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ABSTRACT

The formation of firms is explained due tdAthe existence of some
commodities (like iniative, skill, imagination, knowledge, connections
etc.), which have the three properties:

-- cannot be transfered (i.e., individually specific)

-- cannot be produced (but, rather, serve as inputs)

-- cannot be marketed, (i.e., the firm does not face a price per

unit in which it can acquire these commodities.
We refer to such commodities as types of labour.

When a group of people (coalition) forms a firm, it faces a
technology set which uses only the amount of labour its members have.

For example, the shares in Arrow-Debreu's economy are, actually, types of
labour. We prove that under the standard A-D assumptions, there exists a
firm structure in which no coalition has the incentive to withdraw and
form a new firm operating in the market with the existing prices (for the
marketed goods).

We consider also the Replica Economy, and prove the equivalence of

the core and equilibria allocations.



I. INTRODUCTION

There is recently a growing interest in labour managed economies
{4, 7, 8, 9,12 1 , the main feature of which is the existence of types
of labour which are not marketed, hence labour has no price ("wage'), but
rather a share in the value added. (A detailed description of the labour-
managed economy is given in [ 4 ]). In fact, we shall argue that the
standard Arrow-Debreu economy is an economy of this type where the non-
marketed goods are the shares {91j1’

Since labour is not marketed it is only natural to use the production
coalition economy, (defined by Hildembrand [ 6 ]), in this context. This
was recognized by D. Sondermann [ 11 ], and was further discussed by T.
Ichiishi [ 7 1. However, none of the above gave a satisfactory solution as
to the formation of firms in labour managed economies. Such a solution is
proposed in this paper.

In a forthcoming paper by J. Dreze and the author, an analogy between
local public goods and labour managed economies has been established. Thus
the definition we use here for an equiiibrium is closely related to that of
a structural equilibrium in { 5 ]. We then prove the existence of a stable
firm structure, in which no group of workers have an incentive to withdraw
from the existing structure and form a new firm, operating in the market with
the existing prices (for the marketed goods).

The technique for proving the existence of such a structure is by
defining for every price vector p, a game without side payments Vp? for
which the core is nonempty. The excess demand set-function is shown to be

convex and upper semi continuous, enabling us to use Debreu's lemma [ 3 1].
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This very elegant proof, which is a generalization of Bohem's paper [ 1 1,
is due to T. Ichiishi, who uses this method in his current paper [ 8 ].
However, the economic model, the assumptions, the techniques of the existence
proof within the above general framework and the results are quite different.
It is also shown that Ichiishi's model is a special case of the one presented
in this paper.

In Section II we present the model, the definitions and the assumptions.
We show in Section III that our model is a generalization of the Arrow-Debreu
economy, which is, in fact a special case of a non-marketed goods economy.
We then define in Section IV the super-additive technology in which the
firm is allowed to form independent autonomous '"sub-firms' (departments).
With the use of this technology we prove in Section V the existence of a
stable firm structure. Surprisingly, the assumptions we use are only the
standard assumptions which assure the existence of a competitive equilibrium.
In Section VI we discuss the formation of a coalition structure in which
each individual works in one and only one firm. We give an example which
implies that usually such a structure will never be a stable one. (In fact,
it is usually not pareto-efficient). However, adding a balancedness
assumption on the technology, we are able to prove the existence of a stable
coalition structure. In Section VII, we prove that under very plausible
assumptions, the core of the replica economy coincides with the set of
structural competitive equilibria. Moreover, in this case each type of
labour has its price, giving rise to the conjecture that goods are non-
marketed due to their scarcity. The proof is a corollary of Bohem's paper

[ 2 ] using the concept of the super-additive technology.



II. THE MODEL
There are Zl marketed goods, 22 non-marketed commodities (which

will be referred to as types of labour). M = {1,...,m} denotes the set
i i i 2y Ly i
of individuals each endowed with w = (WC’WL) £ R+ , (i.e., w_ is

i
the initial endowment of the marketed goods and wp  is the amount of

oL

labour individual 1 1is endowed with)f/ and a utility function ut  defined
over his consumption set Xl. Non-marketed goods cannot be produced.
As for the technology sets, we consider the coalition production approach,
modified to our case of non-marketed commodities. Namely, each coalition
ST
S,(ScM), faces a production set Y(S)cR =~ X R in which y & Y(S)

implies that for all i ¢ S there exist xl==(xz,x;) € gz 5 x; g_wi,such that
y = (yc,yL) with v > T % - 3 w; . (We use the usual sign convention

i¢s L igs
where yj < 0 implies j 1is used as a production factor.) This modification

captures the idea of non-marketed goods. Each S, if and when formed,faces
a fixed maximum amount of the non-marketed commodities which is available to
it. If S desires to acquire more of these goods, it must be by adjoining

to it some non-members, S, of S, and form the new coalition S U S. More-

over, since non-marketed goods cannot be transferred among individuals,

~2 .

i i ..
x; < wp, forall i€ s. Note, that although S faces a fixed amount

of non-marketed goods that its members have, it will usually use less than
that maximum amount as a result of the preferences of the individuals in §,

who will decide upon the type and the amount of work they will perform.

KN
w

—'  We shall use the subscript ¢ to denote the marketed goods, and the
subscript L to denote the labour.
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Denote:
C = the set of all nonempty subsets of M, (i.e., C 1is the set
of all possible coalitions, |C| = 2™ - 1).
D = the set of all non-empty subsets of C.
21 L1
Pp=1[pe€ R, z Py = 1], i.e., P is the price simplex.
j=1

Definition 1: A firm structure is an element of D.

