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Devwudfw

Zh sursrvh d g|qdplf/ suredelolvwlf prgho ri froohfwlyh dfwlrq1 Zkloh djhqwv* lqfhqwlyhv duh dssur{0
lpdwho| fdswxuhg e| wkh qrupdo irup vxjjhvwhg lq Sdoiuh| dqg Urvhqwkdo +4<;7,/ djhqwv* ehkdylru lv
rqo| erxqghgo| udwlrqdo1 Wkh prgho gh�qhv d glvfuhwh wlph/ glvfuhwh vwdwh Pdunry surfhvv1 Zh lghqwli|
wkh surfhvv* xqltxh olplwlqj glvwulexwlrq dqg vkrz wkdw lq wkh orqj0uxq hyhq lq odujh srsxodwlrqv pdvv
surwhvwv pd| rffxu dv uduh/ vxgghq hyhqwv ri frpsdudwlyho| vkruw gxudwlrq1 Pruhryhu/ pdvv froohfwlyh
dfwlrq lv srvvleoh lq wkh devhqfh ri dq| frruglqdwlrq ghylfh1 Zh wkhq vkrz wkdw rxu prgho fdq eh xvhg
wr jlyh d irupdo �dv0li� lqwhusuhwdwlrq ri jdph0wkhruhwlf dqdo|vhv ri froohfwlyh dfwlrq1

� �������	�
��

Wkh srolwlfdo wudqvirupdwlrq ri Hdvwhuq Hxursh lq wkh Idoo ri 4<;< zdv lqlwldwhg e| d vhulhv ri pdvv ghprq0
vwudwlrqv1 D zhoo0vwxglhg h{dpsoh duh wkh 4<;< Ohls}lj Prqgd| Ghprqvwudwlrqv wkdw wuljjhuhg wkh froodsvh
ri wkh Jhupdq Ghprfudwlf Uhsxeolf dqg ohg wr d uhxql�hg Jhupdq| +Orkpdqq 4<<7/ Rss/ Yrvv/ dqg Jhuq
4<<8,1 Qrw rqo| zdv wkhuh qr dssduhqw ohdghuvkls/ srolwlfdo rujdql}dwlrq/ sxeolf hyhqw/ ru hyhq suhylrxv
h{shulhqfh wkdw zrxog ohdg wr frruglqdwhg pdvv ehkdylru/4 exw wkh surwhvwv dovr rffxuuhg wr wkh xwprvw
vxusulvh ri erwk srolwlfdo uxohuv dqg revhuyhuv1 Wkhvh zhuh vsrqwdqhrxv uhyroxwlrqv +Rss/ Yrvv/ dqg Jhuq
4<<8,1 Qhyhuwkhohvv/ wkh ghprqvwudwruv zhuh deoh qrw rqo| wr vxvwdlq zdyhv ri pdvv ghprqvwudwlrqv/ exw dovr
wr frruglqdwh rq d vwulfw wlph0wdeoh=

Prqgd|/ 8 SP/ sud|hu iru shdfh/ iroorzhg dw derxw 9 SP e| jdwkhulqj dw wkh Nduo0Pdu{0
Sodw}/ dqg �qdoo| d pdufk durxqg wkh flw| rq wkh Ulqj wr wkh qhz flw| kdoo/ euhdn0xs/ dqg uhwxuq
krph1 +Rss/ Yrvv/ dqg Jhuq 4<<8> s155,

Wkh jrdo ri wklv sdshu lv wr surylgh d irupdo prgho ri froohfwlyh dfwlrq wkdw fdq fdswxuh wkhvh dqg uhodwhg
lqvwdqfhv ri froohfwlyh dfwlrq1 Lw lv lqwhqghg wr dffrxqw iru wkh iroorzlqj hpslulfdo uhjxodulwlhv5 =

41 Pdvv srolwlfdo surwhvw xvxdoo| rffxuv lq zdyhv1 Iru h{dpsoh/ sduwlflsdwlrq lq srolwlfdo ghprqvwudwlrqv
lv qrw hyhqo| vsuhdg dfurvv wlph/ exw wljkwo| foxvwhuhg1 +h1j1 Nrrspdqv 4<<6,1

51 Lq pdq| frxqwulhv pdvv ghprqvwudwlrqv/ hvshfldoo| ylrohqw surwhvwv/ duh uduh hyhqwv1 Orqj shulrgv ri
srolwlfdo fdop pd| vxgghqo| eh lqwhuuxswhg e| rxweuhdnv ri srolwlfdo surwhvw ri frpsdudwlyho| vkruw
gxudwlrq +h1j1 Nrrspdqv 4<<6/ Rss/ Yrvv/ dqg Jhuq 4<<8,1 Wkdw lv/ dq| prgho wkdw h{sodlqv zk| h1j1
uhyroxwlrqv duh srvvleoh vkrxog dovr h{sodlq zk| wkh| rffxu vr uduho|1

61 Srolwlfdo surwhvwv duh iuhtxhqwo| qrw iruhvhhq1 Shukdsv wkh prvw idprxv h{dpsoh duh wkh Hdvwhuq
Hxurshdq uhyroxwlrqv ri 4<;< +h1j1 Iudqflvfr/ 4<<6/ Nxudq 4<<4/ Orkpdqq 4<<7/ Rss/ Yrvv/ dqg Jhuq
4<<8,1 Exw vlplodu lqvwdqfhv fdq eh irxqg lq Zhvwhuq ghprfudflhv vxfk dv wkh surwhvwv lq wkh XN ryhu
wkh sroo wd{ wkdw ohg wr wkh idoo ri wkhq Sulph Plqlvwhu Pdujduhw Wkdwfkhu1

WGhsduwphqw ri Pdqdjhuldo Hfrqrplfv dqg Ghflvlrq Vflhqfhv +PHGV,/ Nhoorjj Judgxdwh Vfkrro ri Pdqdjhphqw/ Qruwk0
zhvwhuq Xqlyhuvlw|/ Hydqvwrq/ LO 9353;0533<> g0glhuphlhuCnhoorjj1qzx1hgx dqg YdqPlhjkhpCnhoorjj1qzx1hgx

4Wkh odvw srolwlfdo ghprqvwudwlrqv rssrvhg wr wkh VHG jryhuqphqw rffxuuhg lq 4<861
5 Lq rxu glvfxvvlrq zh pdlqo| irfxv rq ghprqvwudwlrqv dqg pdvv surwhvw1 Rxu prgho/ krzhyhu/ lv dovr dssolfdeoh wr rwkhu

h{dpsohv ri froohfwlyh dfwlrq olnh udoolhv/ er|frwwv/ zlogfdw vwulnhv/ dqg o|qfk prev hwf1 Iru dq ryhuylhz vhh h1j1 Fkrqj +4<<4,1
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71 Pdq| lqvwdqfhv ri pdvv froohfwlyh dfwlrq rffxu +dw ohdvw lqlwldoo|, lq wkh devhqfh ri srolwlfdo ohdghuvkls
ru h{solflw frruglqdwlrq1 H{dpsohv lqfoxgh wkh 4<;< Ohls}lj Prqgd| Ghprqvwudwlrqv +Orkpdqq 4<<7/
Rss/ Yrvv/ dqg Jhuq 4<<8, dqg wkh ruljlqv ri wkh X1V1 Flylo Uljkwv Pryhphqw +h1j1 Fkrqj 4<<4,1

