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Abstract

This paper develops atheoretica framework to investigate potentia forces
behind the rise and fdl of class societies. Due to the nonconvexity of investment and
credit market imperfections, only those who inherited relively large wedth can set up
firms and become employers. The equilibrium dynamicsis described by thejoint
evolution of the wage rate, the vertica division of |abor between employers and
workers, and the distribution of household wedlth.

For some parameter values, the model predicts the rise of class societies, where
the households are permanently separated into the two classesin any steady state. The
rich bourgeoise maintain a high level of wealth due to the presence of the poor
proletariat, which has no choice but to work at a wage rate drictly lower than the “fair”
vaue of labor. For other parameter vaues, the modd predicts the fal of class societies,
where job crestion by the rich employers pushes up the wage rate so much that the
workers will escape from the poverty and eventudly catch up with therich. Thus, the
wedlth created by the rich trickles down to the poor, and, in the steady State, the
inequadity disappears.

The effects of salf-employment are also discussed using this framework.
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1. Introduction

The divison of labor between the employers and workersis one of the most contentious issues
in socid sciences. Some believe that the employers get rich because of cheap labor provided by the
workers, who have no choice but to work for them. According to this view, the relation between the
two is antagonigtic. Many socidigts argue that, in a capitaist society, this vertica division of labor will
develop into the class structure. One class, the bourgeoisie, owns and controls the means of production
and exploits the other, the proletariat, characterized by their lack of property and dependence on the
sde of their |abor power to the dominant class. Marx and his followers even predicted that the class
gruggleis an inevitable feature of capitdism and argued that the only way of redizing a dasdess society
is the gppropriation by society as awhole of the means of production. At the other end of the political
spectrum, it is believed that the employers cregte jobs, which offer the only hope for the workersto
escape the misery of poverty. According to this view, the relation between the two is mutudly
beneficia. Some conservatives argue that, if the market forces are alowed to operate fully, wedth
generated by the rich will eventudly trickle down to the poor, which will diminate the class digtinction,
leading to genera prosperity. Throughout the 19th century and early 20th century, the Marxist view had
received wide political support among industrial workers. It seemsfair to say that, by the late 20th
century, the Marxist view, at least in its origind form, has lost much of its intellectua gpped, asthe class
digtinction has become less pronounced in most advanced economies. Nevertheless, there exist
ggnificant disagreements as to whether the emergence of predominantly middle class societies has been
achieved by the market forces, as many conservatives argue, or by the safety net provided by socia
programsin the form of wefare cgpitaliam, as many socidists argue.

Perhaps surprisingly to many socia scientists outsde of economics, very little forma work has
been done within economics to address the issues raised above. Of course, the division of labor isa
centrd problem of |abor economics, but most forma models are concerned with the horizonta divison
of labor, such as occupational choices and job assgnments. Some radical economists, such as Marglin

(1984), have developed political economy models of classes, but they take the class structure
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exogenoudy given. In short, there have been little attempts to model an endogenous formation and/or

dissolution of class societies in a capitaist economy.

This paper develops aformd framework for investigating potentia forces behind the rise and fdll
of class societies in a systematic manner. In the modd economy, there is a tationary population of
inherently identica households, each of which congsts of an infinite sequence of agents connected via
intergenerationd transfers. At any point in time, the inherited wedth is the only possible source of
heterogeneity across households. The three critical assumptions are; i) setting up afirm requires a
minimum leve of investment, which introduces nonconvexity; ii) because of the possibility of default (and
imperfect sanctions againg it), any household can borrow only a limited amount to finance their
investment; iii) firms need to hire labor, which means the investment is more profitable when the wage is
lower. These assumptionsjointly imply that the agents who inherited relatively large wealth become
employers and those who inherited relatively little become workers.? The threshold leve of inherited
wedlth, which divides the poor workers from the rich employers, depends on the equilibrium wage and
adjusts endogenoudy to keep the balance between the supply of and demand for labor. The vertica
divison of labor excludes the rdatively poor from being employers and earning as much as the rdaively
rich.

In this framework, the digtribution of wedth in one generation affects the supply of and demand
for labor, which in turn affects the wage rate and profit, and hence the digtribution of wedth in the next
generation. The equilibrium is thus described by the joint evolution of the wage rate, of the vertica
divison of labor between employers and workers, and of the distribution of household wedlth. The
mode is smple enough to alow for a characterization of the steady states for the full set of parameter
values.

Under some configurations of the parameter values, the model predictstherise of class
societies. That isto say, the household’ s wedlth is concentrated in two pointsin dl the steady states. In
other words, the population is permanently polarized into the rich bourgeoisie and the poor proletariat.
In these steady Sates, the proletariat possess little wedlth, thereby being excluded from becoming
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employers. They have no choice but to work for the rich bourgeoisie at awage rate gtrictly lower than

the “fair” vaue of labor, which further contributes to their pauperization. The rich bourgeoise maintain a
high leve of wedth, not only because they can finance their profitable investment, but also because they
have access to the cheap labor supplied by the proletariat. Furthermore, thereis alower bound to the
fraction of the households that belong to each class, and it isindependent of theinitid distribution of
wedlth. In other words, even if there was perfect equality a the beginning, there isinequality of wedlth
across the households in the steady state. The modd thus explains how the market interactions lead to
an endogenous formation of the class structure. 1t offers some theoreticd judtifications for the left-wing
view that the rich employers owe their high level of wedth to areserve army of the working class and
that the class conflict is an inevitable feature of capitaism.

Thisis not, however, the only possible long run outcome of the model. Under different
configurations of the parameter values, the modd predictsthefal of class societies. That isto say, there
is the unique steady date, in which dl the household' s wedth convergesto the same levd, which ishigh
enough to alow anyone to be an employer. In this steedy State, workers are paid the “fair” value of
labor to make them willing to work for others, otherwise, they would prefer being employers. This
outcome occurs when the demand for labor by the rich employers pushes up the wage rate so much that
the workers, benefiting from a higher wage rate, eventudly catch up with therich. In other words, the
job creation by the employers helps the workers escape from the poverty, thereby diminating inequdity
inthelong run. This case thus provides some theoretical judtifications for the trickle-down economics
preached by the right-wing consarvatives, i.e., accumulation of the wedth by the rich is beneficid for the
society as awhole, including the poor.

Demondirating the possibility of these two dternative scenariosisimportant enough, providing
judtifications for the two opposing views of the world. More importantly, the mode is Smple enough
that it is possble to derive the conditions for these two casesin terms of afew key parameters. The
framework can thus be used as an organization principle or intuition-building device, on these highly

contentious iSsues.

?See Evans and Jovanovic (1989) for the evidence that the borrowing constraint is the mgjor barrier for the agents with low net
worth from being entrepreneurs. Holtz-Eakin, Joulfaian, and Rosen (1994) aso showed that large inheritancesimprove the
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As an gpplication, the framework will later be extended to introduce sdf-employment. Sdif-

employment provides not only the poor with an dternative to working for therich, but aso the rich with
an dterndtive to the investment that crestes jobs, which could benefit the poor. Due to this dud nature,
the effects of sdlf-employment are quite subtle and more complicated than one might imagine,
Neverthdess, within the present framework, it is possible to provide a complete characterization of the
seady sates with salf-employment.

The present study may be viewed as an addition to the literature on long run distribution of
household wedlth. 1n an important contribution, Banerjee and Newman (1993) developed a mode of
indtitutiond transformation, driven by the interplay of the division of labor and the wedth digtribution.
Their modd dso features the nonconvexity of investment and the credit market imperfection, which
makes the investment be wedlth-condrained. One crucid differenceisthat, unlike in the present study,
the threshold levels of wedlth needed for the investment are free parameters.® This fegture of their
modd leads to a plethora of steady states. In particular, they found a set of parameter values that
generates the co-existence of steedy states with different degrees of wedth inequality. Ther main
message is history dependence; the didtribution of wedth and the dominant inditutiona form that will
prevail in the long run depend on theinitid didtribution of wedth. If it is unequd, the economy develops
alarge-scale factory system, whose survival depend on the presence of alarge reserve army of poor
workers* If it isequd, the economy becomes a nation of self-employed workers. On the other hand,
the main message of the present study is not history dependence. What will be shown below is thet, for
some parameter values, the steedy tate didtribution of wealth dways displays inequdity (even though

surviva probakility of family-run businesses.

*There are other important differences. In the Banerjee-Newman model, each investment is subject to an idiosyncratic shock,
which introduces socid mobility even in the steedy state. (Here, thereis no exogenous shock, and thereis no socid mohility in
the steady state.) Furthermore, there are two types of investment, self-employment and large-scale factory operation. (Here,
thereisonly one, dthough an extension in section 4 dlowsfor two.) While these features of their model have advantage of
enabling themto tell arich story of ingtitutiona transformation, the resulting model is so complicated that they had to restrict
their andyssto afew sets of parameter values. This makes it impossible to see how the prediction of their model may change
with the parameters. One mgjor advantage of the present framework isthat it is smple enough that a characterization of the
steady states can be done for the full set of parameter values, and that the exact conditions for different outcomes can be derived
explicitly.