Definition 2:

vector

i

P

A Structural Competitive Equilibrium consists of a price

€ P (for the marketed goods, only), consumption bundles

Xl € X, ie M, a firm structure B, production planes y(S) € Y(S), S € B,

a profit distribution {tis}, i €M, S¢ B, such that:

1)

(i1)

(iii)

(iv)

xlg S w4+ o® y(8), X],]:

2 1w iec ™M
icM icM SeB

< v

There is no:

i . s .
So C My XU & XL, X <wp, 1€ 8., ¥(Se) € ¥(Se)

— i
such that 7 pxlgp 3 wc+pyC(So), T X
ies, © i€S, igs,

and ul(il) > ul(xl) Y igS,

i i
P X S PV, + tis
B
S

n.on M

S
i

For all SeB, 2 tis—<-pyc(s>’
ies
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() For all S €3, py ()< Py (), ¥ (7,(5),y, ) £ ¥(6)

Conditions (i), (iii), and (iv) need no comments. Condition (V) is
the equivalent of profit maximization. It states that in each firm S the
value added, given the labour vector yL(S), is maximized. Condition (ii)
assures that no mobility will occur, There is no incentive to any coalition,
So to withdraw from B, produce by itself vy(S.), distribute the value

added pyC(Sd) in such a way that every member of S, can purchase a

—1i
vector X, in the market, whereby his utility is increased.

For the following we need only the standard assumptions on our economy

(compare for analogy, [ 3 1 p. 83), namely,

For every 1€éM:
(a) X is a closed convex subset of R-+

(b.1) there is no satiation in comsumption in X':

i.e., for any x € gl and for any neighborhood U of x in

~ ~

gl, there exists an x ¢ U, X, =X such that ul(x) > ul(x).

i . . . =i
(b.2) u is a continuous function on X

i, .
(b.3) u is quasi concave.

i i i <1
(c) Wz >>0, Wiz 0, w X

For every S ¢ C:
El Ez
(d.1) Y(S) c R "xR_~with 0 ¢ Y(S)

For every d ¢ D:

2 Y(S) 1is closed and convex.
sSed

(d.2) Y(@)

(d.3) Y(d) n-Y()c {0}
47 4
(d.4) Y@) o - R,
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Note that in view of (d.1), (d.2) - (d.4) could be replaced by
assuming (d.2) - (d.4) only for d =C.

Denote the above set of assumptions by A. Our main purpose is to

prove:

Theorem 1l: Under assumptions A there exists a structural competitive

equilibrium.



III. THE ARROW-DEBREU ECONOMY

A good example of a non-marketed goods economy is provided by the

standard A -D economy, where there are M 1individuals each endowed with
~s 4 - 4
1

1 . L. S 1 . . .
w €E, . The consumption set is zl c E+ , over which the utility function

~ £
ul is defined. There are J firms with the technology sets Y - E l,

?

j=1,...,3J. Each firm j 1is owned by the individuals who hold its shares.
The shares eij’ j=1,...,J individual i ¢ M holds are a-priori
given and are not marketed. For all j, I 8.. =1, with eij >0

for all i ¢ M.

A competitive equilibrium consists of a price vector p ¢ P, consumption

~

~i o ~i e
bundles x € X, i ¢ M, production planes y- € YJ, j=1,...,3 such that
~i ~ J ~s s A s e
@ px <pw + T SijpyJ and u (x") > u (x) implies
3=1

() py’ = Max py?
~ ~ R
() = x < 3w+ Ty
ieM j=1

The natural way to embed this economy in our model is by defining

the following:

i i 1t 4y
w = (W ’eil}“.}eiJ) c E > (,@2 = J)
~, 4
- = 2
X' =X x E}

ui(xi) = Gi(xi) (i.e., the utility is independent of the non-marketed goods).
c

. 0 Ay -~
YJ=[Y€E XE_\y=tY;Y

€ YJ,ng—eJ,O< t<1, j=1,...,7]
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3 ..
v=1Iyly= 2y, v ev)]

Then, the coalition production technology is given by:
i
TS = [y e Y|y 2-2 v
i&S

S5 = [ieM\eij > 0]

B = [sl}"‘)sJ]

When the J firms form (as assumed in A-D model), the firm structure

B is realized. The following theorem proves that the A-D economy is a

special case of our model:

Theorem 2: (p’{xllié'M’ {yJ}jzl) is a competitive equilibrium if and only

i J . P e a1 s
if  (p,{x }ie'M’{y(Sj)}j=l’ B, {tis}) is a structural competitive equilibrium
i_ 7o~ ] T .
with X =X, XL =0, ieM, YC(Sj) = YJ: i=1,...,3, tisj= eijpyJ: ieMN,
j=1,...,3.

Proof: Let (p,{xl}icln,{y31§=l) be a competitive equilibrium. Define:

Xi = x5 ieM, xiz 0, ieM, y(S,) = 33, -el) 3=1,...,3. By (),
7 xi < I W+ 2 yC(S), and by the above definitioms:
ieM©  ieM® seB
5 Xig 3 wi+ Sy (). Hence, (i) is fulfilled.
iem  ieml seB b

Tt is easily verified that for all S < M, Y(S) = Z Y({i}), and for
ies
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T
>68..Y
j=1

all i¢M,Y({i}) = (In

represent the production coalition
J

y()FY(S), Sc M, PYC(S) < 2 z

ies j=1
(iv) follow immediately from the definition of t

i —1i i, i
u(x) >u(x), Y ieS, « M. By

By the previous inequality we get
5w >
% px

ies  ©

Z
igs

fact, we could use this formulation to

technology sets). 3By (B), for all

~ e

eijpyJ, which establishes (v). (iii) and
is” Suppose
—i i i J ~j
= Z .
(o) PX_ > PX_ = PV, + j=leijpy

pw. + py_(S) ¥ y(S) € ¥(S), thus (ii) 1is also Fulfilled.

Let (p,{xl)ie_M}{y(sj)1§=l,B,{tis}) be a structural competitive equilibrium.

~2 .

Define x= = Xi, iecM, yJ = yC(Sj), ji=1,...,3. (i) implies (%), and (v)
J
implies (B). By (ii) and (iii), since 2 eijyc(sj) € Y({i}) the non-
j=1
J
satiation assumption implies that 2 ot, > 2 8..py.(8.). Summing
sep 187 =1 ijv7 ¢ 7]
igs J
(iv) over all S¢ B yields: 2 t., = Z 6..py (5.). The first part
is ., i3t e ]
SeB i=1
ies
of (o) 1is implied by (iii), and the second part is derived by (ii) and (B).

