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I. Introduction

A number of recent papers1 have dealt with models of firms un-
der uncertainty in which the securities of the firms are traded in
an incomplete security market. Although the securities market is
incomplete in the sense that the number of independent securities is
less than the number of states of nature, the results obtained are
similar to those dérived in an Arrow-Debreu [1}][6] complete market
model. 1In these incomplete market models shareholders unanimously
support or oppose any proposed production plan, and given a 'price-
taking' assumption, all shareholders prefer that a firm maximize
its market value, 1In spite of the similarity in results, the re-
‘lationship between the complete and incomplete market models must
be interpreted with care.

Incomplete financial market models have been analyzed under
two different classes of assumptions. Leland [16][17}], Ekern and
Wilson [13], and Ekern [10][11][12] have analyzed firm behavior
under the assumption that investors hold optimal portfolios for
the currently proposed production plans of firm. Then, if the
vector of marginal returns for a firm is contained in the subspace
spanned by the return vectors for all securities traded in the
market, a proposed change in the production plan of a firm is unani-
mously supported or rejected by all shareholders. Leland [18] has

referred to this as ex post unanimity in the sense that the portfolios



held by shareholders are optimal for the currently proposed produc-
tion plans. Ex post unanimity, however, does not answer the
question of how investors arrived at a position in which the optimal
portfolios are held.

In a manner analogous to an Arrow-Debreu model Radner [22]
considered the case in which shareholders do not hold optimal port-
folios for the.currently proposed production plans of firms. He
then demonstrates that all ex ante or initial shareholders prefer
the firm  to maximize its value and also unanimously support or
reject any proposed production plan if the éonsumption sets of con-
sumers and production sets of firms‘are contained in the subspace
spanned by the return vectors available in the securities market.
Radner states that 'The situation described in the first Ekern-

[1]

on unanimity of stockholders' preferences
y p

[2]

Wilson proposition

among production plans can be formally reduced to an Arrow-Debreu

' Radner's argument that an incomplete

model with complete markets.'
financial market equilibrium reduces to an Arrow-Debreu equilibrium
rests on the assumption that consumption sets are spanned by the

return vectors of securities, but such an assumption has no apparent
justification in an incomplete market model. The standard interpreta-
tion of a consumption set is as the commodity bundles that are physically
possible for consumption (Debreu [6,p.57]). The assumption that the
consumption set is spanned is not required for unanimity and value maxi-
mization results, and its only role is to render an incomplete financial
market model equilvalent to an Arrow-Debreu model. Since no contribution

is made by this assumption, it will not be employed here. The assumption
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that the production sets are spanned is more natural and is satisfied
in the original work of Diamond [7] and in the above-mentioned
articles. This condition permits consumers to use the stock market
values of firms to evaluate production plans, and unaminity can be
then‘be demonstrated.

This paper is concerned with the relationships among these

results and argues that:

1) An Arrow-Debreu equilibrium is not, in.general, an
equilibrium of the corresponding incomplete £financial
market model unless, for example, the consumption sets of
consumers are spanned by the return vectors of firms.

2) An incomplete.financial market equilibrium is not, in
general, an equilibrium of an Arrow-Debreu modél.

3) The difference between an Arrow-Debreu model and an
incomplete financial market model with spanning is that
in the latter model consumeré do not havé‘sufficient
opportunities to trade to enable them to equate their
marginal rates of substitution (or implicit prices), and
hence, fifm—specific price vectors are reqdired to guide
firms in the selection of production plans.

4) As in a complete market model ex ante unanimity results
and all initial shareholders prefer that the firm
maximize its net market value.

5) Radner's ex post unanimity analysis is equivalent to the

maximization of the market value of the firm because he

assumes that consumers use their implicit prices determined
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at a portfolio equilibrium to forecast the changes in
the market value resulting from a change in a production
plan. The analysis of Ekern, Ekern and Wilson and
Leland differs from that of Radner in that their ex post

unanimity is not equivalent to market value maximization.

