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L. 1Introduction

This paper describes and analyzes a simple model of optimal human cap-
ital formation when the retirement period is included as & choice variable.
The problem that the representative individual is assumed to face is the

choice of a plan which maximizes the present subjective valuation of consump-

tion, leisure and human capital. The plan consists of a composite of market

commodities and an allocation of effort among three competing activities of

human capital formation, work and leisure. The enquiry proceeds with a study

of the comparative dynamics, i.e.. the response of the maximizing plan to a

change in the environment. In particular, the school leaving age and the work

leaving age are the choice variables which undergo the comparative dynamics

analysis.

As in earlier studies, the model is formulated as a problem of optimal

control. So that the problem is well defined, four requirements are imposed

upon the structure of the model. These four requirements establish the pro-

gram of analysis. First, the maximization problem should not be vacuous:

the conditions of the model should be sufficient for the existence of at

least one maximizing plan of action. Second, those candidate plans which

satisfy the necessary conditions for a maximum can be given a complete

characterization. Third, those plans satisfying the necessary conditions

should be the maximizing plans. Equivalently, the conditions on the struc-

ture of the model should limit the search for a maximum to the plans satis-

fying the necessary conditions. Fourth, the structure of the model should

be sufficient to provide qualitative information on the response of the

individuals' demands for human capital and retirement and the supply of



services in the labor market. It is worth noting that for the model of this
paper the sufficient conditions for a global maximum prove to be decisive

in determining the amount of information that can be obtained from the com-
parative dynamics.

The inaugural paper by Ben-Porath [ 2 ] studied the human income max-
imization problem and his concern was primarily with the time profile of
human income generated by such a hypothesis. Two independent researches
completed at about the same time by H. Oniki [6a ] and E. Sheshinski | 8 ]
also studied the problem of human income maximization. 1In a recent article
in this journal, Blinder and Weiss [ 1 ] offer an extensive analysis of the
plans satisfying the necessary conditions in a model of utility maximization
of consumption and leisure with the possibility of engaging in scheooling and
on the job training in order to affect the future human income stream.

This paper takes as its point of departure the work of H. Oniki; the
model described in this paper incorporates the essential structure of Oniki's
model as well as Sheshinski's. The entire analysis relies heavily on the
comparative dynamics results developed by Oniki {(6a,6b}. Because the model
of this paper incorporates Oniki's structure, reference to his work should
be made by the reader in order to compare the results of the comparative

dynamics in this paper to his model of income maximization.

II. Outline of the Paper

Section IIL of the paper describes and analyzes a model which satisfies
the four demands enumerated in the introduction. It is hypothesized that
the individual has two motives for accumulating human capital; the first is

the standard hypothesis that addition to the stock of human capital will



augment future potential income and the second hypothesis is that the agent
has direct preferences on the stock of human capital. Although the model
imposes severe restrictions on the extent of the coverage of the admissible
economic behavior and is far less general than many of the models in the
literature, the model does make the retirement decision endogenous to

the problem and destroys the usual separation of the utility maximization and
wealth maximization problems. Therefore, the qualitative properties of the
model include income terms as well as pure substitution effects.

The main restriction imposed upon the model of Section III is that
effort and the stock of human capital enter in a symmetric fashion in the
utility function, the wage function and the production function for human
capital. The second restriction imposed upon the structure is that for a
fixed amount of human and physical capital effort enters in a linear fashion
in the three activities of utility, income and human capital production.
This formulation rules out the possibility of a positive demand for leisure
during schooling and work and rules out the possibility of part-time work
and schooling. The choice of the functional form has been dictated by the
fourth demand listed in the introduction. Although the other three require-
ments would allow for a much richer economic coverage, and hence a less
restrictive model could have been presented, the strategy is to defer until
Sgction IV the discussion of the possible generalizations and alternative
formulations, in particular, models which exclude direct preferences on the
stock of human capital. For example, the model of Blinder and Weiss after
some minor modifications of the constraint sets satisfies the existence

theorem stated in Section IIT and they have exhaustively demonstrated that
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the second requirement of the introduction, a complete characterization of
the necessary conditions, is satisfied. However, the third requirement that
the paths satisfying the necessary conditions are in fact maximizing has not
been shown to be satisfied and the fourth requirement, as they seem to indi-
cate, has little chance of being met.
Section IV provides some discussion of extending the specifications of

the model and the difficulties to be encountered if the model builder wishes
to maintain the requirements set out in the introduction. However. positive

suggestions for extending the structure of the model are included.

ITI. Description of the Model and the Analysis

The agent chooses a lifetime consumption plan of market commodities,
0 < c(t), leisure, 0 < Y (t), effort allocated to the labor market, 0 < B(t),
effort allocated to the production of human capital.,c« (t). and a stock of
human capital, E(t), so as to maximize over the finite planning period,

T 1
[0, T}, his lifetime subjective valuation, V(T) = I e hT {u(c(r)) +
"o

y(7J uz(E(T))}dT, subject to a wealth constraint, i = rA(t) + B(EYW(E(L)) - c(t)
and a production constraint on the accumulation of human capital,

é(t) = a(t)G(E(t) - wE(t). A(t) 1is the value of physical wealth at date ¢t

r 1is the return on physical assets. B(t)W(E(t)) is the human income

obtained by offering the amount of effort § and the stock of human

capital E in the labor market. «(t)G(E(t)) 1is the gross addition at date t

of human capital when the amount of effort, u(t), is combined with the stock

of human capital E(t). , is the rate of depreciation of the stock of

human capital and § tle subjective rate of time preference. All functions

are assumed to be increasing in human capital. The agent begins the plan
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with an initial stock of physical wealth A(0) and of human capital E(O0)
which is assumed to be non-negative. There is no occupational choice and
the features of his environment relevant to his choice of an optimal plan
are known to him. All functions are continuous and differentiable functions
of their arguments. A variable subscripted by a second variable represents
the partial derivative of that variable with respect to the second.

The formal statement of his probiem is to maximize

(1) v(T) = _rTe'f’T fule) + wi(E))dr

o

subject to

2) A

=r A+ BW(E) - ¢,
(3) E = «G(E) - pE,
(4) AQ0) = A

(5) A(T) = 0,

(6) E(0) =E_ >0,

(7) 02 v(t), O0<B(t), 0<c(t) , O« a(t),
(8) y(t) + u(t) +B(t) <1 and

(9) c(t) « K< w

A. Existence of a Maximum

The decision maker's problem is to choose a feasible vector, b1 = (c(t)),
v(t), B(t), a(t))such that V(T) is a maximum. The first consideration is
to establish that the set of maximizers is non-empty. This section lists

conditions that insure the existence of at least one maximizing vector of

controls.