Wr dffrxqw iru wkhvh skhqrphqd zh exlog rq wzr lq xhqwldo irupdo dssurdfkhv lq wkh vwxg| ri froohfwlyh
dfwlrq16 Wkh �uvw lv Sdoiuh| dqg Urvhqwkdo*v +4<;7, jdph0wkhruhwlf dqdo|vlv ri froohfwlyh dfwlrq1 Wkh nh|
lghd ri wklv dssurdfk lv wr lqwhusuhw froohfwlyh dfwlrq dv d glvfuhwh sxeolf jrrgv sureohp17 Iru h{dpsoh/
ghprqvwudwruv pd| fdoo iru iuhh hohfwlrqv/ wkh uhvljqdwlrq ri d srolwlfdo ohdghu/ d fkdqjh lq srolf|/ ru wkh
whuplqdwlrq ri d frqwuryhuvldo frqvwuxfwlrq surmhfw olnh dq dlusruw1 Li +dqg rqo| li, d vx!flhqw qxpehu ri
flwl}hqv ghprqvwudwh/ zloo wkhvh ghpdqgv eh judqwhg1 Pruh udglfdo ghpdqgv duh dvvrfldwhg zlwk kljkhu
wkuhvkrogv18 Surwhvwhuv doo froohfwlyho| ehqh�w iurp d fkdqjh/ exw lqfxu lqglylgxdo frvwv1 Wkhvh frvwv fdswxuh
qrw rqo| vshqw wlph dqg uhvrxufhv/ exw dovr wkh ulvnv ri surwhvw vxfk dv sk|vlfdo lqmxu|/ orvv ri olih/ duuhvw ru
survhfxwlrq1 Sdoiuh| dqg Urvhqwkdo ghprqvwudwh wkdw pdvv froohfwlyh dfwlrq fdq rffxu hyhq li wkh surwhvwhuv*
frvwv duh vxevwdqwldo1

Wkh vwuhqjwk ri jdph0wkhruhwlf prghov lv wr fdswxuh wkh vxewoh vwudwhjlf lqfhqwlyhv lq pdvv froohfwlyh
dfwlrq1 Krzhyhu/ wkh jdph wkhruhwlf dssurdfk dovr idfhv vrph fkdoohqjhv1 Iluvw/ wkh Sdoiuh|0Urvhqwkdo jdph
kdv pdq| htxloleuld/ vrph zlwk d surwhvw ohyho ri }hur1 Jdph0wkhruhwlf dqdo|vlv/ krzhyhu/ rqo| vshfl�hv zklfk
rxwfrphv duh srvvleoh1 Lw grhv qrw lqglfdwh zklfk rqh lv pruh olnho|1 Vrph uhvhdufkhuv kdyh dujxhg wkdw
wkh �qrq0sduwlflsdwlrq� htxloleulxp lv irfdo/ ehfdxvh lw frqvwlwxwhv d qdwxudo edvh0olqh +Sdulnk dqg Fdphurq
4<<<,1 Exw vxfk dq dujxphqw qrw rqo| vhhpv flufxodu +lw xvhv irfdolw| wr h{sodlq suhgrplqdqw rffxuuhqfh/
dqg suhgrplqdwh rffxuuhqfh wr h{sodlq irfdolw|,/ exw lw dovr idlov wr h{sodlq zk| ghprqvwudwlrqv hyhu vwrs
rqfh wkh| kdyh rffxuuhg1 Vhfrqg/ iru surwhvwv wr rffxu/ djhqwv pxvw eh deoh wr vroyh d frpsoh{ frruglqdwlrq
sureohp +hvshfldoo| lq odujh srsxodwlrqv, zlwk qr dssduhqw frruglqdwlrq ghylfh19 Dq dqdo|vlv ri vroxwlrqv wr
wkhvh frruglqdwlrq sureohpv lv xvxdoo| eh|rqg wkh uhdop ri wudglwlrqdo jdph0wkhruhwlf dqdo|vlv1 Qhyhuwkhohvv
lw sod|v dq lpsruwdqw uroh lq lqirupdo dffrxqwv ri uhyroxwlrqv dqg rwkhu irupv ri pdvv srolwlfdo ehkdylru +h1j1
Nxudq 4<<4/ Rss/ Yrvv/ dqg Jhuq 4<<8,1 Wklug/ jdph0wkhruhwlf prghov fdqqrw h{sodlq wkh rffxuuhqfh ri
vkruw0olyhg surwhvw zdyhv1 Lq wkh jdph0wkhruhwlf irupdolvp/ wkhvh skhqrphqd fruuhvsrqg wr dq xqh{sodlqhg
vzlwfk iurp rqh htxloleulxp wr dqrwkhu dqg edfn1 Irxuwk/ pdq| dxwkruv kdyh uhmhfwhg jdph0wkhruhwlf
prghov ri pdvv srolwlfdo ehkdylru olnh froohfwlyh dfwlrq ru hohfwlrqv rq wkh jurxqgv wkdw wkhvh dssurdfkhv
pdnh xquhdolvwlf dvvxpswlrqv derxw wkh udwlrqdolw| ri dfwruv dqg wkh dprxqw ri frpprq nqrzohgjh wkdw
pxvw eh suhvhqw dprqj wkh djhqwv +h1j1 Juhhq dqg Vkdslur 4<<9,1 D glvfxvvlrq ri wkhvh lvvxhv lv eh|rqg
wkh vfrsh ri wklv sdshu/ exw dq dffrxqw ri wkh vwudwhjlf lqfhqwlyhv ri pdvv froohfwlyh dfwlrq wkdw uholhv rq ohvv
vwulqjhqw dvvxpswlrqv derxw wkh udwlrqdolw| dqg nqrzohgjh ri dfwruv lv fhuwdlqo| ghvludeoh1

D uhodwhg/ exw glvwlqfw wudglwlrq lq wkh vwxg| ri froohfwlyh dfwlrq lv xvxdoo| uhihuuhg wr dv �wkuhvkrog� ru
�fulwlfdo pdvv� prghov +Vfkhoolqj 4<:;/ Judqryhwwhu 4<:;/ Nxudq 4<<4/ Rolyhu dqg Pduzhoo 4<;;,1 Lqglylgxdov
lq d srsxodwlrq duh dvvxphg wr ydu| lq wkhlu zloolqjqhvv wr sduwlflsdwh lq froohfwlyh dfwlrq1 Wkhvh yduldwlrqv
pd| vwhp iurp gl�huhqfhv lq frvwv dqg ehqh�wv +Rolyhu dqg Pduzhoo 4<;;,/ ru gluhfwo| dv surshqvlwlhv wr
dfw dv d ixqfwlrq ri wkh qxpehu ri rwkhuv zkr duh douhdg| dfwlqj +Judqryhwwhu 4<:;,1 Froohfwlyh dfwlrq zloo
rffxu rqo| li wkhuh lv d vx!flhqwo| odujh fulwlfdo pdvv ri djhqwv zkr duh zloolqj wr wdnh wkh �uvw vwhs dqg wkxv
wuljjhu pdvv sduwlflsdwlrq1 Zkhwkhu froohfwlyh dfwlrq rffxuv wkxv ghshqgv rq wkh glvwulexwlrq ri lqglylgxdo
sduwlflsdwlrq wkuhvkrogv lq wkh srsxodwlrqv1 Iru h{dpsoh/ frqwudu| wr Rovrq*v +4<98, vhplqdo dqdo|vlv ri
froohfwlyh dfwlrq odujh jurxsv vkrxog qrw eh h{shfwhg wr eh ohvv vxffhvvixo lq jhqhudwlqj froohfwlyh dfwlrq
wkdq vpdoo rqhv/ vlqfh odujh jurxsv pd| eh pruh olnho| wr frqwdlq d fulwlfdo pdvv ri sduwlflsdqwv +Rolyhu dqg
Pduyhoo 4<;;,1

Lq frqwudvw wr jdph0wkhruhwlf dssurdfkhv fulwlfdo pdvv dqg wkuhvkrog prghov qlfho| fdswxuh wkh g|qdplf
qdwxuh ri froohfwlyh dfwlrq1 Krzhyhu/ dv srlqwhg rxw e| Orkpdqq +4<<7,/ wkh| lpso| d g|qdplf sdwk ri
pdvv surwhvwv wkdw lv hlwkhu vwdjqdqw ru prqrwrqlfdoo| lqfuhdvlqj1 Wkh| gr qrw dffrxqw iru surwhvw zdyhv
ru vxgghq rxweuhdnv ri vkruw0olyhg pdvv ghprqvwudwlrqv1 Pruhryhu/ wkuhvkrog prghov duh qrw zhoo0vxlwhg wr