II. The Model
A. Notation
To analyze the complete and incomplete market models, the
notation used by Radner will be followed. There are two dates

(1 and 2) and one commodity that may be consumed at each date.

The notation is:

I consumers, i=1,...,1
J firms, j=1,...,J
K states of the world aft date 2, k=1,...,K

SCR™ 1is the set of "state-distributions of returns' at date 2
provided by the production plans of firm82

g! = RxS is the set of returns at dates 1 and 2

y. = (y. ,(y..)) is a production plan for firm j and
J jo’ ik
YjCS' is the production set for firm j
Tep = Yipo k=1,...,K, is the return in state k for firm j,
J ¥ {s the KxJ matrix of returns at time 2 for the flrms,
and R' is the K+1xJ matrix incorporating the input at time 1
' .th
= . is the consumption of the i consumer
c; = (ey45(eq)) is P
and Ci is the consumption set
w. = (e.,(0)) is i's initial endowment of the commodity
i i
E% is i's initial endowment of shares of firm j
J

is the share of firm j purchased by consumer 1
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= ] . ' - 0
Ziy = Sijrjk is 1's portfolio return in state k

J

q' = (qo(qk)) is an equilibrium price vector in the
Arrow-Debreu model, q'E ]RK+1 » 4 (qk) € ﬂfi

p} = equilibrium stock market value of firm j's output

(or return)(yjk)

* ' . - ° .
Vi(cio’cil""’ciK) consumer 1's strictly increasing, strictly

quasiconcave, continuously differentiable utility function.

B. A Complete Market Model

With a complete set of contingent claims markets the con-

sumer has the program

e ?a?s ) Vi(cio’cil""’CiK)
ik’ 2 (845
' < o7 —i, .
S.T. q'c; 2 q'w; +‘? Sj(yjo+Pj), c; €Cy 1)

An Arrow-Debreu equilibrium is a consumption plan c£ eCi for

each consumer, a production plan jge;Yj for each firm, and a price

vector (qo,(qk)) such that c; solves (1), y? maximizes the net market
K .

value (yjo+p5) = qoyjo + kz& qkygk’ and supply equals demand in each state
. w* % .
i.e. ? Cip = ?;yjk + ; LA k=0,1,...,K. A central result of this

i j i

model is that each consumer equates his marginal rate of substitution

or implicit price guiE\<§Vi/acik4} é@i/aciﬁb)between a dollar received
in state k and a dollar received at date one to the market price

9y (qO normalized to equal 1). It is evident from the budget con-
straint that all ex ante shareholders (E; > 0) prefer that the firm

maximize its net market value,so shareholder unanimity is attained.
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C. An Incomplete Financial Market Model
In an incomplete financial market model a consumer can gener-
~ate consumption plans only through the purchase of securities. Con-

sequently, consumption is Cik - Zik? where the portfolio return Zik in

state k is given by z;, = ? 513 Ly The incomplete financial market

model may be formulated as

Max Vj(e; 52595 iR
Cio’(si')
i

<
S.T. ;o T jjsijpj Sey

Ziw ;Z S13%3k

(CiO > (Zik)) € Ci (2)

Substituting 25k into the utility function, the necessary optim-

ality conditions, given return vectors (rj), are

3V . _
i + _
dc. - Xi =0 (3)
io
oV.
i * + + .
x ——1r., - A.p. =0 =l,...,J, 4
| k azik Jk lpJ b J 2 ( )

where XI is the Lagrangian multiplier and p; is the market value
of the output of firm j in the incomplete market model. The
market value of the firm's output is thus
+ _ + % :
Py = E Pi1T gk (5)

where
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v, av.
of =1and o, === I, k=1,...,K, (6)
io ik 3231 3%

is consumer i's implicit price for a dollar of return in state k.
Since p; is a market price that is the same for all consumers, each
consumer imputes the same value to the firm even though their
implicit prices for a state k may differ.