*More precisaly, what is needed for this outcomeis not the inequality of theinitial distribution per se, but theinitial co-existence
of the householdsthat are so poor to be salf-employed and of the households that are rich enough to invest alarge-factory
system.
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the initia ditribution may be equa) and, for other parameter vaues, the steady state distribution

displays equdity (even though theinitid distribution may be unequd). Freeman (1996) is most closay
related in spirit to the present study. He showed how the nonconvexity of human capita investment and
the borrowing congtraint lead to a permanent separation of the homogenous population into the
managerid and working dasses. The present study differs from hisin two respects. Firg, hisanadyssis
limited to the two extreme cases of the credit market; that is, the credit market is either perfect or
entirdy absent. Here, the borrowing limit is determined endogenoudy from the possibility of default. By
changing the effectiveness of the pendty in the event of default, the model can be used to andlyze the
entire range of intermediate cases between these two extremes. Second, his modd is designed to
predict the formation of the class society whenever the credit market is absent. The present modd is
rich enough to alow for both the formation and dissolution of class societies under the credit market
imperfection, and yet Smple enough to alow for the characterization of the exact conditions for both.
Thisin turn dlows us to examine the effects of salf-employment. Needless to say, the above comments
should not be viewed as a criticism of these studies. The present study benefitsimmensdy from theirs®
The rest of the paper is organized as follows. Section 2 presents the basic model, and derives
the conditions for the labor market equilibrium and for the joint evolution of the wage rate, of the
divison of labor and of the digtribution of wedlth. Section 3 offers a complete characterization of the
steady dates and identify the conditions for the rise and fdl of class societies. The next two sections

*Other studies of the theory of long run distribution of household weslth include Aghion and Bolton (1997), Piketty (1997),
Matsuyama (2000) and Mookerjee and Ray (2000). Mention should be made of the rdlation between Matsuyama (2000) and the
present study. Both demonstrate the possibility of endogenousinequality (all the steady states are characterized by some
inequaity, even though theinitia distribution may be equa) aswell asthe possihility of trickle-down phenomena (the steady
sateis characterized by equality, even though theinitia distribution may be unequd.) In Matsuyama (2000), the agentsinteract
through the supply of and demand for credit. The credit market equilibrium requiresthat the interest rate adjusts in such away
that the relatively poor become lenders while the relatively rich become borrowers. Here, the agentsinteract through the labor
market, and the wage rate adjustsin such away that the rdlatively poor become workers, while the rlatively rich become
employers. The present study not only demonstrates the robustness of the insights given in Matsuyama (2000). In addition,
because of itsfocus on the labor market, the present framework enables us to examine the relation between the employers and
workers, aswell asthe effects of sdf-employment, which was not feasible in Matsuyama (2000). It also obviatesthe need for
imposing the credit market equilibrium, so that one can assume that the interest rate is exogenoudly fixed (say, the credit market
may be integrated to theinternational capital market). It turns out that the exogeneity of theinterest rate, aswell as the additional
structure imposed by the production, makes the characterization of the steady states much simpler herethan in Matsuyama
(2000). Neverthdess, an extension of the present mode, presented in section 5, generates wedth dynamics somewhat similar to
the modd of Matsuyama (2000). Further discussion on the smilarities and differences between the two will be provided in
section 5.
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discuss some extensons.  Section 4 introduces self-employment. Section 5 dlowsthe rich to set up

multiple firms. Section 6 concludes.

2. TheModd.

Timeis discrete and extends to infinity. The economy produces a sSingle numeraire good, which
can ether be consumed or invested. In any period the economy is populated by a unit mass of identical
agents. Each agent is active for one period as ahead of an infinitely-lived household (or dynasty). The
only possible source of heterogeneity across households is their wedlth. At the beginning of each period,
the agents recaive certain amounts of the numeraire good in the form of a bequest from the immediate
predecessors (or parents). Let G(w) denote the share of the households, whose agents inherited less
than (but not equal to) w &t the beginning of period t.

At the beginning of each period, the active agents choose their occupations aswell asthe
dlocation of ther inherited wedth in order to maximize their end- of-the period wedth. (They make
their consumption and inheritance decisions a the end of the period.) They havetwo options. Firgt, the
agents may become workers. Each worker supplies one unit of labor at the competitive wage rate,
equal to vi. When the agents become workers, they also lend their inherited wedlth in the competitive
credit market and earn the exogenously determined gross return equal to r per unit.® Thus, by becoming
aworker, the agent who inherited w; will have v + rw; at the end of period t.

Second, the agents may set up afirm and become employers. Setting up afirm requires F units
of the numeraire good to be invested at the beginning of the period. Thiswould enable an agent to
employ n units of |abor at the competitive wage rate, v, and produce f () units of the numeraire good,
which becomes available a the end of the period. The production function satisfiesf (n) >0, f €n) >0
andf2(n) <Ofordl n>0,aswdl asf (¥) =¥ andf €¥) =0. Theequilibrium levd of employment
per firm can be expressed as a decreasing function of the wage rate, n(v), which is defined implicatly by
f €n(w)) © v and satifiesn(0) =¥. The gross profit from running afirm can be expressed asp =
p(v) ° f(n(w) - vin(w) >0, which satisfies p&v;) = - n(w) < 0 and p2(v) =- n&v) >0, and p(0) =

®0One may think that the agents can hold the financia claimsissued by financia intitutions that have access to the world interest

rae.
6
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f (¥)= ¥. Itisassumed that each employer can set up and manage a most one firm and that being an

employer prevents the agent from earning the wage as aworker. These assumptions are, however,
soldy for smplicity, and will be dropped later in section 5.

When the inherited wedth fals short of the investment required (i.e., w < F), the agent needs to
borrow by b, = F - w; in the competitive credit market at the gross interest rate equa tor, in order to
become an employer. If the inherited wedlth exceeds the investment required, the agent can become an
employer and lend by w; - F at the rate equal tor. In any case, the agent who inherited w; will have
p(w) + r(w; - F) at the end of period t by becoming an employer. Thisis greater than or equd to v; +
rw; (the end-of-the-period wedth if the agent becomes aworker), if and only if p(w) - w3 rF, or
1) w“EV,
whereV > 0 asaunique solutionto p(V) - V =rF, and may aso be expressed asV = V(rF), a
decreasing function satidfying V(¥) =0. We shdl cdl (1) the profitability constraint. If v, <V, dl
agents prefer being employersto being workers. If v =V, they areindifferent. If v >V, then the wage
istoo high for the investment to be profitable; the agents are better off being workers instead of being
employers. Onemay aso cal V the“fair” value of labor in the two senses of the word. Firg, no agent,
given the choice, would be willing to work at awage rate lower than V. Second, it is the wage rate
which would equdize the net earnings of the employers and of the workers,

The credit market is competitive in the sense that both lenders and borrowers take the interest
rate, r, given. It isnot competitive, however, in the sense that one cannot borrow any amount at this
rate. The borrowing limit exists because of the enforcement problem: the payment is made only when it
is the borrower’ sinterest to do so. More specificaly, the employer, after borrowing by, would refuse to
honor its payment obligation, rby, if it is greater than the cost of default, which is taken to be a fraction of
the project output | p(v).” Knowing this, the lender would alow awould-be employer to borrow only
uptol p(w)/r. The parameter, 0£ | <1, can be naturally taken to be the degree of the efficiency of
the credit market. Note that thereis no default in equilibrium. It isthe possibility of default that makes

A natural interpretation of the cost isthat the creditor saizesafraction | of the gross profit in the event of default. One may aso
interpret that this fraction of the profit will be dissipated in the borrower’ s attempt to default. This makes no difference, because

the default does not occur in equilibrium.
7
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the credit market imperfect. It should also be noted that the same enforcement problem rules out the

possibility that different agents may pool their wedlth to overcome the borrowing constraint.?

Because of the borrowing congtraint, the agent can set up afirm and become an employer only
if
2 w3 C(w)° Max{0,F- | p(wr},
where C(v;) isthe criticd leve of the household wedth needed for the agent to become employers, and,
when positive, it is an increasing, concave function of the wage rate. One may aso interpret C(w) asthe
collateral requirement imposed by the creditors. Since C(v) = 0 when v is close to zero, the borrowing
constraint is not binding when the wage rate is sufficiently low.° We shall call (2) the borrowing
constraint.

The agents become employersif and only if both the profitability and borrowing congraints, (1)
and (2), are satisfied. If one of these congtraints fails, they become workers. We can now describe the
labor market equilibrium. If v >V, (2) fails it isnot profitable to set up afirm. Hence, no agent would
become an employer and every agent would become aworker; there would be an excess supply of
labor. Thus, v £ V mug hold in equilibrium. The agents who inherited less than C(v) violates (2); they
cannot finance their investment and have no choice but to become workers. The agents who inherited
more than or equa to C(v) can and want to become employers and hire n(w) each, if v <V, and they

arewilling to do so, if « = V. Therefore, the labor market equilibrium condition is given by,

G/(C(v)) .
(3) m £n(v,); VEV,

where the first inequdity can be gtrict either when G jumps at C(w) or when v, =V. Equation (3) is
illustrated in Figure 1. The downward-doping curve shows the labor demand per firm. The other curve
can be interpreted as the labor supply per firm. Note that the supply curveisdrawnflat at v =V, to

80ther studies that explore the macroeconomic implications of imperfect capita markets due to potentia defaultsincude
Banerjee and Newman (1993), Kiyotaki and Moore (1997) and Obstfeld and Rogoff (1996, Ch.6). The specification herefollows
Matsuyama (2000, 2001a, 2001b).

