ,C) + A GAM) = M [KMM] j;imj[z((wni)] - e RMUMD g,

*
> Mi(K) + ZM.(R) = p- K
jéi 3
for all K. 1In particular, the inequality holds for K(M/Mi), for all Mi‘

Thus

4 % %
0 QUMLC) + ALGAN) 2w (UM ,C + A (AY) 1)

or, since Ai(M\Mi) is independent of M,
et /M, , ¢y for all
0 MUMLC) 20 (UM ,C) for all My, (12)
which is the requirement for an optimal {ncentive structure, [see (8)1.

%
2.5 The optimal incentive structure C is interpreted most easily by defining

the cost shares independent of the particular rule used to determine the
quantitcy of K. Specificilly, for every quantity K, define functions Ci of
K and the massages M by:

C.(XK,M) =p-K=- I M(RK) +A M\ M), Li=1,...,n. (13)

i j L i
st

When the center uses the rule K(:) to determine the quantity of K to purchase,
the cost shares defined by Ci are the same as those given by the optimal incen-

*
tive structure C :

- - s
Ci[K(M),M] = Ci M) for all M, {1 = 1,...,n. (14)

~

To interpret the cost share functions Ci’ recall that the center

interprets each firm's message Mi as the firm's revenue function. Thus

~

Ci assesses firm { for the full cost of the public input, but offsets this

by the full amount of "reported'' revenues. 7 Additionally, the firm is



profics independent of the messages sent by the other firms.

Second, since the cost share rules C: are functions only of the messages
received by the center, the center need not know eithar the true revenue
functions or the actual revenue received by the firms in order to determine
the cost shares. An optimal incentive structure provides a justification
for the center to assume the firms are sending their true revenue functdons.

Third, under an optimal incentive structure, the cost share of a firm
is independent of how well or poerly the Qghar firms behave in implementing

their best local decisions L,. Although the Lth firm's profit depends on the

3
others firms' massages Mj’ it is independent of their decisions Lj and their
actual revenues RJ[K(M), Lj]’ i *i, [(see (2)].

Fourth, under an optimal incentive structure, each firm's actual profics

depend om all the "local" decisions L since its actual profits are given by:
RO,L) - C

Thus, each firm has an incentive to be as efficient as possible in selecting

{ts cwn local decisioms.

2.6 It is actually quite easy to solve the incentive problem stated in (8).

: *
Cousider the cost share functions Ci defined by:

* A -~
Ciﬂ‘!) - - MJ[KCM)] +pe KM) + AiCM\Mi)} i=1,...,, (9)

Z
b 28
where Ai(M\Mi) is 2 qumber that may depend on the (n-l)-tuple of messages
M\Mi. Note that although the messages Mj are functions of K, the
quantitcy Ai(M\Mi) is independent of K as well as, of course, the message Mi.6

*
To show that C is an optimal incentive structure it is only necessary

*

- %*
to recall that K(M/Mi) maximizes the joint-profits M,

(K) + I M,.(RK) - p+K.
jhi
Thus, frem (7),



2.6. Since the center's choice of cost share functioms Ci is not

constrained by the budget comstrainc (6):
2C (M) = pRQD,
i

*
under an optimal incentive structure ¢ the center may run a surplus or a

deficit. The magunitude of the surplus or deficit depends on the functioms

%*
Ai(') chosen; under C the net surplus may be defined as:

~

Net Surplus = ¢ c:(n) - PCRQM) = A OAM) - (m-1){Z Mi[K('M)] -p- i(u)} (
1 i i

Although in special cases it 1s possible to find functions Ai(') that will
8
ensure a zero net surplus, in general such functioms do not exist.
An example where it is possible to balance the center's budget is the

quadratic model in which each firm's gross profit functiom ﬂi(K) is given by:

" (R =2 -3, L=l (19)

i

In this simple example, the message M for each firm may be taken to be

i
the linear coefficient ay and, thus, if the firms send the messages

a;, i=1,...,n, the optimal rule for the center to use to determine the

quantity of the public imput is:

for Za, - p > O. (20)

K@) = o i

It is straightforward to verify that if the functioms Ai(') are defined by:

1 2 1 L 2 21)
A.(a\a,) 8@ = (T a, - p) + z—— T oa, - p (
i i 2n j 2a(n=2) [t Jak 20

j#i
jk#

* 1

*
then Ci, i=1,...,n 1{s an optimal incentive structure where



-10-

assessad an amount Ai(M\\Mi) which to this point {s given by an arbitrary

function of M\‘Mi‘ Since this later amount is independent of M , it has no

i)

effect in influencing firm i's choice of its best message. It's role is
examined in the next section.