It is assumed that the utility function, wage function and production

function are all continuous functions of the controls and states variables
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for fixed t, the controls are measurable functions of time and the utility
function is concave in consumption of market commodities.

The set
(10) By(t:A,E) = b, € R* : 0 <Sb,at+Brygl, 0<e(t) SK<e, VI(EAEN
is clearly compact for every (t,A,E) and upper-semi-continuous

in (t,A,E) since it is constant on (t,A,E).

Let

2
(11) B, = {z = (2,5 z,) € R : z) = TA + BW(E) - ¢, z, = aG(E) - yE}
and then

(12) M = {(t,A(t), E(t), by(£)): t ¢ [0,T], by & B, (A(r) , E(t)) € B,}
is a compact set. This is easy to verify given that By is compact and

taking account of the initial conditions (A(0)., E(0)) and the terminal

condition A(T) > O.
t

Given the assumptions of continuity of the utility function for fixed
in the state variables and the controls and the assumed continuity of

the differential equations then the vector wvalued function

e g e s e s

(13) £ = (fo, fl, fz), where

ul(c) + v uz(E), f1 = rA + BW(E) - ¢ and

Hh
]

laal
]

GG(E) - QE:

e e
N

is continuous on M.
. 1 . . . . -
Assumption O . u'(c) is concave in ¢ and increasing in c.

Finally, with assumption O it is immediate that

~

3 1 2
(14) B3 = {z = (zo, 21, 22) € R zo < u (¢c) + yu (E) -
z = (21. 22) € Bz

is a convex sct.
Theorem 1 (Cesari { 3 ]1). 1If 10-14 hold, then there exists an absolute

maximum for the problem (1) - (9).




B. Necessary Conditions for a Maximum

Having considered sufficient conditions for the existence of a maximizing
control vector in the previous section, this section deals with conditions
which must be satisfied by a vector which is a maximizer. New variables
introduced as a consequence of the necessary conditions are given an economic
interpretation.

It is not the case that only vectors of controls which are maximizers
satisfy these conditions. Rather the necessary conditions only isolate potential
candidates for optimality. With the exception of certain special cases, the
necessary conditions are not sufficient for a maximum. 1In section IV two cases
of sequences of activities which do satisfy the necessary conditions but are
dominated by a third feasible activity are mentioned. The difficulty
is that the formulation of the structure of the problem which does possess com-
putational convenience, allowing the comparative dynamics to be carried out. is
not. in gencral. of the convex-concave programming variety.

The characterization of the possible sequences of maximizing behavior is

postponed until the discussion of sufficient conditions for a maximum is

concluded.

< e e

Given a maximizing vector, bI = (a*, B"; Yﬂ, c*), for the problem
(1) - (9), the Maximal Principle of Pontryiagin et al | 7 1 asserts the
existence of continuous, piecewise continuously differentiable functions of
time, \l(t) and \,(t) and piecewise continuous functions of time

e

ﬂl' 5 03, 64, 95. where b1 maximizes the Hamiltonian:




(15) H (A(t), E(t), a(t), B(t), y(t), c(t), Xl(t), I\Z(t)’ el(t):---; es(t)) =
Bl ey + v’ (B) + Ay [TA + BW(E) - c] + A, [aG(E) - uE]

+ 91 [e-k] + 92 c + 63Y + 94a + 9531

and (Kl(t), xz(t), A(t), E(t)) are solutions to the system.

16) () = - B o oy,

(17) >.\2(c) = - %g = - NBWL - aG, - Yué + A, (5 Fn)

(18) A = rA + BW(E) - ¢ and

(19) é = aG(E) - pE .

The solutions to system (17) - (19) satisfy the transversality conditions:
(20a) A(0) =4 » (20b)  »(T) A(T) = 0 and

(21a) E(0) = Eo , (21b) hz(T) E(T) = 0

The piecewise continuous functions ei’ i=1l,...,5 are continuous at points

of continuity of bl(t) and satisfy the conditions:

(22a) 8, <0 (22b) g le-k] =0,

(23a) e, >0 (23b) g,c =0,

(24a) 84 >0 (24b) g4la +B-1]1 =0,
(25a) g, 2 0 (25b) 6, a = 0 and

(26a) 9. - 0 (26b) BB = 0, ¥t ¢ [0,T]

Remark: For a maximum, the constraint a + f + y - 1 must be satisficd with

cquality because preferences are strictly increasing.

TT——
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Assumption 1: O<c*(t) <K, ¥V t .

Assumption 1 implies that 8, = 92 = 0 and imposes no real restriction
on the analysis other than the requirement that for the choice K, there exists
a positive valuation on physical capital. 1In effect, the transversality condi-
tion is binding in an economic sense.

By means of the methods developed by Oniki [ 6b 1, the variables, (kz(O),

N

h;(O), f{(t), K;(t)), may be given an economic interpretation. The superscript

. o

% * * % *
indicates that these are the equilibrium values. ILet (@ , B, ¢ , E, A ) be
a maximizing vector for the problem.

Define

o
W

1

- % * % % T3
5t [tA” + 8 WE) - ¢ - A1

v * 2 S
(27) H (t) = Fg e {[ul(c )+ u (E D)y 1 dr + N

+ )\.‘2 [CI,K G(E) - “.EA -El3 dr.

call H (t) the total utility or wvaluation at ¢t . Hx(t) is no longer a

functional and with respect to changes in the parameters (A(0), E(0)). one

obtains after integration by parts :

M (t *
(28a) SKYéSl = Kl 0 and

ta

OH (t) _ S

(28b) E(0) =N

Therefore, the initial value of the co-state variable KI(t) is cqual to the
increment in total utility at date t of an additional unit of initial

physical wealth holdings. Similarly, the initial value of the co-state variable,

\;(t), is equal to the increment in total utility at date t due to an addi-

tional unit of initial human capital holdings.
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Let AA , a real number, represent a shift in the right hand side of the
differential equation Z. This perturbation may be due to shifts in the wage
function,changes in the rate of interest for fixed (c, B, A, E) or changes
in the length of the working period, and let Ap also a real number, represent
an adjustment to the right hand side of %. This perturbation represents an
exogenous adjustment in the production of human capital for a given (x,E). In
any case, call the effects of Ay and éE a change in the capacity to produce

physical and human wealth, respectively. Let and 6E be real numbers

5
sufficiently close to zero and append YN and AEGE to the right side of

[»] o]
A and E. Then, assuming the conditions of Oniki's theorems are satisfied, we

obtain respectively:

292y LLLE) _ pE " 4 41 and
36 oM %

bﬁ*gt)
b

(29b) N agdr, for fixed (a, B, c, A, E)
(o]

Each expression, in turn, may be interpreted as the marginal total utility

of a change in the capacity to produce physical wealth and human capital.