6Iru d frpsuhkhqvlyh ryhuylhz ri irupdo prghov ri froohfwlyh dfwlrq vhh Rolyhu +4<<6,1
7Vhh Orkpdqq +4<<7, iru dq lqirupdwlrqdo prgho ri froohfwlyh dfwlrq1 Lq Orkpdqq*v dssurdfk frvwo| srolwlfdo dfwlrqv wudqvplw

lqirupdwlrq1 Vr/ lqirupdwlrq sod|v wkh uroh ri wkh sxeolf jrrg1
8Iru dq h{dpsoh ri srolwlfdo wkuhvkrogv lq sudfwlfh frqvlghu Iudqflvfr*v +4<<6> wdeoh 4, vxppdu| ri wkh 4<;< hyhqwv lq

F}hfkrvorydnld1 Dw 4( fxpxodwlyh surwhvw ohyho wkh srolwlfdo duuhvwv vwrsshg/ dw 44( plqru ohdghuv ehjdq wr uhvljq/ dw 94( wkh
sduw| vxuuhqghuhg srzhu1

9Srolwlfdo ohdghuv pd| wu| wr ryhufrph wklv sureohp/ exw wkhq iroorzhuv idfh d vhfrqg0rughu frruglqdwlrq sureohp rq zkhwkhu
wr iroorz wkh ohdghu1 Dovr/ d srolwlfdo ohdghuvkls iuhtxhqwo| ghyhorsv diwhu lqlwldo surwhvwv kdyh rffxuuhg1
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fdswxuh wkh vwudwhjlf frpsoh{lwlhv ri froohfwlyh dfwlrq lqglfdwhg e| jdph0wkhru|1 Ilqdoo|/ zkloh wkhuh kdyh
ehhq vrph lqirupdo dwwhpswv wr h{solflwo| prgho wkh lpsolflw dgmxvwphqw surfhvvhv +h1j1 Vfkhoolqj 4<:;,/ d
uljrurxv wuhdwphqw ri wkh g|qdplfv ri froohfwlyh dfwlrqv lv vwloo odfnlqj1

Lq wklv sdshu zh ghyhors d g|qdplf/ ehkdylrudo prgho ri pdvv srolwlfdo surwhvwv wr lqwhjudwh wkhvh
dssurdfkhv1 Lq sduwlfxodu/ zkloh djhqwv* lqfhqwlyhv duh fdswxuhg e| qrupdo irupv/ djhqwv duh qrw dvvxphg
wr kdyh frpprq nqrzohgjh derxw wkh jdph0irup/ wr fdofxodwh rswlpdo orqj0uxq vwudwhjlhv/ ru kdyh shuihfw
iruhvljkw1 Udwkhu/ wkhlu ehkdylru h{klelwv p|rsld/ odfn ri lqirupdwlrq/ dqg lqhuwld1 Wkdw grhv qrw phdq wkdw
wkh| duh hqwluho| ghyrlg ri udwlrqdolw|1 Lq idfw/ dv lq wkh jdph0wkhruhwlf prgho/ wkhlu ehkdylru grhv uhvsrqg wr
lqfhqwlyhv/ mxvw qrw lq wkh shuihfw/ iulfwlrq0ohvv/ dqg wlph0lqghshqghqw pdqqhu hqylvlrqhg e| qrq0frrshudwlyh
jdph0wkhru|1 Wklv dssurdfk qrw rqo| doorzv xv wr irupdoo| fdswxuh wkh lqirupdo g|qdplfv vxjjhvwhg e|
wkuhvkrog prghov1 Lw dovr h{sodlqv zk| pdvv surwhvwv rffxu uduho|> zk| wkh| rffxu vxgghqo| li wkh| rffxu>
dqg zk| wkh| duh xqolnho| wr odvw orqj1:

Wkh prgho lv deoh wr fdswxuh erwk g|qdplf h�hfwv vxfk dv �fulwlfdo pdvvhv� dqg wkh vwudwhjlf ulfkqhvv ri
jdph0wkhruhwlf prghov1 Lq rxu prgho djhqwv* lqfhqwlyhv duh jlyhq e| wkh vdph qrupdo irup dv lq wkh Sdoiuh|0
Urvhqwkdo prgho1 Pruhryhu/ rxu dssurdfk surylghv d uljrurxv irupxodwlrq ri wkh lqirupdo fodlpv +riwhq
xwwhuhg e| ghihqghuv ri udwlrqdo fkrlfh prghov, wkdw wkh dvvxpswlrqv lq udwlrqdo fkrlfh prghov ri srolwlfv
vkrxog qrw eh lqwhusuhwhg olwhudoo|/ vlqfh wkh| duh ehvw xqghuvwrrg dv dssur{lpdwlrqv ru lqwhusuhwhg �dv0li�1;

Rqfh wkh phwkrgrorjlfdo olqn wr jdph0wkhruhwlf prghov lv hvwdeolvkhg/ zh fdq vkrz wkdw rxu suhglfwlrqv
fruuhvsrqg wr d vwulfw vxevhw ri wkh Sdoiuh|0Urvhqwkdo htxloleuld dv rxu prgho dssurdfkhv wkh udwlrqdo fkrlfh
dvvxpswlrq1 Pruhryhu/ lq wkh olplw/ rxu prgho vhohfwv d xqltxh Qdvk htxloleulxp dv wkh suhglfwhg rxwfrph1
Zh ixuwkhu fkdudfwhul}h wkh frqglwlrqv xqghu zklfk wklv htxloleulxp lv d surwhvw ru qr0surwhvw htxloleulxp1

� �
� ����
	
���
�� ����

Zh frqvlghu d �{hg srsxodwlrq ri vl}h Q � 5 zlwk g ghqrwlqj d jhqhulf djhqw +d srwhqwldo ghprqvwudwru,1
Djhqwv fdq fkrrvh rqh ri wzr dfwlrqv } 5 ] @ i3> 4j/ zkhuh } @ 3 phdqv �qrw sduwlflsdwlqj1� Zh dvvxph
wkh vdph qrupdo irup dv Sdoiuh| dqg Urvhqwkdo +4<;7,< = Li dw ohdvw n djhqwv sduwlflsdwh +zlwk 3 ? n � Q,/
hdfk sod|hu uhfhlyhv d +froohfwlyh, ehqh�w ri vl}h 4> rwkhuzlvh wkh froohfwlyh ehqh�w lv qrw surylghg1 Lq
dgglwlrq wkhuh lv d sulydwh frvw f ri sduwlflsdwlqj lqghshqghqw ri zkhwkhu wkh froohfwlyh ehqh�w lv surylghg1
Wkurxjkrxw wkh dqdo|vlv zh dvvxph 3 ? f ? 4= Ohw [ ghqrwh wkh qxpehu ri djhqwv sduwlflsdwlqj> vlploduo|/
ohw [�g ghqrwh wkdw qxpehu h{foxglqj djhqw g1 Vlqfh dq djhqw*v sd|r� ghshqgv rqo| rq klv dfwlrq dqg rq
wkh qxpehu ri rwkhu sod|huv sduwlflsdwlqj zh fdq zulwh dq djhqw g*v sd|0r� dv x+}>[�g,1 Djhqw g*v sd|0r�v
fdq eh vxppdul}hg lq wkh iroorzlqj pdwul{=

Sd|r�v x+}>[�g, [�g ? n � 4 [�g @ n � 4 [�g � n

} @ 3 3 3 4
} @ 4 �f 4� f 4� f

Wkh jdph kdv dq dexqgdqfh ri htxloleuld1 Li n @ 4 wkhuh duh Q sxuh vwudwhj| htxloleuld/ hdfk zlwk h{dfwo|
rqh sduwlflsdqw143 Li n A 4/ wkhuh duh

