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I. Introduction

Flexible exchange rates pose a continuing risk to firms
that operate in international markets. The risks are associated
with transactions resulting in accounts receivable and current
liabilities and with stocks such as cash balances, inventories,
and long-term fixed assets. This paper is concerned with the
continuing risks imposed by currency fluctuations on short-run
activities of a multinational firm. - For example, collection of
the receivable resulting from a foreign sale is usually made in
sixty or ninety days, and if the sale. is denominated in a foreign
currency, the receivable is subject to exchange rate risk.
Similarly, the dividends paid by a foreign subsidiary to the
parent must be converted at the exchange rate at the time of
payment. A capital expenditure for the construction of a new
plant in a foreign country involves payments in the foreign
currency over an extended period of time. While the time
schedule of the payments may be known, the exchange rates at
which the payments wiil be made are not known. A survey of
management attitude towards these forms of transactions exposure
has been given by Rodriguez [7]. The emphasis in this paper
is on how to deal with the exchange rate risks.

The firm may act to reduce such risks by hedging with
forward exchange contracts or by borrowing and lending in foreign

currencies.1 To cover a 90-day receivable denominated in British
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pounds, for example, an American firm could sell pounds forward
today at the 90-day forward rate and thus be assured of being

able to convert pounds to dollars at a specified exchange rate

in ninety days. Alternatively, the firm could wait thirty days

and sell pounds forward sixty days at whatever forward rate

would hold at that time. Even for sales that have not yet occurred,
say those taking place six months from now, the firm is able to
hedge at any time between the present and the time at which

the receivables will be collected.

The hedging of foreign currency transactions involves a
significant risk that can have a major effect on profits.2 For
example, if pounds are sold forward ninety days at a forward
rate of $2.254§i and in ninety days the spot exchange rate is
$2.30/%¥ , the firm will have incurred an opportunity loss of
more than two percent on sales. B8uch hedging decisions must neces-
sarily involve expectations regarding the future evolution of
both spot and forward exchange rates, but exchange rate movements
are extremely difficult to predict, so a means of estimating and
dealing with such movements is needed and will be provided here.
Besides the hedging decisi ns, a multinational company must
make the usual short-term financial decisions involving borrowing
and lending, transfer pricing, dividend payments, etc. These
decisions should be made in conjunction with the hedging decisions
in order to meet the financial objectives and requirements of
the firm.

A number of short-term financial planning models

have been developed that deal with limited aspects of this problem.
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Rutenberg.: [8] has presented a deterministic multiperiod

model for financial planning in a multinational firm with
exchange rates taken as fixed. Krause [3] considered a multi-
period financial planning model that incorporates uncertainty

as a disturbance term in a state-transition function, but to
obtain a solution, he resorts to a quadratic objective func-
tion and an additive disturbance in a model without constraints.
Wundisch [81] developed a cash-planning model for a multinational
firm that incorporates both spot and forward exchange rates, but
he does not treat future spot rates as uncertain. Mehta

and Inselbag [5] have presented a model of working capital
management in a multinational corporation but utilize "anti-
cipated-formal or implicit-changes in the relative values

of currencies" rather than uncertain future exchange rates.

In the context of a mean-variance portfolio model Lietaer [4&4]
treats hedging decision when exchange rates are uncertain.
Jééskeléinen and Salmi [2] present a two-period model for
determining hedging, sales, production, transfer price, and
borrowing levels. Their solution procedure however is such that
it preserves feasibility in any state of the world.

The model presented herein is intended to serve as a
guide to the planning of these short-term financial decisions
over a set of short time periods, e.g., a month each. To
simplify the model, longer-term decisions. such as those
involving capital investments, production, and sales will be
taken to be fixed during the horizon of the short-term finan-
cial planning model. The financial planners are assumed to

receive deterministic production and sales plans as well as
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capital investment schedules and to plan subject to these inputs.
The decision variables in the planning model are concerned with
(a) transfer prices, (b) borrowing and lending, and (c¢) forward
éxchange transactions. The model consists of three pérts: (1)
a stochastic process model that represents the evolution of'i
foreign exchange rates, (2) a cash flow model that characterizes
the cash flows possible, given the organizational structure
of the firm, and (3) a solution model that transforms the
stochastic model into a deterministic equivalent that may be
solved. The stochastic characterization of the exchange rates
is presented in Section II, the cash flow model follows in

Section III, and the solution procedures are given in Section IV.