Letting AA = AE = 1 and differentiating with respect to t,
2 %
O°H (t %
3 = A
(302) 5= 1 (6)
A
and

o
<

32 %
(30b) %E%Ségl = A (E) .

The co-state variable associated with the accumulation of physical wealth is

i

equal to the instantaneous marginal utility of a unit change in the capacity

to produce physical wealth. The second expression may be given a similar

interpretation in terms of human capital.
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If both right hand numbers of the System (A,E) are perturbed in a manner
%

which preserves the original value of H' , the ratio

(31) = )-.Z(t/«\l(t)

may be viewed as the rate of transformation of one unit of human capital stock
into one unit of physical wealth; ) is in money units. This discussion will
prove useful in interpreting a number of the terms produced in the study of the
comparative dynamics.

The Hamiltonian (15) is assumed to be continuously differentiable in the

- * %
vector (u, B, c¢). Therefore, a maximizing vector (o , B , ¢ ) satisfies the

following system of first order conditions:
(32a) u - & =0

. 2 -
(30)  -u” + MH(E) + 64+ 08 =0

2. R _

Where 84> i =3, 4, 5 satisfy the inequalities (22) - (26).
The necessary conditions admit seven possible maximizing paths and their
combinations. The classification of the paths will become clear in the sequel.

The seven possibilities are:

BI 0<«<ca, =20
BII 0<a, 0<B

BIII 0 = a, 0 < B
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C y =1
a =20
B =20

The event A has no time allocated to consumption activities (y=0) and a
sequence of cducation, education and work, and»all time devoted to work. The
event B represents a positive consumption of leisure and the same sequence of
allocation of effort between work and education. C is a period of retirement.

Under B the system of necessary'cbnditions becomes

1 -
BRI uC - Xl =0
P (E) + MW(E) = - 0. - 8
v 1 5 3
2 . . — -
-u (B) + hZG(E) = - 93 - 64, where 93 =0 = @4
Ll = - (r-&))\.1
i = N G, - 2 + (u+s) N
Yo T m Ny @ bp s yug T QEDA,
A=rA -c
E = G(E) - pE
1 . =
BII uc N 0
—u? FW(E) = -6, -0
| 3 5
2 - - - -
-u (E) + KZG(E) = -93 64 where 93 =0 94 65
Kl = - (r-é).f\1
.\=—>\Bw—>\aG-2Y+(g+5),\
2 1" T "2 g T Y 00
E = aG(E) - pE
A = rA + BW(E) - c
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BITT u1 -, =0
c 1
2 -
-u (E) + K1W(E) + 93 + 95 =0
2 . - -
-u (E) + XZG(E) + 93 + 84 =0 where 83 = 85 =0
kl = - (r-c)x1
= BW_. - 2 vy + (ut+8)”
2 17" 7 PE AR
A =TA+ BH(E) - c
é = - uE

The system AT, AIT and AITI differs only with respect to the values of the
variables ei which can be determined from (22)-(26).

The necessary conditions for event C are:

1
- X =
C uC M 0

2E) + A W(E) +6,. =0
v ™ 5

2 E) + A, G(E) +6, =0
-u ( ) ;‘2 ( 4 =
Kl = - (r—c)kl
W= 2 + + g)X
A R G PR
A =rA - ¢c
E = - wE

Upon combining the second and third static efficiency conditions for
AT, AIT, AIIT and BI, BIT and BIII, the following allocation rule for

effort between the activities of attending school and working is:

(33) FI(E(t), MU(E)s M (E)) = A (E)W(E(E)) - A (B)G(E(E)) T 0

V 1A
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As ¢« =1 and B =0, >3, and B>0, o =0 and B =1 for
vy =0 and as « >0 and B =0, wa>0 and B >0, = =0 and

B>0 for y>0.

1 1 .
In every case u, = hl and by assumption u_ > 0 implying Ai(t) >0

implying al(t)‘> 0 for every t. Therefore, Fl may be written

(33a) Fl = W(E) - AG(E) 0
and
dhn _ . _ _ T _ -
(34) ac =~ WEB [CLGE pIN + (r-gc) M qu

()

. 1 . . . . ; \ .
The mapping F,, its time derivative and the variables (*,E) characterize
completely the allocation of time between the activities of work and education.

Recalling that » = X /X

5 has the measure of '"money wvalue per unit of the stock

1
of human capital" and recognizing that X(t) 1is the present worth of the
addition to the stock of human capital in money terms at date € , Fi may be
interpreted as the difference in the marginal cost (W(E) - foregone income at
date t) and the marginal benefit in dollars (AG(E)) of devoting an additional
unit of effort in school.

The transversality conditions on Xl(t) and xz(t) imply that A(T) =0 and
kz(T) = 0. Assumption 1 implies xl(t) > 0 for all t and by assumption
E (0) E;O. hence E(T):; 0. The economic interpretation for the necessary
condition that KZ(T) =0 1is that the use of time in the production of
human capital has no value at the terminal time because the rewards can be
obtained only by consumption of the stock or employment of the stock and the
allocation of effort to produce additions to the stock of physical wealth.

Therefore. no time is allocated in the final period to production of human

capital.
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If, on the other hand, the activity of producing human capital were a

consumption good, then the consequence of the transversality condition KZ(T) =

no longer ensures that no time will Pe allocated to the production of human
capital. 1In this case, the shadow price reflects only the additions to total
utility of an additional unit of the stock and does not include the instant-
aneous benefits of the activity of producing human capital.

The transversality condition Kl(T)A(T) =0 and A(T) =0 has a natural
interpretation as well.