�
Q
n

�
sxuh vwudwhj| htxloleuld +hdfk zlwk h{dfwo| n frqwulexwruv,/ dqg

rqh sxuh vwudwhj| htxloleulxp zkhuh qrerg| sduwlflsdwhv1
Lq dgglwlrq/ wkhuh duh htxloleuld zkhuh vrph djhqwv xvh pl{hg vwudwhjlhv1 Wkhvh djhqwv pxvw eh lqgl�huhqw

ehwzhhq f dqg wkhlu slyrw suredelolw|/ l1h1/ wkh suredelolw| wkdw wkhlu sduwlflsdwlrq zloo ohdg wr wkh surylvlrq ri
wkh froohfwlyh jrrg1 Sdoiuh| dqg Urvhqwkdo vkrz wkdw dv Q $4pl{hg vwudwhj| htxloleuld glvdsshdu1 Wkdw lv/
lq odujh srsxodwlrqv hlwkhu wkh froohfwlyh jrrg lv surylghg iru vxuh ru qrw dw doo1 Zh duh wkxv ohiw zlwk d vhyhuh
htxloleulxp pxowlsolflw| sureohp1 Wkh jdph0wkhruhwlf dqdo|vlv suhglfwv hlwkhu xqlyhuvdo sduwlflsdwlrq ru qr

:Wkh irfxv ri rxu prgho lv rq pdvv ehkdylru/ qrw ghflvlrq pdnlqj e| holwhv1 Dfwlrq e| srolwlfdo uxohuv +vxfk dv prgli|lqj
sxqlvkphqwv/ judqwlqj vpdoo frqfhvvlrqv hwf1, duh rqo| lqfrusrudwhg wr wkh h{whqw wkdw wkh| fdq eh fdswxuhg lq wkh sdudphwhuv
ri wkh ehkdylrudo prgho1 Vhh GhQdugr +4<;8, iru d prgho wkdw dovr lqfrusrudwhv holwh ghflvlrq pdnlqj1

;Iru d uhfhqw h{dpsoh ri wklv ghedwh vhh wkh fulwltxh ri udwlrqdo fkrlfh prghov Juhhq dqg Vkdslur +4<<7, dqg wkh uhvsrqvhv
e| udwlrqdo fkrlfh wkhrulvwv froohfwhg lq Iulhgpdq +4<<9,1

<Sdoiuh| dqg Urvhqwkdo dovr frqvlghu rwkhu vshfl�fdwlrqv ri sxeolf jrrg sureohpv1 Vhh wkhlu sdshu iru suhflvh gh�qlwlrqv ri
wkh qrupdo irup jdph lq whupv ri vwudwhjlhv/ sd|0r�v hwf1

43Wkh fdvh ri & ' � fruuhvsrqgv wr wkh zhoo0nqrzq �fklfnhq jdph�1
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sduwlflsdwlrq dw doo1 Qrwh wkdw wkhvh wzr w|shv ri htxloleuld h{lvw iru doo n A 4 dqg 3 ? f ? 41 Wkxv/ lq odujh
srsxodwlrqv/ zh fdqqrw irupdoo| fdswxuh wkh lqwxlwlrq wkdw kljkhu frvwv ru kljkhu wkuhvkrogv pd| uhgxfh
sduwlflsdwlrq1 Pruhryhu/ li n ? Q> doo htxloleuld zkhuh wkh froohfwlyh jrrg lv surylghg duh dv|pphwulf44 1
Wkdw lv/ dowkrxjk wkh jdph lv v|pphwulf lq sd|0r�v dqg dfwlrqv/ wkh suhglfwhg ehkdylru lv qrw= vrph djhqwv
sduwlflsdwh zkloh rwkhuv iuhh0ulgh1 Wklv ohdyhv xv zlwk d sx}}oh= krz gr odujh srsxodwlrqv olnh wkh flwl}hqv
ri Ohls}lj pdqdjh wr ryhufrph d vwdun frruglqdwlrq sureohp/ hvshfldoo| li wkhuh lv qr dssduhqw frruglqdwlrq
ghylfh/ olnh suhylrxv h{shulhqfh ru srolwlfdo ohdghuvklsB Krz lv vsrqwdqhrxv froohfwlyh dfwlrq srvvleohB

� � ������
�
��
	 �����

Wr h{solflwo| dqdo|}h frruglqdwlrq lq odujh srsxodwlrqv zh suhvhqw d vwrfkdvwlf/ g|qdplf prgho ri wkh sdu0
wlflsdwlrq jdph145 Wklv dssurdfk gl�huv iurp vwdqgdug jdph0wkhru| lq wzr uhvshfwv= +d, wkh ehkdylrudo
dvvxpswlrqv/ dqg +e, wkh htxloleulxp frqfhsw1 Krzhyhu/ lw vkduhv zlwk jdph0wkhru| wkh xvh ri wkh qrupdo
irup wr fdswxuh wkh uhohydqw lqfhqwlyhv1

Lq frqwudvw wr vwdqgdug jdph0wkhruhwlf prghov/ wkh prgho grhv qrw dvvxph frpprq nqrzohgjh ri wkh
jdph irup ru shuihfw iruhvljkw e| yrwhuv1 Udwkhu/ djhqwv dgmxvw wkhlu dfwlrqv dffruglqj wr vrph ehkdylrudo
uxoh1 Zh pd| wkhq wklqn derxw wklv surfhvv dv iroorzv= Lq hdfk shulrg w rqh vshfl�f djhqw rxw ri Q lv
udqgrpo| fkrvhq zlwk suredelolw| 4@Q=46 Wkh djhqw wkhq orrnv dw wkh fxuuhqw frq�jxudwlrq [w ri dfwlrqv
lq wkh srsxodwlrq dqg dgmxvwv klv dfwlrq dffruglqj wr d jlyhq ehkdylrudo uxoh147 Wkh qh{w shulrg/ djdlq d
sod|hu lv fkrvhq dw udqgrp/ dqg vr rq1 Jlyhq wkh fxuuhqw frq�jxudwlrq/ dq dfwru zloo wkhq suredelolvwlfdoo|
dgmxvw klv sduwlflsdwlrq ehkdylru wr lpsuryh klv sd|0r�1

Ohw s�+}m[w
�g, ghqrwh wkh frqglwlrqdo suredelolw| wkdw lq shulrg w.4 djhqw g zloo sod| dfwlrq } jlyhq wkdw

wkh fxuuhqw frq�jxudwlrq ri sod| lv [w1 Vshfl�fdoo|/ zh dvvxph wkh iroorzlqj ehkdylrudo uxoh iru doo g 5 Q =

s�+}m[w
�g, @

h{s^�x+}>[w
�g,`S

}35]

h{s^�x+}3>[w
�g,`

> +4,

zklfk lv htxlydohqw wr wkh idploldu orj0olqhdu fkrlfh uxoh48 1 Lw fdswxuhv wkh dvvxpswlrq wkdw wkh sdlu0zlvh
suredelolw| udwlrv ri fkrrvlqj dfwlrqv duh sursruwlrqdo wr wkh uhvshfwlyh sd|0r� gl�huhqfhv1 Wklv uxoh fdq
hlwkhu eh lqwhusuhwhg dv �shuwxuehg� ghflvlrq pdnlqj +h1j1 Eoxph 4<<6, ru dv d udqgrp xwlolw| prgho +h1j1
PfIdgghq 4<:6,1 Lq wkh odwwhu lqwhusuhwdwlrq/ udwkhu wkdq vshfli|lqj wkdw djhqwv kdyh �{hg lqfhqwlyhv/
xwlolwlhv duh dvvxphg wr ydu| udqgrpo| dffruglqj wr d jlyhq suredelolw| glvwulexwlrq zlwk d �{hg phdq149