Now writing each firm's profits in terms of the functions Ci’ they are

funccionsuyi of the quantity K, the messages M, and the cost share function

Ci:

Ni (K,M,Ci) = ni(K) - CL(K,M), i=1,...,0. (15)

th
The marginal profitability of the public input for the i firm and

hence the value to firm i of the marginal unit of K is

A~

am 1 1
éx_i = O+ I M (R -p. (16)

i 3

However, when the center receives the massages Mi from the firms

and endeavors to maximize joint profits, the marginal joint profitabilicy
for the public input as perceived by the center is:

Q

T M.(K) - p. (17)
a1

*
Thus, if firm i reports truthfully, ie. sends Mi = it
the marginal mmit at every level of K the same as firm i. Also, when all

the center will value

firms are commmicating truthfully, each firm's profit ;i(K,M*; &i) is
maximized at the same quantity &(M*) = K* -~ the true joint profit maxi-
mizing quantity -- although there is no reason for all the firms' profits
to be equal at this quantity since the quantities Ai(M*\\M:) need not be
identical for all i.

By this discussion, the optimal incentive structure may be interprectad
as a scheme to induce each firm to evaluate the public input in terms of

its true marginal social bemefit, I =, (X), and its full margimal social

I

i



e =

were zero, since aggregate profits would be increased by the center's coordin-
ation in providing the public input presumably entrants would be attracted

to the group. But analysis of entrants is outside our model since we consider
a group of n firms, not necessarily all in the same industry, and do not
specify what potential entrants there might be in the complete economy. Fur-
thermore, although the center's surplus, whether positive, negative, or

zero, may have an effect on entry, it is not a priori obvious that the total
allocation of resources - both private and public - resulting from the imple-
mentation of an optimal incentive structurs will be lass afficient than the
initial allocation of resources or even non-Pareto Optimal.

An evaluation of the total resource allocation depends on many issues
outside the scope of the partial equilibrium model presented hers. In parti-
cular, one would need to know the structure of the industries to which the n
firms belong - whether they are competitive, oligopolistic, or momopolistic.
For example, the n firms might be a group of electric power companies, each
a natural monopoly in its own region and perhaps publically regulated. The
public input in question might be, say, research and development of auclear
pover Eechnology. In this example, entry effects would be nonexistent.

Additiomally, the effect of the surplus on entry depends on the relative
importance of the public inmput to thi firms. The loss in joint profits from
not coordinatimg the provision of the public input may be large absoluctely
yvet small relative to the total profits of the n firms.

More generally, the entry issue depends on the full dynamic general
equilibrium context of the problem. If it is the govermment that is serving
as the center and is raising a surplus from the firms or running a deficit,

one would need to know how the suvplus is being disposed of or how the deficit
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C:(a) 2 p -%(a) -IM [%(a)] + Ai(a\ai)

i1 ] (22)
e tqa? oL ga, - p? et wald
zn[ai = (?aj )]+ 2a(a-2) jik ajak ) 292 g
1

and Mj(K) = ajK - %Kz. With a little algebra it may also be verified that
this optimal incentive structure has the budget balance property:

ZCI(a) - p.K(a) = 0. (23)
L

Thus, for this special example, if the center uses the rules K(.-) and
*
Ci(')’ every firm will have an incentive to seand it's '"true'' message, i.e.
*
a; =a,, regardless of the messages sent by the othear firms and furthermore

the center is assured of having a Zero net surplus regardless of the messages

sent by the firms.

2.7 The impossibility of balancing the caenter's budget in genmeral with an
optimal incentive structure of the form C* given in (9 ) raises two problems.
First, if the center’'s surplus is negative (a budget deficit), a subsidy is
provided the n firms which must be raised by the center scmehow and which also
suggests that new firms that could oot survive in the absence of the subsidy
might enter and seek to be included among the original n firms. Second, if
the center's surplus is positive, in aggregate the group of firms 1is being
taxed which raises the possibility that some firms which in the absence of
the tax would enter or remain in the group might stay out of or exit from the
group.