Q.E.D.
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IvV. THE SUPER ADDITIVE TECHNOLOGY

Definition 3: The super-additive technology of coalition S, denoted by

YK(S) is given by:

% SRE) k
Y (8) =ly€eRr |y = 2y,y.€Y¥Y6.),S. <8, j=1,...,k,
j=1 3773 7773
i i ~i i ~1i i
-3 ; .
v 2 z X =L W for some x" ¢ X7, with X g_wL, i e S].

iges igs
In words, the people of S can decide,instead of forming one firm S, to

form k "sub-firms", Sj,Sj S, j=1,...,k, and to produce separately in

each Sj' The only constraint is that the overall amount of labour used

(yL) will not exceed the amount of labour § faces. Obviously, by

I .

choosing k =1, §; = 5, we get Y“(S) D Y(8). 1In fact Y is a super
additive function, if (d.1) is assumed, (specifically, 0 ¢ Y(T) for all
Tc M, i.e.,

)

if S, NS,=P,S;,US,CS then Y () DY (S)) +Y (S,).

It can be easily verified that we can define YW(S) as:

y.,y.eY"'(s.),sjcs, =1k, y 2 3 x> - 3w
1 . ie€S™ igs

(ol
!

Theorem 3: Let p & P be a price vector, Xlefgl, ieM consumption bundles,

B a firm structure, y(S) € Y(8), S€B production planes, such that:

i i i i .
(i') 3 ox < 2z w4+ 2 y(S), Xy < W, ieM
ieM ieM SeB

(ii') There is no:

—i i = i . ¥
S, M, x° X ,XLSWL, 1€8,,7(Se) €Y (So) such that
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i i i
2 pr, <P 2 WC+PYC(So), z X

L -3 w; < yL(S°) and for all 1igS,
ies, ie s, ieS,

1€Se
JLE s .

Assuming non-satiation, (b.1l), there exists profit distributions

. i . .
{tis} ieM, S¢B such that p,{x ?iEM,{y(S)}SEB{tis}leM,SEB, is a

structural competitive equilibrium.

Proof: Since p¢& P, p= 0, we have by (i')

i i
(1 p =2 Xcg_p ch+p Zyc(S).

icM ieM ScB
Define:
i,
(2) z t; = PX_ - PV, 1€M
Se3B
igs

We shall first show that (iv) of Definition 2 is fulfilled. Suppose not,

i,e., @ S&€B such that

(3 2t > pyc(S)
ig$S

By (1), (2) and (3):

i i . . S

Zpy . (8) 22 (px, -pw) = I t._ = I It > Z It +py(S).

sep ¢ M © ¢ ieMseB P semies 'S gopoges 18 ©
irS S#S

Hence, {S} # B. Therefore, there exists §€ B, such that

& py 5> 2 t;g
igS
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>

Define: B=1(S¢B | iSStiS > py (8)]
B=1(SeB | = g < pyc(S)]

ies

We proved that B + ¢ implies B + (. To complete the proof we need

the following definitionms:

Definition 4: We shall say that 1 is connected to j if there are

individuals i, il,...,ik and coalitions S°""’Sk’sk+1’ with
i, = 1, ik = j, such that

(14510 € Se» S, €B, t=1,...5k, 1, €8, € B, i €8, € B.

Definition 5: A coalition G is connected to a coalition H, if there exists

i€ G, j€ H such that 1 1is connected to j.

Definition 6: {Sl""’sk,k+l1{i°’""ik} is called a minimal connection for

H and G if it connects H and G, and there is no other comnection

of G and H with less than k+1 coalitiomns.

Since B 1is a finite collection of coalitions, each has a finite
number of members, it follows that minimal connections exist.

For each i ¢ M, define:

K, = [j €M | jis connected to il.
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Denote:
K= U K., K= UK
i€s L icS L
SeB SeB

By (3) % + @ and by (4) K # 0.

Distinguish between the two cases:

1. Enk-=0.
In this case we shall show that K violates (ii').‘ Let
G =1([seB |S cKl. G+ @ since S ¢ G. Moreover, S £ G implies
s N % = (0, hence,
for all 1€ Se€G,{SeB|ies}n % = 0.

By definition of B;

For all S ¢ G, = tiq g;pyé(S)

ies
Since § € G, we get:
) =z PY.(S)> % %t = % %ot = % (pX§ - pw))
seG SEG icS 1€R SEG ik ¢
ics
* i i, = i 1
Clearly, 2 y(8) ¢ Y (K), X <wp, i € K, and 3 yL(S) > 2 X - b Wl
S€6 SeG iek ieX
By the local non-satiation, there exists for all i ¢ E, x  with xi = xi

uFdy > oled) and by (5)

~i i
I (px, - pw) <2 py (5).
icK S€G

Hence K violates (ii'). Contradiction.
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II. X N Kx @. Let {SO,Sl,...,Sk+l}{ic,il,...,ik} be a minimal

connection of 1 €S €B to i € S € B. Define:
Q

R k © k+l
t =t . t=0 Kk
S . > ) J
Lot LS
t =t +4 t=0,...,k

LS HSem

tiS = tiS otherwise.
Since i_¢€ S_N S , £t =0,...,k I ot.. = It for all i ¢ M.
+ J J J
t t t+1 ScB iS SeB iS
ieS icS

Thus, by (2)

(6) I t.o= pxz - pwi, icM
SeB
ics

Moreover, for all S & B, S+ S ., S

(7) 2 t..= It

Choose 4 =Min [( = tis,” pyC(So)),(Pyc(Sk+l) - It )]

ics, i€S, [y ktl

As S. € B,S & > 0. With ts replacing t in view of (7),

k+1 € B S is’

~

the ﬁumber of coalitions in either B or B reduces. Repeating this

~

process for t.q; (since, by (6), (iii) holds), after a finite number of
i
steps either KN K = @, which is case I or else B or B is empty. If

~ ~

B is empty, (iv) is satisfied. 1If B is empty, by (1), B 1is empty.

