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Abstract

Given a sequence (s, $1,-..,8n) of observations from a finite set
S, we construct a process (s,) that satisfies the following properties:
(i) (sn) is a piecewise Markov chain, (ii) the conditional distribution of
S, given sg,...,8,_1 is close to the empirical transition given by the
observed sequence, for most n, (iii) under (s,), with high probability
the empirical frequency of the realized sequence is close to the one
given by the observed sequence. We generalize this result to the case
that the conditional distribution of s,, given sg,...,S,_1 is required to
be in some polyhedron Vg _ ..
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1 Introduction

In the analysis of stochastic games with partial monitoring, a problem of
a statistical nature arises, whose basic expression can be summarized as
follows. One player, called the adversary, controls a S-valued process (s,,),
where S is a finite set. In each of finitely many stages, he chooses the law y,
according to which the next state s,y is selected. A second player, called the
statistician, suffers a loss (s, y,) where r is concave in y. The statistician
gets only to observe the realized sequence of states, and wishes to estimate
ex-post his total loss L := Zﬁfzo 7(Sn,¥n). On the basis of his information,
the natural idea for the statistician is to compute, for each s € S, the
distribution y(s) € A(S) that is closest to the empirical transitions out of
state s, and to suggest the quantity L = Y ses Nsr(5,9(s)) as an estimate
for the loss, where Ny is the number of visits to s.

For a given strategy 7 of the adversary (i.e., a rule that dictates for every
stage n, which y,, to choose on the basis of the available information), the

expectation E; [E] of this estimator! is typically higher than the expected

loss E; [L], due to the concavity of r. In other words, L will fail to be,
even approximately, an unbiased estimator of the loss. For the purpose
of the game-theoretic application, it is enough to show that, with high 7-
probability, L is close to E; [L] for some “simple” strategy 7. This is the
basic question we address here in Section 2.

In the actual game-theoretic motivating problem, the player’s strategy
choice is restricted: for each n € N, y, has to belong to a given com-
pact polyhedron V (s,) of probability measures over S. This caveat makes
the analysis in Section 3 of the corresponding problem substantially more
difficult.

We now abstract from the game-theoretic framework, to introduce the
relevant statistical question. Let o = (sg, s1,...,sn5) be a sequence over a
finite set S. For s € S, the number of visits to s is defined to be N7 = [{n <
N, s, = s}| (not counting the last state in the sequence). The empirical
frequency of s in o is v := NZ/N, and the empirical transition (along o)
out of s is

_ |{n <N, (Smsn-i-l) - (Svt)}‘

¢(t]s) e , fort e S.

Does there exist a “simple” process (s,) such that

1) the conditional law of s,,4+1 given (sg, ..., Sy ) 1S close to ¢” (+|sn) a.s. lor
i) th diti 11 fsni1 gl is cl 7 f
most n’s;

!The expectation is taken w.r.t. the law of the process induced by the strategy.



(ii) with high probability under (s,), the empirical frequency of s € S in
the first N stages is close to the frequency vJ of s along o ?

The problem may thus be seen as that of approximating a given sequence
by a simple S-valued stochastic process. The naive solution is to define (s;,)
as a Markov chain with the empirical transitions ¢° as transition function.
As the next example illustrates, this solution fails.

Example 1.1 Let S = {a,b}, and consider the sequence o = (a,a,...,a,b,b,...

of N a’s followed by N b’s, and one a at the end. The empirical transition
q° 1is given by

@) =¢"(bla)=1-¢b]b) =1-¢(a|a)=1/N.

Let (s,) be the Markov chain with transition q°, starting from a. With a
probability bounded away from zero, s, = a for every n < 2N + 1. In
particular, condition (ii) is not satisfied. More generally, one can prove that
for this example no Markov chain satisfies both conditions (i) and (ii).

In the sequel we show that, provided N is sufficiently large, there exists
a piecewise Markov chain on S with at most |S| pieces that approximates
o in the sense of (i) and (ii).

A remark is in order. The statistician is here insisting on one-step tran-
sitions, by asking that the approximating process be a (piecewise) Markov
chain on S. By this insistence, he potentially looses much information on
the structure of the sequence. Indeed, the sequence 001100110011...will be
approximated (for lack of a better term) by the Markov chain on {0, 1} with
transitions (%, %) in each state. Plainly, a Markov chain of order 2 would
approximate perfectly the given sequence. More generally, letting the statis-
tician choose the order of the Markov chain would allow a tradeoff between
the order of the chain and the quality of the approximation. Our results
indicate that piecewise Markov chains (of order 1) are sufficient to get a
good appromixation, when only one-step transitions matter.

We next discuss the extension of the basic problem motivated in the
introductory paragraph. For every state s € S we are given a non empty
polyhedron Vj of probability distributions over 5.2 Denote V = (V;)scs. A
process (s,) is a V-process if for every n the conditional law of s,; given
(s0,---,8p) is in Vg, . The problem is, given a sequence, to approximate it in
the sense of (i) and (ii) by a V-process.

In general, such an approximation needs not exist. Indeed, as the follow-
ing two examples show, if all V-processes are reducible, or if the sequence
is not “typical”, meaning that the empirical transitions are “far” from any

2Since S is finite, we identify a probability measure over S to a point in the unit simplex
of RS,
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V-process, such a construction is not possible. In the following two exam-
ples, Vs is a singleton for each s € S, so there is a unique V-process, which
is a Markov chain.

Example 1.2 (A reducible Markov chain) Consider a problem with three
states {a,b,c}. Assume V is such that for any V -process, states b and ¢ are
absorbing, whereas if the process is in state a, with equal probabilities it
moves to states b and c. When the initial state is a, there are two pos-
sible sequences under the unique V -process, each is realized with probabil-
ity 1/2: (a,b,b,b,...,b) and (a,c,c,c,...,c). But if the given sequence is
(a,b,b,b,...,b) there is no V-process that satisfies both (i) and (ii).

Example 1.3 (A non-typical sequence) Assume there are two states {a, b},
and Vo, =V, = {3a + 3b}.

Assume the given sequence is (a,a,--- ,a). There is no V-process that
satisfies (i) and (1i), provided N is sufficiently large.

In section 3 we define the notion of typical sequences w.r.t. V = (Vs)ses,
prove that for every V-process, the probability that the realized sequence
is typical is close to 1, and prove that for every typical sequence there is a
hidden piecewise V-Markov chain with at most |S| pieces that approximates
the typical sequence in the sense of (i) and (ii) above.

Thus, our result states that almost any sequence that is generated by
a V-process, as complex as it can be, can be approximated by a simple
V-process.

2 The Basic Problem

For every finite set K, let | K| be the number of elements in K, and let A(K)
be the space of probability distributions over K. Throughout the paper we
fix a finite set S.