II. A Stochastic Characterization of Fluctuating Exchange Rates
The levels of foreign exchange rates are determined
by both an exogenous process and an endogenous process. The
exogenous process involves trade between countries, flows of
long~ and short-term capital, tourism, governmental trans-
actions, etc. These flows tend to determine the general levels
of exchange rates, but the relationships among spot exchange
rates and between spot and forward rates is determined by an
endogenous arbitrage process. For example, if sij is the spot
exchange rate between countries i and j, measured in units of
currency j per unit of currency i, then sji must equal l/si. or

J
else investors may exchange one currency for another and gain

without any investment. For example, suppose that an investor

sells x units of currency i against currency j and simultaneously



sells the currency j proceeds against currency i. The sale of
currency i yields Xsij units of currency j, and the sale of this
quantity yields (Xsij)sji units of currency i. The gain to the

investor is Xsijsji - x = X(sijsji-l}. if (s -1) >(<) 1,

then x >(<) 0 yields a gain to the investor. Since no investment

. :S..
ijvji

is made in connection with this transaction and no risk is

involved, arbitragers will make trades until, in equilibrium,

(2.1a) Sji = l/s]._j

This relationship can be extended to any number of currencies so that,

for example, Sji = (l/sik)/skj’ and hence

SikSky T Sij-

(2.1b)
A forward exchange rate is that rate of exchange at which one
currency may be exchanged for another at some specified date in the
future. For example, two traders may sign a contract today to sell
x units of currency i for currency j at a predetermined rate zij in
ninety days. In ninety days one investor sells the x units of currency
for xzij units of currency j and the other receives the x units of
currency i. Using an argument identical to that above, it may be shown

that, in equilibrium,

(2.2) Zji = l/z]._j and Zikzkj = z

ij

for all currencies. If the first equality were not satisfied, for
example, an investor could gain by selling forward x units of currency i
against currency j and simultaneously selling forward the proceeds

of that transaction against currency i (x would be positive or negative

as appropriate).



An arbitrage process also works to establish the relationship
between spot and forward exchange rates. Consider an investor in
country i who has the choice between the following two investments:
(a) save x units of currency i for ninety days in a bank in country i
at a gross interest rate r; (ri > 1), or (b) purchase xsij units of
currency j and save it for ninety days in a bank in country j at an
interest rate r; (rj > 1) while simultaneously signing a forward
contract to sell Xsijrj units of currency j at the forward rate zji’
In ninety days the amount of currency i available is Xrs if the first

investment is made and xsijr.z.. if the second is made. The second is

JJj1
preferred to the first if Xr; - Xsijrjzji = x(r, —le i Jl) < 0. Thus
if (r -s, ) <(>) 0, investors in country i will make investment

ij J Jl
(b) ((a)) and investors in country j will make the converse investment

(b) ((a)). This will continue until, in equilibrium,the spot and

forward rates. satisfy

(2.3) zij = 1/zji = Sijrj/ri

Consequently, if the interest rate in country j is less than the in-
terest rate in country i, the forward rate zij will be less than the
spot rate Sij' In this case currency j is said to sell at a forward
discount or currency i at a forward premium. The relationship in (2.3)
tends to be satisfied, but in reality, because of market imperfec-
tions such as margin requirements, for example, it may not be exactly
satisfied at all times.3 These imperfections will not be taken into
account in the current model nor will arbitrage decisions be considered,
since the firm need not consider such decisions if the arbitrage

process itself can be assumed to eliminate any gains to arbitrage.



At each point in time the relationships in (2.1la), (2.1b),
(2.2), and (2.3) will hold, and the stochastic proéess fepfesenfing
the movement of.exchange rates must be such that these equilibrium
relationships are satisfied at every time in the future for all
currencies. If they were not satisfied, then as indicated above
arbitrage would occur to adjust the exchange rates so that the
relationships were satisfied. We now introduce the following

notation that will be used for the exchange rates:

S.. = the spot rate at time zero.

ijo
ZijOg = the g-period forward rate available at time zero
i 0 /r 0o = the ratio of the g-period interest rates

Vg JUs available at time zero
gi'k = the uncertain g-period forward rate available

J in period k
?ik /F,k = the ratio of the uncertain g-period interest

& JX&  rates available in period k.

The stochastic process thus must begin with the initial conditions

$130° %1j0g 10g/ %508 ijk’> %ijke
subject to the conditions (2.1la), (2.1b), (2.2) and (2.3). To

, and r and generate §

, and rlkg/rjk
simplify subsequent notation, all exchange rates will be expressed
in terms of those involving currency zero (e.g. OJO or SOjk)‘

Let uijk = £n(sijk) and U = (uOlk""’ Onk ) (ul,...,u ),

n
where the currencies considered are indexed by the integers
0,1,...,n. The stochastic process utilized specifies that U 1is
generated from Gk_l by independent multivariate normal increments

y, so that

(2.4) T =8 7+§, k=1,2,...,K,
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where ;k ~ N(mk,wk,), §k and ?z are independent for k # £, and K is
the index of the last period accounted for in the model. Thus the
mean vector of the kth increment is denoted by m and the variance-

covariance matrix is denoted by Wk. From (2.4) we have

k -
(2.5) a0y o= ?E = a0 + ﬁk,
2=1
N k k 0
where w ~ N( = m,, = wz). If we let my = u and WO =0,
=1 =1 ,
o Nk «
ﬁk ~ N(mk,wk), where mk = Z m, and Wk = Z W,.
24=0 =0 -