Hence, in any case we proved that (i'), (ii') imply (iii) and (iv). In order
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to complete the proof of the theorem, we have to show that(v) & (vi) hold. Suppose
not, i.e., g(yC(So}yL(So))g Y(S ) with pyC(So) < pyC(So),So € B. Then

o

M violates (ii'), since y= 7 y(S) +y(S ) € Y ().

SeB
SES)
By (b.l), there exists X € Xl,ul(§l) > u (x") and §i = xi which
using (i') implies that =2 X -z w; g.yL. Moreover, we can choose
ieM = ieM

x- close enough to xl, such that by (1):

5 s Wt
Z P Zw, + Py,
ieM ieM

IN

Hence, (ii') is not fulfilled, a contradiction which establishes that (v)

holds, as well.

Q.E.D.

Theorem 3 enables us to concentrate only on the allocation of the
structural compztitive equilibrium without considering the distribution of
the value added. TFor the proof of Theorem 1, we shall need also the

following lemma.

Lemma 1: Under assumptions (a), (d.1l), (d.2) ,{YK(S)}&:M is balanced,

, */
i.e., if {Sk}E:l is a balanced collection with weights {Yk}£=l , then
t -
Yy M) > Iy Y (6).
k=1 3 k
e / t

Z/ A set of coalitioms is called balanced, if there exist

. (Sichea
"weights" {Yk}k=1 such that for all k,y, > 0 and for all "i ¢ M,

Yy = 1.

~ 4

i€s
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Proof: Let y(S,) ¢ Y“(sk), k=1,...,t. Define y =2y, y(S). By
k
(d.1) 0 ¢ Y“(Sk) for all k, and by (d.2) Y*(Sk) is convex. Hence,
since vy <1 for all k, yky(Sk) € YW(Sk). Thus, to prove that
vy € Yh(M) it is left to be shown that y_ > = o Wt for x € X,
. L —. L . L -
ieM ieM
As y(S,) € Y (5,),
~i I St 1 i~i =i
(8) yL(Sk) Z.Z XL(Sk) -.L W XL(Sk) S_WL,X (Sk) € X",
lESk 1¢Sk

~2

Define Xl = 3 ykxl(Sk). By the convexity of Xl, x" € gl. By (8)
k
iéSk
= Tyy ) 2Ty ( I x(S) - 1w) =
I ;kaLk—;{Yk P A iSWL
Se¥ €5y
~i i
T2 ovy.x (8,) -~ Z % y,w. =
k
ieMk S K gk K
lFSk lgsk
= ZX;— zwi.
ieM ieM
. ~i i v s o ~i _ ~i i i
Since xL(Sk)-S W ieM, * Sk’ X i kaL(Sk) < ‘i Yy = .
igSk lESk
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Remark 1: Note that conditions (i) - (v) in Definition 2 do not

imply (i') - (ii') of Theorem 3.v(Hence, we cannot define a structural

LIt - . aso
competitive equilibrium using Theorem 3). To prove this consider the
N . [ Y
~13 (308} i sl - £ {'iD)
following example:
i rede muil

cr ok s ot

There are threevin&ividuals, each endowed with one type of non-marketed
commodity. The utility of the individual depends solely upon the amount
of the (one) marketed good he consumes, (xi), and is strictly monotonic
in this good.
1 2 3
Let: w = (0,1,0,0), wv = (0,0,2,0), w = (0,0,0,1), and let

the techmnology sets, for producing the marketed good be given by:

YUL,2Y) = [y e B | y=t@, -1,-b,0, 1<b<?2, 0<t< 1]
Y({2,3}) = [y € Ré |y = £(1,0, -b,-1), 1 <b<2,0<t< 1],

4

¥({1,2,3}) = ly € R |y =t(2.6, -1,-2,-1), 0< t< 1].

Obviously, Y(- ) must be different from Yw(a ), in order for (ii) and

(ii') not to be equivalent. 1Indeed, in our case, Y(M) # Y D).

1 2 3
Define: x =x = (1.2,0,0,0), x~ = (0.2,0,0,0).

Clearly, {Xl}iEM is a structural competitive allocation, for
i,
B=1{1,2,3}, p=1, tiy = %10 L € M.
In particular, there is no coalition S c M, such that y ¢ Y(S)

with y, > Exi. Hence, (ii) is fulfilled. However, (ii') is not
ies _
. ‘e > 44
satisfied, since there exists y € Y’(M) with ¥ = 3> T xr =2.6. This
ieM

oG
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y 1is achieved by M forming the "sub-firms" {1,2} and {2,3}.
Note also that this example shows that an inefficient firm stvructure */
can belong to a structural competitive equilibirum. In the case in which
(ii') is satisfied, since Y*(M) considers, in fact, all possible

firm structures, the firm structure has to be an efficient one.

‘1/ A firm structure B 1is efficient if there exists a B-feasible

~

allocation {Xl}i@M such that for all other firm structure B,

there is no B - feasible allocation [yl}iFM with u' (") > ul(xl),i€14

and u-(yD) > u'(x’) for all 1i¢ s5,€B .
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V. THE PROOF OF EXISTENCE

Definition 7: TFor each price vector p ¢ P, the super additive co-operative

1

game without side payments (M,v;) is defined by:

' L < wi
L =L

v = vl Bl |vidsul=o0. vies, axe X, x
P icM

> with

i i i i i * i i
u<u (x), Z pxjc'g_ z PV, + pyC(S),y(s)EY (S),yL(S)Z 2 xi - 2 Wi].
igS ieS ieS irs

In other words, v;(S) is the set of all attainable utilities to members

of S, which can be achieved by producing in their super-additive

.

technology Y“(S), and purchasing the marketed goods in the prices p.
Note that there is no feasibility constraint, such as: y(S) > 2 x" - 3w
ieS ieS

For (M,v;) to be a game, vé has to be a compact set. We shall follow

Debreu's idea [ 3 ,p. 85] and intersect v; with a cube K, which contains

in its interior the set of attainable utilities R, where

i

i m . . i =i i .
R =[{u liEM € E '\ For all igM there exists x egl,xL < Vs with
ut S_ul(xl) and 3 x* < I W+ yN(M),y“(M) € YK(M)].
icM ieM

Under assumptions (a), (d4.2), (d4.3), (d.4) R 1is bounded (see [ 3 1,

p. 77).