2.1 Presentation

Let N € N, and let 0 = (sg, s1,...,8n) be a finite sequence in S of length
N +1. For s € S, let Ny = |{n < N|s, = s}| be the number of visits to s in
o (the last state of the sequence is not counted), and define the empirical
frequency of s in o as

The (empirical) transitions out of s along o are defined by

’{n < N’ (Sna 5n+1) = (S’t)

}
. ,tes. (1)

¢ (t]s) =




q°(t | s) is defined whenever the denominator in (1) does not vanish; that
is, whenever the state s is visited by the sequence. If Ny =0, we let ¢7(+|s)
be arbitrary. Note that ¢ is a transition function over S.

A piecewise Markov chain is the concatenation of Markov chains. For-
mally,

Definition 2.1 Let K be a positive integer. A process (sp)n<n IS @ piece-
wise Markov chain with K pieces if there exists a non-decreasing sequence
(nk)o<k<rk of integers with ng = 0 and nxg = N, such that for each k =
1,..., K, the process (Sp)n,_,<n<n, 5 a Markov chain.

Given a S-valued process (s,), s € S, and m € N, we denote an =
L{o<n<m-—1]s, = s} (resp. F3) the empirical frequency of s from
stage 0 up to stage m — 1 inclusive (resp. from stage 1 up to stage m). We
also denote by P the law of (s,), and by q, the conditional law of s,41
given (s, ...,sp). Our basic theorem is the following.

Theorem 2.2 For every ¢ > 0 p € (0,1/2(4]S| + 1) and ¢ € (0,2p), there
exists Ng € N such that the following holds. For every sequence o of length
N > Ny, there is a piecewise Markov chain (s,) with |S| pieces over S such
that, for each s € S,

B1 Ifv? > <&, then P(|Fy — 17| > ev?) < &

1 1
Np N¢*
B2 |lan — ¢°(- | sn)|| < e, a.s. for at least N — |S| values of n < N.

2.2 On Markov chains

In the present section we present some general results on Markov chains,
that have their own interest. We first provide a result on the speed of
convergence of an irreducible Markov chain to its invariant measure. Next,
we collect a few observations on the expected exit time from domains of S.
Let ¢ : S — A(S) be a transition rule over S. Given s € S we denote by P, ,
the law of the Markov chain (S, ¢) starting from s. We denote by Eg , the
corresponding expectation operator. When there is no risk of confusion, we
may abbreviate P, , and E,, to P, and E; respectively. The hitting time
of C C S is denoted T¢ := inf{n >0:s, € C}. For t € S, we abbreviate
Ty to Ty and we denote by T;” = inf {n > 1,s,, =t} the first return to ¢.
By convention, the infimum over an empty set is +o0o0. Finally, for C' C S,
C = S\ C denotes the complement of C' in S.



2.2.1 Convergence to the invariant measure

Definition 2.3 Givenk >0, q: S — A(S) over S is k-mixing if Es 4[T;"] <
k, for every s,t € S.

Note that every mixing transition rule is irreducible.

Theorem 2.4 Assume that g : S — A(S) is n-mizing, with invariant mea-
sure p. Let m € N and ¢ € (0, %) be such that em > 4n. Then, for every
s,t €S,

92n+1)

Pu(F, — ol > o) <

(2)
Remark 2.5 Inspection of the proof shows that inequality (2) holds more
generally for each state s € S such that sup,cg E¢ 4 [T5F] < n.

Remark 2.6 Since }an — Fﬁl| < %, one has, under the assumptions of
Theorem 2.4,

92n +1)

—s 1
Pt(’Fm_:us’ >€MS+E) < m£2 (3)

Proof. We first deal with the case s = t. Denote by TSJ“I + ...+ Tj’p
the pth return time to s. Note that the variables T+ * are 1id, and share
the law of T, under Ps. For each m, the event |FS — us| > eps is in-

cluded in the union of the two events {T;’l + ...+ Tj’(mus(lfsﬂ > m} and

Tj’l + ...+ T;“Lm“s(prs” < m}. For notational convenience, set m, :=

[mps(1 —e)] and m® := [mus(1+¢)].
By Chebycheff inequality, since Eg [TF] = i and the variables are inde-
pendent,

P (T + ...+ ™ > m) = P, (szl toprhme e sy m5>
s s
mevarsTy mevarsT;
= N2 T 2
(m=3)" (me-7)
where the second inequality holds since m — % > me — ;Tls’ and
€ me € me
Po (T + ..+ T7™ <m) <P, ( — (T o+ T™) > — — m>
Hs Hs

mevarsTy mevarsT;"

— 2 — 2°
(-m)  (me-3)
Ms Ms




Hence,
(me + m®)vars Ty

2
_ 1
(me us>

Since g is n-mixing, i = E; [T;"] < n. Therefore, the denominator in (4) is
at least %mZEQ. On the other hand, by Aldous and Fill (2002, chapter 2,
page 21, identity (22)

Ps,q(’an - Ms‘ > 5”5) < (4)

1
varsTyE x ps = 2B, Ts +1 — —. (5)
Hs
Since ¢ is n-mixing, E, T < E, T, < n, hence var T, x s < 2n+ 1. Since
mus > m/n >4/e > 1, ms +m® < 2mpus + 1 < 3mpus, and we obtain

~ 16x3(2n+1)

Po([F = ps| = eps) < ——3 =

This concludes the proof in the case s = t.
Let now s # t in S. We estimate Pt(T;’l + ...+ T;’m‘s > m) and
Pt(T;“1 + ..+ T;7™ < m) in turn. Since ¢ is n-mixing, we obtain by

Markov inequality
+ 2 n
P(T,) >e“m) < oL (6)

On the other hand, by following the steps of the previous computation,
P (T <®m, T + .+ T, > m) < PT 2 + ..+ T0™ > m(1 —&?))
(me — VvarsT < (me — VvarsT 7)

e B e R U CR i

and

PTF +  +TH™ <m) <P(TH 4 ...+ TH™ <m—1)
(m® — 1)varsT < (m® — 1)varsT

(=L +1-m)2 = (me+1—2)2°

<

(8)

In both (7) and (8), the denominator is at least (%me)Q. Therefore, sum-
mation of (6), (7) and (8) yields

dvar T, (me +mS —2) + nm

Pt(’an - MS‘ > 5MS) < mQEQ

Since m. + mf — 2 < 2myu,, one gets

4x22n+1)+n
me?

9

P (|Fy, — ps| > eps) <

hence the result. m



2.2.2 Expected exit times

We assume throughout this section that ¢ is irreducible. We use repeatedly
the following inequality

E, [T7] < By [Tg,,] + B [T7] (9)
that holds for every L C S and every w,v € L.

Proposition 2.7 Let C C S, with |C| > 1. Define p1(C) = maxpcc mingep Es [Tﬁ]
and p2(C) = maxgeo Eg [Tg]. One has

E, [T5] < |D|p1(C) for every D C C and s € D, and (10)
E, [T=] > p2(C) — (IC| = 1)p1(C) for every s € C. (11)

Proof. We prove (10) by induction over |D|. Plainly, the inequality
holds for singletons. Assume that the result holds for every subset of size k.
Let D C C be of size k + 1, and s € D. By the definition of p1(C), there is
t € D, such that E; [T5] < p1(C). By (9) and the induction hypothesis for
D\ t,

E; [Tp] < ETp ] +E[Tp] < (ID] = 1)p1(C) + p1(C).