Since our model is a static, partial equilibrium model, we are unable

to analyze the effects cof the surplus on entry. However, even if the surplus



Or, <§j> may be the quantities the n firms jointly agree each firm will be

responsible for providing. Or, (E > may be the quantities the firms will

3
purchase if some of the firms agree among themselves and the others do not
cooperate and remain free riders. In any case, the n-tuple (Ej\ will be
called the initial situation in which the total amount of the public input
provided, the initial quantity, is, of course, = §‘Ej which may be greater
than, less than, or equal the true jolnt-profit maximizing quantity K*.

Now, consider an optimal incentive structure C* of the form
(repeating (9)]

C{00 = p-RAD - I MIRGD] + A QNN

iri

in which the functionms Ai(H‘\Mi) are defined in terms of the initial situaciom
(‘KJ.) and non-negative veights § , suming to uaity by:

S THERH RS R A N R Max [jii M (R) - (1-8)pK) ©  (24)

The cost functiocnms C:(-) may then be written as:
* R
c 0G(R),8) = 8 plRM - %] +p-k,

p K] (25)

. > . R OM) T T .
£ [M,(RM)) ejp :4¢.9) +M-xﬁ[uj<x) aj

[P K 3

* = ~ ~

Since C, 2 9,p-KM) +pK, -5,p-%, ZK, =K, and T 5, = 1, the center's
i i i i i 3 j 3

net surplus is always non-negative:

¢* - pRM) 2 £ 9.pRM -pRM) +p IR, - Za,pk =0 (26)
J Jj i Jj

This incentive structure may be given the following descriptiom: Let the

waights <93> 3 (91,...,9n) be called the normal cost share distributiom



1s raised and then how this affects the intertemporal behavior of o;her
economic agents. It is possible, however, to comstruct a static general
equilibrium model - an ArTow-Debreu economy with public inputs - and prove
that a competitive equilibrium with central coordinatiom of the public
input decision using an optimal incentive structure gives a Pareto Optimal
allocation of resources.9 This, of course, would not answer entirely the

entry question, but no static, partial or general equilibrium model can.

2.8 Concerning the possible effects of the surplus on the exit of some of
the o original firms, the question is deeper than just whether in aggregace
the firms are being taxed or not. Even if the surplus is negative, indicating
that in aggregate the n firms are receiving a subsidy, whether any ome fim
receives a subsidy or is taxed to such an extent that it leaves the group

is yet to be examined. To answer this question we will exhibit a family of
optimal incentive structures [a subset of all those defined by (9)] chat

a) guarantee the center a pésicive surplus (thus avoiding the questiocm of

how a deficit is to be raised), and b) leave each firm better off':han it
would be in the absence of the center's coordination or in a reference inicial
situation. Also, we suggest a plausible mn:ho& by which the n firms could
agree to sdopt me member of this family of optimal incentive structures.

To begis let (‘fj> | (%,...,En) denote an n-tuple of non-negative
quantities of the public input that would be provided by the n firms in the
absence of the center's coordination. For example, (?13 might be the quan-
tities the n firms will individually purchase if there is no centralized
coordination of the public input decisiom - formally, a Nash or nomn-cooperative

equilibrium of the n-person game with payoff functions "i( zxj) - PKi'
i



* * ~ ~ ~
W IEENCHERIE DR COIEE R for all i (27)

i
for any (9j> e 9.
Proof: Consider the cost shares e zm (K )/ 2 ﬂ (K ), 1 =1,...,a. Under
the regularity condition (3), 8 > 0 and clearly éj = 1. Furthermore, it
i3 easily verified that:
* A~ - B * * ~ ~
C,(m;(K.)>,8,) = —_ . mEHK -K) +p'K, . (28)
i j i PP, i i
zm . (K)
7]
Thus,
" E) -] -m @+, -rn(x)-—P——-n(Kﬂ(x -
i i Z ﬂ (K )

i %
for soma K~ between K and XK.
»* A
If K - K> 0, then K* > Q, RS(K*) = p, and since "L(') is stxietly
1 i 1 %* ‘
concave, ﬂi(K ) > ﬂi(K ). Thus, if ei - 91.