Recall the assumption that the optimal consumption plan for every t is
assumed to satisfy 0 < C(t) <« K and it is assumed that larger quantities are
valued over smaller quantities of consumption goods and physical assets have no
utility value. Hence, the utility value of physical wealth is zero at the end
of the planning period but the utility value of consumption is positive as
reflected in the positive marginal utility of consumption. Therefore, the con-
sumer chooses a plan of consumption which exhausts his wealth.

The transversality condition excludes any phase (in this case AI, AII, BI,
BII) having any effort devoted to education as a final or terminal phase. 1In
each of these cases Fi(T) < 0 which requires W(E) < 0. That is, the marginal
cost must be non-positive but by éssumption W(E) > 0. For the events AIII and
BIII, Fi (T) > 0; therefore, working is an admissible final phase. The
retirement period is admissible as well.

Switching between work and retirement is characterized by:

(35) FAE@), M(0) = u (@) - A (DWED) Z 0

During the work period, Fz(.) < 0 and during the retirement period
5
F7(t) > 0. 1In this case the interpretation is straightforward; the decision
maker allocates his additional unit of effort to that activity which augments

the instantaneous utility by a greater amount.
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C. Sufficient Conditions for a Maximum and the

Characterization of the Maximizing Plans

So far no reference has been made to the assumptions of concavity of the
wage, production and utility functions with respect to E . The Kamien-
Schwartz sufficiency theorem [ 4 ] asserts thét if the Hamiltonian after a
choice ol controls which maximizes the Hamiltonlan i concave in the state var-
fables. for a [ixed Al and Az . then the necessary condilbions For a maximum
are sufficient as well. The purpose of this section is to demonstrate that if
this sufficient condition is to be employed, it is necessary that the utility,
wage and pfoduction functions be identical and concave in E . Except for this
special condition, concavity of the Hamiltonian after insertion of the maximiz-
ing values of the controls is incompatible with a sequence of schooling fol-
lowed by working for example. Because the terms involving consumption depend

only upon A, and physical assets enter in a linear fashion and the term des-

1
cribing the rate of depreciation of human capital does not involve the controls,
these variables may be neglected. Further, it may be assumed that leisure is
zero without any loss of generality.

Recall that the switching function Fi =W(E) - NG(E) partitions the
space (A, E) into tﬁree sets representing full time schooling, full time

. . 1 .
work and part time schooling and work as F, 1is less than zero, greater than

A
zero or equal to zero.

1
For example, F, = 0 may be represented as:

A T

>

(=]

H
i
i
v

Figure 1
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Again without loss of generality assume that W(E) and G(E) are concave
functions of the stock of education. For example, dt the moment of switching
from full time schooling to full time Qork, Fi =W(E) - MG(E) =0 and let
(Ef k*) be the pair of points satisfying this relation. 1In order to employ

S e - % 7 %
the Kamien-Schwartz theorem, Hr = W(E‘) (1-&4) +a k‘G(E ) must be concave

in E for fixed » where a 1is chosen to maximize the Hamiltonian.

1
F, =0
. /\ /\ /_ !
I = - ‘>
L v A T
£ £l £ £ £>
Figure 2

Therefore, the maximizing Hamiltonian for fixed *» as a function of E has

the following scalloped shaped, i.e., the Hamiltonian is quasi-concave:

SAAL
pe)
}‘G(E‘) /
; T S
£° gl £ * E ¥

Figure 3
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Notice that the slope of the curve Fi =0 is —= = % {WE - AGE} ;

therefore, a work period preceding a school period requires WE < KGE and a
school period followed Ey a work period demands WE 2-kGE. In general, the
maximizing Hamiltonian is not concave. The single condition which insures con-
cavity of the maximizing Hamiltonian is that W(E) = G(E) and the function be
concave in E. Therefore, Fi =0 1is independent on E. An example which
does not satisfy the condition is when the wage function is concave in E and
the production function depends only upon effort for accumulating additional
gross units of human capital.

Similarly, in the case of a switch from all work to retirement, the switch-
ing function is

2

F = uz(E) - KIW(E) S 0, where F2 < 0 represents the working

period and F2 > 0 the retirement period.

Figure 4

and the Hamiltonian has the form
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L{" (Yﬂ —

T4

Figure 5

However, if uZ(E) = W(E), then as in the case of switching from
schooling to work, the Hamiltonian is concave in E. As in the case of
schooling, if the utility function were independent of E, the Hamiltonian
would not be concave in E. What this exercise demonstrates is the necessity
of the requirement that uZ(E) = W(E) =G(E) 1if it is to be assured that

the paths satisfying the necessary conditions are in fact the maximizing ones.

Assumption 2. u2(E) = W(E) = G(E) and the functions are concave in E.

Assumption 3. r > §

Given these two assumptions, there is no part time work and schooling
nor is there a positive demand for leisure during either the working or

schooling periods. If there were a positive demand for leisure during the
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working period, it is necessary by (32b) that

w2 - W(E) =0 on te [, €] T#E.

By assumption 2, this implies that Xl must be constant on this interval
which is impossible given assumption 3. Similarly, once the work - leaving
age is reached, the individual never returns to work at a later date.

If there is a positive demand for leisure during the schooling period,

it is necessary by (32¢) that
2 -_— == am— =
u (E) - >\2G(E) =0 on te [t,e] T #T.

By assumption 2, this implies that kz(t) must be constant on this interval
implying that E(t) is constant. Therefore, kz(t) is constant for all ¢t

and the transversality condition cannot be satisfied.

The case of part time work and part time schooling is best studied by

analyzing. (33a). 1In this case, with assumption.Z, F} becomes
1 _ =
(36) F, =1-XZ0

For the case of part time schooling and work,

(ad]

A=0 on te [E,E] €# and

(37)

l
o

- - ) + = . =
WE B GECL\ + (g r)A WE +(utr) A

(37) 1implies that E(t) 1is constant on this interval and hence constant
over the entire planning period. Because X (t) =1, the transversality

condition A(T) =0, i.e., XZ(T) = 0, cannot be satisfied.