We now prove (11). Let s € C be given. For t # s € C, one has, by (9)
and (10)

B[] > Bi[T] - B [T5,] 2 B[] - (€1~ V(@) (12)
The result now follows by taking the maximum over ¢ in (12). m

Corollary 2.8 Under the notations of Proposition 2.7, one has

p1(C)
(@) = (IC] = 1)p1(C)

for each C C S, s,t € C.
(13)

P, (T5 < T,) < 2|C| ~

Proof. Let C' C S, and s,t € C be given. We modify the Markov chain
by collapsing C' to a single state, still denoted C, and we set ¢(t|C) = 1,
so that E5[T;] = 1. This modification does not affect Pj (Tg < Tt) By
Aldous and Fill (2002, Chapter 2, Corollary 10),

E; [T}] + E [Tg] — Es [Tg]

Ps(Tﬁ < Tt) = E@ [Tt] I E, [Té]

(14)

Since E5[Ty] = 1, one has E,[T;] < E; [T, 7] + 1. By (9), E; [T5] —
E, [Ts] < E/[T,z]. By (10), the numerator in (14) is at most 1 +
E[Teus) + Es[Tey,] < 2(1C1 = 1)p1(C) + 1.



On the other hand, the denominator is equal to 1 + E; [Tg], hence, by
(11), at least p2(C) — (|C] — 1)p1(C). =

The next result deals with the transition function ¢© of the Markov chain
q watched on C' (see Aldous and Fill (2001, Chapter 2, Section 7.1)):

¢“(t]s)=q(t]s)+ ) alu| s)Pu(Tc =T), for every s,t € C.  (15)
ugC

By Aldous and Fill, ¢© is irreducible, and its invariant measure u¢ coincides
with the invariant measure of ¢, conditioned on C'.

Corollary 2.9 For s,t € C, one has E; ¢ [T3] < mm(g;)’q’éﬂgTi).
’ u u, C

Proof. Let t € C be given. For convenience, set o := maxsec E; 4o [T7].
Let s € S achieve the maximum in the definition of a. By (10)

o= ES,(]C [Tt] S Es)q [Téut] + PS,Q(TG < E)Oé
< (IC1 =D (C) + aPso(Tg < Tp).

Then, for every s’ € C,

(C1-1p(C) _ (€l Dni(©)

Ey o[l <a< ’
vqcllil s o< 7 Py(Te <Ti) ~ mingec Pug(Ti < T)

as desired. m

2.2.3 A structure theorem

Here we prove a structure result which states that for every finite sequence
of states in .S there is a partition of S such that the number of times the
sequence exits a given atom of the partition is much smaller than the number
of visits to any strict subset of this atom. The sequence moves around inside
the atom much more quickly than from one atom to another.

For every positive integer N € N, every sequence (sg,S1,...,Sn) of
states, and every subset C C S, define

RC:|{n<N|5n¢C7sn+1EO}|+1SOEC-

R is the number of C-runs along the sequence (see Feller (1968, I1.5)). For
convenience of notations, we omit the dependency of Rc on the sequence.
Note that Ronp < Rc¢ + Rp for every proper subset D of C, and that
|Rc — Rs\¢| < 1. Note also that Rc > [{n < N|s, € C, 8,11 ¢ C}|



Theorem 2.10 For every positive integer N, every sequence (Sg, S1,--.,SN),
of states in S, and every a > 0, there is a partition C of S such that the
following holds for every C € C.

P1 Ro < (a+ 1)L

P2 For each proper subset D of C', Rp > aR¢.

Proof. Observe that the trivial partition C = {S} satisfies P1, since
Rg =1.

Among all the partitions that satisfy P1, let C be one with maximal
number of atoms. Denote k = |C|. We prove that C satisfies P2. Otherwise,
there is C' € C, and there is a proper subset D of C, such that Rp < aR¢.

Consider the partition C\ {C'} U{D, C\ D}; that is, we further partition
the set C into two sets D and C'\ D. We show that this new partition, that
has k + 1 elements, satisfies P1 as well, contradicting the maximality of C.
Indeed, Rp < aRc < (a4 1)*, and Revp < Ro+ Rp < Re(a+1) <
(a+ 1)1 m

2.3 Proof of Theorem 2.2

To prove Theorem 2.2 it is sufficient to consider only exhaustive sequences;
namely, sequences that visit all states in S (by dropping from S states that
are never visited). However, as the proof of the more general Theorem 3.4
below refers to the proof of Theorem 2.2, it is more convenient not to make
this assumption.

We prove Theorem 2.2 first by considering periodic and exhaustive se-
quences, and then by looking at a general sequence.

Let € > 0 be small enough and p € (0,1/2(4]S| + 1)) be fixed. Choose

¢ < 2p.

2.3.1 The case of periodic exhaustive sequences

We choose Ny € N be such that (N.i) Né4\S|+1)p—1 < g/(2P + 1), (N.ii)

Ny? > max{11]S],2/e}, (N.ii) NJ*~¢ > 4 x 19]S] /2, and (N.iv) Nf >
4|S] 4+ 1. Let N > Ny and set a = N*°.

We assume here that the sequence o = (sq, s1,...,Sn) is periodic and
exhaustive: sy = sg and Ng > 1 for every s € S. The proof of the following
lemma is left to the reader.

Lemma 2.11 The empirical transition function q° is irreducible. Its in-

variant distribution is pg = %

Let C = (S1,...,SK) be the partition of S obtained when applying
Theorem 2.10 to o and a. For C C S, we let ng := > .~ N, denote the
number of stages spent in C' along 0. We abbreviate ng, to ny.

10



Proposition 2.12 With the notations of Proposition 2.7, one has

2
p1(Sk) < max RnD 1 < apg(Sk) for every k such that |Sg| > 1.
Cop D —

Proof. For D C S, set

21ep d” (s]t)
— fOI" S € C, and KD = VD(S)E‘S, pu Tf . (16)
> 1ep Hea? (D7) ; a[1p]

vp(s) :

The numerator (resp. the denominator) in (16) is the long run frequency of
transitions from D to s (resp. from D to D). Thus, v, (s) is the probability
that the first encountered state in D is s, while Kp is the average length
of a visit to D. We shall use the identity (easily derived from the ergodic
theorem)

Z eD Ms
v (5) B o [T = sepMs (17)
seZD Ty > sep Msq”(D | s)
Observe that 3, pps = % and Y, ) 1q°(D | s) = |{n<N|Sn€]€7Sn+1¢D}|.
Therefore,
np np
— < E; o[T5] < ——— 18
RD_éVD(S) ’q[D]_RD—l (18)

Fix k. By (N.ii)) a > 2, hence aRslk_l < % X R%:,c' Hence, for every

D C S, by (18), the definition of C, and (18) again,

min E, 40 [T5] < < < —maxE; g0

np ng, 2 ng 2 [
s€D " Rp—1~"aRs, —1 7~ aRgs, = aseS

2
Tg, | = Zpa(Se).
The result follows, by taking the supremum over D C Si. =

We now construct a piecewise Markov chain with K pieces. The kth
piece is used for n; stages, and its goal is to approximate the empirical
transitions on Si. In those stages, the process will remain in Sj.