(&) -¢ r & £ if BN >%
™ ¢ 1 > M PRy > R
»* ~ ’ i ’ %*
1£ & <X, chen m{(K") €m/(K) and

n(x)-—L—n(x)<w(x)(1-9/n-rj‘(x)<o
3

*
since ™ (K ) >0 and EHJ(K ) <p. Thus, {f ei =3
b
* ”* . * ~
T (&) =C > ”L(K ) = p - zi if K <K 31s0 and we have established
that (3,) is ta 8(K) .

*
The proposition follows by verifying that the cost Ci(ﬁz (Rj), 91)

as a function of Gi {s continuous and monotonic i{ncreasing in Si.
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and Mj(K) - Sjp'K the (reported) net normal profit of firm j. The incen-
tive structure C* of (25) assesses each fimm (a) its cost in the imitial
situatiom, p'ii ; (b) plus (minus) its normal cost share of the increased
(decreased) quantity of public input provided, eip[i(u) -K]; (o) plus the
total difference in the (reported) net normal profits caused by the canter's
choice of the joimt (reported) profit maximizing quantity i(H) rather than
the quantity maximizing the other firms' (reported) net normal profits. 1In
other words, this incentive structure assesses each firm, {n additiom to
(a) and (b), the full (reported) impact that it has om all the other fimms.
Equation (25) defines an optimal incentive structure for aoy normal
cost share distributiom <ej>’ Furthermore, each incentive structure in this
family guarantees the center a non-gegative surplus. However, given any
particular member of the family, i.e. a specific cost share distribution,
any cne firm might be better off in the initial situaticm <Ej> than with the
optimal quanticy &G*) = K* when it is charged cI(n,(Ej>,ei). This depends
ou the particular normal cost share Si chosen. 1If ei = (0, then fim 1 is
is better off with tha optimal quantity K* then in the initial situation
(Kj), but 1f §, i3 close to umity, it is better off in the initial situatiom.
The following proposition establishes, however, that there any wmany possible
choices of tha cost share distributiom such that every firm is better off

with K* when charges CIGT;(KJ>’81) then it {s in the initial situatiom.

Proposition: Under the regularity condition (3), if the optimal quantity K*
i3 not equal to the initial quantity‘i, then there exists a non-empty open
convex set depending only on‘E, ®(®), in the unit simplex such that for
avery cost share dis;ribution (ej) in @(ﬁ), each firm is better off with

. - .
K = K§r) then in the initial situation; i.e.,
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providing i(M) to the firms and billing each fim C:(M; (E), 91)-”
The results established above imply:

1. The o firms have an incentive to accept this arrangement since there
are many normal cost share distribution <aj> that will leave them
all better off than they are or would be in the initial situatiom.
(Proposition).

2. The center i{s assured of not running a deficit. (26)

3. The center's surplus will be strictly positive when the firms report

(» for amy cost share distribucion <9j>

= éi (defined in proof of proposition) for all {, ia

Je
truthfully, {.e. send Mi =
except when ei

which case the surplus is zero. [Follows from summing (28) over all
£.]
4. Given any cost share distribution, each firm has an incentive to

report truthfully its revenus function f, to the center, regardless

i
of what any of the other firms are communicating. [By (12) since
. .
C 1is optimal].

5. Given any cost share distribucion, i{f the firms respond to the incen-
tives and communicate truthfully (as is in each firm's own interesc),
the center will provide the true joint-profit maximizing quantity of

* -~
the public input K . (By definition of the rule K(') since

- A
K = R(m}).

Conclusiom (4) has the further implication that any agreement a group
of firms miéht reach while bargaining over (8j> as to the subsequent
messages M, that they will send is not stable. As Buchanan (1968, p. 87)

has stated: "Even if an individual should enter into...(an) agreement, he
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This propostion only establishes that, given any initcial sicuation
<Ej> where E b d K*, there exist many normal cost share distributions
<aj> such that each firm is better off with the center's coordination than
it is in the initial situation. How any particular distcribution with cthis
property may be chosen has not been specified. A simple possibilicy would
be for the firms to bargain among themselves until they agree on the
distribution and then announce it to the center.