The next assumption proves to be sufficient to rule out cycling

Assumption 4. Let E(T) =‘rT G(E(T)) dv + E©. Then for all E(t) < E(T),
o
G(E(t)) - pE(t) > O
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Two cases of cycling need to be investigated. Consider the possibility of work -
school - work. » must be positive during the working period. This implies
that

n o= - WE + (u+r) >0 and at the moment of switching G(E)N = W(E).
Therefore, for the first instant of schooling X =(—GE + 4 + r)\ is positive.
By assumption 4, é is non-negative during schooling and by assumption 2
GE(E) is a non-increasing function of E. Therefore, X is positive for
all t and a period of work is not possible and the transversality condition
cannot be met. However, it is possible to have a sequence of work followed
by schooling followed by retiremént. In this case X is positive during
schooling where i = -GE + (w + )N but this does not imply that x = -GE +(p+6)K2
is positive. 1If it were positive then such a sequence would not satisfy the

necessary conditions. .

The next proposition collects the results of subsections A through C.

Propositionl. If assumptions O through 4 hold, then a solution to (1)-(9)
exists and those plans satisfying the necessary conditions are
maximizing plans. The sequence of activities which may satisfy
the necessary conditions are: AI - AIII - C, AIII - C, AL - C,

Al - AITI, AIII - Al - C, AIII, C.

D. The Results of the Comparative Dynamics

The goal of the analysis %s to obtain information about the adjustment in the
choice variables due to changes in the parameters of the system by employing

the theorem of Oniki [6b]. Only the results of the computations are reported and
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because of the length of the theorem a statement of it is omitted. However,

a brief heuristic discussion is offered.
A review of the necessary conditions reveals that there are two variables
left to be determined; the initial values of hl(t) and kz(t). Each of the

state and co-state variables are continuous, differentiable functions of

17 .3 and the parameters, 6, of the system (1)-(9). Furthermore, the
switching functions

(33) F1

il

w(E(tl)xl(tl) - G(E(tl)xz(tl) =0
and

(35) F

CEED) - A EDREED) =0

determine respectively, the school leaving age and the work leaving age [as

functions of the initial values of the co-state variables and the parameters.]

(o]
1)

is left to be determined is whether the initial wvalues can be written as con-

i i i i ' R
Therefore Fl(E(t ;x°,xg,e), Xl(t ;Kg,e), Xz(tl;k kg,e)) =0, 1 =1,2. What
tinuous and differentiable functions of the parameters in some appropriate
neighborhood of 8.
Furthermore, the analysis will require information on the adjustment in the initial
values of the co-state variables when parameters and functions shift; that is,
knowledge of the signs of the derivatives
o o
N
dkl d 5

TET and ?ﬁ— .

In order to obtain this information, use is made of the consequences of the
transversality conditions for a maximum. In particular, the solutions of A(t)

and Kz(t) must satisfy at the terminal time T:



A(T x?, x;,e) =0 and
hz(T;Ki,Kg,e) =0, where 6 denotes an ™ -dimensional
vector of system parameters.

Both the functions A(-) and Kz(-) are continuous and differentiable

functions of 29 and XO. If it can be established that the Jacobian of the

1 2
vector valued function (A(-),Xz(-)) with respect to Ki and KZ is different
from zero, then by the implicit function theorem the initial values Ki and

k; are unique, continuous functions of 6 having continuous first derivatives
in some neighborhood of the vector 8 . As in the case of the static maximi-
zation problem, the sﬁfficiency condition employed here provideé the necessary
sign conditions.

If the Jacobian is different from zero, then by the chain rule theorem

we have:

I A TTa°] [Tam ] [ ]
A(T)‘ o (T)O 1 ( )6

A >\. 5~

1 2 ds

+ = 0

\., (T) M. (T) ar° (1)
2 o '2( o) 2

A A 8
L 1 24 L dg L . L. -

2 x2 2 xm 2 xm 2 xm

where m 1is the dimension of the vector 8.

Upon inverting the matrix,

>\2(T)>\O -A(T)\o -A(T)e

' 2 2

o dkc{ -

B —>\2(T)>\O A(T))\O -LZ(T)

1 1

A(T A(T

dkg ( )Ko ( )Ko

< 1 2

kZ(T)Kn -KZ(T)KO

1 1




2=

Calling the determinant in the denominator

(38) H = A(T) (D) - M(D A
%1 Kz Kl Kl

then with the exception of A(T)e and NZ(T)e, all the elements of the matrix
have a known sign. The sign restrictions are obtained as a consequence of

assumption 2 and from the transversality conditions.

Here we list the results of the initial computations and indicate the
various sign restrictions implied by the assumptions of the model.
The switching function

1 A
(33) F~ = KIW(E) - KZG(E)

is negative during the school period, zero at the moment of switching and
positive during the work period. Therefore,

1
A dF -1 1 1 1 1
(39) qr - F T oW (e () - A (ED)] = G(tl)‘y(tl) > 0.

The switching function

(35) F2 = u2(E) - kIW(E)

is negative during the work period, zero at the moment of switching and positive

during the retirement period. Therefore,

2
dF° 22 22
(40) e - F r Kl(t W) > 0.
The solutions of the variational system with respect to N; and NZ are:
(1) A =cm) + o e'(r'c)tl+rT eutlrtZ W(nye DT L -
' —1;—21——_ - ()e
/\.O \y(t) o E T e
1 ¢l
-rt2
N W[tzlerT rt
r}\O ’

1
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1 1
(42) E(M | = - gehe (T T *ut

/-.1 \y(tl)

- e‘(rﬂJ)T ’

(43) (D g
Kl
(uto) b e -(r-o)T
@) 1y =BT DTy
}\ e
1

_(u+o)TdT

' 1, .1
+g e (Tro)tHut re? >"1(T)WEE(T)e-(“+U)Td~r
y(tl) “tl

" .r; LLZEE(T)e-uTe—(wonT} }

2

et 1t -(rtu)T -re|

1
=TT, 1, o(th)
45y A(T) _ =e"g(t)e W_(m)e - e ;
o v (D) ¢l E ‘

1 1
46)  gery = (el e@(E) (Tt
3\0 ‘Sw_(%lT' -

2
g7y MM =0 and
KZ
1 1 2
(48) N (T) = o (uto) T { G(tl)ew(t )Hut ) J.t (7Y W (T)e-“"’_e(“’h)TdT
2 K; v(tl) t1 1 EE

_ [-Tz UZEE(Tv)e-(uﬂ)Te-quT] 1 ew(tl)e-(’rr'tf)t:]L }
t

1 2
-(r+u
Remark 1. Kl(tl) = kz(tl) = (pfolt {rt AOW_(1)e (r )qu
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This follows from F1 =0 and solving iz(t) on [tl’T] and

taking account of KZ(T) = 0.