The distribution of Gijk may be determined from the exchange

rates relative to zero, since

(2.6) Ui = zn(sijk) = zn(sojk/soik) = zn(sojk)-zn(SOik}
- Y35k T “oik
Conseguently, Gijk ~ N(m?—m?, vljwk(vlj)t), where viJ is a 1 « N

vector with +1 in position j, -1 in position i, and zeroes else-
where. All exchange rates gijk thus have lognormal distributions.
From the distribution of the spot exchange rates the dis-
tribution of the forward exchange rates may be determined if the
interest rates are given. The g-period interest rates that will
exist in period k are also unknown,and the changes in their
natural logorithm will be assumed to be given by a normal process.
Let %ikg = zn(fikg) and ﬁkg = (ﬁbkg’ ﬁlkg""’ﬁﬁkg)’ where fikg is
the country i interest rate in period k for a loan or deposit of

g periods. Then ﬁkg is generated from %k-l,g by



(2.7) T8 lee L 3R k1 L R - g

where gkg ~ N(ukg, Zkg) and Ekg and gzg are independent for k # 4.

The changes Ekg are assumed to be independent4 of the ;2 for all

k and 4. Letting H% = (4n rOOg’ 4n rlog,...,ﬁn rnOg) and Z@g =0,

k
s = .
=0 *8

k
ﬁkg ~ N(ukg, Zkg) where ukg = Z u, and Z
=0 *&

kg _

The distribution of the forward exchange rate can thus be

determined from

~ T,
= > = jkg ¥
(2.8) tijkg = Zn(zijkg) 4n S sijk
ikg
= zn(rjkg) + zn(sijk) - zn(rikg).
~ k k k k o o o » o o
Consequently, tijkg ~ N(ujg + mg - oWy - “ig’ vt wk(vll)t +

Zkg(yij)t) where yij is a 1 , ntl vector with a +1 in position
j+1l, a -1 in position i+l, and zeroes elsewhere. The forward
exchange rates are thus also lognormally distributed.5

Two stochastic processes have been defined, one representing
changes in interest rates and the other representing changes in
spot exchange rates relative to currency 0 which may be thought
of as representing the exogenous trade and investment factors
previously mentioned. Given those two processes the distribution
of any spot or forward exchange rate may be determined from
(2.5), (2.6), (2.7), and (2.8). In using this model, a firm need
6n1y‘representrtheﬂcurrenéieSAin which it actually has trans-

actions. Many of those currencies have exchange rates tied to
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a principal currency such as the dollar, the British pound, or the
French franc, so the number of currencies that must be considered
will be much smaller than the number of countries with which a firm
deals. Also, a number of major European countries have been
engaged in a joint float that further. reduces the number of cur-
rencies that must be represented.6 For certain other currencies
forward markets do not exist,but in those cases borrowing and
lending in the foreign currency can often be used for hedging.
For other currencies hedging may be impossible and the firm may
simply price in its home currency or leave transactions uncovered.
In order to utilize the stochastic model of the exchange
rates, one must estimate, subjectively and/or objectively, the
parameters in mk, Wk; Hkg, and Ekg. A s imple procedure for
obtaining estimates for the case in which the processes can be
assumed to be stationary is to simply use the maximum likelihood
estimates of the parameters. If one wishes to incorporate prior
information, a conditional multivariate normal distribution for
mk, and a Wishart marginal distribution for Wk, may be used. The
posterior marginal distribution of mk is then a multivariate
normal-Wishart distribution. If one is willing to make the assump-
tion that Wk is known, then mk has a multivariate normal distribu-

tion.7

III. The Cash Flow Model

A. The Organizational Structure of the Firm

The representation of the cash flows among the components of the
firm must capture both the organizational structure of the multinational
firm and the variety of financial transactions that can be made. The

set of indices of the countries in which the firm operates will be
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denoted by N = {0,1,...,n},where country zero is the home country of

the firm. The firm has subsidiaries (or divisions) in a set of countries

whose index set is SN, and Sj is the index set of the subsidiaries
owned directly by subsidiary j, j&€S. Direct ownership is used in order
to characterize the payment of dividen&s, so while all subsidiaries
could be considered to be subsidiaries of the parent, SO will not be
.identical with S if some subsidiary owns another subsidiary.

Besides the payment of dividends a subsidiary may transfer to
or obtain funds from other subsidiaries by making intercompany loans,
royalty payments, paying management and licensiné fees, and by making
a variety of other types of transfers.8 Only the most common types
of transfers involving dividends, intercompany loans, royalties,
management fees, and licensing fees will be considered here. The fol-

lowing notation will be used to denote the feasible transfer relation-

ships (additional notation is defined in Table 1):-

B.<S is the index set of the subsidiaries from which subsidiary
j may borrow

Z.<S is the index set of the subsidiaries to which subsidiary
j may loan '

0.cS is the index set of the subsidiaries from which subsidiary
j may receive royalties, management fees, and licensing fees

0.<S is the index set of the subsidiaries to which subsidiary
j may pay royalties, management fees, and licensing fees.
The firm will be assumed to borrow and loan in foreign currencies only
from other subsidiaries.