*Thisis dueto the assumption, f(¥) = ¥, whichimpliesp(0) = ¥. Without this assumption, p(0) would befinite and, for rF >

I p(0), C(0) > 0, whichimpliesthat there exists atrivial steedy state, where every household’ swedth is zero.
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capture the fact that dl the agents are indifferent between being employers and being employess™® If v

<V, dl the agents prefer to be employers. Aslong as G(C(w)) > 0, however, the labor supply does
not go to zero, because the borrowing congiraint prevents some agents from being employers. Inthis
range, this curve is generdly upward-doping, because a higher wage rate means alower profit. This
lowers the borrowing limit and the agents need to come up with more for the collaterd. Therefore,
more agents are unable to set afirm, and they have no choice but to work. The supply curve can beflat
a v <V, asindicated by the dashed line. This occurs when a positive measure of the agents inherited
C(w), sothat G(- ) jJumps at C(v). If thelabor demand curve intersects with a upward doping part of
the labor supply curve, as depicted in Figure 1, dl the agents borrow up to the credit limit. If they
intersect a aflat part of the labor supply curve with v <V, some agents must be credit-rationed,
meaning that they cannot borrow up to the limit, even though they want to do so and they are equaly
quaified asothers™  Thisintroduces an eement of chancesin the dynamics of the household wedlth.
To ded with this Stuation, one needs to pecify araioning rule, which isinevitably ad-hoc. The
following andysis and discusson ignores such a possbility of equilibrium credit rationing, because this
gtuation never arisesin the steady State. (Also, the steady states are independent of any rationing rule
assumed.)

To summarize,

Proposition 1.
i) If v <V,dl therich agents, who inherited C(v) or more, become employers. All the poor agents,
who inherited less than C(w), become workers. The poor workers earn v;, which islower than

p(w) - rF, the net earning of the rich employers.

YFigure 1 depicts the situation where G(C(V)) < 1. If G(C(v)) = 1 for someV, < V, then the labor supply curve stays strictly
below theling v, = V. If G(C(v)) < 1for dl v, <V, and G(C(V)) = 1, then the labor supply curveisasymptotic to theline, v, =
V.

M\While some authors use the term, “ credit-rationing,” whenever some credit limits exist, hereit is used to describe the situation
that the aggregate supply of credit falls short of the aggregate demand, so that some borrowers cannot borrow up to their credit
limit. In other words, thereisno credit rationing if every borrower can borrow up toitslimit. In such astuation, their borrowing
iscongtraint by their wealth, which affects the credit limit, but not because they are credit-rationed. This use of terminology is
aso consstent with the following definition by Freixas and Rochet (1997, Ch.5), who attributed it to Baltensperger: “some
borrower’ s demand for credit isturned down, even if this borrower iswilling to pay al the price and nonprice dements of the
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i) 1f v =V, somerich agents, whose inherited C(V) or more, become employers. All the poor

agents, who inherited less than C(V), becomesworkers. All the households receive the same leve
of the net earning.

To close the modd, the bequest rue of the agents must be specified. To keep the matter
smple, let us assume that the agent maximizesu = (1- b)log ¢ + blog w1, where ¢ isthe agent’s
consumption. ** Then, each agent leaves b fraction of the end-of-the period wedlth to the next
generation (sbling). The wedth of each household thus changes according to the following dynamics:

b (v + rwy) if w < C(w),
4 W=

b(p(w) - rF+rw) if w3 C(w).
We impose the regtriction, b < 1/r, to ensure the existence of the steady states.

Figure 2 illugtrates (4). The solid line graphs the map for the case where i <V, or equivaently,
p(w) - rF>Vv. Themapislinear and has a constant dope equal tobr 1 (0, 1), except that it jumps up
at C(w). Although dl the agents want to be employers, the agents from the poor households, whose
wedth fals short of C(w), have no choice but to work for the agents from rich households. The arrows
indicate the effects of arisein the wagerate. A higher wage rate means that the terms-of-trade is more
favorable for the poor worker and less favorable for the rich employer. Hence, with a high wage, the
poor would have more wedlth in the next period, while the rich would have less wedlth in the next
period (though it is il larger than the poor’s.) A higher wage rate aso makes the threshold higher,
because the present vaue of the default penaty is smaller, and as aresult, would-be employers need to
contribute more in the form of adown payment. This suggests that a high wage rate is good for the very
poor household, which cannot borrow to become an employer in any case. It isbad for the middle

“Banerjee and Newman (1993), Aghion and Bolton (1997), Piketty (1997), Matsuyama (2000) and many othersin the literature
adopted this specification, which assumes that the donor’ s utility depends on the amount given. The dternative specification,
which assumes that the donor’ s utility depends on the utility of the beneficiary, not only hasimplications that have been rejected
empirically (see, for example, Altonji, Hayashi, and Katlikoff 1997); it would aso lead to significant complications without much
additiona indghts. The Cobb-Douglas preferences matter only to the extent that it makes the bequest alinear function of the
end-of-the-period wedlth, which smplifiesthe dgebra. The homotheticity is not essentid. Indeed, it is sraightforward to dlow
for Stone-Geary preferences, so that the rich leave alarge fraction of their wealth. Such an extenson may be desirable to capture

the point made by Kaecki, Kaldor and others, that aggregate wealth accumulation is done mostly by the capitdist.
10
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class households, which could finance their investment at alower wage rate (meaning the prospect of a

higher profit), but not at a higher wagerate. Findly, the dashed line, w1 = b (V+rw), depicts the
dynamicswhen v, = V. Inthiscase, dl the households earn V, regardiess of whether they are workers
or employers.

This completes the description of the modd. Once awedth digtribution in period t is given, (3)
determines the equilibrium wage rate, and the occupationa choice of the agents. Then, from (4), one
can caculate the wedth distribution in period t+1. By repesting this process, the modd can be used to
examine the joint evolution of the wage rate, the wedlth distribution, and the divison of the society

between employers and workers.

3. The Steady State Analysis
Let usnow look at the behavior of the economy in the long run. The steedy State is associated with the
limit digtribution, Gy (w), and the limit wage rate, w. It isthe state, which replicates itself over time,
once the economy is settled in, and where dl the households hold a congtant level of wedlth.

3A. TheClassless Society: The Seady State with Wealth Equality

Firgt, suppose thet the wealth digtribution is degenerate in a steedy sate. Thisis possible only
when d| the households earn the same net income, and hence w, =V. From (4), thisimplies that the
household's steady State wedlth is given by the fixed point of the map, w.; = b (V+rw;), or
B) w=DbV/(1-br)3 C(V).
Aslong asthe inequdity in (5) is satisfied, there exists a seady date, in which dl the households
maintain the same level of wedlth and are rich enough to be able to become employers. Furthermore, dl
the households, whether they are workers or employers, earn the same net income, so that they are
indifferent, and the labor market equilibrium condition, (3), issatisfied with v, = w = V. (Note that
G¢(C(V)) =0, becauseit is the share of the household whose wedth isless than but not equd to C(V).)
Therefore, (5) isthe sufficient and necessary condition for the existence of a steady State, in which the
wesdlth distribution is degenerate.

11
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3B.  TheClass Society: The Steady Sates with Wealth Inequality

Consider now steady states with an unequa didtribution of wedlth. That is, some households
belong to the entrepreneuria class or bourgeoisie; they are rich enough to become entrepreneurs and
employers. The others belong to the working class or proletariat; they are poor and have no choice
but to work. The existence of persistent inequality requiresw < V. In such a steady state, the wedlth
of al the householdsin the bourgeoise must converge to the fixed point of the map, w1 = b(p(w) - rF
+ rwy) or
(6 Wy =B(w)° b(p(w)- rR)/(1-br)3 C(w),
where the inequdity in (6) is the condition that these households are indeed rich enough to be able to
finance thair investment. (B stands for “bourgeoise’.) Next, the wedth of dl the householdsin the
working class must converge to the fixed point of the map, w1 = b (W + rwy) or,

(7) Wy =P(W)° bw/(1- br) < C(w),

where the inequdity in (7) is the condition that these households are indeed too poor to be able to
finance their investment, and hence has no choice but to work. (P standsfor “poor” or “proletariat”.)
Note that the above argument aso establishes that the wedlth of the households is concentrated on two
pointsin asteady state with inequality.

The labor market equilibrium condition, (3), becomes Xy/(1- Xy) = n(w), where0 < Xy < 1lis
the steady state fraction of the working class. Note that, for any w <V, this condition can be satisfied
by setting
®  Xv=X(w)° nw)/(L+n(w) T (0, 1).