1 1 2 1
- t - - 1t
Remark 2. e "0 = Mt f WE(T)e (r+u)TdT + Yt fT ué e (”+3)Td7
It]- vt2 =
VO
-1
(pto)T tatl T 2 -(uto)T -(r-")tl-w(tl)
Remark 3. . (T) = e f e dr -e = A, (T)
2 50 2 g 2 o}
. t — A
1 AO 2
1
~ 2 1 1
Remark 4. A(T) _ = c(T) + W(e2yelTTTE | (o)t et gy .
3 X
/\.1 r)\? »\2
Remark 5. ?~.2(T)b\o < 0, >»_2('IJ)>\0 > 0 by Assumption 2.
/\1 2
A(T) | < 0 by remark 1 and A(T) | > 0 by remark 4.
) A
2 1
Remark 6. (38) H> 0
By remarks 4 and 3
~ 2
,.\ — 2 rT-rt N 1 T -
(38a) H o= [C(T) + W(tH)e ] KZ(T) 0" e("ﬁj)frT ué e (u+U)TdT A(T)
r>\° >\'2 tz )0 -
1 . "1

The sign is determined by Remark 5.

It is important to emphasize that the necessary condition for the application
of the sufficiency theorem that W(E) = uz(E) = G(E), GE(E) > 0, GEE(E) < 0 proved to

be crucial in determining the signs of N;(T)A9 and kZ(T)A?’ Aside from the
1 2
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concavity, the requirement that the functions be identical removed the effect

of the discontinuity in ;Z(t) ; J =1,2 at the switching points and hence the
AL
possibility of a sign ambiguityq

The three choice variables which will undergo the comparative dynamics are

2
tl(h?(e),h;(e),e), t (xi(e),xg(e),e) and C(xi(e),e). The derivatives of

1
t° and t2 with respect to a change in the parameter 6 are:

1 0 o
dt dn. dn
(49) 1 1 1 2 1 d
_ = — + an
& fo ® T fo@m %
/1 2
2 o o
dt dx dx
(0) . 2 L, 2 24 42 with
ds o do ,0  de 8 7
/1 '2
1
1 o~ (¥odt
(51)  tio = - T N
N y(tl) ’
1
(52) 1 HE)
o = ’
S v(ch
2
(53) t°o = -1 and
Kl r o
A
1
(54) t%o = 0
2
upon making the appropriate substitutions
1 : - :
(49ay OF e (WHo)T fT uéme 5T e‘f’(tl) 1
dg H t2 ] ) A(Mg v(eh) T % Am}\o
2
+ [om el s c (£ rTore’
2 K 5 o 2(T)e [ c(T) + W(t)e
A A9
2 2 1 and
H
2
(50a) S =2 (- A
2 I 0 (2@ (D + AT _ %.Z(T)e>
A A 2
2 2 + ¢

T S



The next set of terms occur often enough in the results of the com-
putations for the comparative dynamics to justify abbreviating them {in the

following way. Let

2
51) 7 =.‘rt1 wE(T)xl(T)(cl - e W o,
t
= T u2 -(uto)T
(52) U='r2 E e dr > 0,
t )\(;
= t2 - o~ -rT
(53) » =‘f W(T)e TTar - A c(T) e s
t0 1
= ~ -rT 2, - t2
(4) P =] c(De rweHe Tt > o,
T
(55)  &(m) =T T ¢ e Tdr > 0 (c,o < O by assumption O and (32a),
CI 1
2
56)  w(eh = i eha h - @rnleh1 > o by (69,
1 et 1
(57)  o(t) = [ -G (Ndr + (i)t
(6]
(58) e(T;i) = rT Ai e e (tr - ti) dt where 1i=1,2,
.,O )\'O
1
(59) K =T e FTa(r)dr,
1 !
S S OF R [ T(s)ds
(60)  w(t) =e 'rt G(E) e dr > 0.
o]
(61) N(s) = GE(E(S)) - W
Cl 1 rT
-r N(s)ds+ypu t 1 1 N(s)ds 2 )
(62) £ = -e ‘0 gt E(T) e® dr 'rtle e (u+r)Td'r
(1E
2
_(u+r)TdT < 0 and

[y

.2
-7 W [TE(s)dse
tl El:]' (s)
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(63) K =W + j; xz(T)e'(‘“U)Td
Given the earlier discussion of the interpretation of the co-state

variables and their initial values several of these expressions can be

described in economic terms.

%i E(T) is the total cﬁange in the present value of consumption due to
a change in the total utility of an increment in the current wealth of the
individual. K, (63),may bevloosély interpreted as the difference in the change
in total utility due to a unit change in humap capital during the work period
and the total éhaﬁge in utility over the working and retirement periods due

to some change in the capacity to produce human capital.

Case 1 A change in the rate of interest

In the income maximization problem, tﬁe effect of a change in the rate
of interest is due solely to a substitution effect and the sign is appropriately
negative on the school leaving age. In addition, the effect of a change in
the interest rate on the work leaving age is examined. 1In this instance the
substitution effect should be £egative since ifrthe rate of interest increases
and positive human income is earnedAphe additional income can be spread over
both consumption of market commodities and leisure. Finally there will be the
wealth effect as well. 1In both cases, terms can be identified as the substi-

tution effect and the wealth effect and with one qualification the next two

propositions support the intuition.

Proposition 2a: 1f the present value of the sum of physical assets, A, is
. e A . . del
non-positive and if ¢(T);1) 1is non-positive, then ar <
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R
A possible explanation for ¢(T;1) < 0 4is if the school leaving age occurs
sufficiently early in the plan and if the adjustment in consumption is not

concentrated during the school period.

Demonstration:
(64) dtl - e@(t1)+(r+p+g)T ~ W t2 e-rtz(tl-tz)
- TN v W+T |X +2(T;1) + v (tD)

With the exception of (A + &(T;1)]T all terms are negative.

Proposition 2b: 1If the current worth of the sum of physical assets is non-

negative (K'Z 0) and if %(T;Z) is non-negative, then dt2 < 0.
dr

Demonstration:

2 A —
65) T - ri.‘{ﬂ (D o @+ T +AM [e(‘“f’)T 7

2 Kz

+ xi ﬁ(tz-tl)]

Case 2. A change in the initial value of physical assets, A°.