In addition to these means of transferring funds,subsidiaries
have some latitude in the choice of the prices at which intracompany
transfers are made. If the product transferred has a well-identified
market price, the transfer price mustvbe related to the market price.

For many intermediate products, however, market prices do not exist,
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and firms must set transfer prices. The transfer prices directly affect
the tax receipts of the countries inVolved, so there are certain explicit
and implicit constraints on the transfer prices.9 To take into account
transactions with clients, both within and outside the firm, the
index sets of the subsidiaries and outside clients with which a sub-

sidiary makes transactions will be denoted as follows:

N/cS 1is the index set ot the subsidiaries to which subsidiary
j sells

(e} .

N.cS 1is the index set of countries in which there are outside

J clients to which subsidiary j sells
/
M.cN 1is the index set of countries in which there are subsi-
] diaries from which subsidiary j buys
MQCN is the index set of the countries in which there are outside
J clients from which subsidiary j buys
N. = N/uNQ is the index set of countries in which there are
] J7 ) clients of subsidiary j
M. = MfuMQ is the index set of countries for whom subsidiary
3 3 j is a client

For subsidiary j transfer prices will be associated with each iENjUMj

VB. Cash Flow for Subsidiary j

Subsidiary j may receive income from sales to outside clients,
sales to other subsidiaries, revenue from lending (minus borrowing
costs), dividends, fees, royalties, etc. The taxable profits of a
subsidiary will first be specified and then the cash flow developed.

The taxable revenue from sales in period k will be denoted by

z 8

RCip = Z g 835(8550Y55, F Jos (i 5510151 *15%
]

J i NG
1€ i

where the sales yijk to outside clients and the shipments Xijk to other

subsidiaries are given by a sales plan or forecast. Accrued sales are
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assumed to be valued at the exchange rates gijk at the times of the
sales. The firm is able to choose the price t.jk at which goods are
transferred within the firm, and the function s, J( Jk) is used

to indicate the currency in which the sale is made. This pricing de-

cision is assumed to be given, so that if the price is set in currency j,

5ij( le) = 1, and if the price is set in currency i, Gljgsijk? = Sijk’
Similarly, the import cost of subsidiary j in period k is
chk = .z 0 6ji( Jlk)yjlk (Sjlk)tjlk jik

ieM, ! Jl
i 5 1EM5

The net revenue Rij to subsidiary j from all borrowing and lending

activities in period k is

RL = L

. cs1. b2y = B...b... - Z B.., S...b..

Jk T T33kTigk T P3ikTiik T Pijk ijkCijk
‘ J

+ z L. Leoqs
iE;ﬁj ijk "ijk

where the interest rates for borrowing and lending are denoted by

b and #4 and all loans are made in the currency of the lender and are

assumed to have a maturity of one period with interest paid during

the period of the loan. That is, the loans are discounted. The vari-

able Bijk is thus the borrowing by j in currency i during period k.lo

The net effect ij on profits of fees Pijk paid and received

is given by

P, = T P P
ik 1€0%

g.. - = . s .. (8...).
ik b13 iz © 20 Fyik g IR
j

where Pijk is given by the financial plan. The income Djk from

dividends 1is

D., = = D.._ §...,
jk iESj 1jk "ijk

where dividends are assumed to be paid in the currency of 1i.
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The cost incurred by subsidiary j includes production costs and
taxes paid on exports and importslland perhaps a value-added tax.
The cost of production, distribution, etc. in country j is denoted by
fjk’ and the effective value=added tax is denoted by Vj’ The export

tax ETjk is

ET,e = 20 835 Gis0¥i5k ©i5 7 .2, 85 Gy tisk Fijk 815
1€Nj 1ENj : .
where eij is the tax rate per unit of revenue in currency j. The

tax.is assumed to be paid in period k through estimated tax pay-

ments, for example. The import tax IIjk paid by j is

IT., = Z 5..( + = 5

VS H Sjik)yjiklji i em ji(sjik)
j k]

Yiik ®5ik Y3

where iji is the .tax rate in country i. The total cost CCjk of the

subsidiary from its production and sales operations is thus

CCyp = ICy + £y (l+vy) + ETyy + IT;) -

The remaining part of the profit of subéidiary j is the gain or
loss from exchange rate variations. In period k the subsidiary may

sell (or purchase)forward a quantity qijkg of foreign currency i against j

10

at the forward rate Zg for delivery in period k+g. The number of

JKg
periods g could be 3 for sales on a 90-day payment schedule, for example.

To simplify the notation, g is assumed to be the same for all purchases
and sales. Forward transactions are assumed to be made only in the
currencies of the countries with which j deals or for jEMj UN..