Therefore, the sufficient and necessary condition for the existence of atwo-point steady state
digtribution is given by theinequditiesin (6) and (7), which are reproduced as follows:
9  P(w) < C(W)E B(w).

3C.  TheFull Characterization of the Seady Sates.

12
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We have just established that there are only two kinds of the steady states, and derived the

conditions for their existence, (5) and (9). Figure 3a-c hdp to illugtrate these conditions. The straight
line with the dope equd to b/(1- br) depicts the steady state wedth of the proletariat, P(w), while the
convex, downward-doping curve depicts that of the bourgeoisie, B(w ), both as functions of w. The
wealth gap between the two classes, B(w) - P(w), shrinks as w goes up, and would disappear at w =
V, where P(V) = B(V) = bV/(1- br). Thethird curve, the concave, upward-doping one, depictsF -

| p(w)/r, whichisequd to C(w), when it ispodtive. There are only three generic waysin which this
curve may intersect with P(w) and B(w). InFigure 3a, it intersectswith P(w) a v > 0 and with B(w)
atv' <V. InFigure 3b, it intersects twice with P(w), firs a v >0 and then at v' <V, and it stays
below B(w) for dl w <V. InFigure 3c, it never intersects with P(\) nor with B(w); it Stays below
P(w) fordl w < V.

In Figure 33, the steady state with perfect equality does not exist, because P(V) = B(V) =
bV/(1- br) < C(V) =F- | p(V)/r, which violates (5). In both Figure 3b and Figure 3c, on the other
hand, (5) holds, and hence there exists a steady state, in which wedlth distribution is degenerate at wy =
bV/(1- br)3 C(V) =Max {0, F- | p(V)/r}.

In Figure 3a, P(w) < C(w) £ B(w) over (V , V'], where0<v < V' <V. Thus, (9) holdsfor
v 1 (v, Vv']. Thismeansthat thereisacontinuum of steedy Sates, in which the wage rate is given by
w1 (v, V] and the fraction of the households that belong to the working dassis given by Xy = X(w)
T [X(V), X(V)), where 0 < X (V") < X(V ) < 1. All these steady States are characterized by atwo-
point digtribution of wedth. The case of Figure 3b is similar except that (9) holdsforw T (v, V')
and Xy T (X(v"), X(v)). InFigure 3c, on the other hand, C(w) < P(w) < B(w) for dl w <V, which
meansthat (9) is never satisfied. That is, there is no steady state with atwo-point ditribution.

Having identified the three cases to be classfied, it remains to characterize the conditions for the
three cases, in terms of the parameters of the modd, (br, 1, rF) T (0,1)* (0,¥), whichisdonein
Propogition 2. To state the proposition, it is convenient to introduce some functions. For a podtive

constant, q, define

(10) L(@° [g- av@lp(V(@)=1- (1+a)V(9/p(V(9)
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and

(1)  Gh)efl),

where V(g) > 0istheunique solutionto p(V) - V © gand satisfiesV(¥) =0. Thefollowing lemma
summarizes the key properties of these functions.

Lemma

) L¢>0,0<L(g<1forgl (g, ¥) withL(g)=0andL(¥)=1, whereg" isdefined uniquely by
g =qV(g) and sttisfies0< g" < ¥;

i) G¢>0, & <0,andG0)=0;

i) 1 >L(G(1))forl 2 1candl.=L(G( o)), wherel ;=L (g) = G'(g) isdefined uniquely by g =
I N(V(G( Q) = L(g)N(V(g)), and satisfiesO< | c<land g < g.< ¥.

Proof. See the appendix.

Lemmaisillugtrated in Figure 4. Note that the two graphs, | =L (g) and g= G(I ), are both increasing,
and the former stays strictly above the latter except at the point of tangency, (I o, G(I o)) = (L (9), O)-
We are now ready to state the proposition.

Proposition 2. Let g = br/(1- br). Then,

a If0<| <L(rF), (5) doesnot hold and (9) holds, as shown in Figure 3a. Hence, there existsa
continuum of steady states, indexed by itswagerate, w T (v, V'], where v isaunique solution to
P(v) = C(v) in (O,V) and V" isaunique solution to B(v) = C(v) in (O,V). In these steady States, a
fraction X(w) of the household owns P(w) = bw/(1- br) and afraction 1- X(w) of the
households owns B(w) = b(p(w) - rF)/(1- br), where 0 < X(v') £ X(w) < X(V) < 1.

b) Ifl 3 L(rF)andJ ) <rF < g, both (5) and (9) hold, as shown in Figure 3b. Hence, there exigts
acontinuum of steady states, indexed by itswagerate, w 1 (v, V"), wherev and v" are the two
solutionsto P(v) = C(v) in (O,V). Inthese seady dates, afraction X(w) of the household owns
P(w) = bw/(1- br) and afraction 1- X(w) of the households owns B(w) = b (p(w) -
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rF)/(1- br), where 0 < X (V") < X(w) < X(V) < 1. Thereexiss aso a steady state, in which w, =

V and dl the households maintain the wedth equa towy = bV/(1- br).

c) Otherwise, (5) holds and (9) does not hold, as shown in Figure 3c. Hence, thereis a unique steady
date, in which w =V and al the households maintain the wedth equa towy = bV/(1- br).

Proof . See the gppendix.

In FHgure 4, Regions A, B, and C satisfy the conditions stated in Proposition 2a), 2b) and 2¢),
respectively. The boundary of A isgiven by (10), and the boundary between B and C isgiven by (11)
for g< g.. A higher b increases g, which shifts both boundaries to the left and upward. Thus, asb goes
up, Region A shrinks and Region C expands.

In Region A, with acombination of alarge F and asmdl | , the modd predicts the rise of class
societies. In dl the steady dtates, there is a permanent separation between the rich bourgeoise and the
poor proletariat. The size of each dlassis bounded away from zero.® Theintuition behind an
endogenous formation of class societies should be easy to grasp. Because of the large investment
requirement and/or the severe enforcement problem, the wage rate must become sufficiently low to
make it possible for some households to be able to borrow and become employers. In order to keep
the wage rate low, however, some households must stay poor, so that they are unable to borrow and
forced to work. In every steedy state, the rich maintain their wealth partly because the poor work for
them a alow wage. And therich’s demand for labor is not strong enough to pull the poor out of the
poverty. Across these steady states, the degree of inequdity differs systematicdly. Indeed, the steady
state wedlth distributions can be ranked according to the Lorenz criterion. The Kuznets Ratio, the
coefficient of variation, the Gini coefficient, and any other Lorenz-consgstent inequaity measure, al agree
that there is greater inequdity in a steady state with alower wagerate. Thisis because alower w
implies not only that B(w) islarger (i.e, therich arericher), and P(w) issmdler (i.e,, the poor are

3The reader may wonder what would happen if the economy starts with a perfectly equal distribution of the wedlth, in Region
A. Supposethat theinitid level of wedthislessthan C(V). Then, thelabor supply curveisflat below V and theeguilibrium
wageratein thefirst period is determined in such away that credit rationing will take place in equilibrium. The lucky households
obtain credit and accumulate weglth faster than the othersthat are denied credit. This breaksthe perfect equality. If theinitia
level of wedlth is greater than or equal to C(V), then, the labor supply curveisflat & V. Every household earnsthe same net
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poorer), but also that X(w) islarger (i.e,, alarger fraction of the households is poor). Again, the

intuition behind this result is easy to grasp. The presence of alarge working class keeps the wage rate
low. A lower wage rate favors the rich at the expense of the poor, which increases the wedth gap. A
larger demand for labor by each rich employer can be met by only when a smdl fraction of the
households belongs to the bourgeoisie. Note that the Size of the firms increases with the inequdity. Ina
seady State with alower wage, asmaler fraction of the households belongs to the bourgeoisie, and
each of them employs alarger number of workers

In Region C, with acombination of asmdl F and ahigh | , wedth inequdity disgppearsin the
seady state. In this case, the modd predictsthe fal of the class society through atrickle-down
mechanism, in which the job creation by the rich, by raisng the wage rate, pulls the poor out of the
poverty, and the poor households will eventually catch up with the rich households. In other words, the
modd predicts that the class society disappearsin thelong run. In the steedy state, some agents work
for others, but they do not mind doing so because they are paid “fair” vaue of labor, and those who
employ operate rdaively at asmdl scae, hiring asmal number of workers. In other words, the
economy becomes a nation of the middle class, or petits bourgeois, conssting of smdl proprietors and
well-paid employees.

Although an explicit anadlysis of the dynamicsis beyond the scope of this paper, the trangtion
processis not difficult to imagine® Suppose that the economy starts at an underdevel oped state, where
al the households are poor. Thereislittle inequaity, but some households are richer than others.
Initidly, the equilibrium wage rate is very low and the profit is high, so that the rdatively rich households,
while they may be poor in absolute terms, are able to borrow and invest. Their wedth then starts
growing faster than others, magnifying inequdity. In Region A, thisleads to aformation of the class
society. InRegion C, the rich’'s demand for |abor will drive up the wage rate so much that the working
class, which benefit from a high wage rate, will be able to catch up with the rich, reducing inequdity.

income, and over time, their wealth declines until, after afinite periods, it goes below C(V), a which point, the equilibrium credit
rationing occurs, and the equdity is broken.