Proposition 3: An increase in the initial value of physical assets increases
the school leaving age, decreases the work leaving age and

consumption increases everywhere.

Demonstration:
dtl e(p,+5+r)T + cp(Tl) _
(66) S = = 1 v > 0 ,
H v(t") -

dA
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2
67y dt” _ ! , .
o ~ ‘Z(T) o < , and
dA th H Ny
0 o . 0 A/
68y 2 = ¢ P> 0, where P = T(DGAD,0
da® ™1 aa® da° .

Case 3. A change in the terminal time T.

Proposition 4a: The effect of an increase in the school leaving age of an
increase in the terminal time is indeterminate. The

first term of (69 1is negative and the second term is

positive.
Demonstration:
1 (utoTHo (£ 1) oth 2
(69) dt -cH _ e UE(T) _
— = U C(T) + = P 3
~ 1 , o
dT H y(t™) H v(t™) kl

2
where <¢(T) 1is consumption at date T and uE(T) is the marginal utility

of human capital at date T.

Proposition 4b: An increase in the terminal time, increases the work leaving age.

Demonstration:
1 ‘ 2 \
(70) = = —om (2D e - AM uE(T>> > 0.
dT r>\1H >\2 ,\2

Case 4. A change in the productivity of effort in the labor market.

The case describing the adjustment in the wage function is due to Onikil[6a].
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The adjustment in the wage function, W(E), is represented in general form by

the following parametric shift function:

(71) W (E) = W(E) + E & W(E).

In order to preserve the conditions of the sufficiency theorem, the special

case chosen is:

(72) &6 W(E) = W(E) (73) 5 W, = W.(E)
and
(74) WE) = (L+E)W(E).

The analysis is carried out for small adjustment in £ for = 0. The

v

interpretation of the effect of € 1is to increase or decrease the productivity
of effort during work relative to effort expended in schooling or leisure

activities.

The switching functions are:

1 _ - =
(75) F = N[W(E) +E 5 WE)] |€=0 NG (E) 0
and
2 2 \ c -
(76) F~ = u"(E) - n [W(E) +€ 5 W(E)] |€=0 = 0.
Let
_ x
07 =g = 5 e =0
= 1 2
Proposition 5: If (53) D >0, then dt > 0 and dt < O.
d&w dsw

If (53) D 0, then dt < 0O and dt > 0.

N
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Demonstration:
1
1 ot ) +rT+(uto)T
(78) 4t _ e 1LA 7D
dsw vy(t") H
and
dt2 erT _
(79) S = = [-1,(D,0 D]
dew erl 2

Therefore, the effect of increasing the productivity of work effort is to
increase the period of schooling and increase the period of retirement unless
the response in consumption to a change in the present value of wealth is
greater than the present value of human income due to the change in the pro-

ductivity of effort.
Case 5. A change in the efficiency of effort in consumption activities.

The productivity of effort in consumption was perturbed in the same manner

as in the case of the wage function.

Proposition 6: An increase in the productivity of effort in consumption
activities increases the period of schooling and lengthens

the retirement period.

Demonstration:
1
(o) THp(t™)  _
o) de - e UA(T)> 0
dsu” H v(t)
and

2

2
(81) de . } - My (D)0 c (MDY< 0.
dsu” rit "2
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Case 6. A change in the initial value of physical capital, £

In this case, given the symmetric and identical nature in which human
capital enters the problem, there is no effect on the school leaving age

and work leaving age of a change in this parameter.
Case 7. A change in the rate of time preference, §.

Proposition 7: The effect of a change in the rate of time preference is

indeterminate on the school leaving and work leaving ages.

Demonstration:

1 2
1 (pto ) T+ (L) ~ 2, rT-rt
= 2 W(t 21
g2) & - ——— T -o(myehy + HEDe (e2-ehy
dA H vy(t) T
(uH0) THo(t D)
e -~ 1 o P {.ﬁ +_rﬁ.K2(T)e-(p+U)TdT }
Hv(t)r t
and
ac’ 1 - 2 (4+o) T
(83 —— = % { KZ(T) o c(T;t) } +—A(T)‘o e M
ds rHKl KZ AZ
wo+ (T K7(T)e-(pﬁj)TdT )
' 2
. b 1 N 2 .. )
Therefore, if - c(T;t") and c¢(T;t") are positive and if

-(uto)T

W+ r$ Kz(w)e dt 1is negative then the school leaving age and work
.

leaving age increase when the rate of time preference increases.
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Case 8. An adjustment in the productivity of effort in

human capital.

A similar adjustment was introduced here as in the

function. However, the results are indeterminate under

Nevertheless, the next stronger assumption does provide

the production of

case of the wage

assumption 2.

some information.

Assumption 5:

Proposition 8a:

u

2 -
EE

Given assumption 5, when the productivity of human capital

increases, the school leaving age increases.

Demonstration:
1 (uto)T 1, 1 2
(84) e _ e—:—T erT'ho(t) \i’(tl)eUt rtl WE e-(u+r)TdT
daG H y(t)) e
\

= ot +(uto) (-t h) 1

+ pe® b kZ(tgl

H \v(tl)

Proposition 8b:

. 2
If assumption 5 holds, then dt is indeterminate.

dsG
Demonstration:
dt2 t2 / 1 1 1 .2
O t ) +rT+ -ty - £~ -
(85) ) 1 Ot ) HrTH(uto) (T-t u{r(tl.)eut Il W e (utr) 7T, ,
dsG H . t

- A e
_ /\.2
v(eh)
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Case 9. A change in the rate of depreciation, y.

As in case 3, no results were obtained unless Assumption 5 is invoked.
2
Proposition 9: 1If assumption 5 holds, then dt1 dt”
a;— < 0 and E:— > 0.

Demonstration:
1 (t1)+(u+U)T (tl) T
o _ 2} o _ _ .
(86) - = & 1. = Uueg+ E_—_T_ 'g“ ['ll hz(T)e (u+o)rd%]
dy, y(t) H y(eo) H
and
at? t2>°
N _ 1 . - (Wtc)T pT | (wto)T,
(87) a = T -hz(T) 05 - A(’I’)‘0 e - “2(T)e d-
)\2 /\2 t
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IV. Comments on Possible Extensions and Alternative Formulations

Among all of the simplications and compromises that are exhibited
in this paper, perhaps the least satisfactory is the formulation of the utility
function with the inclusion of the stock of human capital. It is the least
satisfactory because one would prefer to concentrate on the human capital
formation problem as a motive for affecting the future income stream only
and attempt to study the qualitative properties of such a model when
retirement is included as a choice variable. This section includes a report
of some attempts that were made to study this sort of model. The analysis
may be found in McCabe [ 5a ].