J .
The gain on a forward transaction is thus q.., (Z.., -S.. ).
ijkg  ijkg "ij,kt+g
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For a sale that is not hedged, the gain or loss per unit of the

~

foreign currency is (S, ) which is the difference between the

ijkt+g ®ijk
spot exchange rate, g&jk+g at the time of collection of the receivables,
and the spot exchange rate gijk at which sales were recorded on the
books. If, for example, a sale to an outside client were completely
ijke (zijkg—sijk)’ which
depends on the difference between the forward and spot rates. Only

covered (qijkg = yijk)’ the gain would be q.

exports and imports are assumed to be subject to exchange rate gains

or losses. The net gain Nij in period k then is

NCy = iiN? (35 Ciqi) = 61315, k-g) )1 5k-g
+\1§Nj’ 15Gi50 7 215 645,10-8) Figkeg Migkeg
- 12&? (655 85510 = 651 85 1mg))Vyik-g
"o Gt T i i) iy Fikeg
3

Z 1 9 ~" - N..‘ .
iEMjUNj qlJ,k-g,g(zlJ,k-g,g Sle)

The profits tax PTjk of the firm is then

PT., = T.(RC, . . .. - CC. .
ik TJ(Rch + RLgy + Py + ka CCyy + NGy )

B Tijk - Tj‘iDjik

where Tj is the profits tax rate. The term Tijk is a dividend

rebate that reflects the fact that dividends received may not be

taxed at the corporate profits tax rate, and TjiDjik represents



- 16 -

any taxes on dividends paid out by j. The rate T;; may be negative if

country j taxes dividends paid out and may be positive if a rebate is

given.

The cash flow Cij of the subsidiary may now be written as

CF,., = RC. - 1C. RL., + P., + D., - ) - )
jk j,k-g ik-g T Mk PJk jk ETJk-g ITJ

Eip(TH+vy) + NGy - PTy -2 Dy

i.= A - X A, T..
jGSiJlk jk iESj ijk7ijk
+ = B,.,  §.., - X L.., + B.., - L..
ics. ijk "ijk ies ijk jjk jjk’?

] 5

where the last four terms reflect the borrowing and lending of the
subsidiary. The cash.outlays for long-term capital investments,
short-term financing of changes in current assets and current liabili-
tieskand changes in any long-term financing are denoted by Ajk‘ If
such a payment must be made in a currency i, then it is represented

by the term Aijk which must be multiplied by the appropriate exchange
rate. The cash balance CBjk for subsidiary j at the end of period k
is then

CB., = CB

ik + CF

jk-1 ik’

IV. The Decision Model

A decision model must be based on the cash flow model of the
previous section, the uncertain nature of the foreign exchange rates
as modeled in section II, and the particular objectives of the
multinational firm. Due to the fairly complex nature of the stochastic
process generating the exchange rates and their effects upon the many
components of the cash flow model, a practical solution procedure 1is

difficult to implement. An overview of possible solution procedures
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will be considered first and then two rather simple decision models will
be presented. These models lead to optimization problems that may be

converted to linear programming problems.

Tﬁ;rmédei developed in the previous sections involves the choice
of a sequence of decisions over several periods,where the decisions
beyond the first period are conditional on the occurrence of random
variables, the exchange rates, in earlier periods. The appropriate solu-
tion procedure for such a model is dynamic ﬁrogramming, but for a model
as complex as that presented herein the solution using dynamic pro-
gramming would be virtually impossible. One alternative approach is
to restrict the model to two periods and apply programming with recourse
or another solution procedure. For example, Jadskelainen and Salmi [ 2 ]
have developed a two-stage model in which '"'the first stage variables
must be chosen in a way that preserves feasibility in every state of
the world." Were that approach adopted here, the decision in the first-
stage would involve the transfer prices, the forward covering, dividends,
and borrowing and lending in foreign currencies, while the second-
stage decisions would involve borrowing or lending as needed to satisfy
the constraints on cash balances. But programming with recourse would
be difficult to extend beyond two periods for essentially the same

reasons applicable to dynamic programming.

To arrive at a solution to the model, one essentially has the
choice between a static solution procedure, such as programming with
recourse, and a dynamic procedure that takes into account the adaptive
nature of decisions. One simple dynamic procedure would be to take the
expectation of the objective function and the constraints, provide "“fat"
in the constraints, and use linear programming to determine the valﬁes

of all decision variables. Such a procedure ignores the adaptive nature
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of decisions, however. An approach to incorporating the conditional
nature of the decisions is to use decision rules for the conditional
decisions. That is, a decision in period 3, for example, could be
expressed as a linear function of an exchange rate in period two. The
program then would determine the optimal linear decision rule, and the
actual level of the decision variable, viewed from time zero, would

be a random variable. A form of the linear decision rule approach
with deterministic equivalent constraints will be applied below.