In order to relate the Arrow-Debreu model to the Ekern-

Wilson model, Radner states that ''given the plans yg = (y?o,rg),”

ol oo )
H o
.

"L ey qr 515105 (05 :

i
solves (2) and p? = 2 q r., . An Ekern-3ilson equilibrium is not
| K k™ ik
however a complete specification of an equilibrium of the incomplete

)} is an Ekern-Wilson equilibrium' where (cio;(s;j))

market model because the firm's production plans are taken as given.
A full incomplete market equilibrium involves both the choice of
portfolios by consumers and the choice of production plans by firms,
so an equilibrium concept encompassing both choice problems is needed.
The equilibrium concept that will be employed here is that used

by Dreze [8] who defines a stockholdersf equilibrium as a Lindahl
equilibrium for firms and a portfolio equilibrium for the securities
market.4 A portfolio equilibrium is what Radner had referred to

as an Ekern-Wilson equilibrium. More specifically, a stockholders'

equilibrium is a vector



+ + + +  _+ -+ +y o+
((Cio)’ (Zik): (yJ = (on:rj))> (Si_])’ (pl)’(p_]))
such that
) +
a) et es’ for all i where pj is defined in (6) given (y5)
1

~ .

. .+ + _ + Ny -, 4+ _+
b) for all i (CiQ’(Sij)) solves program (2) and (zik) —(; Sijyjk)

¢) for all j =st, =1

i
+ - ' +
d) for all j Yj ‘éYj max1m?.zes E_yjkqjk + yjo
where q;k = f é;jpzk
e) supply equals demand?‘i.e., b2 z{? = ? y;k, k=1,...,K, épd
i :
Telo = Bey B Vg

Dreze has given conditions under which a stockholders' equili-
brium exists, demonstrates that every constrained Pareto op timum
is a stockholder's equilibrium, and that the equilibrium production

plans are efficient,

In general, a stockholder's equilibrium in an incomplete
financial market model will not be the same as an Arrow-Debreu

equilibrium because there are insufficient markets to permit the trades
necessary to equate the marginal rates of substitution among consumers.
The marginal rates of substitution are thus not equated to a price vector
q’ that can be used to evaluate the production plans of a firm. Instead,
a firm-specific "market aggregate price' vector (q}k) in (d) is used to

evaluate firm j's production plans.



In spite of these differences, ﬁhe principal results that ex ante share-
holders are unanimous in their evaluations of production plans and in
their preference for value maximization still obtain.6 Prior to demon-
strating these results, three special cases in which an incomplete

financial market equilibrium is an Arrow-Debreu equilibrium will be

considered.
Radner considers the case in which the consumption
sets of consumers are spanned by the return vectors of firms or
Ci c 8’ = RxS. In this case, the incomplete financial market model
may be formulated to show its equivalence to an Arrow-Debreu model.
. . . . . . = 3s..r.
Since consumption Zik at time 2 is given by Zik : leer, for
. . + . .
the case in which the (r.) are linearly independent ! let M denote

. . . -+ +
the JxK matrix that takes z, into Si' Since s; = Mzi = MRsi, MR = I..

Then, the budget constraint in (2) may be rewritten as

c. +% Zm..z..p. <e. + =5-(y. +p;)
io ik jk7ikT) — 71 j jYjo 7]
or
- ~i
®io T 2 %k zik—ei+jzsj(yjo+pj)’ @)

where qy = ? mjkpj' Maximizing in (2) with respect to (cio,(zik))
and using (3) yields the condition

dV. / 3V,
= . - q_ =0,
azik acio k

+ + _ + ,
Using (6) indicates that Pige = I = jimjkpj for all i, so all

consumers have the same implicit prices for a dollar received in

state k. It follows that an incomplete financial market equilibrium

is an Arrow-Debreu equilibrium.8 Given the price vector qi+ = (1,q+) =
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(1,q{,...,q;), the feasible consumption set in the Arrow-Debreu

model in (1) is the same as the feasible consumption set an incomplete

market model, so (zT ) = (2 sf. rT ) is optimal in the Arrow-Debreu
ik 3 ij “jk
. + + ,+ 4+ + 4
model. Consequently, given (rj) and q'", (cio,(zik==? iy rjk)’

(r;);q’+) is an Arrow-Debreu equilibrium. Radner has also shown that
when the consumption set is spanned an Arrow-Debreu equilibrium is
sustainable in an incomplete financial market model in the sense of
an Ekern—Wilson'equilibrium.9 As previously stated, however, there
is little reason to make the assumption that the consumption sets are
spanned.