In detail, the entire process of implementing the central coordina-
ticn of the public input decision might be envisioned as follows:

A group of o firms use in common some public ipput. Let us suppose
that, whatever prior arrangements have or have not been made to coor-
dinate their purchgses of the input, their current purchases arse <Ej>’
the initisl situation, and that the total amount provided E 1s recognized
or suspected to be inefficient or not joimt-profit mnximizing, although
the precise cptimal quancity K* is, of course, unknown. Now, suppose
some agent, who might be the manager of one of the n firms or am outside
agent or the goverrment, proposes the following arrangement to the firms:

"The agent, hereafter called the center, will provide the service
of centrally purchasing and providing the public input to the o firms.
The center will use the rulae i(-) defined by (5) to calculate the
quanticy of Eﬁc public {mput to provide and will charge each firmm
C:(M;<EJ>’ GL) where (81> is a normal cost share distribution agreed
upon by the firms. Upom acceptance of this arrangement, the firms will
jointly communicate their choice of <6j> to che center. The center

will then ask each firm for its message M, and execute its decisiomns,

i



3. Decentralized Prices and DJemand Revelazion

3.1. previous discussions 0f incentive problems with public goods mentioned
in Section 1 have concerned the inabilicy of decentralized prices to elicit
true preferences from consumers of public goods. For the public input model
of Section 2 the issue may be posed as follows.

Under the regularity condition (3), the joint profit maximizing or
optimal quanticy of the public input K* is uniquely characterized by the

RKuhn-Tucker conditions:

' * J *
z af} (RK) = p unless Z Ty (0) < p which implies K = 0. (29)
i i

Thus, it would be sufficient for the center to know each firm's marginal

revenue schedule T, () since the inverse of the sum evaluated at p gives
*

K :

0 if f ul 0) < P

kK = ' -1 (30)
(2~ (D17 (P otherwise

The marginal revenue schedule ni(‘) is informationally equivalent to

to the firm's demand function Ki(-) defined by:

Ki<pi) maximizes ﬁi(K) - piK (31)

since under the regularity condition (3) they are inverse functioms of
each other:

~ '

-1 -~ -1 - '
R, (0,) = [r, (D177 (p) and [K, (D] (®) = = (. (32)

Therefore, if each firm would truthfully communicate its demand function

ii(') for the public imput (i.e.correctly reveal its demand), the center
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will have a strong incentive to break his own contract, to chisel on the

agreed terms." However, Buchanan advanced this argument as a reason why
agreements to provide optimal quantities of public goods are not stable. We
use the same argument as a reason why the mechaniswm proposed here will lead

to the optimal provision of the public input. Once the agreed upon (ej) is
announced to the center, each firm does best for itself by reporting its

true revenue func:ion171, regardless of the other firms messages and regardless
of what agreements might have been concluded as to the messages they would

send the center.

Conclusion (3) also shows that in aggregate the best agreemeat for
the o firms to conclude is for 8i = éi for all { since then, the aggregate
net profits of the firms (revenuss less costs paid to the center) equals
the maximum joint-profits when they revesl their true revenue functioums.
However, even if the firms are unable to discover this particular cost
share distribution and agree instead on some other (81), they each will
have an incentive to raport truthfully. (Comeclusiom (4)). Thus, the
result that each firm will have an incentive to report truthfully and
consequantly that the true optimal or joint-profit maximizing quanticy
of the public imput will be provided does not depend on the firms' abilities
to discover :hrodgh bargaining the particular cost share distributiom
<5j>.

The bargaining is marely a device to insure every fim's willing
participation {n the centralized coordinatiomn arrangement. If the center
is the govermment and the firms are not allowed to escape the arrange-
ment, then the bargaining can be dispensed with andl(8j> selected
arbitrarily. Since it would be reasonable to permit the government to
know the actual reaiized revenues of the firms (but not their revenue
functions, of course), it would be an easy matter to select the <81>

such that no firm would be bankrupt by the cost rules.



fact, it is possible to reinterpret the communications process of section
2 and the optimal incentive structure C* lsee (9)] as a method for pro-
viding an incentive for the truthful revelation of the firms' demands for
the public input.

Specifically the comminication process is reintarpreted by supposing
that each firm's message to the center is a demand function di(-) instaad
of a revenue function Mi(-). Corresponding to the regularity comndition (3)

on the set I of allowable revenue functions is the regularity conditiom:

The set D of allowable messages (demand functions di(')) consists of (33)
functions d(-) that are inverse functions of strictly monotonic decreasing

integrable real-valued functiouns d-l(-) on the non-negative real line R

with 1im d°F (R) <0

Koo

+

There is, of course, an obvious relation between the sets D and [I:

Lemma 1: Mi {3 an element of ] if and only if di is an slement of D, where

X o
(K =
¥, (K) 5 d,” (md, (15)
' 1 (36)

d.(p) = M ()17  (only if)
Proof: Follows readily from the facts that every concave function on an
interval is absolutely continuous on each closed subinterval and that every
absolutely conmtinuous function is the indefinite integral of its derivative
Zc.f. Roydenm, (1968, p. 107 and 109)].