Jlyhq wkhvh lqfhqwlyhv djhqwv fkrrvh rswlpdo dfwlrqv1 Wklv lqwhusuhwdwlrq lv sduwlfxoduo| vxlwdeoh iru d
prgho ri froohfwlyh dfwlrq/ vlqfh wkh +shufhlyhg, ehqh�wv dqg frvwv ri sduwlflsdwlqj/ h1j1 lq d ghprqvwudwlrq/
pd| zhoo ydu| vxevwdqwldoo| ryhu wlph1 Qrwh/ krzhyhu/ wkdw qrwklqj lq rxu prgho suhvxssrvhv d sduwlfxodu
lqwhusuhwdwlrq ri wkh orj0olqhdu uxoh1 Doo zh dvvxph lv wkdw wkh djhqwv* ehkdylrudo uhjxodulwlhv fdq eh fdswxuhg
e| lw1

Lq erwk lqwhusuhwdwlrqv djhqwv duh qrw dvvxphg wr eh dv udwlrqdo dqg nqrzohgjhdeoh dv lq jdph0wkhruhwlf
prghov1 Udwkhu/ lqglylgxdov h{klelw hohphqwv ri erxqghgo| udwlrqdo ehkdylru1 Djhqwv gr uhvsrqg wr lqfhq0
wlyhv/ exw qrw shuihfwo|1 Iru h{dpsoh/ wkh| rswlpl}h frqglwlrqdo rq wkh fxuuhqw ehkdylru lq wkh srsxodwlrq
zlwkrxw dqwlflsdwlqj wkh ixwxuh vwudwhjlf frqvhtxhqfhv ri wkhlu dfwlrqv1 Djhqwv qhhg qrw eholhyh wkdw rwkhu
dfwruv uhdvrq lq wkh vdph zd| dv wkh| gr/ ru wkdw wkh| kdyh wkh vdph sd|0r� ixqfwlrq1 Lqghhg/ wkh| qhhg

44Vhh P|huvrq +4<<:, iru d fulwltxh ri dv|pphwulf htxloleuld lq wkh frqwh{w ri odujh wxuqrxw jdphv1 P|huvrq srlqwv rxw wkdw
iru dv|pphwulf htxloleuld wr rffxu/ wkh lghqwlw| +�wkh qdph�, ri wkh djhqwv pxvw eh frpprq nqrzohgjh1

45Wkhuh lv d odujh olwhudwxuh rq wkh xvh ri vwrfkdvwlf prghov lq hfrqrplfv +vhh Eoxph +4<<:,/ Ixghqehuj dqg Ohylqh +4<<;, ru
\rxqj +4<<;, iru ghwdlohg ryhuylhzv, dqg vrflrorj| +h1j1 Rolyhu 4<<6,/ exw olwwoh zrun lq srolwlfdo vflhqfh +vhh/ krzhyhu/ Ehqgru/
Glhuphlhu dqg Wlqj 5333,1 Rxu dssurdfk lv prvw forvho| uhodwhg wr wkh prghov sursrvhg e| \rxqj +4<<6, dqg hvshfldoo| Eoxph
+4<<6,1

46Iru vlpsolflw|/ zh dvvxph wkdw uhylvlrqv duh pdgh hdfk shulrg1 Doo uhvxowv/ krzhyhu/ frqwlqxh wr krog lq frqwlqxrxv wlph
zkhq wkh wlph ehwzhhq uhylvlrqv lv h{srqhqwldoo| glvwulexwhg1

47Dowhuqdwlyho|/ zh pd| dvvxph wkdw wkh dfwru vhhv dq xqeldvhg udqgrp vdpsoh ri wkh srsxodwlrq*v fxuuhqw frq�jxudwlrq1
48Wklv uxoh kdv d orqj klvwru| lq sv|fkrorj| dqg hfrqrplfv +Eorfn dqg Pduvfkdn 4<93, dqg kdv uhfhqwo| dovr ehhq xvhg lq

dgdswlyh prghov +Eoxph 4<<6,1 Lw lv dovr xvhg lq pdq| hpslulfdo vwxglhv ri pdvv srolwlfdo ehkdylru +wkh �orjlw prgho�,1
49Vhh PfIdgghq +4<:6, iru ghwdlov1
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qrw h{shfw wkdw wkhlu dfwlrq pd| lq xhqfh wkh ixwxuh ghflvlrqv ri rwkhu sduwlflsdqwv1 Djhqwv vlpso| dgrsw
wkh dfwlrq wkdw pd{lpl}hv wkhlu fxuuhqw sd|0r�1

Ghvslwh wkhvh dssduhqw gl�huhqfhv/ wkh orj0olqhdu fkrlfh prgho lv forvho| frqqhfwhg wr wkh idploldu ehvw0
uhvsrqvh fruuhvsrqghqfh1 Wkh sdudphwhu � irupdoo| fdswxuhv wkh ghjuhh wr zklfk sduwlflsdwlrq ghflvlrqv duh
fdswxuhg e| wkh dvvxphg sd|0r� pdwul{1 D orz � fruuhvsrqgv wr wkh fdvh zkhuh d sduwlflsdwlrq ghflvlrq lv
qrw pxfk lq xhqfhg e| wkh lqfhqwlyhv vshfl�hg lq wkh prgho1 Iru � @ 3 fkrlfh lv frpsohwho| udqgrp1 Wkdw
lv/ iru doo srvvleoh frq�jxudwlrqv/ g zloo sod| hdfk dfwlrq zlwk suredelolw| 4@51 Iru � $4/ orj0olqhdu fkrlfh
frqyhujhv wr d glvwulexwlrq wkdw sxwv srvlwlyh suredelolw| rqo| rq ehvw0uhvsrqvhv wr [w

�g1
Wkh prgho fdq qrz eh vxppdul}hg dv iroorzv1 Lq hdfk shulrg rqh djhqw lv udqgrpo| vhohfwhg wr fkdqjh klv

ehkdylru1 Wkdw djhqw*v dfwlrq wkhq lv gudzq iurp d orj0olqhdu ehkdylrudo uxoh jlyhq wkh fxuuhqw frq�jxudwlrq
ri sod|1 Wkh uhdol}dwlrq ri wkdw dfwlrq wkhq ghwhuplqhv wkh qh{w shulrg*v frq�jxudwlrq ri sod|> djdlq dq
djhqw lv fkrvhq dqg vr iruwk1

Rxu vwrfkdvwlf prgho gh�qhv d glvfuhwh wlph/ glvfuhwh vwdwh Pdunry surfhvv +ru Pdunry �fkdlq�,1 Iru0
pdoo|/ zh kdyh d idplo| ri udqgrp yduldeohv i[w = w 5 Qj zkhuh [w dvvxphv ydoxhv rq wkh vwdwh vsdfh
V @ i3> 4> 5> = = = > Qj= Wkh ydoxh ri [w lv xsgdwhg dw wkh ehjlqqlqj ri hdfk shulrg w/ vxfk wkdw/ jlyhq wkh ydoxh
ri [w/ wkh ydoxhv ri [v iru v A w gr qrw ghshqg rq wkh ydoxhv ri [x iru x ? w1 Wkh suredelolw| ri [w.4 ehlqj
lq vwdwh m +wkdw lv/ [w.4 @ m, jlyhq wkdw [w lv lq vwdwh l lv fdoohg wkh wudqvlwlrq suredelolw| S w

lm 1 Lq rxu prgho/
wkhvh wudqvlwlrq suredelolwlhv duh ixoo| vshfl�hg e| wkh orj0olqhdu fkrlfh uxoh dqg wkh vhohfwlrq surfhvv1 Vlqfh
erwk vwrfkdvwlf frpsrqhqwv duh lqghshqghqw ri wkh wlph yduldeoh w/ zh kdyh d Pdunry fkdlq zlwk vwdwlrqdu|
wudqvlwlrq suredelolwlhv/ ghqrwhg e| wkh wudqvlwlrq pdwul{ S 1 D Pdunry surfhvv lv frpsohwho| gh�qhg rqfh
lwv wudqvlwlrq pdwul{ S dqg lqlwldo vwdwh [3 +ru/ pruh jhqhudoo|/ wkh lqlwldo suredelolw| glvwulexwlrq ryhu [3,
duh vshfl�hg1

