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Abstract

This paper establishes a new probability result: Fix n € (0,1/2] and let {X;};en denote a
family of independent random variables such that Pr(X; =1) =1—-Pr(X; =0) =p; € [n,1-1).
For any K > 0, € > 0, and function f : {0,1}™ — [0, K],

i E[f(X1,..., X0)|Xi = 1] = B[f(Xy,..., Xn)[Xi =0 > e} < N(e, K,n)+1 (1)

where N(e, K,n) = K>

2mwe2n?

In many environments, a dependent variable potentially depends on a large number of indepen-
dent binary variables. In economics, an agent’s utility may depend on a large number of stochastic
consumption events, a market price can depend on a large number of individual decisions, a produc-
tion function may depend on many stochastic factors, etc. In econometrics, the dependent variable
in a nonlinear regression can potentially depend on many independent variables. In genomics, the
occurrence of disease can potentially depend on a large number of genes. In quantum mechanics,
the realization of a phenomenon can depend on the spin positions of large number of particles,
etc. This paper shows, however, that if the variable of interest is bounded, it can only depend
significantly on at most a fixed number of independent variables. This number depends only on

the significance level of interest and on the probability range taken by the independent variables.

LEMMA 1 Let {X;}ien denote a family of independent random variables such that Pr(X; = 1) =
Pr(X; =0)=1/2. For any K >0, € >0, and function f:{0,1}" — [0, K],

Hie{l,....,n}: E[f(X1,..., Xp)|Xi =1 — E[f(X1,...,X,)|X; =0 > e}| < N(e, K)+ 1

where N(e,K) = %Iﬁ

2

This implies in particular that the fraction of independent random variables whose positive influence
exceeds £ goes to zero as n gets large, at rate 1/n. Obviously, a symmetric statement with the

same bound holds for negative influence.
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Proof. Fix some K ,e,n, and f, and let Ny = {i : E[f(X1,...,Xn)|Xi = 1] - E[f(X1,..., X)|X; =
0] > ¢} and ny = |Ny|. We will derive an upper bound N on ny. Any bound N obtained for the
parameters (¢, K) is also a bound for the parameters (ae, aK), for any o > 0. Therefore, we focus
on K =1.

By relabeling coordinates, we can assume without loss of generality that Ny = {1,...,n¢}. By

letting g(X1,...,Xn,) = E[f(X1,...,Xn)[(X1,... Xy, )], the law of iterated expectations implies

that for¢ € {1, . ,Tlf}, E[g(Xl,. . .,an)‘Xi = 1]—E[g(X1, e ,an)|Xi = O] = E[f(Xl, e X)X =

1] = E[f(X1,...,X,)|X; = 0] > € and hence ny, = ny. Therefore we may focus without loss on
functions like g for which the influence of each variable exceeds &.
Thus suppose that ny = n and let X = {0,1}". Note that any bound N obtained when n

is even implies a bound N + 1 for n odd. To economize on notation, we focus on n even. By

assumption, we have for each i € {1,...,n}
Yoo f@ - D> fl) et
rxeX:x;=1 xeX:x;=0

Notice that if 2 has j zeros and n — j ones, the term f(z) is counted positively in n — j of the
previous inequalities and negatively in the j remaining ones. Summing up the n inequalities and
rearranging the terms therefore yields

n

Z(n —2j) Z f(x) > en2" 1

J=0 zEX]
where X7 denotes the set of all elements of {0,1}" with exactly j zeros. Since f(r) is nonnegative
and bounded above by 1, this implies that

n/2

> (n —2i) <’Z> > en2n L, (2)
i=0
Because (’;) = ( " ) and > 7" (") = 2" the left-hand side of is equal

n—i %

n/2 n n/Q_ n n n n/2. n
(1) () =2 (e () 2 2()

Since i("}) = n(?:ll) and (";1) = (nﬁ_llz), the last term of the previous expression equals

n/2—1

w1 S (1) e

§=0
n n
w > 2n—1,
2 <n/2> -

2

Therefore, implies that



or
n!

(n/2)2

Using Stirling’s formulaﬂ this implies that

> 2™,

2
— > €
™
or
- 2
n< —.
me?
This shows the lemma for
N K) 2 K?
g, = ——.
T e?