Let m; = 0, and for every positive integer k£ < K — 1 define myy1 =
ny+mng +---+ng.

For every k = 1,..., K define a transition rule ¢; : S — A(S) as follows.
If nj, < N'=° we define ¢, = ¢°. Otherwise we define

/ B qk(t]s) s€ S, te S,
alt ] s) = { pk(t) s & Sk,t € Sy

where ¢ is the transition function of the Markov chain ¢° watched on Sj
(see Eq. (15)) and py is the invariant measure of g;. Let (s, )o<n<n be the
piecewise Markov chain that starts in S; and follows the transition rule g,
from stage my up to mg11, for each k. We will show that it satisfies the
requirements of Theorem 2.2.

11



We first show that condition B2 is satisfied. Fix k and let s € Si. If
ng < N'77 then ¢}(-|s) = ¢°(-|s). Otherwise,

RS
lagi(- [ 8) =71l < D ¢ (uls) £
uét Sk

. . . . . (a+1)‘s‘
If Sk = {s}is a smgleton the rlght hand side is bounded by ‘S5 <&

lan — q° (- \sn)H < ¢ holds a.s. whenever n # my, for k: = 0 G K —1.

We now prove that condition B1 is satisfied. Let k be given. If n; <
N'=° then 17 < ﬁ for every s € Sj, hence B1 holds for such states. If
ng > N7 and Sy = {s} is a singleton then Fy = 17, and B1 holds as
well.

We may thus assume that ny > N'=” and |Si| > 2. We establish the
claim by proving first that ¢ is mixing, and by using Theorem 2.4.

Lemma 2.13 The transition function q on Sy is N' 3 -mizing.
Proof. By Corollary 2.9

(ISk| — 1)p1(Sk)
- 1 — maxyes, Pug (T5, <Ti)

Abbreviate p1(Sk) and pa(Sk) to p1 and pg respectively. By Corollary 2.8,

the denominator is at least 1 — 2| S| W Therefore,
p2 — (|Skl — Dp1

where the second inequality follows by Proposition 2.12 and (N.ii).
By Proposition 2.12

< np__ N N1=3p
max
PL= DG Rp—1 = a—1 = 2|8

since N? > 4|S| + 1. The result follows by (19) and (20). =

—1, (20)

By Section 2.2.2, the invariant measure of g is v7(-|S), where v7(t |
Sk)) = Ny/ny for t € Sy. By Remark 2.5, (N.ii), (N.iii),

Py, (IFo, — v (1S > v (t}s))

€ 1
<Py (P, — (U801 > S + )

Nk

19N1=3p 19N1-3¢ 1 1
<4x T <4 <X 21
=8 nge T X 2N, S S| *NC (21)

Since the process (s,) does not visit ¢ € Sy except in the kth phase, B1
follows from (21) by summation over t.

12



2.3.2 The sequence o = (s, s1,-..,5y) is arbitrary

Choose Ny so that, (N.i) N2P(4ISHD-1 < £=222 (N jj) N > max(11]5],2/ (e — 2¢2)),

2151417
(N'.iii) NoP™¢ > 4 x 1918]/ (e — 2¢2)%, (N.iv) Ny~ > Bl (wv) Nf >
L (N'i) NJ? > 48] + 1

Let N > Ny and 0 = (sg,...,sy) be an arbitrary sequence. We will
add few states to o, so as to get a periodic and exhaustive sequence. We
next apply the results of Case 1 to the new sequence, and then prove that
similar estimates hold for the original sequence.

Let S* = UY_{sn} C S be the set of states visited by . Consider
the sequence o* = (s, 81,...,5N,S7,.--,55, S0), where r = |S| — |S*| is the
number of states not visited by o, and S\ S* = {s}, ..., sk }. By construction,
this new sequence is periodic and exhaustive. The length N, 4+ 1 of this
sequence is N +r+2 < N + |S| + 2.

One can verify that N, satisfies (N.i-iv) with p' := 2p and &’ := ¢ — 2¢2.
Therefore there is a piecewise Markov chain?® (Sn)n<n, such that B1 and B2
hold w.r.t. v° . Observe that each state s € 5\ S* constitutes a singleton
in the partition C associated with o*. We assume that the last r stages
are devoted to these elements of the partition, and we now check that the
restriction (sy)n<n of the process to the first N stages satisfies B1 and B2.

We start with B1. Let s € S with v7 > 3. By (N.iv),

*

r+1 r+1 9 o

vy —vg | < N < VgleQp <e“vd. (22)
By (N'.v),
o 1 o 1 -5 o I o 1
Vszm:>ys ZW:P(‘FN*—VS Zsus)éﬁ. (23)

In such a case, by (N.iv)

hence, by (22), }F}g\, — 1/;" < }F}QV* - yg*| + 2212, Condition B1 follows
using (23).

We now prove B2. By construction, except for at most |.S| stages,

an = ¢°(-|sn) or both |a, —¢° (|s,)| < & and N7 > N!~% hold.

In the latter case, by (N’.iii), ‘q"*(-lsn) —q°(-|sn)| < 1/N < €', which con-
cludes the proof.

3In Case 1, we set g}, = ¢° whenever n, < N'7° . We still set here ¢, to be ¢° and not
q° . This does not affect conclusions B1 and B2 for o*.
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3 The General Problem

3.1 Presentation

For every state s € S let Vs C A(S) be a non-empty polyhedron, and set
V = (Vs)ses. The set V; should be thought of as the set of conceivable
transitions from s.

Throughout this section, V' is fixed.

Definition 3.1 A V-process is a S-valued process (Xy,) such that for every
n > 1, the conditional distribution of s, given s1,s2,...,8,-1 s in Vg, .

We here generalize the question addressed in the previous section. Given
a sequence o, does there exist a simple V-process that approximates o, in
the sense of Section 2. As suggested in the Introduction, there are several
obstructions to the existence of such an approximation:

e The sequence ¢ may be completely atypical of any V-process.

e Transitions out of states that are transient under any V-process may
not be approximated.

Therefore, we will assume that some transition function b = (bs)s € V' is
irreducible, and limit our analysis to sequences that are typical, in the sense

defined below.

Definition 3.2 Let N € N, and §,¢ > 0. A sequence (so,S1,...,SN) 1S

(N, 0,¢)-typical if there exists v € V such that |1 — Z&'zg

s,t € S that satisfy Neq(t | s) > N?% or Nyv(t | s) > N°. The set of
(N, 9, e)-typical sequences is denoted by T&]\L.

< ¢ for every

As we prove in the sequel, under some constraints on the parameters the
probability of the typical sequences is close to 1, under any V-process.