One remaining difficulty in the solution of the model is the
treatment of risk. The basic reason for hedging is a desire to reduce
exposure to currency fluctuations. The conceptually most appropriate
way to take risk into account is to employ a multiperiod utility func-
tion with dividend withdrawals in each period as the arguments. This
would result in a ﬁonlinear objective function that would further compli-
cate the solution. A frequently used approach (see L3] [4]) is to use
a special form of the utility function that can be expressed in terms
of the mean and variance of the dividend withdrawals. The determination
of the mean and variance of dividends is possible but difficult in
this case, but the resulting objective function would in any event be
nonlinear. An alternative approach to taking risk into account is to
utilize constraints on the hedging variables. That is, a priori limits
on hedging could be set with the forward transactions restricted to be
less than or equal to the foreign exchange exposure for example. Such
limits will be employed herein. |

The decision variables that may be chosen by the firm are: (1)

the transfer prices tijk’ (2) the amounts bor rowed Bi (3) the

jk?
amounts loaned Lijk’ (4) the dividends paid Dijk’ and (5) the levels

of forward currency sales qijkg' The appropriate objective function



- 19 -

depends on the objectives and goals of the particular multinational

firm., Some firms may be more concerned with cash flow than with profits,
while others may only value the profit or cash flow of the parent
company. One objective function that may be used is the maximization

of a weighted sum of the expected profits of all tne subsidiaries

during all the time periods, i.e., maximize

K
(4.1a) z T E(S,
j€S k=1 ]

ok) Pik Tk

where period K is the last one in the time horizon chosen, the weights
pjk are nonnegative and mayreflect time discounting, E(§50k) is the
expected exchange rate that converts profits to the parent company's

currency, and ij is profit.

The weakness of the expected profit objective function is that
it does not provide an incentive to move funds to the parent company
that then can be distributed to shareholders. An alternative objective
function is to maximize the expected, discounted sum of the dividends
paid to the parent company.

K ~
(4.1b) j?so kfl E(sj0k) Pik DjOk
This objective function is consistent with the dividends-withdrawls

financial planning models.

The decision variables are subject to a number of constraints
imposed by management in order to insure the financial stability and
reasonableness of the decisions. Each of these will be presented in
turn. Transfer prices must fall within a range of reasonable values
in order to satisfy the letter and spirit of tax laws and to avoid

uncomfortable government scrutiny. It is thus required that
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(4.2)

1

ik = ik = Yy o

where k ranges from 1 to K, the combinations of i and j are those appro-
priate to the firm’'s organizational structure and sales plan, and the
limits Eijk and Eijk are fixed constants set By manageﬁent.lZSimilar
notation will be used for other fixed constants set by management. The
amounts borrowed and loaned must be nonnegative and may have upper

bounds, so the constraints

(4.3) 0 < Bijk < Bijk’

(4.4) 0 < Lijk < Lijk’
are employed. The dividends paid must not be negative, and it may be

desirable to keep them above some stated minimum. The constraints

(4.5) Qijk = Dj_jk = Dijk

are thus used, where Qijk may be zero.

In planning hedging activities within a multinational company,
one faces the problem of whether or not each subsidiary should be ablé
to hedge all its own foreign currency exposiuire or only the exposure
associated with outside clients. If the former approach is used, the
firm will hedge its own internal transactions. The hedging limits
will be expressed quite generally and the appropfiate modifications
to prevent hedging of internal transactions can easily be made.

The currency i claims CLijh to be collected in period k are
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~

z . s i .. (S.. = §.. i :
Yiik-g + tijk-g + s lek if 61JFleK_g) Sijk-g° leNjJ
CL. ., = ]
ijk A
= D"k - otherwise
i€s; 1]

where Dijk is the planned (or projected) dividends. The currency i

obligations OBijk are

Yiik-g + yik-g Fjik-g T Pijk-1 F Ak IE 053 Gyieg) = L
OB; 5k = -
Bijk=1 + Aijk’ otherwise
for ieMjUBj. If only external transactions are to be covered, then
only the yijk—g and yjik-g terms appear above. The net exposure in

currency i is then CLijk-OBijk, and if the firm wishes to follow a
policy of not speculating, then the forward sales for period k,

= 9 5o must be such that
htg=k *+IN&

< z
h+g=k

-OBijk} -0B,

(4.72)  min {0,CL, Liid -

. . - < -
ik qthg < max {O,CLle
Unless one can determine on an a priori basis if the net exposure is

positive or negative, this constraint is nonlinear. An alternative for-

mulation of the hedging constraint is to define each hedging variable as

O’

— + - = . + =
9ijhg = %ijhg T Yijhg > Yijhg’ Yijhg 2

and use the following constraints

+
(4.7b) h+§;k djng = hiji
. = .. < OB. .y -
(4.7¢) hetg=k qthg — OBle
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Management will probably want or have to set lower limits on
the respective cash balances and profits. These are accomplished through

the constraints

(4.8) CBy) > OBy,

(4.9) ij —-Ejk ,

where ij may be zero. Due to the effect on income taxes, the model
cannot easily accommodate negative profits unless negative profits
can be applied against profits in other time periods. If it seems
desirable or inevitable that certain ij be negative, the cash flow
model could be altered appropriately to reflect this, and then con-

straints of the form

(4.10) I.

with ﬁjk < 0, would replace (4.9) for the required value of j and k.
In many cases it will be desirable to limit a subsidiary's divi-

dends by its profit. This may be accomplished through

(4.11) Disp < M-

This constraint would be replaced by

z D,

K ijk = I

z 1.
Kk ik’

if this limitation only exists over a time span which is longer than
one period. (here k is summed over the periods comprising the indicated

time span).
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The decision variables and the objective function and constraints
in which they interact have now been presented. The difficulty remains,
however, that the stochastic nature of the exchange rates prevents the
straightforward determination of the optimal values of the decision
variables through solution of an ordinary deterministic optimization
roblem. For example, forward covering decisions in period k should
take into account the financial results of the preceeding periods,
which are known in period k but unknown at the time a solution to the
planning problem is sought. 1In terms of the planning model, it is
therefore impossible to guarantee that all the constraints, on the
cash balance CBjk and profit ij, for example, can be satisfied. As
in other stochastic programming models, it is therefore necessary to
reinterpret the constraints, and the objective function as well, in
a way that allows for a well-defined optimal solution to be found.