D Pdunry fkdlq zlwk wudqvlwlrq pdwul{ S lv vdlg wr eh uhjxodu li iru vrph p wkh pdwul{ Sp kdv rqo|
vwulfwo| srvlwlyh hohphqwv1 Wkh iroorzlqj wzr frqglwlrqv duh mrlqwo| vx!flhqw iru uhjxodulw| +Wd|oru dqg Nduolq
4<<7> s14:4,=

41 Iru hyhu| sdlu ri vwdwhv l dqg m wkhuh lv d sdwk o4> ===> ou iru zklfk Slo4So4o5 � � � Soum A 3=

51 Wkhuh lv dw ohdvw rqh vwdwh l iru zklfk Sll A 3=

Wkh prvw lpsruwdqw idfw frqfhuqlqj d �qlwh/ uhjxodu Pdunry fkdlq lv wkh h{lvwhqfh ri d xqltxh olplwlqj
glvwulexwlrq/ ghqrwhg e| wkh froxpq yhfwru �/ zkhuh

�m @ olp
w$4

Sui[w @ mm[3 @ lj> +5,

dqg �m A 3 iru doo m 5 V +Wd|oru dqg Nduolq 4<<7,1 Wkxv/ �m lv wkh orqj0uxq +w$4, suredelolw| ri �qglqj
wkh surfhvv lq vwdwh m/ luuhvshfwlyh ri wkh lqlwldo vwdwh1 D vhfrqg lqwhusuhwdwlrq ri wkh olplwlqj glvwulexwlrq lv
wkdw �m dovr jlyhv wkh orqj0uxq phdq iudfwlrq ri wlph wkdw wkh surfhvv lv lq vwdwh m1

Lw fdq hdvlo| eh vkrzq wkdw � lv wkh xqltxh glvwulexwlrq wkdw vroyhv � @ �S 14: Wkhvh htxdwlrqv duh fdoohg
wkh joredo edodqfh htxdwlrqv ehfdxvh/ uhduudqjlqj �l @

S
m �mSml> |lhogv

+4� Sll,�l @
[
m 9@l

�mSml/ +6,

zklfk fdq eh lqwhusuhwhg dv vd|lqj wkdw wkh suredelolw| � rz� rxw ri vwdwh l pxvw htxdo wkh suredelolw|  rz
lqwr vwdwh l1

Ehfdxvh dw prvw rqh lqglylgxdo fdq fkdqjh klv ehkdylru lq dq| shulrg/ [w fdq fkdqjh e| dw prvw 4
dw d wlph1 Wkdw lv/ zh kdyh Slm @ 3 li ml � mm A 41 Vxfk Pdunry surfhvv lv fdoohg d eluwk0ghdwk surfhvv1
Wr vlpsoli| qrwdwlrq/ ghqrwh Sll.4 e| wkh �eluwk� suredelolw| �l +l1h1/ wkh suredelolw| wkdw wkh qxpehu ri
sduwlflsdqwv lqfuhdvhv e| rqh, dqg Sll�4 e| wkh �ghdwk� suredelolw| �l +l1h1/ wkh suredelolw| wkdw wkh qxpehu
ri sduwlflsdqwv ghfuhdvhv e| rqh,1 Khqfh/ Sll @ 4 � �l � �l1 Iru d eluwk0ghdwk surfhvv/ wkh edodqfh ri
suredelolw|  rz vdwlv�hv d vwurqjhu surshuw|=

�l�4�l�4 @ �l�l /
�l
�l�4

@
�l�4

�l
= +7,

4:Wr vhh wklv/ ohw �
E|�
��

' �htf| ' ��ff ' �� ghqrwh wkh �|0vwhs� wudqvlwlrq suredelolwlhv1 Zh kdyh wkdw � E|n�� ' � E|�� 1 Qrz
ohwwlqj |<" dqg xvlqj wkh gh�qlwlrq wkdw Z� ' *�4|<" ��� / |lhogv Z ' Z� 1

8



Wkhvh htxdwlrqv duh fdoohg ghwdlohg edodqfh htxdwlrqv1 Lw lv hdv| wr yhuli| wkdw wkh| lqghhg dovr vroyh wkh
joredo edodqfh htxdwlrqv/ zklfk qrz uhdg

+�q . �q,�q @ �q�4�q�4 . �q.4�q.4=

Vlqfh lq d eluwk0ghdwk surfhvv wkh olplwlqj suredelolw| udwlr htxdov wkh wudqvlwlrq suredelolw| udwlr/ zh hdvlo|
fdq ghulyh d forvhg irup vroxwlrq ri wkh olplwlqj glvwulexwlrq lq rxu suredelolvwlf prgho1

� �������

Wr dqdo|}h wkh olplwlqj ehkdylru ri wkh sduwlflsdwlrq prgho/ zh pxvw �uvw vshfli| wkh wudqvlwlrq pdwul{
S 1 Jlyhq wkdw rqo| gluhfw0qhljkeru wudqvlwlrqv duh srvvleoh/ zh rqo| qhhg wr vshfli| wkh eluwk dqg ghdwk
sdudphwhuv �q @ Sqq.4 @ Sui[w @ q. 4m[w @ qj dqg �q @ Sqq�41 Wkh wudqvlwlrq suredelolwlhv kdyh wzr
frpsrqhqwv1 Iluvw/ zh kdyh wkh suredelolw| wkdw dq| rqh djhqw lv vhohfwhg wr pdnh d ghflvlrq/ zklfk zh fdoo
wkh �vhohfwlrq suredelolw|1� Vhfrqg/ wkhuh lv wkh suredelolw| wkdw d jlyhq dfwlrq lv fkrvhq/ zklfk zh fdoo wkh
�dfwlrq suredelolw|1� Wkh suredelolw| wkdw dq| dfwlrq lv wdnhq ghshqgv rq wkh fxuuhqw frq�jxudwlrq/ l1h1/ wkh
frq�jxudwlrq [w mxvw ehiruh wkh uhylvlrq wlph1 Li dfwru g glg qrw sduwlflsdwh/ zh fkdudfwhul}h klp dv ehlqj
ri vxe0w|sh +g> 3,> rwkhuzlvh kh lv ri vxe0w|sh +g> 4,= Jlyhq wkdw [w @ q/ wkh suredelolw| wkdw wkh udqgrpo|
slfnhg dfwru g lv ri d vxew|sh +g> 3, ru +g> 4, lv/ uhvshfwlyho|/

s3+q, @
Q � q

Q
dqg s4+q, @

q

Q
=

Wklv fkdudfwhul}hv wkh vhohfwlrq suredelolwlhv1
Dfwlrq suredelolwlhv duh ghwhuplqhg e| wkh lqglylgxdo fkrlfh uxoh1 Lw lv xvhixo wr uhzulwh rxu sd|0r� pdwul{

e| vxe0w|sh1 Iru h{dpsoh/ wkh vhfrqg urz fdswxuhv wkh qh{w shulrg sd|0r� ri dq djhqw wkdw vzlwfkhv iurp
qrq0sduwlflsdwlrq wr sduwlflsdwlrq/ frqglwlrqdo rq wkh frq�jxudwlrq ri sod| +h{suhvvhg e| wkh froxpqv,1

Sd|r�v x+}m[, [ ? n � 4 [ @ n � 4 [ @ n [ A n

W|sh +g> 3,= } @ 3 3 3 4 4
W|sh +g> 3,= } @ 4 �f 4� f 4� f 4� f
W|sh +g> 4,= } @ 3 3 3 3 4
W|sh +g> 4,= } @ 4 �f �f 4� f 4� f