Definition 3.3 A process (sp)n is a (piecewise) hidden Markov chain over
S if there exists an auziliary finite set T and a (piecewise) Markov chain
(z,) over S x T such that (s,) coincides with the marginal of (z,) over S.

Following the notations of Definition 3.3, let p(+|(s,t)) be the transition
function of (z,). If the marginal over S of p(-|(s,t)) belongs to V, for each
(s,t) € S x T, the process (s,,) is a V-process, due to the convexity of Vs. It
is typically not a Markov chain. In such a case, we say that (s, ) is a hidden
(piecewise) V-Markov chain.

14



Theorem 3.4 Assume that b is irreducible, and set B := maxes Egp [17].
Let ¢,n € (0,1) be given. There exist (,p,d,e > 0 and N1 € N such that
the following holds. For every N > Ny and every (N, 0, ¢e)-typical sequence
(80,51,...,SN), there exists a hidden piecewise V -Markov chain with at most
|S| pieces such that
G1 Ifv? > ﬁ, then P(|Fy — v7| > nqv?) < ﬁ
G2 Let Ng = [{n < N :|lan —¢°(- | sn)|| > 1 }|. Then E[Ng] < NYB.

3.2 Typical sequences

Theorem 3.5 below states that most sequences are typical, provided the
parameters are chosen properly. Its proof uses the following large deviation
estimate for Bernouilli variables. Let (X,,), be an infinite sequence of i.i.d.
Bernouilli r.v.s with parameter p, and denote for every positive integer n,
X, =Y p_; Xi/n. By Alon et al (2000, Corollary A.14),

P(| X, —p|>ep) < 2exp(—cepn),

where ¢. = min{e?, —¢ + (1 + ¢)In(1 + ¢)} is independent of n and p. In
particular, for every positive integer k,

_ > 2 —c.k
P(sup |Xn—p|>€p>é2 Z exp(—cgpn)<M (24)

pn>k n="[k/p] T 1- eXp(—Cgp) .

Observe that for every e sufficiently small, €2/3 < c. < £2/2.

Theorem 3.5 Let §,e > 0 be given. For each £ € (0,8/4), there exists
Ny € N such that, for every N > Ny and every V -process T,

P(Ty0) >1— e
Proof. Let 0, € (0,1) and £ € (0,6/4) be given. For each s € S, let
V¥ be the (finite) set of the extreme points of V5. Choose ¢’ € (£,0/4) and
¢’ € (0,1) such that 1%,5, < e. Let Ny be large enough so that the following

—c  NO/4 ’ ..
conditions are satisfied for each N > Np: (i) 1_2;(&(_;5,]%/47)1) < 1/N¥¢, (ii)

NE=€ > 3|83, cq |V and (iii) N%2 > 1/e. Let N > Ny and (s,) be any
V-process.

We first present the V-process (s,,) in an alternative way, by writing the
conditional distribution of s,1; given sg,...,s, as a convex combination
ZvEVS*n b, (v)v of the extreme points of Vg, (the weights b,,(v) being random

themselves).

15



Next, consider the following process ' = (sp,Vn)n. Given the past,
vy, € Vg is selected according to by, then s, is selected according to vy,.
Plainly, the law of the sequence of states is the same under both processes.
We shall deal with the latter process.

Define ng,, = [{n < N, (s,, vy) = (s,v)}| to be the number of times the
extreme point v was chosen at s, and q(t | s,v) = |[{n < N, (S, Vn,Sn+1) =

(s,v,t)}| /ngs,. Note that the empirical transitions out of s are given by
ZUEV* Ns vV

q(t | s) = Loeve r:’”q(tls’v), and define v = . As V; is convex,

vie Vs, We will show that with high probability, n\;*: (v}) is close to q in
the sense of Definition 3.2.

Fix for a moment s,¢ € S and v € V7. Plainly, n,,v(t) < N4 if
v(t) < N%/4=1 We now assume that v(t) > N%/4~1. Let (X,,),, be a sequence
of i.i.d. Bernouilli r.v.s with parameter v(¢). By (24) and (i)

2 exp(—co NO/4) 1

5/4 _ / p €

P (ngo(t) > N/* and | a(t | s,0) = o(t) [> '0(t)) < o NUT) < NE
(25)

We now claim that
P (ns,vv(t) < N°* and ng q(t | 5,0) > N‘S/Q) < 2/N%/4, (26)
Indeed, the left hand side in (26) is at most
P (Sup {Xl b X k() < N5/4} > N5/2>
<P <X1 +-+ X, > N‘S/Q) , where n = [N‘s/zl/v(t)-‘ .

By Markov inequality, this quantity is at most nv(t)/N%/? < 2/N%/4,
Egs. (25) and (26) yield together

3

P (g max{u(t),alt | 5,0)} > N4 = (¢ | 5,0) = o(t) |< o) > 1-<.
(27)
Let T be the set of all sequences (s1,v1, S2,v2,...,sy) that satisfy the

implication in (27) for every s,t € S and every v € V. By (ii), P(T) >
1— ﬁ We will show that every sequence in T is (IV, , €)-typical.

Let us be given a sequence in T, and let s,t € S satisfy Nyq(t | s) > N?
(the same argument is valid also in the case Nyv(t) > N?). We prove that
lg(t | s) —v(t)] <eq(t]s). We first claim that for every v € V,

/

nsolat | s,v) — v(t)| < %yqu(ﬂs). (28)

Indeed, if ng, max({q(t | 5,v),v(t)} > N%/? then by (27) v(t) < —oq(t |
s,v), and therefore

/ /

3 €
ns,U‘Q(t ‘ S,’U) - ’U(t)’ < 5/ns,vv(t) < ?{g,ns,vqu ‘ S?”) < ?E,Nssq@ ’ 3)7
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where the last inequality holds since Nysq(t | 5) = > cye nswq(t | 5,v). I,
on the other hand n,, max{q(t | s,v),v(t)} < N%/?2 then

nsula(t | s,v) —v(t)] < N2 < Nyg(t | 5) /N2,
and (28) holds by (iii).

By summing (28) over all v € V" we get,

gt | ) =) < Y =

vevy O °

8l

—a(t]s).

alt | 5,0) = v(t)] < ;

Thus
lg(t | ) —vs(t)| < evg(t),

as desired. m

The requirement ¢ < /4 arises from the use of Markov inequality. A
slight modification of the argument would improve the bound to §/2. It is
not clear whether this latter bound is optimal.

3.3 Approximation of typical sequences

We here prove Theorem 3.4. The proof mostly follows the proof of Theorem
2.2. The main complication is the following. Each piece g, of the Markovian
approximation that was constructed in Section 2 was obtained by watching
the empirical transition function ¢ on a specific subset Si. Characteristics
of the corresponding chain ¢ (invariant measure, mixing time) were then
easily derived from the properties of ¢ and of the partition of S. By constrast,
each piece of the approximation is here required to be a V-process. Thus,
the former choice for g may no longer be admissible, and one is led to
choose the V-process that is closest (in a yet-to-be-defined sense) to g on
Si. Properties of this process are obtained from results on perturbations of
Markov chains to be found in Solan and Vieille (2002).