To keep the resulting models relatively simple, tiie approach adopted
here is to replace the objective function by its expected value, and
to apply the constraints with each left-and right-hand side replaced
by their expected value. This may require minor changes in some con-
straints, such as replacing (4.8) by E{CBjk} > gg?k (with QE;k > ggjk)’
in order to provide appropriate safety factors, but it has the advantage
that the resulting models can then be readily solved to yield useable

results.

Two different linear models, based on different ways of speci-

fying values for the decision variables, .will be conmsidered. The second

model is a generalization of the first one, soO only for the second will it
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be shown that the deterministic equivalent of the stochastic dynamic
decision problem is a linear program. The first model uses a zero-
order decision rule in which the values of all decision variables are
chosen simultaneously,and no ability to alter these values during the
time horizon of the model is presumed. All the decision variables are
then constants and will be denoted by appending a final subscript of
zero to the previous notation. Thus the decision variables are then

B D

1jk0° Fijk0* Dijko> and 94510
The second model uses a pseudo~linear decision rule to select

tijk0°

the value of each decision variable. That is, each decision variable

is expressed as a linear function of the exchange rates appropriate to
it. The model is therefore adaptive in that the specific values of

the decision variables will only become specified at the time the
decisions dependent on them are made. The specific rules for the original

decision variables are

~

(4.12) Bijk = Fijk0 t Tigkl Sijk T Fijk2 ik

(4.13) Bijk = Bijko * Bijkl Sijk T Bijk2 Sjik’

(4.14) Lisk = Bisko * Lije1 Sige * Figk2 Syike

(4.15) Disk = Dijn0 * Dijl Sijk t DPijk2 Sjik

(4.18) UGjkg = Uijkg0 T Yijkel Zijkg T Yijkqz Zikg

The decision rules are termed pseudo-linear, since §,., = 1/§.. and

jik ijk?

one has, for example,

Al

Eijk = Fijko t tiskl Sigk t tige2/Sijke
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The pseudo-linear decision rule reduces to the zero-order decision
rule simply by setting the second and third coefficients, such as
tijkl and tiij’ to zero.

The expressions (4.12) - (4.16) must be substituted into the
objective function and the constraints (4.1) - (4.11). Then the
objective function may be replaced by its expected value and the left-
and right-hand sides of each constraint may. be replaced by their re-
spective expected values. The resulting optimization problem is a de-
terministic equivalent for the dynamic stochastic programming problem
originally developed. It is not difficult to see that it is a linear
program. This follows from the fact that the objective function and
all the constraint functions of the stochastic model are linear func-
tions of the original decision variables and these have now been re-
placed by the decision rules (4.12) - (4.16) that are linear functions
of the coefficients, such as tijk£(£=0’l’2)’ that must be chosen.

Thus, for example, the deterministic equivalents for the constraints

(4.2) are the linear constraints

(4.17) L5 S tigko o tigel ElSiqd o figu2 B8y = T

The deterministic equivalents for both the first and second
models have now been demonstrated to be linear programs. The only re-
maining difficulty is the computation of some of the expected values
that appear in the linear program. For example, in (4.17) we need

~ ~ ~ k k ij ij,ty .
g i = ~ - t ht-
E[sijk]. But since zn(sijk? T 5k mej m, Vv wk(v ? ), straig

forward computation yields

B850 = expl gD + @in) ).
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Some of the similar expectations required are more tedious, but
they all can be carried out without undue difficulty. For example,

the last part of the net gain Nij involves terms of the form
. S .p -
ij,k-g,g "ijk

.. s, . i z.. g...1. N
E{qu,k-g, lek} requires the value of E{le’k_g’glek} ow

q One of the three terms in the computation of

in(Z, in(s.

. g.. = . T. yal + 4n(S..
ji,k-g,g “1jk’ ji,k-g Tik-g,8 "jk-g,g’ T P EijK)

-G.. + n. - 7. + {. .
(-8i5,k-g T Mik-g,g ~ Mjk-g,g’ ¥ Yijk

Mik-g,e = Mk-g,g” ¥ Wojk = Y0j,k-g’
- (gik = Yoi,k-g’
k

~ ~ ~£
, - 7 + = ‘-
Mik-g,6 = Mk-g,g’ z=k-g+1(y3 Y1)

K
N(uKT8s8 _ (K88 4 3 (g

. = m,,
i h| 2=k-g+1 43 21)’

. ] .. Kk .
Ylk Zk-g,g(Ylk)t + vt ( = Wz)(VJl)t):
4=k-g+1

so that

E{z = expl 5(yHIzF"8:8( )t

ji,k-g,g Sijk!