¥An explicit anaysis of the dynamics faces two magjor difficulties. Firgt, the distribution of wedlth is an infinitedimensiond
object. Second, to analyze the dynamics for an arbitrary initia condition, one cannot avoid the possibility of equilibrium credit

rationing in trangition, which introduces stochastic € ementsinto the models.
16



Class Society, 10/01/2001, 4:08 PM
In Region B, characterized by a combination of asmal rFand asmdl | , both the long run

scenarios are possible. Therefore, whether the economy may devel op into the class society or not
depends entirdy on theinitid wedlth distribution (and possibly on the credit-rationing rule, aswell.)

It might be ingtructive to consder the following thought experiment, which arguably tracesthe
evolution of indudtrid societies. Immediatdy after the Indudtria Revolution, | was small and F was
large, so that the economy wasin Region A. Throughout much of the nineteenth century and early
twentieth century, thisled to aformation of the class society in indudtrid countries. Then the capita
market and the technology gradudly improve over time. With anincreasein | and/or areductionin F,
the economy eventudly entered in Region C. Thisled to aformation of the predominantly middle-class
society in the late twentieth century.

3D.  Ranking of the Steady States.

In Regions A and B, there are multiple steady states, which can be indexed by their levels of the
wagerate, . Since ahigher w benefits the workers at the expense of the employers, the steady
states are not Pareto-rankable. However, it is possble to rank them by the total surplus, TS® Xyw +
(1- Xy)(p(w) - rF), or equivdently, by the aggregate wedth, AW © XyP(v) + (1- Xy)B(W) =
[b/(1- br)]TS. Simpledgebrashowsthat TS = (1- Xy)[n(W )W + p(w) - rF] = (1- Xy)[f (n(w)) -
rF] = [f (n(w)) - rFI/(1+n(w)). Hence, d(TS)/dvy = n&w)[(1+n(w))f &n(w)) + -

f (N(w))]/(1+n(w))? = nvy)[w + rF - p(w)]/(1+n(w))?, which is positiveif w <V and zero if w =
V. Thus, when there are multiple Steady Sates, the aggregate wedth and the total surplusislargerina
Steady date with ahigher .

This completes the anadlyss of the basc modd. The next two sections discuss some extensions.

4. Sdf-Employment
In the mode presented above, the relatively poor agents have no choice but to work for the
relatively rich. Some readers might think that, if the poor have an dternative to working for therich, such
as s f-employment, the model would not predict therise of class societies. However, the effects of
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introducing sdlf-employment are far from straightforward, because it dso offers an dternative for the

rich, who would otherwise invest in the job creating project, which could benefit the poor workers.

To addressthisissue in aforma manner, let us now suppose that the agents have a third option,
sdf-employment. This technology requires F° units of the numeraire good to be invested at the beginning
of the period, which gives the agents p*° units of the numeraire good at the end of the period. Thus, by
becoming saf-employed, the agents would have p® + r(w; - F°) at the end of the period, which is
greater than or equal to v; + rw; if and only if
(12) V3° p°- rF°3 v,

Thus, (12) is the condition under which the agents (weekly) prefer being self-employed than being an
worker.

To become salf-employed, the agent whose wedlth, w, is less than the necessary investment,

F°, must borrow the difference, w - F°. Asin the case of borrowing to become an employer, the
borrowing limit exists aso for the agents who intend to become sdf-employed. They would defaullt if the
repayment obligation exceeds the cost of default, | °p®, where O £ | ® < 1. Dueto this enforcement
problem, the lender would alow the agent to borrow only up to | Sp®/r. Thus, the agents can become
sdf-employed only if

(13) w3 C°° Max{0, F° - | 5p°/1},

where C® may be interpreted as the collateral requirement for the investment in the self-employment
technology.

Needless to say, we need to impose some restrictions on V° and C®, the two parameters that
characterize the sdlf-employment technology, so that this technology may provide the poor agents with a
viable dternative to working for others, and yet that it would not provide the rich agents with a better
option than being an employer. These redtrictions are imposed by the following assumptions:

(Al) VS<V;
(A2) CS<C(V5);
(A3) C°E£PV5).
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The first assumption (A1) impliesthat, forany w £V, VS <V =p(V) - rF £ p(v) - IF, o that being

an employer is preferable to sdf-employment. Without (A2), the self-employment technology would
never affect the labor market equilibrium. (To seethis, if C(V®) £ C5, v, < V° would imply C(v) < C°.
Thus, whenever sdf-employment is more desirable than working for others, any agent who isrich
enough to be salf-employed is rich enough to be an employer.) Findly, (A3) ensures the sustaingbility
of sdf-employment. By being sef-employed, the households maintain enough wedth that dlows them
to satisfy the borrowing congtraint for being sdlf-employed.

4A.  The Labor Market Equilibrium:

Figure 5 illugtrates the labor market equilibrium with self-employment, under the additiona
assumptionsthat C° > 0 and that G has no mass point. I the sdf-employment technology were not
available, the labor supply per firm would be equd to G(C(w))/[1- G(C(w))] for vi <V, whichis
continuous and has no flat part (because G; has o mass point).

Introducing self-employment does not affect the curve when vt > V° or v £ VO, where VP < Vo is
defined by C(V°) © C®> 0. Thisis because, when v > V°, every agent is better off being aworker
than being sdf-employed, and when v < VV°, any agent who can afford to be self-employed can dso
afford to be an employer, which is preferable. Sdf-employment thus affects the [abor supply per firm
solely over theinterva, (V°, V7.

Now, if VO < v < V5, all the agents strictly prefer being sdf-employed to being aworker. With
vi > V°, C(v) > C® holds, which means that the agents whose wedlth satisfy C° £ w; < C(v;) become
sdf-employed. The agents whose wedlth exceeds C(w) become employers and those whose wedth
fals short of C® become workers. Thus, when V° < v; < V5, the labor supply per firm is given by
G(CHL- G(C(w))]-

If v = VS, dl the agents whose wedlth satisfy C° £ w; < C(v,) can be salf-employed, but they
are indifferent between being sdf-employed and being employed. Thus, the labor supply per firm can
take any vaue between G(C®)/[1- G(C(V®))] and G(C(V))/[1- G(C(V?))], asindicated by the flat
ssgment at v; = V. If the labor demand curve, n(w), intersects this part of the labor supply curve, as
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shown in Figure 5, some agents who can be sdlf-employed become workers. However, this should not

be viewed as a credit rationing. They would voluntarily become workers, because their net earning is
equal to v, = V°,

Of course, if G has one or more mass points and a positive measure of the agents have the
same leve of wedth, an equilibrium credit rationing may occur. In such a Situation, some agents are
denied the credit and unable to become sdlf-employed, despite that they gtrictly prefer to be sdlf-
employed and that they may be equdly qudified for the credit as some sdf-employed agents (for the
same reason that was explained in the discussion of Figure 1). As before, however, the following
andyss and discussion ignore such a possibility of equilibrium credit rationing, because it never occursin

the steady state.

4B. Dynamics:
The household weath now follow

b (v + rw) if w < CS
(14) W1 = b(VS + r\Nt) if C,G £ W < C(Vt)
b(p(w) - rF+rwy) if w3 C(wy),

if VO < v, < V5. Otherwise, they follow Equation (4). Figure 6 illustrates (14). Now the map jumps
twice, at C° and at C(v). If w; < C5, the agent becomes aworker, earning v; if C® £ w; < C(w), the
agent becomes sdf-employed, earning V° > v;; if w3 C(v;), the agent becomes an employer, earning
p(v) - rF > V>, Asbefore, the arrowsindicate the effects of arisein the wage rate. The effects of a
higher wage rate on the workers and the employers are the same as before. Aslongasv; < V°, a
higher wage rate does not affect the wedth dynamics of self-employed households, athough more
agents are forced to become self-employed because a higher wage rate increases the collatera
requirement for the employer, C().

4C.  The Classification of the Steady States:
We are now ready to classfy the steady States.
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The One-Class Steady State without Active Self-Employment: Thisisthe same steady Sate

discussed in section 3A, with w = V. Itsexistence is not affected by the introduction of the sdif-
employment technology, because w = V > V° implies that saif-employment is a dominated option.
Therefore, (5) remains the sufficient and necessary condition for its existence.

The Two-Class Seady States without Active Self-Employment: These are the same steady

dtates discussed in section 3B, with w <V. Its existence requires that, in addition to (9),

(15)  w £V° w3 VS or C°> P(w),

because the poor households would switch to sdlf-employment, if V? < v < V° and P(w) 3 C° would
hold.

The introduction of the self-employment technology may cregate the following three new types of
Seady dtates, in which a positive measure of households are self-employed.