Step 0: Fixing parameters

Let v and 7 be given. Choose € small enough so as to satisfy the following
conditions, with L = max{Z'nS:‘Il ('i')nm, 220}.

El) e <n/55L < n
E2) e < ——
) 8L2|S|?
e < 1
4|S| L2 (58| - 1)
E4) e < 1/219

E3)

17



Note that that E3) implies E2) and E4). Fix g € (0,4 (4)"" x -2

where A=1/2. Set @ = gz, o/ = “025l By (E3), 8 < 1/20|S[2L2, s0
that o > 2.

Fix £ € (0,4/(]S] +1)). Choose ¢ < min(m%, %, %), and ¢, 1)’ such
that 6 < &' <4/ <1). Set a = N&.

We assume that N is large enough so as to satisfy the following conditions

DP1) N* > N° 41,

3

e(l1—3e)’

DP3) 2+ 16L|S| (N + S +2)¥ < N¥/|S|,
1 leé

S 141 N®

RZ2) nN'=2 > 1,

RZ3) 4BL|S| NtV -1 < N79 < 1/2,
RZ4) 1/N° < ¢,
RZ5) N1=%-% > 9B/e,

Al Bla—1)> (N+S+2)7,
1

DP2) N° >

RZ1) B

)
A2) a —

A Tk
A3) a23,
Ad) 2a
A5) (a+1 )IS\<Nw<N

72 N _
A6) le (!S|L+B+1> < N9,
1-6

— >

S1) 2N(;N 4(B+1),
(a+ 1S 1

82) B(1+3€) lep > 2N<7

36(2B + 3) 1
< )
Nl=p = 2|S|N¢
S4) N¥/|S| > 1+ 2B(1 + 3e)N”(a + 1)I°1.

and

$3)

Step 1: The periodized sequence

Let o be an (N, ¢, ¢)-typical sequence. For every s € S choose v(+|s) € V;
such that, for every t,
v(t]s)
o(t]s)

< (29)

N,max{q’ (t|s),v(t|s)} > N° = ‘1 —

18



Let 0* = (s(,...,sy,) be the periodic and exhaustive sequence that is gen-
erated from o as in the proof of Theorem 2.2. Following the notations used
in Section 2, we let ¢ := ¢ denote the empirical transitions along ¢*, and
ng = Y .cc N3 denote the number of stages spent in C' C S along o*. By
(DP1),

NZ max{q(t]s), v(tls)} > N{ = Nymax{q’(t]s), v(t|s)} > N?.

In that case, by (DP2), )1 — R=t| < £ where Ny and N}, are the

s—t

N.

number of transitions from s to ¢t along o and ¢* respectively, and ‘1 T S
£. Hence |1 — ({,(t‘s) < ¢ (see Lemma 15 in Solan and Vieille (2002)).
3 q° (t[s)
Therefore,
] 5 v(t]s)
N7 max{q(t|s),v(t|s)} > N = |1 — an < 3e. (30)
q(t|s

In other words, o* is (N, ¢, 3¢)-typical.

Lemma 3.6 Let s € S such that Ny > N'79. One has ||v(:|s) — ¢°(:]s)| <
7.
Proof. Let ¢t € S be given. If max{v(t|s),q?(t|s)} < n, one has
lv(t|s) — ¢ (t|s)| < n. Otherwise, by (RZ2),
N, max{v(t|s), ¢’ (t|s)} > nN'=0 > N
Therefore, by (29) and (E1), |v(t|s) — q7(t]s)| < eq?(t|]s) <n. =
Step 2 : The approximating process.

Let (S1,52,...,SK) be the partition of S that is given by Theorem 2.10
w.r.t. o* and a. We abbreviate ng, to nj. Note that every state that is not
visited by o constitutes a singleton in this partition.

Let m] = 0, and for every k = 0,..., K — 1 define my,_; = nj +nj +
-+ +nj. As in the proof of Theorem 2.2, the approximating process 7
has K pieces. It follows a hidden V-Markov chain p; from stage mj up to
mj, ;. All auxiliary Markov chains are defined on the same set S x T', with
T = S U {0}, where O is an additional symbol. The initial state of the
process is irrelevant. Unless otherwise stated, E stands for the expectations
wrt the law of .

If nj, < N*I*‘s, we let py :=q% . Let now k be such that nj, > Nj*‘s.

We define a transition function py over S x T as follows:
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e From state (s,0J), where s € Si: s’ € S is first drawn according to
v(+|s); if 8 € Sk, pr, moves to (¢/,0); if s’ ¢ Sk,t € S is drawn with
probability Py ,, (Ts, = T;) and p; moves to (s',t).

e From state (s,t), where s # t and t € Sg: ¢ € S is first drawn
according to b(+|s); if 8 =t, pxr moves to (s',0); if s’ # ¢, pr moves to

(s',1).

e From state (s,t), where s ¢ Sy, and t € S, U{0}: (s/,t) is drawn with
probability b(s'|s) x Psq, (Ts, = Ty). If s = ¢, pi moves to (s/,0).
Otherwise, py moves to (s, t').

All other transitions from these states receive probability zero. Tran-
sitions in other states are irrelevant. Note that the marginal over S of
pr(-|(s,t)) belongs to V.

We now loosely describe the behavior of the S-coordinate. Starting from
Sk, this coordinate evolves according to v until exit from Sj occurs. Then,
the entry state in Sy is chosen at random, and the S-coordinate evolves
according to the barycenter b until that particular state is reached. The
behavior resumes from the beginning. The T-coordinate of the auxiliary
chain serves as an indicator of whether b or v is currently used and, if
relevant, specifies which entry state in S has been selected.

The third item in the definition of pj is introduced to take care of the
initial stage in phase k, where the current state is inherited from the previous
phase. Observe that it is used only at stage mj.

Note that q,, = v(:|s,) holds whenever t, = 00 and n # mj, for k =
1,.., K. Observe that there is an ergodic set for py that contains Sy x {J}.
Let vi be the invariant measure of py this ergodic set.

For the sake of the proof, it is convenient to introduce the auxiliary
transition function g defined by

| wv(]s) se€Sk
Qk('ys)_{QHS) s¢ Sy (31)

Thus, ¢ coincides with v on S, and with ¢ on S}

We proceed by proving several properties of the hidden Markov chain
Pk-

The case where S is a singleton is albeit simpler, but also has some
specific features. Therefore we shall postpone it and assume first in Steps
3-6 that |S;| > 1.

Step 3: Perturbation of Markov chains: reminder
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We here introduce a result due to Solan and Vieille (2002). Given C' C S
and an irreducible transition rule ¢' over S with invariant measure p', set

= min
1 @CDCC’ZM

This is a variation of the conductance of a Markov chain, that was originally
defined by Jerrum and Sinclair (1989), and was used in the study of the rate
of convergence to the invariant measure (see also Lovasz and Kannan (1999),
Lovasz and Simonovits (1990)).