LEMMA 2 Fiz q € Nyt and n € (0,1/2], and let {X;}ien denote a family of independent random
variables such that Pr(X; = 1) =1— Pr(X; = 0) = ;277 for some integer a; such that a;279 €
[n,1 —n]. For any K >0, € >0, and function f:{0,1}" — [0, K],

i BLF(X, ., Xo) [ Xi = 1] — B[f(X1,..., X,)|X; = 0] > e} < N(s, K, ) + 1

where N (e, K,n) = i*

= gren?-
Proof. As with Lemma [I} we can focus on K = 1 and n even and obtain the result for general
K > 0 by jointly rescaling K and € and adding 1 to the upper bound to allow for n odd. Fix some
integer n and function f : X = {0,1}" — [0,1]. For each ¢ € {1,...,n} we will decompose X,
into ¢ binary variables {Xik}k:l’m,q which are i.i.d. with Pr()z'f =1) = Pr(f(ik =1) =1/2. For
each i < n, let A; denote a subset of {0,1}? with a; elements, containing all elements such that
X} =1ifa; > 2971, and covered by these elements otherwise. Letting X; = (X'l-l, ceey X'f), notice
that Pr(X; € A;) = a;/29. We now show that

Pr(X; € Ai| X} =1) — Pr(X; € A4|X! =0) > 2. (3)

Suppose first that a; > 2971, In this case, by construction X; surely belongs to A; if )N(Z-l = 1. Let
0= PT‘(XZ' € Ai\Xil =0). We have 1/2+ §/2 = a;/27. By assumption, a;/2? < 1 —n. Combining
this yields 1 — § > 29, as desired. If instead a; < 2971, X; cannot belong to A; if X} =0, and
belongs to it with probability a; /2971 > 27 if Xil = 1, which yields again (3).

Let f:{0,1}™ — [0,1] be defined by

f(ilv L) 75371) - f(]-i1€¢417 ) 1in€An)

"While Stirling’s formula is an approximation, the bound obtained here is exact: from Robbins (1955), we
have v/2mnt1/2e et/ (1204 1 < \/2rnnt/2e7 e/ 120 This implies that n!/((n/2)!)? is bounded above by
(2mn) ~1/2onH1l/(12m)=2/(6n41) © The Jast factor is less than one for all n > 1 and can thus be dropped from the

upper bound.



By construction, the random variable f(X) has the same distribution as f(X). Moreover,
E[f(X)|X; =1] = E[f(X)|X; € Al

and
E[f(X)|X; = 0] = E[f(X)|X; ¢ Al

The function f depends on ng iid symmetric Bernoulli variables. Lemma [1| can thus be applied to
f , and shows that
E[f(X)|X; =1] - E[f(X)|IXf =0] <¢

except for at most N = [2/7?] of these np variables. If n > N, this implies that there is a subset
N of {1,...,n} with at least n — N elements such that for all i € N

A} = BIf(X)|Xf =1] - E[f(X)|Xf = 0] <«

for all k € {1,...,q}, and in particular for k¥ = 1. Notice that for r € {0,1},

E[f(X)|XF = 1] = Pr(X; € A| X' = n)E[f(X)|X; = 1]+(1=Pr(X; € 4| X" = r)E[f(X)|X; = 0].
This implies that
A; = (BIf(X)|X; = 1] = BIf(X)|X; = 0])(Pr(X; € AilX{ = 1) = Pr(X; € Ai|X] =0))

Since the left-hand side is less than € for i € N and the probability difference on the right-hand

side exceeds n, we conclude that
E[f(X)|X; =1] = E[f(X)|X; = 0] < &/2n.

Setting ¢’ = £/2n, this proves the lemma with N (&', 1,7) = 1/27¢"?n? and, by rescaling, N (e, K,n) =
K2 /2men?.

THEOREM 1 Fiz n € (0,1/2] and let {X;}ien denote a family of independent random variables
such that Pr(X; = 1) =1—-Pr(X; =0) =p; € [n,1 —n]. For any K > 0, € > 0, and function
f:4{0,1}" = [0, K],

i BLF(X, . Xo) [ Xs = 1] — E[f(X1,.., X0)|X; = 0] > e} < N(&, K, +1 (4)

where N(e,K,n) = e

T 2me?ny

Proof.  Fix some n even, function f : {0,1} — [0, K] and n-dimensional vector p such that
pi € [n,1 —n] for all i. For each ¢ € N4, let p? denote an dimensional vector taking values in the
set {1/2P,2/2P ... 1 —1/2P} such that p] € [n,1 — 7] and |p] — p;| < 1/29 for all i. Let E; denote

4



the expectation taken with respect to the probability vector p?. From Lemma [2| applied to p?, we

have
Eq[f(X)[Xs = 1] = Eg[f(X)[X; =0] < e (5)

for all 4, except for a subset N of {1,...,n} which contains at most N(e, K,n) = K?/(2ne’n?)
elements. Since the set {1,...,n} is finite, there exists an infinite subsequence of {N;},>1 which is
constant, equal to some set A of cardinality at most N (e, K, 7).

The conditional expectations entering are polynomial and, hence, continuous in q. Therefore,
E,f(X)|X; = 1] — E,[f(X)|X; = 0] converges to E[f(X)|X; = 1] — E[f(X)|X; = 0] for all i as

q — +oo. Applying this observation to i € N for the converging subsequence proves the result.



References

RoBBINs, H. (1955) “A Remark on Stirling’s Formula,” The American Mathematical Monthly,
Vol. 62, pp. 26-29.



	A universal bound on probabilistic influence_10-24-2016
	Probability result q