Lemma 2: Under assumptions (a), (b.3),(d.1l) - (d.4), for every

price vector p € P, the core of v; N K, denoted by C“(p), is nonempty.

L.

Proof: The nonemptiness of the core will follow if we prove that v;

(hence v; N K) is balanced for all p [10 ]. Let {Sk}£=1 be a balanced

.

t L] . w
collection with {Yk1k=1 serving as weights. Let u(S,) € Vp(sk)’i'e"



-18-
wE) <ot m@) 1e s, i) =0, 1ds,

%oy x (k), i € M.
k
k

ieS

. i
Define: x

U}

k
i i

By (a) x € X,VYiecM By (b.3), forall i¢ M, u(x) > 2 v o ()2’ (8
k

* i i
Since u(Sy) € v, (8 ), I px (k) < 2 pw +py (5).

lgSk 1€Sk
hence:
. i S i
E Yy iLprc(k) < - Yy iZSpwc + 2 v py (5,)-
€9y €94
= Zp 3z ykxi(k) < zZ p Z ykwi +p ykyc(Sk).
icM  k ieM k k
i€ Sk i€S Kk
Define y = Z YiY (S, ), then we have z pxi < 2 pwi + Py, - By Lemma 1,
k k ieM icM
vy € Yx(M). It is left to be shown that y_ > = X - 3 wl, and
- L=. L . L
ieM icM
i i . i i
X < W This follows from the facts that yL(Sk) > 2 XL(k) -2 w1,
iGSk i(-_Sk

and xi(k) < Wi. Multiplying both sides by Vi and summing over k, we
get the desired inequalities.

Q.E.D.

For each p € P, Cw(P) + §. Thus, there are allocations x (p), i € M,
i i, i i * . *
such that u (P) = u (x"(p)), fu (p)}iFM € c (p), with y(p) € Y (M)
being the corresponding production. That is, each p ¢ P defines a set

of points E(p) (of "core" allocations), in 1 glx'Yﬂ(M), such that
icM

k)'
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i .
(9) p = (xc(p) - w(l:) - pyc(p) < 0. Consider the correspondence

icM
SRS
8: P+ R given by:
i i i
6(p) = Zx (p) - 2w -y . (®,(0 x(p),yP)E E(p).
ieM ieM ieM

By (9) po(p) <0 for all p ¢ P.
Lemma 3: Under assumptions A, §8(p) 1is a convex set for every p ¢ P.

Proof: Let ({x' ypy ¥),(I% ) ) € E(@):

~

Define: x = Ax- + (1-A)E, ieM y=ArAy + (1-2)5, 0< A< 1.
By (a), x €X 1€M. As 3 px_< I pw_+py and
ieM ieM
—i i — i i ..
b PX < Z P, + Py, We have 2 PX < 2 PV + py. Similarly,
icM ieM ieM icM
y.> 3 xt - Sw and y. > ZE - I w implies y_> I x - I w .
L=." L . L L=, L . L L—. L . L
ieM ieM ieM ieM ieM icM

Since v,y €Y (M), ¥ = = y6), vy = Z.y@). By (d.1) and (d.2),

S.cB T.eB
JG JE
Ay € 2 Y8, (1-MNye Z. y(Tj). Let B = (B,B). Hence, y € 2 Y(S.).
S.cB T.cB S.€B
- JG JE
As shown above, y_. > =T X - b wl, x € }—{l, % < wl, which imply
L=, L . L - L-="L
icM ieM

y € Yx(M). Hence, {ul(xl)}icM is in v;(M). To complete the proof, we have
to show that {ul(xlﬂicM is in C (p). This follows from the quasi concavity

i i ~i i —i . *
of u , and the fact that {u (x )}iGM and {u (x )}iGM are in (p).
Q.E.D.
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Lemma 4: Under assumption A, 6§ (p) is an upper semi-continuous function of p.

k ° k i k k
Proof: Let p =+ p , (y(P),{x ()} € E(P), k = 1,2,...
koo

k i k ] i -] Q i ] [+]
(Y@ ),{x (pH}) »F(P°),{x (p°)}). We have to show that (y(p°),{x (p°)})€ E(p°).
k
By definition of the super additive technology, each p defines a set

k
D(p ) which is a subset of D. Since D 1is a finite set, there exists
k.
at least one firm structure d € D, such that d € D(p J); i=1,2,... where

{ka is a subsequence of {k}. Without loss of generality {kj} = {k}.

Hence, y(pk) € 2 Y(S), which by (d.2) 1is a closed set. Thus,
Sed
k ) . . o K . —i .
y(p ) =+ y(°) 1implies y(p°) € ZY¥Y(S)cY (M). Since X, i € M, are
Sed

closed sets, xl(pk) € gl implies xl(p°) € 21, ie M.

_— )
2P Xc(p ) < 2 psz + pkyc(pk). Hence,
ieM ieM
< o i ] o i [} -] - - - k i k i
2 pPx (P°) < Z p°w_ + p°y (p°). Similarily, y, () > Zx(P) - 3z w
ieM ieM ieM iepXk
i
>

i

L Hence,

. . o i, . i i, k . , i
implies yL(p ) > 3 XL(p ) - % W and XL(p )<w_ implies XL(pO)S;W

ieM iew
i ° - i i ° *
[ () oy = (0" GO € v (D).