Another case in which the two models are equivalent is when
there are as many firms with linearly independent return vectors as
there are states (J=K), since then the entire spacelli K+l is spanned.
Then, the matrix M = R- , and the argument procedes és above.

A third case in which an incomplete market equilibrium is also
an Arrow-Debreu equilibrium is when the utility function_Vi can be
represented as a separable von Neumann-Morgenstern utility function
v, = Uio(cio) +k§1 U Ui(cik) where the U; are quadratic. Mossin

(20] has shown that in this case every consumer will hold the

. + .
same proportion of every risky firm so that st = s; for all j.

10
Then, the market aggregate prices q;k are the same for all j,

since
+ + + _ o+ +

UGk T %550k T 2 %Pk T

The vector (l,(q;)) then is an equilibrium price vector in an Arrow-

Debreu model as previously argued.
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III. Shareholder Unanimity and Value Maximization

A. Ex Ante Unanimity

A central result of an Arrow-Debreu model is that all
ex égzg.shareholders (5? > 0) prefer that the net market value (yjo+ pj)
of a firm: be maximized. This result is immediate from (1),
since an increase in that value expands the consumer's budget set.
In an incomplete financial market model the same result apparently
obtains by inspection of (2), but since their implicit prices are
not the same, consumers may value proposed production plans dif-
ferently., 1If, however, the production sets of firms are spanned
by the return vectors R/, all cdnsumers will evaluate produc-
tion plans identically. This follows because for any proposed pro-

there exists numbers «, such that

duction plan (yﬁo,rg ) EYh, jh

J
v O Oy _ P .
(hoTh’ > ajh(yjo’y')' ’ : (8)

=1 J
Since the proposed production plan does not alter the set of re-
turns available to investors, consumers are assumed to act as price
takers with respect to their impliéit prices in the sense that they
use their implicit prices determined at a portfolio equilibrium, given

+  + :
the plans (yjo’ra)’ to evaluate proposed production plans. A consumer

.0 -
thus forecasts the value v;,°f the proposed production plan as

o o _ L0 + o
Yho ¥ Pih = Yho T E Pik Tphio (9)
where the subscript i on pih indicates that the forecast is made
with consumer i's implicit prices.

Given the spanning property, it may be shown that all consumers
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forecast the same value for the firm. That is, substituting Ffrom

(8) into (9) yields

(o} O _ 0 ,«- +
+ . - -?_, o F3 + <
Yho T Pin T Tho'i Pik Thk 7§ eynvo * P efi ¥ oesnTik
= + +  _+ + , +
%jh (on + f Pk rjk) = ? a.h(y.o+p.), for all i, (i«
j J J ]

where the last equality follows from (5). Since the net market
values (yjo + pj) are observable, all consumers forecast the same

value for the production plan (yﬁo,rg), so pih = th for all i and 4.

All ex ante shareholders are thus unanimous in their preferences

for production plans. Leland [18] has shown that spanning in also

a necessary condition for unanimity for general preferences, expec-

tations, and initial endowments.

To illustrate the process by which consumers evaluate pro-
duction changes, consider a variation (gho,gh) in the production plan
of firm h such that (yp ,tp) = (y;O,r;) + (g48,) €Y. Prior to
making a portfolio allocation,a consumer will evaluate the change both
in terms of the effect on the returns and the effect on his budget.