Jlyhq orj0orjlvwlf fkrlfh/ dfwru g vhohfwv sd|r� dfwlrq } zlwk suredelolw| s�+}m[w
�g,1 Wklv doorzv xv wr vshfli|

wkh dfwlrq suredelolw| pdwul{ dv=

Dfwlrq Suredelolwlhv [ ? n � 4 [ @ n � 4 [ @ n [ A n

W|sh +g> 3,= } @ 3 4
4.h��f

4
4.h�+4�f,

h�

h�.h�+4�f,
h�

h�.h�+4�f,

W|sh +g> 3,= } @ 4 h��f

4.h��f
h�+4�f,

4.h�+4�f,
h�+4�f,

h�.h�+4�f,
h�+4�f,

h�.h�+4�f,

W|sh +g> 4,= } @ 3 4
4.h��f

4
4.h��f

4
4.h�+4�f,

h�

h�.h�+4�f,

W|sh +g> 4,= } @ 4 h��f

4.h��f
h��f

4.h��f
h�+4�f,

4.h�+4�f,
h�+4�f,

h�.h�+4�f,

zklfk vlpsol�hv wr=

Dfwlrq Suredelolwlhv [ ? n � 4 [ @ n � 4 [ @ n [ A n

W|sh +g> 3,= } @ 3 4
4.h��f

4
4.h�+4�f,

4
4.h��f

4
4.h��f

W|sh +g> 3,= } @ 4 h��f

4.h��f
h�+4�f,

4.h�+4�f,
h��f

4.h��f
h��f

4.h��f

W|sh +g> 4,= } @ 3 4
4.h��f

4
4.h��f

4
4.h�+4�f,

4
4.h��f

W|sh +g> 4,= } @ 4 h��f

4.h��f
h��f

4.h��f
h�+4�f,

4.h�+4�f,
h��f

4.h��f

Wkh eluwk suredelolwlhv vwhp iurp d vxe0w|sh +g> 3, fkdqjlqj klv dfwlrq wr �sduwlflsdwh� +} @ 4,/ zkloh
ghdwk suredelolwlhv ghulyh iurp d ghprqvwudwlqj vxe0w|sh +g> 4, fkdqjlqj klv dfwlrq wr �qrw ghprqvwudwh�
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+} @ 3,1 Zh fdq wkhq fdofxodwh wkh wrwdo wudqvlwlrq suredelolw| e| gh0frqglwlrqlqj rq vxew|sh dv=

�q @

+
h��f

4.h��f s3+q, li q 9@ n � 4>
h�+4�f,

4.h�+4�f, s3+q, li q @ n � 4=

�q @

� 4
4.h��f s4+q, li q 9@ n>

4
4.h�+4�f, s4+q, li q @ n=

Qrwlfh wkdw rxu Pdunry fkdlq lv uhjxodu1 Khqfh/ lw kdv d olplwlqj glvwulexwlrq � wkdw vroyhv wkh ghwdlohg
edodqfh htxdwlrqv=

;q 9@ n � 4 =
�q.4

�q
@

s3+q,

s4+q. 4,
h��f @

Q � q

q. 4
h��f= +8,

iru q @ n � 4 =
�n
�n�4

@
h�+4�f,s3+n � 4,

s4+n,
@

Q � n . 4

n
h�+4�f,= +9,

Zh fdq vroyh wklv uhfxuvlyh v|vwhp ri htxdwlrqv wr fkdudfwhul}h wkh olplwlqj glvwulexwlrq1 Lqwxlwlyho|/ wr
fdofxodwh dq| �q zh zloo gh�qh dq duelwudu| uhihuhqfh vwdwh/ lq rxu fdvh 3> dqg wkhq �fkdlq� wkh ghwdlohg
edodqfh frqglwlrqv wrjhwkhu dorqj d sdwk iurp 3 wr q= Wklv doorzv xv wr ghulyh hdfk �q dv d ixqfwlrq ri �31
Wkh suredelolw| ri wkh uhihuhqfh vwdwh +dqg wkxv wkh suredelolw| ri hyhu| vwdwh, fdq wkhq eh ghulyhg xvlqj wkh

qrupdol}dwlrq frqglwlrq
SQ

q@3 �q @ 4=

Sursrvlwlrq 4 Wkh olplwlqj glvwulexwlrq iru wkh sduwlflsdwlrq prgho lv=

�q @

;?
=
�
Q
q

�
h��qf�3 li q ? n>

�
Q
q

�
h��qf�3h

� li q � n>

+:,

zkhuh �3 lv d qrupdol}dwlrq idfwru zlwk +4 . h��f,Q � ��4
3 � h�+4 . h��f,Q vxfk wkdw

SQ
q@3 �q @ 4=

Surri = Iurp +8,/ zh kdyh wkdw ;q � n � 4 =

�q @

#
q�4\
l@3

s3+l,

s4+l. 4,

$
h�q�f�3 @

Q+Q � 4,===+Q � +q� 4,,

4 � 5 � = = = � q
h�q�f�3 @

Q $

q$+Q � q,$
h�q�f�3=

Iurp +9, dqg +7, lw iroorzv wkdw=

�n @
�n�4
�n

�n�4 @
h�+4�f,+Q � +n � 4,,

n

Q $

+n � 4,$+Q � +n � 4,,$
h�+n�4,�f�3 @

Q $

n$+Q � n,$
h�n�fh��3=

Ilqdoo|/ uhdsso|lqj +8, |lhogv wkdw ;q A n =

�q @

#
q�4\
l@n

s3+l,

s4+l. 4,

$
h�+q�n,�f�n @

+Q � +q� 4,,+Q � +q� 5,,===+Q � n,

+n . 4, � +n . 5, � = = = � q
h�+q�n,�f�n

@
+Q � +q� 4,,+Q � +q� 5,,===+Q � n,

+n . 4, � +n . 5, � = = = � q
h�+q�n,�f Q $

n$+Q � n,$
h�n�fh��3

@
Q $

q$+Q � q,$
h�q�fh��3=

Dsso|lqj wkh elqrpldo wkhruhp
S

q

�
Q
q

�
{q @ +4 . {,Q gluhfwo| |lhogv wkh erxqgv iru �31 Wkdw lv jlyhq +8,/

zh kdyh

4 @
Q[
q@3

�q @ �3

%
n�4[
q@3

�
Q

q

�
h��qf .

Q[
q@n

�
Q

q

�
h��qfh�

&
=

:



Khqfh

Q[
q@3

�
Q

q

�
h��qfh� � ��4

3 �
Q[
q@3

�
Q

q

�
h��qf=

�

Qrwlfh wkdw wkh olplwlqj glvwulexwlrq �q frpelqhv wkh uhvxowv ri wkh vhohfwlrq surfhvv/ dv uhsuhvhqwhg
e| wkh frpelqdwruldov

�
Q
q

�
/ dqg wkh uhvxowv ri wkh dfwlrq surfhvv/ uhsuhvhqwhg e| h��qf ru h�h��qf1 Wr

fkdudfwhul}h wkh orqj0uxq ehkdylru ri wkh suredelolvwlf prgho zh qrz qhhg wr lghqwli| wkh pd{lpd ri �q1
Wkhvh duh fkdudfwhul}hg lq wkh qh{w sursrvlwlrq1 Iluvw/ zh qhhg d gh�qlwlrq=

Gh�qlwlrq Iru dq| { 5 U gh�qh e{f dv wkh odujhvw lqwhjhu zlwk e{f � { dqg g{h dv wkh vpdoohvw lqwhjhu
zlwk e{f � { dqg ohw