The One-Class Seady State with Active Self-Employment: In this Steady State, every
household is seif-employed, maintaining the wealth equal to P(V°) 3 C®, and the labor market is
inactive. This occurs when no oneisrich enough to be an employer. To induce any self-employed agent
to work for them, potential employers would need to offer awage rate at least as high as V°, but at
such awage rate, no one could borrow enough to be employers, that is, P(V®) < C(V®). Thus, the
condition for this seady Sate is given by
(16) C(V®°) >P(Vd).

Even though this steedy State is characterized by perfect equdity, and its wedth digtribution is
degenerate, its steady state level of wedlth, P(V®), isdtrictly lessthan B(V) = P(V), the level of wedlth
achieved by al the households in the steady state discussed in Section 3a.

The Two Class Seady Sates with Active Self-Employment; In these steady States, the labor
market is active with w = V°. The agents are indifferent between being sdlf-employed and being a
worker. Both the self-employed and the working households own the same level of wedth, P(V®), and
they are too poor to be employers, but rich enough to become sdlf-employed; C(V°) > P(V®) 3 C°.
Some households are rich enough to become employers at w = VS, thus B(V®) 3 C(V®). The shares
of the households that become self-employed, workers, and employers are given by S, T (0,1),
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X(w)(L- Sy),and (1- X(w))(L- Sy), respectively, where X(w) T (0,1) was definedin (8). The

sufficient and necessary conditions for these steady States are given

(17)  B(V9) 3 C(V°) > P(V®).

These steady states are adso characterized by two- point wedth digtributions, where afraction, S, +
X(w)(1- Sy), of the population owns P(V®) and the rest owns B(V®).

The Three Class Steady States; In these steady States, the labor market is active with w T
(V°, V®), and the steady state wedlth distributions are concentrated at three points, P(w), P(V®), and
B(w). The poorest are the proletariat; they are too poor to be self-employed, P(w) < C, and have no
choice but to work. Therichest are the bourgeoisie; they are rich enough to become employers, B(w)
3 C(v). Thewedth of the sdf-employed households converges to P(V®), which makes them too poor
to be employers, but rich enough to be sdf-employed, C(w) > P(V®) 3 C°. Combining these
conditions yields
(18) B(w)3 C(w) > P(V5) 3 C°> P(w).

Again, the shares of the households that become self-employed, workers, and employers are given by
SeT (0,), X(w)(L- Sv), and (1- X(w))(1- Sy), respectively.

Adding the sdf-employment technology may creste these three new types of the steady states.™
Neverthdess, it should be pointed out that the last two may indeed be viewed as variations of the two-
class steady States discussed in section 3B. In both, the rich households enjoy the high level of wedlth,
because there are poor households who are willing (or forced to) work for the rich below the fair wage
rate, V. The one-class steady state with active self-employment is the only new steady state, in which
no household enjoys the high leve of wedth by taking advantage of cheap labor supplied by the poor.
It dso differs from the one-class steady state with w =V in that it prevents the society from developing
the mutudly beneficid employer-worker reation, in which al the households could enjoy the leve of
wedlth, B(V) = P(V), which is higher than P(V®), the wedlth that can be achieved by the seif-
employment technology. In this sense, this steedy state may be viewed as a poverty trap, in which
there is an equdization of poverty.
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4D.  The Full Characterization of the Steady States

Having identified al the types of the steady States and their existence conditions, it remainsto
characterize them in terms of the parameters of the modd.

In Regions A or B, the casesillugtrated in Figures 3a) and 3b), the self-employment could
eiminate some two- class steady states, while creating new ones. To conduct a systematic andysis, let
usrecal firgt the two critica vaues, v < v, defined in Propositions 2a) and 2b), which are also
depicted in Figures 3a) and 3b). Recall also that V° was defined by C(V°) = C°. Itisaso useful to
define Veby P(VQ = C5. Then, (A1)-(A3) may now be rewritten asV° < V° <V, and V¢E V°. There
gl remain the following six generic cases to be distinguished, depending on the values of V° and C°.
Asindicated below, each of these casesis associated with a particular ordering of v, v*, V°, V° and
V¢
Casel: Vi<v
Caella vV <VS<v ; CS<P(V)
Casellb: v <V3<v' i P(V) < C<P(V®)
Callla VE>V Ce<P(V)

Caselllb: VE> v P(V) < C3< PV
Caellic: VS > v P(V') < C° < P(VS)

Ve< Vo< Vo<yv <v*
Ve<Vo<v < Vo<V
v <V0<Ve< Vi<V
Ve<Vo<v <vi<V®

vV <VP< Ve v < VS

U U U U U U

vV <V°<Vv'<Ve< Vo inRegion A
vV <V'<Ve< VO < V®inRegionB.
In each of the Six generic cases, we can check to see whether it satisfies the condition for each type of
the steady States, thereby making a complete list of the existing steady states.

In Region C of Figure 4, the case illugtrated in Figure 3c), the introduction of the sdif-
employment technology has no effect in the long run. The Steady stateis unique; inwhich w =V and
the wedlth of al the households convergesto B(V) = P(V). Thus, as before, the modd predicts the fall
of class socidtiesinthiscase. To see why thisisthe only steedy State, note that dl the conditions for the
other types of the steady dtates, from (15) through (19), require that C(v) exceeds P(v) for somev <V,
whichisruled out in the case of Region C, as shown in Figure 3c).

Table 1: The Steady States in the Modd with Sdlf-Employment

*This abundance of the steady states has some resemblance to the result obtained in Banerjee and Newman (1993).
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No Active Sdf-Employment Active Sdf-Employment
One-Class Two-Class One-Class | Two-Class | Three-Class®

Al A (v, V] /E Y Y
Al lla /E [VS V'] A Ve /E
A | llb A (v, V9 C VS V] VS % (V2,VQ
Al llla /£ /£ A /E /£
A | lllb /E (v, V9 v /E (V2, V4
A | lllc A (v, V'] VS Jis (V2, V']
B| | V vV, V" JiS A yid
B| lla \% [VS, v VS s /£
B| llb \% v,V C[VZ V) VE VS (V2,VQ
B | llla V A JiS /A A
B | Illb V (v, V9 /A /E /E
B | lllc V (v, V") /E /E /£

C V yid /A A /A

Table 1 offersacomplete list of the steady Satesin thismodel. For each parameter
configuration and for each type of the steady dtates, the table entry shows the range of the steedy state
wage rates when they exist (or the vaue of the Steady state wage rate when it exists uniquely), and A
when they do not. As shown, many of the two-class steady states discussed in section 3B, which exist
in Regions A and B, survive the introduction of the salf-employment technology. They continueto exigt,
either because salf-employment is no more atractive than working for others (i.e,, w 3 V° asin Cases
[, I, and I1b), or because the workers are too poor to become sdlf-employed (i.e, w < V¢or P(w) <
CS, asin Cases I, lllb, and I11c). Only the steady states whose wage rates satisfy VGE v, < V° are
eliminated. Even then, they are often replaced by the two- class Steady states with active sdlf-
employment with v = V° (asin Casesllaand I1b), or by the three-class steady states (asin Cases |1b,
and A-111b, A-1lic), both of which can be viewed as variations of the two-class steady States.

The introduction of the sdlf-employment technology may aso creete an entirely new type of the
deady State, where every agent is saf-employed and the employer-worker relation disappears

®Here, V2 isdefined by C(V2) © P(V9). It dwayssatisfies V2 <v* inthecaseof A-llic. Inthecasesof IIband A-1Ib, V2 < V¢
requires that C° must be sufficiently large within the range; for C° sufficiently closeto P(v'), V2 3 V¢holds and hence thereis no
three-class steady state.
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dtogether. In Casesllaand I1b, this steady state, in which every household owns P(V®), is dominated

by other steady States, including some two-class steady states with w 3V, where the rich own B(w)
and the poor own P(w) 3 P(V®). In these cases, the one-class steady state with 100% sdif-
employment should be viewed as a poverty trap, where the investment in self-employment preventsthe
economy from accumulating wedth, because, unlike the other investment, it does not creete any job. In
Cases A-111b, and A-llic, however, the one-class steady state with 100% sdlf-employmentisan
improvement for the households that belong to the proletariat in the other existing steady Sates.

Thereis one case, where the introduction of the salf-employment technology changes the
predictions of the mode drastically. That is Casellla, where V° < v < V' < V5. Inthis case, sdif-
employment diminates dl the two- class Steady states discussed in section 3B. In Region A, the one-
class steady state, where every household is self-employed, becomes the only steady state. In Region
B, the one-class Seady Sate without active sdf-employment is left asthe only Seady Sate. Itis
noteworthy thet, in B-111a, the introduction of the sdf-employment technology helps to diminate the
class societies, and yet in the long run, no household remains sdf-employed.

Findly, in Region C, thelong run prediction of the modd isnot at dl affected by the introduction
of the salf-employment.