It is left to be shown that {ul(p°)}ifM € C“(p°). Suppose not, i.e.

7S  and u ¢ vgo(S ) with u” > u'(p°) ¥ i € S . That is, for all i€ S
[+] -]

[] ]

. =1 zi =i i
there exists x ¢ X', X < vy

L B T < ul(El) such that

. o i 0 — _ kS
(10) = pr < P, W, TP YG ), ¥ ) e Y (S)
iGS i€S o ° °
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D F,.6) > 1% - Tw.
ies_ ies,

By (b.2), there =xists X < 1, large enough such that ul(Xgl) > ul(p°)
Y ic S_. Since y(S,) € Y (S,), O ¢ ¥(S) for all S cM, by (d.2),

)

2y (S,) € YN(SO). From (10), (c) and the fact that p° ¢ P;

(12) 5 Ap°E.< I p°w. + Ap°F._(5.)
. (a4 . (a4 (a4 °
ieS ies,

(<]

and by (¢) and (11):

_ I S
(13) KYL(SQ) > I X 'Z Wy
iES° 1ES°

For all k large enough, by (12)

(14) T pE < 3 pkwl + )\.pk—y (s )
. C . C C °
ies, ies,
i i i i, _1 * X
By (13), (14), and as N <X Sw Sfum (=X )}igsoé v k(S ) Since

ul(xil) > ul(p°), by continuity of u" we have, for k large enough:
ul(X§l) > ul(xl(pk)), i ¢S, . This contradicts the fact that

. . k * k : %
WGP € CT (D). Hence, {uT(p)}, . €0 (7).

Q.E.D.

Theorem 1: Under assumptions A, there exists a structural competitive

equilibrium.
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Proof: By lemmata 3 and 4, 0 (p) 1is convexed valued and upper semi-
continuous and for each p € P, p* 6 (p) < 0. We can, therefore, use Debreu's
lemma ([ 3 1, p. 82), and conclude that there exists a

e

% i%* * ES
p€B ({x };4py) € E() with

< w]I",

i* i % 1
2 X - Zw <y ,XL

icM ieM

ieM

i.e., (1') of Theorem 3 is fulfilled, where B is any firm structure

ote J

which gives rise to yA £Y M), i.e.,

y = Z yﬁ(S,). Moreoever, since {ul(xlx)l., € C“(px)
S.cB J " ieM
5€

e

(ii') 1is also fulfilled. Using Theorem 3, there exists {t;s} ieM, SeB,

such that (pﬂ,{xl"}iGM,y",t;S) is a structural competitive equilibrium.

Q.E.D.
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Remark 2: 1In Definition 2 there was no requirement that whenever individual

i contributes some labour to firm S, he must belong to S. Moreover, it

may be the case that 1 'contributes a negative amount of labour" to firm

S, (even though the overall amount of labour supplied by its members, —yL(S),
is positive). Obviously, one way to solve this problem is simply by enlarging
the commodity space, i.e., types of labour are named commodities. We, instead,
choose to modify our definition of an equilibrium, leaving the commodity

space, R£1+£2, constant, which enables us to consider the replica economy.

(Otherwise, the number of commodities tends to infinity ). Moreover,

the above theorems and their proofs carry over, with the required modifications.

Definitions:

I. Let TC M. A T-firm structure is a firm structure where T replaces

M. (i.e., it is a non-empty collection of subsets of T).

II. Let Z be a T-firm structure. The pair ({Xl}iGT {y(S)lSEZ) is
- )

called a

T - feasible program realized via Z, if for all S£Z there exist vectors

{Yi(S)}iES: € E'62 such that:

. i =1 i i i
. c -
(1) For all i € T: x* € X~ and séz yL(S)‘z Xpom W
i€S
(2) TFor all S € Z: y(S) €Y(S) and 7 yi(S) = yL(S).
i€S

(3) For all 1 €T and for all S ¢ Z: y;(S) = 0.

yi(s) denotes the amount of labour individual 1 contributes to

coalition S, in the production of y(S). Since labour cannot be transferred
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‘i

X - W = 2 yl(S), and yl(S) = 0. Moreover, if individual i contributes
L L L L
Sez
ies
i
some labour to S, he must belong to S. Indeed, yL(S) = % y;(8) and

i€es

y (S) = 0 imply that for 1 ¢S, y,(8) = O,

Note that we do not exclude the possibility that 1 € S and
yi(S) = 0. However, it seems to be the case that if zz represents all
types of labour, y € ¥Y(S), i £ § with yi(S) = 0 imply vy € Y(S\{i}).
(By conveution Y(@) = {01).

We can now state the modification in Definition 2:

(i) 1is replaced by:

(1) (=" y()lg,y) s an M-feasible program realized via B,

1 i *
and I x < ZWwW +3 y(S). Clearly, (i ) implies (i) since
ieM 1M seB

(1) and (3) imply that xl :

L < W, for all i€ M.

Similarily in Theorem 3, (i') 1is replaced by (in) and (ii') | by:

(iik) There is no:

Sof: M, SO - firm structure Z, such that

({Eliigs ,{y(S)1S€Z) is an SO-feasible program realized via
S, _

, . , ii. . i,i
Z % pEL< 3 pwl + ¥ py. (8), and for all 1i¢ So,u X)) >u (x).
2 B c
ies T des, ¢ sez
o)

i =
Note that (ii ) implies (ii'), by defining y(SO) = ng y(8), yL(SO)
: 1 d (3) xi < Wi, by (1) and (2) yT(SO) > 3 xi-— 5 wi,
) sEzyL(S)' o Lok . i€s = ies,

* i i1 implies ii),
and clearly, y(SO) €Y (SO). In particular, (ii ) impli (ii)
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To complete the proof of Theorem 1, define:

* i m . i
Vp(S) = [{u }iEM € E_ | v i 4 S, u_ = 0,

Y ies§s, ut < ul(xl), 5 pxl < Z pwl + py (S8) where
= . c =, c c
i€S ieS

o~ =

y(s8) =

j y(Sj) c Y*(S); and ({xiligs’{y(sj)}?zl) is an S-feasible

1
. . k
program realized via {Sj}j=l]'

KR

The balancedness of V; is proved in the same way as in lemmas 1 and

i

T ka;(sk)). Similarily, in lemma 3, define for all

2 (where yi K| ies
ie
k

PeM, LeSeB, Y (S) =y 6) + (L-By ). Hemee, ({x'}; Iyl )

is an M-feasible program realized via B. Lemma &4 follows from the fact that
feasible programs are defined by weak inequalities.