The evaulation of the wvariation in return is

+ +
and the variation in the budget depends on the change in the market
value of the firm. Consumers are assumed to forecast this value

change using their current implicit prices, so the budget effect is
i __t o o +  + -i __+ +
- . . + - - = -
Gh = %50 ®in *Vho “Pp " Vho) = Gy 7 51w (% py (B Ty ))s AL

+ .
where S;p 1s the share of the firm that the consumer would plan to
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purchase given a productimiplan(yzo,r;). The value of the variation
in return is thus exactly offset by the forecast (-s;}lilpzk(gho-kghk))
in the amount required to purchase the SIE share of the firm, since
all gains to arbitrage are eliminated at a portfolio equilibrium.
A consumer thus evaluates a variation in terms of the change
Eﬁ i)p;k(gho + ghk) in the value of his endowment. Because of
spanning all consumers have the same valuation of this change as
indicated in (10), and thus all ex ante shareholders are unpanimous
in evaluating changes in production plans.

To demonstrate the relationship between a consumer's evaluation

of a production plan and the firm-specific market aggregate price

vector (1,(qﬁk)), note that
o] + 0 _ O + 4+ .0
Yho ¥ £ 9k "hk T Yho T £ ¥ SinfikThk

= Dagytas ot =eh 2 o.rt
7 UIietE s BRIk ¥ %5ntik

T .= ot .
3 ’JhyJO-;-i S., 2 Q

s + A+
ih § Jh i PikTik

2 g (vE o4 ot
3 O('_]h(yjo + Pj), (12)

which is equivalent to (10). The firm may thus evaluate its production
plans using the prices P; established by consumers' trades in the
securities market- This evaluation is equivalent to the maximization
of the stock market value, since the right side of the first equality
equals the market value of the firm.

Mark Satterthwaite has pointed out that while the (q}k) vectors
will in general differ among firms a firm j may use any of these J

vectors to evaluate its production plans. This can be seen by using
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(qZk) instead of Qp in (12) aﬁd is equivalent to observing from (5)
that the implicit prices for any consumer can be used to compute the
market value of the firm. Consequently, given spanning, each of the
vectors (q}k)conveys equivalent information regarding the valuations

that consumers place on returns.

One special case of the spanning condition that has received

attention (see Diamond) is when any proposed plan (yﬁo,rﬁ) of firm h

is spanned by any return vector (ygé,r;) of that same firm.lL Then,

+
(yﬁo,rﬁ) = ah(yho,rZ) and the production possibility set is a ray
in I{K+1

With the price-taking assumption the proposed plan is
evaluated as pih = o p; using only the market price of the hth

firm. When this self-spanning property is satisfied and the price-
taking assumption is made, shareholder unanimity regarding‘the pro-

duction plans of firm h will obtain even if the production possibility
sets or other firms are not spanned by the return vectors of all firms.
If the firm's output is thought of as a local public good,12
the difference between an Arrow-Debreu equilibrium and an incomplefe
financial market equilibrium becomes evident. A Lindahl equilibrium
in an economy with public goods involves a personalized price (for
each public good) for each consumer, and in an incomplete market
model the corresponding personalized prices are the implicit prices
which may differ among consumers. Firms that produce public goods

seek to maximize the value of their output of those public goods using

the sum of the personalized prices to value the output (Roberts [23]).
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In an incomplete market model the firm maximizes its value using the
weighted sum of the implicit prices where the weights are the share-
holdings as indicated in (d). 1In general, these market aggregate
prices are different for each firm, but with spanning they each convey
the same information regarding consumers' valuations.