5. Congtant Returns to Scale (with the Minimum Investment)

We have assumed that each agent can set up and manage a most one firm, and the amount of
invesment isfixed & F. This assumption implies that the employer’ s technology is subject not only to
the minimum requirement, which implies the nonconvexity, but dso to diminishing returns. Some readers
might think thet that this assumption of diminishing returnsis responsible for the rise of dass societies.
One might reason that, without diminishing returns, the rich would invest more and operate many firms,
until their [abor demand would drive up the wage rate so much that the poor workers can catch up with
therich. Inthis section, we dlow the employers to make varigble investment with congtant returnsto
scale, except that they mugt satisfy the minimum requirement for the investment, and show that the main
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results obtained in the basic modd would carry over. Thus, what is essentid is the nonconvexity of

investment, not diminishing returns.

Let us go back to the modd of section, and modify that modd by assuming that, by investing K
3 F units of the numeraire good and employing N; units of Iabor at the beginning of period, F (N, Ky)
units of the numeraire good become available at the end of period. It isassumed that F satifiesthe
standard properties of constant-returns to scale production functionsfor K¢ 3 F. If K< F, F (N, Ky) =
0. Letk® K¢F, n° N¢ki, andf (n) © F(n, F). Then, for k3 1, Max\{F (N, K) - vN} =
Max.{f (n) - vn}k ={f (n(v)) - vn(v)}k = p(v)k, where n(v) and p(v) are defined as before. Here, k
isthe scae of operation chasen by the employer, defined as the investment measured in multiples of F,
and p(v) isthe equilibrium profit per unit of operation, which is independent of k, except that k must be
greater than one. (One possible interpretation isthat k isthe number of firms (or factories) run by an
agent, and the integer condraint isignored for k greater than one.)

In the previous models, it was assumed that the employer’ s earning comes solely from operating
afirm. In other words, one cannot be an employer and aworker at the sametime. If we were to make
the same assumption here, the lost wage income would be the fixed cost of being an employer,
independent of the scale of operation, which introduces increasing returns to scale and leads to the
nonexistence of the seady states. Thisis a nuisance that we want to avoid. Hence, in this section, we
dlow the employersto work aswell. Nevertheless, we shdl cal only the agent who does not become
an employer “aworker” and the agent who does not will be called “an employer,” despite that the latter
aso supplies labor.

Although the technology now alows the agents to invest as much as possible, they may not be
able to do 0, because of the borrowing congtraint. To invest by k;, the agent who inherited w; needs to
borrow by kiF - w;. The agent would default if the payment obligation, r(k{F - w), exceeds the default
cog, which isafraction of the gross profit, | p(v)k:. Knowing this, the lender would lend only up to
| p(wkdr. Therefore, to invest by ki, the agent needsto havew; 3 kF - | p(w)kd/r or
19 w3 [F- | p(w)/rlke = C(w)ki,
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where C(v) © F- | p(w)/r. Subject to the borrowing constraint (19), the agent chooses k; to maximize

the end- of- the-period wedlth,

Vi + Pk - r(keF - we) = v+ rwy + (p(w) - Pk ifke3 1
(20)

Vi + MW ifOEk <1
The labor demand is then equa to n(w)k:.

The wage rate adjusts to keep the balance between the labor demand and the labor supply. It
is easy to see that the equilibrium wage rate satisfies C(v) > O and v; £ V, where V isnow defined by
p(V)° rF. Toseethis, supposev; > V. Then, p(w) < rF so that (20) ismaximized at k; = 0. All the
agents prefer being workers, and not investing. Hence, the labor demand would be zero, and there is
an excess supply of labor. Suppose now C(w) £ 0, whichimpliesp(w) 3 rFl >rF. Then, (20) is
grictly increesng ink; 3 1, while the borrowing congtraint (19) is not binding. Hence, the agents would
invest by an infinite amount and the labor demand would be infinite. Therefore, the equilibrium wage
rate must adjust to satisfy 0 < C(w) £ C(V).

Notethat v £ V may 4ill beinterpreted as the profitability congdraint for becoming an employer,
athough the definition of V isnow givenby p(V) ° rF, not by p(V) - V ° rF. Thisisdue to the change
in the assumption made earlier, i.e., an agent supplies one unit of labor even as an employer. Note dso
that V may Hill beinterpreted as the “fair” wage rate, because it is the wage rate that equalizes the net
earnings of the employer and the worker. To make sure that the employers indeed employ more |abor
than they can supply themsalves, it is necessary to impose the following restriction:

(Ad) fg1)>V.
Thisensurestha n(v) 2 n(V) > 1.

Having established that 0 < C(v) £ C(V) in equilibrium, let us now consder the optimd
investment behavior in thisrange. First, congder the case, 0 < C(v) < C(V), or rE<p(wv) <rFl .
Then, (20) isdrictly increesing ink; 3 1, so that every agent wants to invest as much as possible. If w;
3 C(w), the agent invests until the borrowing condraint isbinding, i.e,, ki = w//C(w) 3 1. If w; < C(w),
then the agent cannot meet the minimum requirement, so that k; = 0. This can be summarized as
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w; /C(W) if w3 C(w)

(21) k=
0 if w < C(w).

Now, consder the case, p(w) =rF, or v, = V. Then, (20) isequad to V + rw; for k; = 0 and for
al k3 1, while0 < k; < 1isdrictly dominated. All the agents are hence indifferent between k; = 0 and
fordl k3 1. Sincethe borrowing congraint isnow w; 3 C(V)k;,

1{0,[1, w /CV)]} if w3 C(V)
(22) ki
=0 if w < C(V).

The labor demand is equa to n(w)k, where k; is given by (21) or (22). Hence, the equilibrium
condition in the labor market can be given by

niv,)

t N\ 3 1.
(23) &) c((v?)/vdet (W) 3 1: 0<C(w) £ C(V),

where the first inequdity may be grict éther when G jumps at C(v) or whenv; = V. Equation (23) is
illugtrated in Figure 7. The aggregate [abor supply is now indicated by the verticd line a one, because
each agent, including the rich employer, supplies one unit of labor. The downward-doping curveisthe
aggregate labor demand. Note that a higher wage rate reduces the aggregate labor demand for three
reasons. Firdt, it reduces the labor demand per unit of operation (n(v;) isdecreasinginv). Second, it
reduces the profit per unit of operation (p (v) is decreasing in ), which tightens the borrowing
congraint (C(w) isincreasing in ), forcing the employer to operate at a smaller scale, at wi/C(w).
Third, with atighter borrowing condraint, less agents are able to meet the minimum investment
requirement to become employers. Note that, if G has amass point at C(v;), a positive measure of the
agents can meet the minimum requirement at C(v;), which causes the aggregate labor demand to jump at
C(w), asillugrated by the flat ssgment of the demand curve. If the verticd line intersects at the flat
segment, there would be an equilibrium credit rationing. [If it intersects at the downward doping part of
the labor demand curve, asindicated in Figure 7, then there is no credit rationing. As before, we ignore

this possbility of equilibrium credit rationing, as it never happensin asteady Sate.
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From (20)-(22), the dynamics of the household can be expressed by

bvi + [C(V)/C(WI[P (v)/p (V)] (brw: if w3 C(w)
(24) W =

bv; + (br)w; if we < C(w),
whichisillugrated by Figure 8. Asin the basic mode, the map (24) jumps at C(w) whenv; < V.
Unlike in the basic modd, the dope of the map is strictly higher above C(v) than below C(w), when v
<V. Thewedth, when in the hands of the rich, earnsthe gross rate of return,
[CV)IC(W)][p (W)/p(V)]r, whichis grictly greater thanr. Theintuition behind thisis easy to grasp.
When v, <V, it isnot only profitable to invest to become an employer. 1t isadso profitable to invest
more and operate the firm at alarger scale. Having a higher amount of wedth above C(v;) dlows the
rich to invest more by easing the borrowing condraint. This leverage effect dlows the rich employersto
earn higher returns on their wealth than the poor workers. Indeed, for a sufficiently low wage rete, the
leverage effect is so strong that the dope of the map above C() can be greater than one. This does
not mean, however, that the rich’ swedlth can grow unbounded. The weadlth of the rich will eventudly
stop growing, because awedth accumulation by the rich will lead to a grester demand for labor, which
will push up the wage rate until the slope of the map becomes less than one.™

As before, the arrows indicate the effects of a higher wage rate, when v, < V. It raises the
threshold level of wedlth, increases the wedlth of the worker, and reduces the gross rate of return on
wedlth owned by therich. The dashed line, w1 = b(V + rwy), gives the dynamics of household wedth
whenv, = V.

For agiven distribution of wedth in each period, the labor market equilibrium condition (23)
determines the wage rate, v, and then, from (24), one can obtain the wedth digtribution in the next
period. Thus, the equilibrium path of this economy can be solved for by gpplying (23) and (24)
iteratively.