Clearly, in the case of a coalition structure, no modification is

i i
L " Yo for

required. (Simply, define in vp(S) of Section VI, y;(S) = X
i € S). In Section VII, where the replica economy is considered, v(S)

should be replaced by:

v(s) = [{u’¥) e Ep | ¥(i,e) 4 s, «18 < 0,

(1,8)eM_
Y (i,g) €S, Ui’g < Ui(Xi’g), % xi’g < b w8 4 v(S), where
(1,8)€S (i,8)€s8
K * i,g k
y(8) = jzl y(Sj) €Y (8), and ({x’ }(i’g)es,{y(sj)}jzl) is an S-feasible

program realized wvia {S,}k 1],
17 3=

Al1l other ("feasibility") modifications are obvious.
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VI. COALITION STRUCTURE

Theorem 1 proves the existence of a firm structure which brings
about structural competitive equilibrium. In particular, individuals
may exist who participate in more than one firm. Though as shown above,
in the standard A - D economy this type of structure is formed, one may
desire to get a coalition structure rather than a firm structure [ 8 1,

where:

Definition 8: A coalition structure is a firm structure, d &€ D, such that
for all Si’sj € d, Si N Sj = @,

Denote the set of all coalition structures by F, i.e.,
F=[deD\Si,Sj€d:SiﬂSj=¢],

Note that we could define a coalition structure as a partition of the set
of individuals (which is the usual definition in game-theory for a

coalition structure), if for £ € F, we "add" the firm S(f) = M\ U S, and
Sef

define y(S(f))= {0} (which, by (d.1) 1is feasible). That is, we add the
"firm" of all individuals who are '"unemployed'.

The question that naturally arises is whether for every economy that
fulfills assumptions A, there exists a structural competitive equilibrium,
the firm structure of whose is a coalition structure? The following
example will shed some light upon this problem:

Consider an economy with three individuals, three non-marketed goods
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and one marketed good.
i i i
w = (0,e”) where e is the 1ith unit vector in R3.

That is, each individual is endowed with one unit of one type of labour.

i 4
= R+,

I5< |

(It can be interpreted as one unit of person type 1i). i=1,2,3.

For all i, and all x* & Xl, ul(xl) = xi. That is, each agent receives
benefits only from the marketed commodity Xy The technology sets Y(S)

are given by:
- 4 i
Y({i,j}) =lyeR |y=t(l,-e -e) 0<t<l1],
Y(S) = {0} otherwise.

In essence, this is the ''game of pairs'", where every two individuals
can produce one unit of x1 if they work full-time, or any convex combination

of this production.
i. 3 .. .
1f {x }i=l is a structural competitive allocation, we must have

Xi = 1%, which is realized by forming the firm structure
1

I W

i
i j ..

B = ({1,2},{2,3},{1,3}), and y(S) = (&, - (e" + &%) for all ({i,j} & B.

No coalition structure can give rise to such an allocation, since for any

- i
coalition structure £ ¢ F, y € = Y(S) implies vy < 1, hence = x; < 1.
Scf ieM

Most general models will include this type of economy as a special case,

since, in particular, the utilities here do not depend upon the non-marketed



-25-

goods. It therefore follows, that if we want to get a positive result

as to the formation of coalition structures rather than firm structures
we shall have to impose rather strong restrictions either on the
utilities of the individuals (e.g., if i works for more than one firm,
ui(xi) < ui(wi), for all attainable Xi‘s), or on the technology sets.
This last approach was followed in a current paper by T. Ichiishi [ 8 1,
where he assumed some sort of balancedness of the technology. We shall
show that we derive Ichiishi's result as a corollary of our model. The
main advantage of our proof ;s by its relatively simple mathematics

techniques, its connection with the above firm structure model, and in the

fact that we need less assumptions than are needed in [ 8 ]. 1In particular,

~ i ) ~ e
we do not assume that for every i e M, x,x € X' implies (XC,XL) € zl.

It seems to us that the amount (or type) of labour an individual can offer,
depends heavily upon his consumption bundle of the marketed goods (e.g.,
food).

~ t
Define: Y(S) =1[yly = Zy(5.),y(S,) € Y(5,),
=1

1

8, &S5 5. N sj = @].

By definition, y(Sk) € Y(Sk) implies yL(Sk) = iés yi(sk) where
k

yi(Sk) is the labour vector i puts in S when y(Sk) is produced,

k



-26-

and - Z yi(Sk).Z xi - Wi, for some x- € Xl.

5, 1€s,

Assumption (e): Let {Sk} be a balanced collection with {yk} as

weights. Let y(S,) € Y(S,). Then, y = i Y, y(8,) € Y() and

i i
v, 2 i Yy Y15y -
ies,

Assumption (e) is equivalent to the balancedness assumption in [8].

Theorem 4: Under Assumptions A and (e), there exists a structural

competitive equilibrium whose firm structure is a coalition structure.