B. Radner's Ex Post Unanimity

After consumers have had an opportuunity to trade shares for
a given set of proposed production plans and the input has been made,
the preferences of ex post shareholders (SIj > 0) are relevant in
guiding the firm. If shareholders use their implicit prices in (6)
to evaluate changes in production plans, all ex post shareholders
can be shown to be unanimous in their preferences regarding local
changes in production plans. If y; + tfh €Yy, for some t small, is

+ +

a proposed change in production for firm h and 25 + tsihgh is the

corresponding consumption for consumer i at time 2 where fh = (gho,gh),

R T
the investor will prefer the change if Epik(zik+tsihghk)>

Ep-f-z-f- ori

k "ikTik?
+Z+ 0
tSih i Pik8hk = V-

The spanning property implies that theré exist (qjh) such that

+
= Z i.e., that
gh J qj hrj s 1L.€., a
+ + = tsh + + _ .+ = R
Sin ¥ Pik8hk ~ “Sih [ fik T %jnTjk T tSip 3 %jh k PikTik

+ T
ts.,. = ¢. T,
ih j OLJth

+
All ex post shareholders (sij > 0) will thus unanimously approve or

disapprove the change if ? Gjhpg is positive or negative, respectively.

As Radner indicates, after the iunput ygo is fixed, ex post
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and ex ante shareholders evaluate production plans similarly.

When a consumer uses his current implicit prices to forecast
the market value of the firm as in (9), the condition in (13) also
implies that all ex post shareholders prefer that the market value
of the firm be maximized, since the change pﬁ in the market value

for the proposed production plan is evaluated as

P]g . i p-{k " (14)
An ex ante shareholder who uses his current implicit prices p; to
evaluate the production plans thus prefers a variation &n that
has the greatest market value.

C. 7The Market-Value Forecasting Assumption

In the incomplete market model, the price-taking assumption
that consumers use their implicit prices established in a portfolio
‘equilibrium to forecast changes in the market value of the firm is
necessary for thé unanimity and value maximization results as
indicated in (1l), but this assumption may not be a reasonable one.
In a complete market it seems more reasonable that consumers use
their implicit prices to forecast changes in the market values of
. firm, since each implicit price is edual to an observable market
price. The argument for the forecasting assumption in an incomplete
market model is weaker, however, -since implicit prices differ among
consumers. The basic argument is that since a proposed production
plan does not alter the space of returns available in the market,
consumers will be willing to use their portfolio equilibrium

implicit prices to predict the change in market values.
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ol N
rAY

But, for example, if the return wvectors rys-..,Ty are linearly

independent and firm h proposes a change from r; to such that ry

X * * *
is not linearly dependent on rI,...,rh_l, N AT the space of
available returns may be different and the forecasting assumption
may not be reasonable. Ekern and Wilson and Leland, however, provide

an ex Eost'analysis that establishes unanimity when the forecasting

assumption is not made.

D. Ekern, Wilson and Leland Ex Post Unanimity

Ekern, Ekern and Wilson, and Leland [17] do not make the price-
faking assumption, so consumers are not assumed to use their portfolio
equilibrium implicit prices to predict the value of the firm resulting
from a proposed change in a production plan. 1In order to procede
further in this case, they make the additional assumption that trzdes
‘have already taken place in the securities market so that consumers

hold an optimal portfolio, given the currently proposed production
N A

jo

to trade shares and E; = szj for all j, so changes in the value of the

+ .
plans (yj)(w1th y. = 0). Consequently, consumers will not prefer

firm do not affect the consumer's budget set. From (2) evaluated
at a portfolio equilibrium the consumer will prefer a change in the

production plan of firm h from r; to r; + tgh € Yh if and only if

the value of the return for that firm increases, since the budget

effect in (11) is zero. The change in the market value of the firm

h does not affect the shareholder in this case because any additional
+ ..

cost of purchasing the Sihshare is exactly offsec by the additional

) —1i ) +

income from the sale of the s, share. An ex post shareholder (sih > 0)

h
thus prefers the change if and only if
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s;ht z pik Bhk > 0, t small
k

The spanning property may be used as in (10) to show that the sign
of this term is the same for all consumers.