Definition 3.7 Let ¢! be an irreducible transition function on S, with in-
variant measure u*, and C C S. Let 3, > 0. A transition rule ¢* is (3, ¢)-

close to g on C'if (1) (- | 8) = q1(- | 5) for every s & C: (i) |1 — 542
for every s,t € C such that ,ui max{ql(t | ), q2(t\s)} > ﬂ(ﬁ

Given a transition function g over S, ¢ = 1,2, we set

> o meq(s]t)
vi(s) = ZECTT for € C S and s € C, and 32
e S e alC) o
Kg—ZVC E; lec] for C C S.
seC

The numerator (resp. the denominator) in (32) is the long run frequency of
transitions from C to s (resp. from C to C'). Thus, v{(s) is the probability
that the first stage in C' the process visits is s, while K(q) is the average
length of a visit to C.

The next result summarizes Theorems 4 and 6 in Solan and Vieille
(2002). Recall that L = max{3 /%" (18IS 220}.

Proposition 3.8 Let ¢ € (0,1/2!5), A >0 and 8 € (0, (L)‘Sl X E(il_;lb

Let ¢* be an irreducible transition function on S. Assume that |C| > 1 and
that P (T,F < Tg) > A, for every s,t € C. Let ¢* be (B3,¢)-close to q' on
C. Then all states of C belong to the same ergodic set E for ¢>. Moreover,
for every s € C and D C C,

|12 (s|C) — 1! (s]C)] < 18eLp (] C), (33)
E, 2 [T5 K¥

L' < By [Tp) <Land L '<—L <L (34)
E, g [Tﬁ] Kp

In addition, let x € (0, 5§$] be any number such that, for every s,t € C,

¢(t]s)
q'(t|s)

<e. (35)

psmax{q'(t | s),q*(t|s)} > x = ‘1 -
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Then at least one of the following hold.

L 11 p
1 < C
(L'K® < K2 < LK% or(u)K?ZmX “”ng’Q—LXmSI X

(36)

Step 4 : Perturbation of Markov chains: application
We here apply Proposition 3.8 to the transition functions ¢ and g (de-
fined in (31)) and to C' = Sy.

Lemma 3.9 If |Sk| > 2 then the transition function q is (3, 3¢e)-close to q
on Sk.

Proof. Using (30) i
Let C be an arbitrary non-empty subset of Si. One has

& Rg—lgec _ Ro—1_a—1
- > > :

By taking the minimum over C', this yields Cqsk > “T_*l The result follows
by (Al). m

We denote below by p;, i = 1,2, the value of the mixing constant p;
(defined in Proposition 2.7) for the transition function g;. We abbreviate K
for K9, and K for K%,

Lemma 3.10 If |Sy| > 2 then p1(Sk) < 2p2(Sk), where o = 1/(23|S| L?).

Proof. By (34), p1(Sk) < Lpi(Sk). We argue now that Kg, > %ISI X
Zsk For C C S},

q

1 * *
KS"’: — >N >aN > (a—1) 1

HSy, Zsesk 1sq(Skls) — Rs, — Rc — > oseC /isc}(E’S)’

where the last inequality follows by (37) and since Rc > aRg, > a. The
claim follows by optimizing over C, using (A2). By (36) and the definition
of Q}gk

N ~ 1 1
Pa(Se) 2 Kis, = % 57er > = (38)
Fix C' C S. By (38),
11 e 1 1
Sk - X > — X x K¢
P(Sk) 2 T 35181 * S5 e (o) 2515

1 1 xf(>1>< 1
=12 C2p]s] T 2 N 259

v

X 1nf E; g, [Tg] .
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The result follows by taking the maximum over C. m

It is convenient to let ﬁ;k denote the frequency of visits to (s,J) during
phase k, and NF = ‘{mz <n<mi g lan —q7(lsn)| > 77}‘

Step 5: E [N{] < ¢;BNY.

Denote by E; the ergodic set for py that contains Sy x {{J}. Recall that
vy is the invariant measure of p; on Ej.

Lemma 3.11 If |Si| > 2 then v, (S, x {0O0}) > 1 — %.

Proof. We shall use the following fact. Let § be an irreducible transition
function over a finite set ), with invariant measure . Let C' C €2, and
C = Q\C. One has

A(O) _ infoec Bag [T7]

A(C) ~ sup,g Esq[To].
We apply this observation to pi and Ep, with C = S; x {O0}. Plainly,
E(s.t) o [Tspx(0y] = Esp[Ti] < B for each (s,t) with t # O, s, while by
(11), Lemma 3.10, and (E2),

(39)

sien.ka E(s,0),p [Tskx{m}] = siégfk Es [TEJ

> 02(Sk) = (1S] = 1)p1(Sk) = p2(Sk) (1 — 4BL*(IS| — 1)IS]) > = p2(Sk)-

N |

By (39), one gets

I/k(Sk X {D}) < 2B

ve(Sk x {00}) = pa(Sk)’
hence v (S x {O}) < %. [
Lemma 3.12 If |Sk| > 2 then
. 1 ny

Sk) > —— .

Proof. We will use the fact that Kg, > ny/Rg, (see Eq. (12) in Solan
and Vieille (2002)).

By (30), and since §' < ¢, (35) holds with x = NY'7! We distinguish
two cases. If Kg, > ﬁﬁ—’;{, then by (36)



e then

If on the other hand Kg, < ﬁ X

* * *
n 1 n n
ko~ k k

1
Rs, =L (a+ DB = L{a+ )8

p2(Sk) > Kg, > —Kg, > — x

= -
S

which gives also the result by (A5). =
In particular, by (RZ3), v (S x {O0}) > 1/2.

Lemma 3.13 For each w € E1 and s € S, one has

} < (|1Sk| = 1)p1(Sk) + 2B
= minges, Puo(T5 < Ts,)

(s,0) + 1.

Proof. It is a simple adaptation of the proof of Corollary 2.9. We repeat
it, with few modifications. Let s € Si be given. Note that

E.,, [T(;D)} <1+ sup Euy, [T - (40)

For convenience, set a := maxiecs, B m)p, [T(S,D)]‘ Let t € S achieve the
maximum in the definition of a. By (10)

a=Eu0)p, [Ts0)] < Eto [Ts0s) + Pro(Ts, < TS)(a+ B)
< (|Sk| = 1)p1(Sk) + (a + B)Py(T5, < TyF)

< (ISkl = 1)p1(Sk) + B+ a x sup Py, (T3, < T
u€S

Therefore,
(|Sk| = 1)p1(Sk) + B
~ minyes, Puo (T8 < Ty )

(41)
For w € E1\(Sk x O),

Eop, [T(sm)] < B +a. (42)

The result follows from (40), (41) and (42). =
Lemma 3.14 If |Si| > 2 then for every w € S x T one has

1
B [N§| < EBM’.
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Proof. Plainly, By, ,,, [N§] = njvi(B1\(Sk x {0})) < 2B x =7k the
equality holds since vy is invariant; the inequality holds by Lemma 3.11.