- k s . :
t - k-
# Vs W) IH ¢ B8 - L7808
A=k=-g+1 - ] .



V. Summary

The short-term financial planning model presented here incorporates
the necessary interrelationships among exchange rates and the conditional
nature of decisions through the linear decision rules. The resulting
optimization model is complex if risk preferences are taken into
account and difficult to optimize because of uncertainty in the con-
straints. Since the planning model would likely be rerun each period,
a solution procedure that can be easily implemented yet captures to
some extent the effects of future decisions is needed. The use of
linear decision rules and linear deterministic equivalent constraints
provides such a solution procedure. By adjusting the right-hand
sides of the constraints much of the realism that one would wish to
incorporate in the model can be captured. Otherwise, one must
await the development of more efficient multistage optimization tech-

niques.,



Table 1: Notation

gijk’ period k spot exchange rate in currency j per unit of currency i
Z..0 s a g-period forward rate available in period k, in currency j
ijkg per unit of currency i
qijkg’ g-period forward sale in period k of currency i against currency j
. . . 20
yijk’ sales revenue in currency i, 1€Nj
Yiikeo? cash flow in currency i from sales in period k-g collected in
1Jk=8 period k, iGN?
3 - 3 3 - ,
Xijk’ units sold to subsidiary i, 1€Nj
%} jk-g” units delivered to subsidiary i in period k, ieNj
tijk’ transfer price set for units Xijk’ 1€Nj
éij(xijk)%ﬁl if the transactions are priced in currency j
= gijk if the transactions are priced in currency i
Bijk’ borrowing by j in currency i, 1€Bj
bijk’ interest rate on Bijk in j, 1€Bj
Lijk’ 1end1ng by j in currency j to i, 16{5
zijk, interest rate on Lijk’ 16%5
Bjjk’ home country borrowing
b.. interest rate on B..
jik’ jik
ijk’ home country lending (savings)
L. . interest rate on L..
jik’ jik
Pijk’ fees paid by i to j
Dijk’ dividends paid by i to j, 1eSj
£E value-added tax rate in j
eij’ export tax rate on shipments from j to i
iji’ import tax rate on shipments from i to j
Tj’ profits tax rate
fj’ tax rebate on dividends received
Tij, tax rebate on dividends paid out to j, ieSj
CLijk’ currency i claims of j due in period k
OBijk’ currency i obligations of j due in period k



>

ijk?

jk?

ijk?

Notation (continued)

net cash outlays in currency i for changes in current

accounts, (not involving sales, capital outlays, and long-
term financing)

total net cash outlays in currency j for changes in current
accounts (not involving sales, capital outlays, and long-
term financing)

planned dividend payments from i to j in period k, ic€S..



Footnotes

"The work was undertaken while the authors were visiting professors
‘at the Institut D'Administration des Entreprises, Universite de Droit,
D'Economie, et des Sciences d'Aix-Marseille, Aix-en-Provence, FRANCE.

1., Firms have other means of hedging using swaps or abri loans,
for example. The focus of this paper will be on the two principal

means of hedging: forward contracts and borrowing and lending.

2. The model considered here deals with the real cash effect of hedging
and foreign exchange rate fluctuations and not with "accounting
profits'" which may be computed using a variety of poiicies. For
example, the Phillips Petroleum Company has the following policy
[6,p.29]: "Net unrealized translation losses are charged against
income; net unrealized translation gains are credited to a
reserve for exchange losses. The same accounting applied for
recording unrealized gains and losses on foreign exchange

contracts."

3. One significant market imperfection during 1974 involved the risk
that forward exchange contracts would not be fulfilled because of

bank failures caused by foreign currency speculation.

4. This assumption may be relaxed with little additional complication.

5. The above development is for arbitrary g, but clearly the g-period
interest rates must be related to the g+k-period interest rates.
This relationship is referred to as the term structure of interest

ates and i ing T = (Y g
r nd may be taken into account by letting rjkg (rjkl)
€{kh? where the ®ikg are mutually independent and have lognormal

distributions.



10.

11.

12.

Footnotes (continued)

A number of countries impose multiple exchange rates. In these

two-tier systems, a commercial exchange rate with a relatively
fixed rate is maintained by the government, while a financial

exchange rate is allowed to move with market forces.

A more realistic assumption is that the process generating the

exchange rates is non-stationary.
The taxes include tariffs, duties, border adjustments, etc,

The constraints may be explicitly given by tax laws or may be
implicitly inferred from the monitoring activities of the tax

authorities.

The loans between subsidiaries are such that B.., = L,., and
ijk “jik

Piik = %51k

The taxes include tariffs, duties, border adjustments, etc.

If transfer prices should not change very rapidly, constraints
such as ‘9tijk =< tijk+1 < 1‘1tijk may be in order. Or it may be

specified that tijk+1 = tijk for certain k.