Before turning to this question, permit a brief mention regarding the
problem of the existence of a maximizing course of action. It can be
cstablished for a much broader class of 1life cycle models and less severe
restrictions than imposed in this paper that a maximizing plan of action
exists. However, real restrictions still need to be imposed if one wishes
to confirm the existence of a maximizer. McCabe [ 5b ] contains such a
demonstration and techniques for checking whether the conditions of the
various existence theorems are satisfied for wider classes of the life-
cycle model.

As an indication of some of the difficulties to be encountered when
attempting to satisfy the other requirements outlined in the introduction
consider the next model which is closer in spirit to the Blinder-Weiss structure.

Ty 2
J(T) = Max [ u™(e) + u"(y)dt
0

subject to
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oo
]

rA+ Bw (E) - ¢ and

T
]

aC (E).

Possible candidate paths which satisfy the necessary conditions of
Pontryagin are part-time work and schooling and cycling, that is séquences
of work-school-work. However, it can be shown (see McCabe [ 53 ] for the
demonstration with a positive demand for leisure and Oniki [ 6b 1 for the
income maximization case) that there exist other possible courses of
action (not necessarily satisfying the necessary conditions) which would
dominate in the sense of a greater total subjective life-time valua-
tion. This is shown without reference to conditions other than that the
functions are increasing in their arguments. Assumptions such as concavity
of W(E) and G(E) are of no help in any case. This example is included
because it is not uncommon for the analysis of what paths are to be ruled
out stops with those which do not satisfy the necessary conditions.

Secondly, attempts to obtain qualitative information for this model
in the case of a positive demand for leisure throughout the planning period
proved not to be successful. The first difficulty encountered was that the

solutions of the variational system of the state and co-state variables.

i.e, X(T)\0 , i = 1,2 could not be computed. Although the variational
L
system is linear it did not decomp&se allowing a set of solutions to be
computed as it does in the problem presented in this paper.
A second less general model was tried with the production function

defined in terms of the length of schooling, G(E) = 1. This formulation

allowed the -rariational system's solutions to be computed but the conditions
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on the model were not sufficient to insure definite sign information of
what would be the analogue to ﬁ of this paper. Without such sign informa-
tion the comparative dynamics analysis is stymied. Of course, both
versions of the model did not satisfy any known sufficient conditions
for a maximum.
However, this suggests the next possible formulation. ©Let the wage
function be W(B,E) and G(x,E) = a and assume the utility function
L 2 . . L
u (c) + u (y) is concave in its arguments and W(B,E) concave in its arguments.
Although, in this formulation, it does not seem possible to study the case
of part-time work and schooling, it may be possible to obtain information
on a sequence of schooling, work and retirement with a positive demand
for leisure throughout the plan. A second suggestion is to specify parametric
forms for all remaining functions and this may achieve two ends; one, it
may be possible to solve the system of variational equastions when there
is a period of part-time work and schooling and two, perhaps restrictions
on the magnitudes of the parameters may provide whatever additional sign
information is needed (this may be possible after additional local tests
are employed some of which will be discussed in the next paragraph).
Stimulated by a technique of Oniki [ 6a ] which proved successful in the
income maximization case, a static maximization problem was posed for the
case where leisure enters the utility function in a linear fashion. The
undetermined variables in the control problem are \? and Ag. Once the
controls and state variables have been chosen to satisfy the Maximal Principle.

) o .
J(T) it may be viewed as a function of A and A,. Assuming that



A

L? and 1; have been chosen to maximize J(T), they must satisfy first

and second order conditions for a constrained local maximum. The constrained
maximization problem was formulated taking account of the conditions that

A(T) = 0 and }Q(T) = 0. The first and second order conditions for this
extremum problem were used in an attempt to determine what if any restrictions
were to be placed on the signs of the solutions to the variational system and
in particular, the sign of % . In general, no information was provided

but if it were assumed that W(E) = G(E) = E then various sign restrictions

o o .
were imposed if \, and A, were to be local maximizers of the problen.

1 2
In order to compare the consequences of this model with the one presented
in this paper. two experiments changing the initial value of physical assets
and the second a change in the terminal time are reported. The full discussion
may be found in McCabe [ 55 1.

In the case of an increase in the initial value of wealth, the school
leaving and work leaving ages both decrease. Hence, the retirzment period
increases and the results seem to support intuition since human capital
is accumulated only to enhance human income potential. However, consumption
falls at each instant with an increase in the initial wealth holdings. What
happens is that the increase in initial physical wealth is offset by a
decline in the present worth of human income. 1In this model, the length of
the working period does not change. As a further check, the effect of a
change in physical wealth on the total valuation of the plan was studied. The
total valuation of the plan increases when initial wealth increases. The

increase in utility from lengthening the retirement period offsets the loss in

utility from the decrease in consumption.
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For the case of an increase in the terminal time both the school
leaving age and the work leaving age increase and consumption increases
for all t # T. It should be émphasized that these results were obtained
by imposing conditions that would be satisfied if k? and Ag were local

maximizers for a given plan of school-work- and retirement.

V. Summary

The results of this paper indicate that if the hypothesis of
maximizing behavior is invoked and if it is to be robust there'is at least
one formulation of the life cycle model which satisfies the four requiremrnts
listed in the introduction. Secondly, it offers some indication of how
rich such models will be in their qualitative implications and which
parameters will yield definite qualitative information. .In particular,
perturbing the parameters which define the budget equation did yield information.
For example, this model suggests that studying the effects of various tax
policies may not be a barren issue. Furthermore, it may be possible to
obtain results when imperfect capital markets are assumed [for a very interesting
first attempt in a model with credit rationing see Oniki [ 6a ]]. However,
as in the case of neo-classical comparative statics, not much in the way
of definite results are to be obtained by inquiring into the effects of
changes in functional form and there seems to be little mileage to be gained

by perturbing the parameters which defined the rate of human capital formation.