While the valuation is the same as that’in (13),
maximization of the market value of the firm, however, is
not implied‘in the Ekern-Wilson-Leland model because consumers
are not assumed to use their current implicit prices as in (13)

to forecast the change in the market value of the firm. The forecast

of the change Apg in the market value is given by
t _ + +
bpy = € Z ojphk T E SoixBpie

where Api denotes the change in the impiicit prices. As Leland has -

shown, ex post shareholder unanimity is not in general equivalent to value
maximization unless the implicit prices are unchanged. The ex post
analysis of Ekern, Wilson, and Leland is thus of a different nature

than the ex post analysis of Radner.

Given that shareholders do not prefer that firms maximize their
market values, the definition of an incomplete market equilibrium
must be revised. One definition of an equilibrium in this case is
to use a stockholders' equilibrium with E; = sIﬁ and with condition
d) replaced by

d’) for all j, y; is such that there exists no direction

gj and no t > 0, t small, such that y; +_tgj € Yj and

> q.

... > 0,
k Jngk
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This condition implies that at an equilibrium no firm can find a
(small) feasible change in its production plan that will be pfe-

ferred by its ex post shareholders. Spanning assures that all

ex post shareholders evaluate the production plan identically.
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*The author would like to thank Mark Satterthwaite and an ananymous

referee for their comments.

1. In addition to the papers cited below, the incomplete market
methodology has been applied in papers in the study of inter-
national trade by Helpman and Razin [15], Baron [3], and
Baron énd Forsythe [5], in the theory of the firm by Leland
[16], Baron and Taggart [4], and Dreze and Hagen [9], and in

finance by Baron [2], Hagen [l4], Milne [19] and Nielsen [21].
2. See Ekern and Wilson [12,p.l1l75].

3. If preferences satisfy the von Neumann-Morgenstern axioms,

the utility function may be expressed as

K
Vi(Ci000100 0 0a4) T Z ik Ui (ei05CiK)
where Uik(cio’cik) is a state dependent von Neumann-Morgen-

stern utility function and Tk is a subjective probability.

4. Dreze refers to a Lindahl equilibrium as a pseudo equilibrium

and a portfolio equilibrium as a price equilibrium.

A + + L. . . + + +
5 =Z = .
. The condition ? 25k ; yjk is implied by c¢), since Zop ? siijk,
qun S . . . +  _ + +  _ 1
and summing over 1.y1e1ds Z 251 ; (? Sij) yjk = yjk'

i j 1 J
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One difference between the two models is that in an incomplete
financial market model consumers must know the state distribu-
tion of returns for a firm iﬁ order to determine their pre-
ferred share purchases, while in an Arrow-Debreu model con-
sumers are indifferent to their share purchases.

1f the (rT) are not linearly independent, the argument pro-
cedes in the same manner using the maximal linearly independent

subset.

The author wishes to thank a referee for this argument.

Radner shows that an Arrow-Debreu equilibrium is also an

Ekern-Wilsm equilibrium in the sense that given the equilibrium

x s % %
outputs y. = (yjo,rj) and the stock market value vector (pj),

J
there exists a portfolio (S£j) for each consumer such that (sgj)
solves the program (2) and Zoy F z sij rjk equals Cip for all

k and 1. Given (y;) and the Arrow-Debreu stock market prices
(pg), the budget set in (2) is the same as that in (1). Also,

‘because C; is spanned by R’, every feasible consumption vector

in the complete market model will be feasible in the incomplete

ot

market model. Since c{ is feasible and preferred, it is also
optimal in the incomplete market model. The consumption Cin

of consumer i in state k for any proposed production plan (rj)

will be = s-f-.r.k = Czk' Summing over i and noting that

rjk = yjk yields
+

= (= s..)yjk = ? yjk =2 Cipo k=1,...,K,

PIEDY sT.r.
. e 1]
J 1 J 1

ij ijT ik
so the markets clear in each state when the (szﬁ) satisfy

=st. =1 for all j.
i



10.

11,

12.
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Ekern and Wilson make the same cbservation, p.l73.

Spanning in many of the incomplete market models also requires

a risk-free security.

The firm is a public ''good" to shareholders (E; > 0) and

public '"bad" to short-sellers (E} < 0).
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