Next, given any a-tuple of messages (demand functions) d = (dl""’dn)’

let the center's rule for determining the quantity of the public imput K to



»*
could compute K by taking the vertical sum of these demand functions and

evaluating it at the market price p:

~-1

. (0 | LE (IR O] <9
R = ~1 1 (33)
[% K, ()] (p) otherwise

Corresponding to the optimal quantity K* is a set of prices p:, one for
each firm, such that, each firm's demand ii(pi*) is equal to the optimal
quantity K* and such that the sum of these prices is the market price p.
Furthermore, these prices p: are equal to (greater than) the firms' marginal
revenues evaluated at the optimal quantity K* whan K* is positive (zero):
That is:

s * ~ * *
There exist P, {1 =1,...,n such that P = p and Ki(pi) =R for all i
i
(34)

and

p, 2, (K) with equality {£ K > 0.

These prices are called the.ggcimnl decentralized prices since if each firm
i were charged p: for the entire quantity of public input provided, each
firm would demand or desire the optimal quanticty K*.

However, if a firm is charged for the puﬁlic input using a price p:
calculated in this mammer, it will in general have an incentive to under-
state or misreveal its demand by communicating a false demand function such
that at every price Py the quantity demanded is less than the firm's true
demand at that price, %i(pi). This observation has been the substance of
many previous discussions of public goods.

On the other hand, 1{f the firms' charges are not calculated in this

manner, they may or may not have an incentive to reveal their demands. 1In



K

(a) ROD = K(&)  when M (®) = © a}l (x)dx + constant, for all ;.
0

(b) K(Ml) = K(MZ) when M?(K) = M?(K) + constant, for all j.
Thusg, (a) and (b) imply:

v, (d;C,) = w, (4 . F gt (61)

wi( : i) wi(M,Ci) where Mj(K) oJ dj (x)dx
and

-~ %* %* ~ K !
w (MM C) =@ (M/m; C) where M (R) = [ = (x) dx = = (K) + constant. (42)

0

~

Now, suppose C is not optimal. Then for some i, given d\\di’ there exists some

dg ¢ D such that

- -

wi(d/di’ Ci) > wi(d/di’ Ci)

or using (41) and (42)

um?; ¢ M C ¥

N -
which contradicts the fact that ¢ i3 optimal. Hence C is optimal.

3.2. Since the communication of an entire function -- either a rev;nu. or
demand functiom -- may involve complicated coding problems, it is of interast
to inquire if equivalent information could be communicated using less com-
plicated messages. This issue has been encountered preyiously in the context
of the Walrasian titonnemant procedure for finding a competitive equilibrium.
For our purposes here, it is sufficient to note that the titonnement procedure
i3 a method of.calculating equilibrium prices alternative to obtaining from

every economic agent his demand or supply function, taking the appropriate



) 0 if 247" () <p
K@) = -1 -1 t (37)
[f di ()1 (P) otherwise
Also, let C = (C, ""’Cn) be the incentive structure defined by:
C, (d) =« T M, [R()] +p'R ) +A4 MM), L=1,...,n (38)
i } L i
R ]
!
where MJ(K) = [ dj (x)dx for every j.
o
Given these rules, the firms' profits are dafined by
my (4:C) =m [R@]-C (@, L=1,...,8 (39)
* ~
Finally, since the optimal quantity K is given by the rule K(d) when the
firms communicate their true demand functions: d: = Ki’ the incentive
structure C is optimal if
Ed * fad 4
‘”i(d/di; Ci) zu’i(d/di; Ci) for all di ¢ D. (40)
Corollary The incentive structure C defined by (38) is optimal.

Proof: Sinca the rules K(M) and K(d) are defined by

) 0 - - L£ f M, (0) < p
R(M) = ' - a

%(Hl () “(p) othearwise

-1

0 ifzd 0) <p
- { 1
K(d) = 1, el

z <di €D (p) otherwise

i

we have:



a knowledge of an infinite number of different price - demand pairs

7[Ki(pi(t)), p,(8)], € =1,2,...% is exactly equivalent of a knowledge

of the complete demand funétion ii(-).