It is easy to see that there are at most two types of the steady statesin thiseconomy. The firgt
typeisthat the steady state, characterized by an equa distribution of wedth and w. =V. The condition

for itsexisenceis given by
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Wy = bV/(1- br)°© P(V) 3 C(V),

as the labor market equilibrium condition, (23), holds because the labor demand is given by
n(V)P(V)/C(V) > 1. The second typeisa continuum of steady states, characterized by two-point
distributions of wedth, and w =V. Therich own

Woy = B(w) © bw {1- [C(V)/C(w)][P(w)/p(V)](br)} < ¥
and the poor owns P(w). The condition that the rich can meet the minimum investment requirement and
the poor cannot isgiven by B(w) 3 C(w) > P(w). Thelabor market equilibrium condition, (23), is
(1- Xy)n(w)B(w)/C(w) = 1, where Xy isthe share of the poor households. Because1- Xy =
C(w)/n(w)B(w) £ 1n(w) < 1n(V) <1, onecanfind Xy T (0,1) that ensures the labor market
equilibrium for each w. Thus, the existence condition for this type of Steady Satesis smply

B(w) * C(w) > P(w).
Note that the existence condition of this type of the steady states imposes the lower bound on the
steady State wage rate, which is more stringent than the retriction, C(w) > 0; it must be sufficiently
high to satisfy [C(V)/C(w)][p (v)/p (V)] (br) < 1, which ensures that the rich’ s wedlth would not grow
unbounded. Comparing across these steady states, alower v means ahigher B(w), alower P(w),
and ahigher Xy, 0 that these steady States can be ranked according to the Lorenz criterion. A lower
seady Sate wage rae is thus associated with greater inequality.

A lower steady dtate wage rate is aso associated with asmaller totd surplus, TS® w +
(1- X¥)(p(w)- rF)ky = wy +(1- Xy)(p(W)- rF)B(w)/C(w), or equivaently, by the aggregate wedlth,
AW ° XyP(w) + (1- Xy¢)B(w) =[b/(1- br)]TS. Smple dgebrashowsthat TS=w +
(P (w)- rR)/n(w) = [f (n(w))- rF]/n(w). Hence, d(TS)/dvy = n&wy)[n(w)f &n(w)) + rF -
f (N(v))]/(N(w))? = n€w)[rF - p(w)])/(n(w))? whichis postiveif w <V and zero if w = V. Thus,
when there are multiple steady States, the aggregate wedlth and the total surplusis smaler in a steady
state with a lower W, i.e., in asteady state with grester inequality. ™

Characterizing the condition for the co-existence of different types of steady statesin the

parameter space is more involved than in the previous model, because one has to go through more

YIn this respect, this dynamicsis similar to the household wedlth dynamics of the model in Matsuyama (2000).
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cases. Indeed, it is as cumbersome asin the mode of Matsuyama (2000), which also generates wedth

distribution dynamics, where the rich earns higher return on their wealth than the poor. The main source
of the complication is the varigbility of the gross rate of return earned by the rich on their wedlth. This
introduces additional cases, where dl the steady States are characterized by two-point distributions, and
yet the share of the population that becomes the rich, while Strictly positive, can be arbitrarily closeto
zero.”® Nevertheless, it can be done, in amanner similar to Matsuyama (2000), and can be shown that
the basic fegture of the previous modd is preserved. That isto say, acombination of a higher Fand a
gndler | impliestherise of class societies, and a combination of alower Fand ahigher | impliesthe

fall of class societies.

6. Concluding Remarks

This paper has presented a theoretical framework for understanding the mechanisms behind the
riseand fal of class societies. The key assumptions are the nonconvexity of investment and imperfect
capita markets. Under some configurations of the parameter values, the modd predicts the rise of class
societies, where the population is separated into the rich bourgeoisie and the poor proletariat in al the
seady dates, regardless of the initid digtribution of wedth. In these steady dtates, therich maintain a
high levd of wedlth, partidly due to the chegp labor supplied by the poor who, with their low level of
wedlth, have no choice but work for therich. Under other configurations of the parameter values, the
modd predictsthefal of class societies. The rich’s demand for labor pushes up the wage rate so much
that the workers escape from the poverty, and the class distinction disappears in the long run. In this
case, the wedth accumulation by the rich eventualy trickles down to the poor. As an gpplication, the
framework is used to examine the effects of salf-employment.

Some reeders might find it unsettling that, for the case where the mode predicts the rise of class
societies, thereis a continuum of steedy states, each of which is characterized by a two-point
digtribution (or possibly athree-point distribution in the mode with sdf-employment). This feature of
the modd is, however, amere artifact of the smplifying assumptionsthat al the households are

18 | n this respect, thismodel differs significantly from the mode of Matsuyama (2000), whose aggregate wedlth dynamicsis
entirely independent of the wealth distribution dynamics.
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homogenous, except inherited wedlth, and that there are no idiosyncratic shocks. For example, if the

ability of the agent as an employer, perhgps measured by F, the minimum requirement of investment, isa
random variable, there would be the unique ergodic distribution of wedlth. If the modd is extended to
alow for such idiosyncratic shocks, however, we would have to characterize the condition under which
the ergodic digtribution is unimoda or bimoda, which may not be feasble andyticaly.

Obvioudy, one can think of many ways in which the modeds can be extended. Introducing long
run growth isone. In the aove modes, the minimum leve of investment playsacrucid role. If the
economy as awholeis growing over time, perhaps due to some exogenous improvement in technology,
and if the minimum leve of investment is exogenoudy fixed, the mechanism for the formation of class
societies identified in this paper loses its power in the long run. On the other hand, if the engine of
growth is endogenous technologica change due to investment, and if better technology requires a higher
leve of minimum investment, then long run growth may never dimingate the class didtinction.

The theoretical framework presented above, or some variations of it, should aso be useful for
the policy andyss. For example, in some cases, redidtributing wealth from the rich bourgeoisie to the
poor proletariat, by introducing some forms of inheritance taxes, may not only help the poor to escape
from the poverty, but dso have the effects of increasing the aggregate wedlth and the totd surplus. In
other cases, it may push the economy into the poverty trap, by reducing investment by therich, which
could help the poor workers by creating jobs. It is hoped that the present paper would stimulate further

research on these issues.

' This complication arises because B(v) may be unbounded for the range of the wage rates that satisfy the inequality C(v) > P(v).
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Appendix
Proof of Lemma.

i) Thisfollows from the fact thet p (v) are V(g) are positive and decreasing functions and satisfy p(0) =
¥ andV(¥)=0.

i) By differentiation, G&l ) =f (ol ) - (ofl Yf €/l ) > 0and G (1) = 2(a/l )(g*/l ) < 0. From
L’ Hospitd’ s Rule, G(0) = ¢ lime «[f (X)/X] =g limey f €x) = 0.

iii) By definition, p(v) 2 f (n) - nv, where the equdity holdsif and only if n=n(v). Thus by settingv =
V@l )andn=g/l, p(V(&1))) 3 f(g/))- (g/l )V(A)), where the equdity holds if and only if
g/l =n(V(&))). Thisisequivdenttol 3 L (G )), wherethe equdity holdsif andonly if | =1
where| . isdefined uniquely by g =1 n(V(GE( o). By setting g. = G(I ) and | .= L (g), this
condition can be rewritten asq = L (g;)n(V(g))- Since L (g)n(V(g)) is drictly increasing in g with
L(@OIn(V(@))=0and L(¥)N(V¥))=n(0) =¥, g <g<¥, fromwhichO=L(g") <! .=L(q) <
1=L¥)fdlows.

Q.ED.
Proof of Proposition 2.

Firg, notethat (5) can bewrittentoqV 3 rF- | p(V), whichisequivdenttol 2 L(rF). Thus, (5) fals
under the condition of Proposition 2a) and is satisfied under the conditions of Propositions 2b) and 2c).
Inparticular, if | <L (rF), thethree curvesintersect as shown in Figure 3a. Next, let usfind the
condition under which P(w) = bw/(1- br) and C(w) = F - | p(w)/r are tangent below V(rF). Letz<
V(rF) denote the point of tangency. Then,gz=rF- | p(2)andq=- | p&2) =1 n(2). Thisimpliesthat
rFF=lp@+qgz=l[p@+n@z=1f(n@)=1f@)=Gl)andl =qgn(x) <gn(V(rF)), or rF <
Aan(V(rF))) = af (n(V(rF)))n(V(rF)), which isequivdent to rF < g.. Thus, P(w) and C(w) are
tangent below V(rF) if and only if G(I ) = rF < g.. Findly, note that rP(w) = qvy isindependent of rF
and ahigher rF movesup rC(w) =rF - | p(w). Since P(w) islinear and C(w) is concave, this means
that, if (1 ) < rF < g, P(w) and C(w) intersects twice as shown in Figure 3b, and that, if rF £ (1 ),
P(w) 3 C(w) for dl w <V, asshown in Figure 3c.

Q.ED.
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Fourel: TheLabor Market Equilibrium
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Figure 2: The Household Wedth Dynamics
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Figure 3: The Three Curves, B(v), C(v), and P(v)
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Figure 4. The Parameter Configurations
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Figure 5: The Labor Market Equilibrium with Self-Employment
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Figure 6: The Household Wealth Dynamics with Self-Employment
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Figure 7: The Labor Market Equilibrium without Diminishing Returns
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Figure 8: The Household Wedth Dynamics without Diminishing Returns
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