Proof: The proof follows exactly the pattern of Theorem 1. First, note

)

that Theorem 2 holds if Y(S) replaces Y (S) in (ii') (and B is,
theréfore, a coalition structure). In fact, the proof is much easier,

since S serves as the blocking coalition. Hence, (4) and (5) in

the proof of Theorem 3 above, coincide, thus proving the Theorem. Define:

- _ i m . i .
v, (8) = [{u ?igM ¢ E' |[YidsS,u =0. Yigs,

i =i i i . i iq
X € X, x < v, with u’ < ul(xl),

i

. : k
i - 1
5 pX_ < Z v, + PYC(S)JY(S) _Z_

v(S.) € Y(S)
ies ig$ i J

1

sj NS, =%, and for all j, j =1,...,k



27~

By assumption (e), the analogue of Lemma 2 1is easily proved. We then
define g(p) in the same way we defined 6 (p). The proof that 5(p) is
convex for every p ¢ P follows from the fact that §(M) is a convex set,
due to its balancedness, using the same arguments as in Lemma 3. With the
required notational modifications, ( .~ replaces %), Lemma 4 and hence the

proof of Theorem 1 carry over word for word.
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VII. THE REPLICA ECONOMY

Consider an economy in which there exists a general technology set
4 £
Y, YcC R lkfR_ , which exhibits the general accumulated knowledge of the

society. Each coalition S faces the technology Y(S). Moreover, we assume

that the super-additive technology Y“(S), is given by:

(d.5) YK(S) =iyey \y (s) > = xX - 3 w' for some
L - . L . L
igS ieS

wi, i€ s].

Wt
0
>
.
Mo
fIA

=

We also asszume:

(b.4) TFor each individidual i, the utility function ul is strictly
concave.

(e') w' >>0

(d.3"y Yn-Yc {®

Iy
@4y yor! 2

£1+£9
(d.6) Y 1is a closed convex set of R -

Let Mr denote the r-fold replica of M. M. consists of m.r

consumers which will be indexed by the pair (i,g), i =1,...,m,g =1,...,r,
* * T P
By (d.5), Y (M) DT Y (M. Let y €Y (), i.e. y €7,
yi > 5 Xél)g) - 5 w1 , Xl,g a gl, Xi,g < wi’ i=1,...,mg = 1,...,r.
(].-;g)€Mr (i;g)GMr
1 r ~ - 1 r ~4 i
By (a), i xl’ge}_{_l,—r— 2z XL’gng. By (4.4') and (d.6),Y is convex with
g=1 g=1
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yr € Y. Therefore, -%yr €Y (M). Thus:

R

0 & Y, hence

(15) Yr

ts 1.

Y w _ . pad = . w .
(Mr) T Y1 re Y (M)

mn

By similar arguments, using (d.4'), (d.5) and (d.6) we get:

[}

(16) S cM_ implies Y (8) < Y;

(17) For any coalition S with ki(S) members of type i,ki(S) > 1

for all 1 £ M,

Min [k (8) | i< M] v e v (s).

%

N

The game generated by the economy with Mr consumers, is given by

(Mr,v) where:

= i,8 mrr W3 i,8 _
v = LT gyen € B 1Y @p) 65, wE =0
Y(i,g) € S, & x'78 € gl,xi’g g_wi, with u'’® < ul(xl’g),
s x78 < s w8 4+ y(s),
(1,8)€S (1,8)¢8

y(8) € Y (1.

Obviously, for all p £ P, v(S) < v;(S).

Denote the core of the economy E_ by c_.

Lemma 5: Under assumptions (a), (b.1), (b.4), (c¢'), (d.1), (d.3"),(d.4"),

8

(d.5) and (d.6), for every (x’%) e n €. there exists prices
21+22 r=1
o € R , o ¥ 0, and profit payments (ti g),(i,g) € Mr such that for
2
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all E :
r

i i r r * i,g i8
(18) 2ox8 e sw Y,y e Y M), xS v, (L,8) @ M,

(1,8)eM_ ieM

[N}

19) t, 20, Y(i,g) €M

1,8 —
3 s ;3 . . 3 i g
(20) CDXl’g < @Wl’g + t., , and ul(xl’g) > ul(leg); xl’g < w ’
‘ - 1,8 L = "1,
implies q);l,g >>q,wl’g+-t'
1,8
(2].) o t. = prr
(i,g)em *78
r
2 w
(22) 2t > Sup pY (8) for all S c M

(i,8)€S

Proof: Since (15), (16), and (17) are implied by our assumptions, we apply

the theorem in [ 2 ], replacing Fl(xl) by:

™)

il

[Zl\zi = 0, ul(zl + wl) > ul(xi)]

[o=]
Theorem 5: Under the assumptions of Lemma 5, for every x ¢ N C.; there
r=1

exists for each E., @ structural competitive equilibrium, whose allocation

i
is (x ,g).

Proof: Define: pj = @j, j=l,...,zl. By (d.4'), o > 0, using (20) and
4 .
1 . Tr *

(b.1) we derive that p ¢ E, , P = 0, Since y €Y (Mr)’ there exists a
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B, which is the firm structure that gives rise to y. By (15), B is fixed
overall r. We shall prove that (p,(xl’g),B,yr) fulfills (i'),(ii') of

Theorem 3 above, thus it is a structural competitive equilibrium. (i')

follows directly from (18). Let u (%) > u (x’®), % '8 = w8,
- % - — i,g
(i.8) € S M, and let y(S) € Y (§) with y_(S) > s %08 o 2 W

i .
By (20), ox '° >@uw 8+ t. . Summing over (i,g) € S, and using (22)

1,8
we get:
(23) SoEE > T ow '8+ 2ot 2 Tow '8 4
(i,8)es (i,8)€s (i,8)es B (i,p)es
+ 0y (S).
Since ¢ = 0, o E (@j) = 0. Hence, @LyL(S) >0 b XL’g -
j=£l+'l (i,2)€s
-9 5 wi’g . By (23): ' 3 p§z’g > b pw;"g + p§c(s). Hence,
(i,g)es (i,8)€s (i,8)€es
(ii') holds.
Q.E.D.

Note that ¢ may serve as competitive prices for all goods, marketed as

well as non-marketed. This gives rise to the hypothesis that non-marketed goods
have to be scarce, which fits within the intuitive notion of non-marketed
goods. Theorem 5 proves this conjecture since in Lemma 5 we get (t, ) = 0,

1,8
(i,g) € M.. This result, generally, does not hold in the finite case.