Lemma 2: If f:R -+ R 1s an analytic function and s = [(xc, f(xt)), £ =1,2,...
is a convergent sequence whera x, e X, for all ¢t # t', then a knowledge of
$ is equivalent to a knowledge of f in the sense that y = f(x) can, in prin-

ciple, be calculated for any x.

Proof: Since f is analytic, f is representable by a Taylor's series expan-

sion about any x:

fx) =2 : £ (D (x-D for all x ¢ 4
r=Q -

£ (%) can then

Suppose (xt, £ (xt)) converges to (;,;). The derivatives
be calculated for every r using the method of divided differences [see

Froberg (1965, p. 148)].

Define
Y. = 7Y
E(x,, %) 8 == forall t =1,2,...
t t+l
f(x ,...,x ) - £(x g X L)
and f(xc)...th+r) 2 £ t+r i — c+l 4T
t t+r

for all ¢t = 1,2,..., and v = 2,3,...

The derivatives in the Taylor's series representation of f can be calculated,
in principle, by:

y for T =0

L .o 3y .
i ® lmf (x,,.. )y for all r=1,2,...

X
£ - t¥r
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sum of these functions to form the excess demand function, equating it to
zero and solving directly for the equilibrium prices.

For the public input model of Section 2 it is possible to specify
the firm-center communication in terms of a traditiomnal :i:oﬁncmen: adjust-
ment process rather than in terms of messages consisting of entire functioms.
Suppose, for example, that a communication process i{s defined in stages
indexed by ¢ = 1,2,.... At the beginning of each stage t, the center commun-
icates a price pi(:) to each firm { and at the end of the stage each firm
communicates a massage Ki(:) interpreted by the center as its demand for K
at the price pi(:).

If cthe firms send thair true demands at each stage, ia. ii(:) = ii[pi(t)],
under the regularity conditiouns (3), the canter can suitably adjust the
prices pi(:) from one stage to the next and arrive at a quantity K arbitrarily
close to the optimal quanticy K* after sufficient oumber of iteratioms.

Since the objective of the price adjustment is to find the decentralized
prices p: (see (34)], one method of proceding from one stage to the next
is to raise the prices of those firmg demanding the maximm quantity of K
and lower the prices of those firms demanding the minimum quantity, keeping
the sum of all pricas i pi(t) equal to the market price p. Under the regu-
larity conditiom (3), this process will converge to the decentralizaed prices
o7 of (3) @t a.

This type of titonnement adjustment process is inform;tiona}ly quite
similar to the communication of a complete demand function since in the

~

course of the adjustment the center will learn the demand functions Ki(-),

' *
at least in the neighborhood of the optimal quantity K . In fact, under the

additional assumption that tha revenue function ni(K) is sufficiently smooth,



5 compute che cost shares as defimed by the incentive structure C LSee (38)]
But since this incentive structure is optimal, each firm therefore camnot do
better (1.e. receive higher net profitc) thenm it will {f it sends its "true"

demand Ki[pi(C)] = Ki(t) at each stage t.

3.3. To briefly summarize the results of this section, it has been shown
that it is possible to use a price - demand tdtonnement procedure to determine
the optimal quantity of che public iaput. This result follows since using
an appropriate incentive structure, the firms will have an inceative to
truthfully reveal their demands for the public input. A crucial aspect
of this model that distinguishes {t from previous treatment in the litera-
ture is that the firms are not actually charged for the public input in
accordance with the limit prices ({.e. the optimal decentralized prices),
but rather morf'couplicatod cost sharing rules are required that may not
permit the center's budget to be balanced in every instance.

In conclusion we note some directions for extensions of the methods
and models of this paper. First of all, although the commodity K was inter-
preted as a public imput, it could just as easily be interpreted a3 an input
used by one (or many firms) which causcra negative extarzality (diseconomy)
on the other firms (see Groves, (1974)]. More abstractly, the mathods are
applicable to n-person games with freely transferable utility in which decisions

. 12
affecting more than ome player (i.e. extermalities) are centralized.