Therefore,

inf  E,,, NG| ve(Sk x {0}) < B, [Nk
weSix (0} ’pk[ 0} el })_wESkZX{D} ’pk[ 0} vi(w)

<Ey [N’g} < 2B x 5;{;]6).

Since v (S x {d}) > 1/2, this yields

n*
inf E,, NF|l<2x2Bx_—£&_. 43
wes};?x{D} Pk [ 0] Sax x pz(Sk) ( )

Next, let v = sup,es, » {0y Ew,py [N}] and let wy € S x {O0} be a state that
achieves the supremum. Since py follows b once the process leaves Sy x {0},
one has, for each wy € S x {0},

v = Euw, py [NIS] < Eu, [N’cﬂ + Puy (Te\(spx{0y) < Tiy) (B + 7).

By Corollary 2.8 and Lemma 3.10, Py, p, (Tr\s, x {0} < Twy) < 3
1/a’. Since o > 2, one gets by letting wq vary

Oé/

v < inf  Egp, [ng] +

<2 if E, [Nk] B (44
o — 1 weSyx{O} - > o [No|+B (44)

o —1 weSyx {0}

Finally, for each w’ € S x T, by (44), (43), Lemma 3.12 and (DP3),

By, |NE| € B, [Tsqm] +  suwp Eu,, [N
weSkX{D}

<B+B+2 inf E,, [ng]
weS, x {0}

ny,
p2(Sk)
< 2B+ 16L|S|BNY < BNY/|S|.

<2B+2x2x2Bx

Step 6: estimates on ﬁ,‘fk
The lemma below is a mixing-type result. It is very close to Lemma 2.13.

Lemma 3.15 If|Sk| > 2 then for every w € E; and every s € Sy,

N
Eup [T 0] S 2ASIL—= +4B+1
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Proof. We repeat the proof of Lemma 2.13 with minor adjustments.
By Lemma 3.13,

(ISk| — 1)p1(Sk) + 2B
minyes, Py (T8 < Tg,)

Eop [T ) < + 1.
Abbreviate p1(Sk) and pa(Sk) to p1 and pp respectively. By Corollary 2.8,
the denominator is at least 1 — 2| S| m. Therefore,

— (ISl = Dpn
p2 — (3[Sk| — 1)p1
where the second inequality follows by Lemma 3.10 and (E3).

Eq. (34) implies that p1 < Lp1(Sk), and by Proposition 2.12, p1(Sk) <
maxpcs, R Lo < aN The result follows. m

Eop, [T o) < (18] = 1)p1 + 2B) +1 < 2[Sk| p1+4B+1,

Define v (s) = v ((s,0))/vk(Sk x {O0}). This is the invariant measure
of pi conditioned on Sy x {J}.

Proposition 3.16 If|S;| > 2 then P (

1, 1
2[5] < No -

— ()] > 2¢(1 +e)u,9(s))) <

Proof. By Remarks 2.5, 2.6 Corollary 3.15, (A4), (A6) and (E2), for
each w € FE1,

P, ([P = vil(s,0))] > evel(5,)))
2
<2x95 (2 (2|S|LN +4B + 1> + 1>
Nk a—1
g2 N 1 1

<2 x 712=—(|S|L +B)<
ng a

— <35 X (45)

By Lemma 3.11, (RZ3), and since v (S, x {O0}) > 1/2,

vi((5,00)) = vE(s)] < 200(BA\(Sk x {OD) x vl (5, 00) < ewi((5, ).

Therefore

ve((s, D))‘ < eve((s,0)) = |E3, — v ()] < 2e(1+2)wi(s)).

The result thus follows by (45). m

Corollary 3.17 If |Sk| > 2 then
~ 1
P (|, —

1
215] © No-

07 (s8] > 555Lu0*(s|sk)) <
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Proof. Recall that ¢, is the invariant measure of ¢, conditioned on Sy.
On the other hand, the invariant measure of ¢ conditioned on S is simply
v?"(-|Sg). By Lemma 3.9 and Proposition 3.8,

v (s) — 7 (|Sk)| < 18 x 3L (-|Sk),
The claim follows by Proposition 3.16 and since L > 220. m

Step 7: The singleton case: Sj;, = {5}.

If Ny < N'79, then the first item in Theorem holds trivially. In addition,
dn = ¢°(-|sp) for each mj <n < my,_ ;. We now assume Nz > N1-9,

By Lemma 3.6, N§ is at most |{n : (s,,t,) # (5,0)}|. The next lemma
is an analog of Lemma 3.11. Its proof is however significantly different.

Lemma 3.18 One has vi((5,0)) > 1 — B(1+ 35)(‘1;171_)‘?.

Proof. We first provide a lower bound for v(5 | 5). By Theorem 2.10

i Beg (@)
o(S\(5) | 5) < T < (@)

Using (30), this yields

(a+ 1)1

v(S\{5}13) < (1 +3e) 55

Let E; be the ergodic set for p; that contains (5,00). We apply (39) to
q=pk, Q= F and C = {(5,00)} to get

ve(Er\(5,0))

(a+ 1)I5]
vi((5,00)) '

< Bu(S\3[5) < B(1 + 3¢) ANI=5

The rest of the proof for the singleton case follows closely the proof for
‘Sk‘ > 1.

Corollary 3.19 One has P( ‘ﬁ,fk — 1‘ > 2¢) < 31 X 775

Proof. By Definition of py, sup;cp, Etp, [T&D)] < B + 1. Therefore,

using Remark 2.5 to px, € and s = (5,0),
P (|75, - ni((5.0))] > enn((s.00)) < 4 22EED),

ng
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Observe that by (S2)

)ﬁ,f— (3, D))) ’Fk 1‘ < —

N26
By Lemma 3.18, (S2) and (RZ4), |vx((5,0)) — 1| < e. The result follows. m

Lemma 3.20 One has E [N§] < BTNw.

Proof. We follow the proof of Lemma 3.14. For each w € E; one has,
by Lemma 3.18 and (S4)

E, [N’S} <E., [Tsn)] +Esn) [ }
< B+Eapn) [N’“} <B+2E, [NO}

< B+ 2njvi(Eq\(5,0))

1)19I
< B+2NB(1 + 35)%1_?5

< BNY/K.

Step 8: Conclusion

We here conclude the proof of Theorem 3.4. Note first that No = >, N&.
Therefore, G2 follows from Lemmas 3.14 and 3.20. Let now s € Sy with
Vg 2 L. Plainly, NFy — npFy;, is the total number of visits to s that are

not counted in F;jk: there are at most Y, NF many of them.
Since E [>_, N&| < BN one has by Markov inequality and (RZ5)

N BNo+¥-1 1
P(ZNIS>€]V5> < c SQN‘S
k

Therefore, using Corollaries 3.17 and 3.19, the probability that both in-
equalities >, Nk < eN1=9 and F5 — 1/"*( 1S))| < 55eLv?" (s|Sy,) hold for

every k and every s € Sk, is at 1east 1 — <. On this event, by (E1),

—s o
‘FN—I/S <

o* o*
s < MVs

This proves G1.
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