In additiom, a recent paper by Groves and Ledyard (1974) show
that these methods may also be used for solving the incentive problem for
the gemeral public goods model where the public good is a consumption

good entering each consumer's utility function at the same level. The

{ . i consumers
cost or compensation functioms Ci( ) for this model, enter the

budget equations instead of defining direct transfers of utility.
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Corollary: 1If ni(K) 1s an analytic functiomn for k 2 0 and
{[Ki(pi(t)); Pi(t)], t =1,2,...} i3 a sequence of demand - price pairs

converging to (EL’ ;i) where Ei > 0 with pi(t) bl pi(t') for all c # ¢',

then Ki(p) can be calculated, in principle, for any p in the interval

<lim us (), ﬂi(0)> .

K

Proof: Since the demand - price pair sequence converges to <Ki’ ;i) with

Ki > 0, without loss of generality we can assume pi(t) < wi(O) for all ¢

-~

and thus Ki (pi(t)) > 0 for all t. Then, under the regularity condition

-1
(3), KL(P) = C"; ()] (p) for all p in the interval (ﬂ{(-), ﬂ{(O)).

Furthermore, since u is analytic for K 2 0 so is ™ and hence so {s

(= (17" =K, on (v, (@, m, (0)). The conclusion then follows from
Lemms 2.

In view of the Corollarr, since the communication of demand - price
pairs (s aquivalent to the communication of the entire demand function, the
results of Section 3.1 are applicable. Thus, the incentive structure E
defined by (38) can be rsinterpreted to provide an incentive to each firm
to communicsts it3 trus demands in a titonnement procedurs.

Specificalfip, svppose the center anmounces prices that are adjusted
in such a wey ei:: 1f the firms respond with demands calculated in accord-
ance with any fixed set of demand functions di ¢ D, the prices converge to
the optimal decentralized prices for these demand functions.lo Next, suppose
the '""demands" Ki(t) that the firms respond with enable the center to cal-
culate a demand curve di ¢ D for each firm using the method of divided dif-

ferences discussed in Lemma 2.ll This procedure will then enable the center



10.

l1.

12.

FOQINCTES (Concz.)

Of course, if firm j communicates a false revenue function; {.e. Mj #1Tj,
the cost share function Ci will calculate 1{'s cost using the reported
revenue schedule instead of the true one since the center would not kaow

the true one in this case.

1f the sat [l of allowable revenue functiouns is parametarized by some real

variable so that each message M, is just the parameter defining the parti-

i
cular revenue function, and L{f the net surplus is a polynomial function of
the messages M of degree less than or equal n - 1, then, tha budget can be
balanced always. This suggests that if the number of firms (s sufficiently

large, the net surplus can be made small in an approximation sense.

See Groves and Ledyard (1974) for an indication of how such a model might
be comstructed and such results proved. Their model, however, concerns the
more difficult case of public comsumption goods and not public inmputs, but

the issues are similar.

For example, if n is even, for all { = 1,...,n, start with pi(l) = & o and

<
then for all ¢ = 2,3,... Lat pi(t) = Py (e=1) : % as Ki(t-l) > madian

(R (e-1),...,K (e=1)}.
This can be assured by enabling the center to assess a sufficiently large
penalty against any firms whose ""demand'' messages are inconsisteat with the

calculations of s demmnd function in D.

This would inmclude "team problems and for a discussion of incentive problems

in team models, see Groves (1974).
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Although Samuelson was referring to the public goods case here, the state-
ment is equally true for the private goods case as shown by Hurwicz (1972).
The difference between the two cases is that although the efficient price

for a private good depends on all agents' demands, if there are large numbers
of agents this price will not be as sensitive to any one agant's demand as

that agent's individualized price for the public good will be in the public

good case.

This is by no means universally true; in the case when then the public good

is perfectly complementary in use to other inputs, the mon-cooperative equi-

librium (Lf it exists) will be joint-profit maximizing.

The assumption of a constant market-price could be relaxed at the expense

of additional notational complexity but without the benefit of additional
insight.

Under the regularity condition (3), this will occur for some K > O as long

as the price p is less than the sum of the firms' marginal revenue evaluated

L 0).

at zerc, i.e.p < E ”

This property is strouger than the Nash equilibrium property which requires

< L 4 +
only that Mi maximize w; M fMi, Ci) for every {, or that sending the true

message is best when the other firms are also sending their true messages.

For example, A, (M\M,) might be defined by A, (M\M,) = Z M. (K) - p - K
1 i i i I ]
where K is some fixed, predetarmined, quantity. In sectiom 2.8 another

example is given.
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