^{` =@

�
e{f li�e{f � �g{h/
g{h li �e{f � �g{h1

Sursrvlwlrq 5 Wkhuh h{lvw wzr fulwlfdo qxpehuv q� dqg n�

q� @ pd{

�
3>
Qh��f � 4

4 . h��f

�
dqg n� @

Q . 4

4 . h��+4�f,
> +;,

zlwk q� ? Q
5 ? n� vxfk wkdw wkh iroorzlqj krogv=

+l, Li n @ 4/ wkhq �q kdv d xqltxh pd{lpxp dw�
q @ n @ 4 li Q�4

5 h��f � 4>
^q�` A 4 li Q�4

5 h��f A 41

+ll, Li n A 4 dqg n @5 +q�> n�,/ wkhq � kdv d xqltxh pd{lpxp dw ^q�`1
+lll, Li n A 4 dqg n 5 +q�> n�,/ wkhq � kdv wzr pd{lpd dw ^q�` dqg n/ ri zklfk n lv wkh prvw0olnho| orqj0uxq
vwdwh li

�^q�` ? �n / j+n, =@ +4� +n � ^q�`, f,� .
n�4[
l@^q�`

oq
Q � l

l. 4
A 3= +<,

Rwkhuzlvh wkh prvw olnho| orqj0uxq vwdwh lv ^q�`1

Surri = Gh�qh i = ^3> Q ` $ U = {$ i+{, @ Q�{
4.{ h

��f1 Qrwh wkdw i lv frqwlqxrxv dqg vwulfwo| ghfuhdvlqj

ryhu lwv grpdlq ^3> Q ` zlwk i+3, @ Qh��f dqg i+Q, @ 31 Iurp +8,/ lw iroorzv wkdw wkh rggv udwlr �q.4@�q @
i+q, lv vwulfwo| ghfuhdvlqj lq q +zlwk d srvvleoh mxps dw q @ n � 4,1 Qrwlfh wkdw li q zhuh h{whqghg wr d
frqwlqxrxv yduldeoh {/ �{ zrxog uhdfk dq lqwhulru pd{lpxp dw {� 5 +3> Q, zkhuh i+{�, @ 4 ru dw { @ 3
rwkhuzlvh1 Li Qh��f A 4/ wkhq i lv frqwlqxrxv dqg prqrwrqh ghfuhdvlqj zlwk i+3, A 4 dqg i+Q, @ 3/ vr

wkdw wkhuh h{lvwv d xqltxh {� dqg vroylqj i+{�, @ 4 iru {� |lhogv {� @ Qh��f�4
4.h��f 1 Zh qrz pxvw frqvlghu wkh

lpsolfdwlrqv ri wkh lqwhjhu frqvwudlqwv rq q dqg wkh srvvleoh mxps dw q @ n � 41
Iluvw frqvlghu wkh fdvh zkhuh n @ 41 Iru �q wr kdyh d pd{lpxp dw q @ n @ 4> zh qhhg �4@�3 @

Qh�+4�f, A 4> zklfk dozd|v krogv ehfdxvh Q � 5 dqg �+4 � f, � 3/ dqg �5@�4 @ Q�4
5 h��f � 4> zklfk

lv dovr vx!flhqw iru d xqltxh pd{lpxp dw q @ n @ 4 ehfdxvh �q.4@�q lv vwulfwo| ghfuhdvlqj lq q � 4= Li
Q�4
5 h��f A 4> wkhq dovr i+3, @ Qh��f A 4 vr wkdw q� =@ {� dqg ^q�` frqvwlwxwhv wkh xqltxh pd{lpxp iru

�q=
Qrz frqvlghu n A 41 Li Qh��f � 4/ wkhq �4@�3 � 4 vr wkdw � uhdfkhv d pd{lpxp dw ^q�` @ 31 Li

Qh��f A 4/ wkhq dv ehiruh ^q�` frqvwlwxwhv d pd{lpxp iru �q= Zh qrz qhhg wr fkhfn iru rwkhu +srvvleoh,
pd{lpd/ zklfk fdq rqo| rffxu durxqg wkh �mxps� dw q @ n � 4/ qdpho| dw q @ n � 4 ru dw q @ n1

Vxssrvh n ? q�1 Iru wzr pd{lpd zh qhhg n ? ^q� b̀1 Exw vlqfh �q.4@�q lv lqfuhdvlqj ehorz q�> zh kdyh
�^q�`@�n A 4 vr wkdw q @ n fdqqrw eh d pd{lpxp1 Iru q @ n � 4 wr eh d pd{lpxp/ zh qhhg

�n�4 A �n /
Q � n . 4

n
h�+4�f, ? 4/ n A n�=

;
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0
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1 interior maximum 0 interior maxima

Iljxuh 4= Wkh olplwlqj glvwulexwlrq � dvvxphv rqh ri irxu srvvleoh fdvhv/ ghshqglqj rq wkh sdudphwhuv q�/
n� dqg n1

Qrwlfh/ krzhyhu/ wkdw q� ? Q
5 ? n� +ehfdxvh 3 � h��+4�f, � 4 dqg 3 � h��f � 4> jlyhq wkdw � � 3 dqg

3 ? f ? 4,1 Wkhuhiruh/ wkhuh fdqqrw eh d vhfrqg pd{lpxp li n ? q�1
Vxssrvh n A q�1 Li n � 4 @ eq�f @ ^q�` wkhq/ vlqfh �q.4@�q lv ghfuhdvlqj deryh q�> n fdqqrw eh d

pd{lpxp/ dqg vlqfh n�4 @ ^q�` wkhuh fdqqrw eh d vhfrqg pd{lpxp1 Li n�4 A ^q�`> wkhq/ vlqfh �q.4@�q lv
ghfuhdvlqj deryh q�> wkhuh fdq rqo| eh d pd{lpxp dw n= Iru d pd{lpxp dw n zh qhhg �n�4 ? �n / n ? n�=

Wr fkdudfwhul}h wkh prvw olnho| orqj0uxq vwdwh qrwh wkdw +8, dqg +9, lpso|

�^q�` ? �n /
n$+Q � n,$

^q�`$+Q � ^q�`,$
? h��++n�^q�`,f�4,= +43,

Frqglwlrq +<, wkhq iroorzv lpphgldwho|1�
Wkh sursrvlwlrq vwdwhv wkdw wkh prvw olnho| vwdwh lv hlwkhu ^q�`/ zkhuh dq| sduwlflsdwlrq lv hqwluho| gulyhq

e| qrlvh/ ru n/ zklfk lv wkh plqlpdo uhyrow vwdwh1
Zkloh wkh lqwhjhu uhvwulfwlrq rq q frpsolfdwhv Sursrvlwlrq 4/ wkh edvlf lqwxlwlrq fdq eh frqyh|hg lqiru0

pdoo|1 Iurp Sursrvlwlrq 4/ lw iroorzv wkdw wkh olplwlqj glvwulexwlrq � kdv wzr frpsrqhqwv1 Dw q @ n� 4 wkh
suredelolw| glvwulexwlrq �q �mxpsv� iurp rqh frpsrqhqw wr wkh rwkhu1 Lw wkxv vx!fhv wr fkdudfwhul}h wkh
pd{lpd ri wkh frpsrqhqwv dqg wkhq lghqwli| srvvleoh pd{lpd dw wkh �mxps� iurp q @ n� 4 wr q @ n= Wkh
ghwdlohg edodqfh htxdwlrqv +8, lpphgldwho| lpso| wkdw wkh suredelolw| udwlr �q.4@�q lv vwulfwo| ghfuhdvlqj
lq q1 Vr hlwkhu/ wkhuh lv d fruqhu vroxwlrq dw q @ 3 ru rqh lqwhulru pd{lpxp zkhuh wkh suredelolw| udwlrv duh
dssur{lpdwho| htxdo wr rqh1 Khqfh/ iru n vpdoohu wkdq wkh lqwhulru pd{lpxp/ d pd{lpxp zrxog kdyh wr eh
dw n � 4= Exw/ dv zh vkrz/ lq wkh surri ri Sursrvlwlrq 5/ lq wklv fdvh wkh mxps lv wrr vpdoo1 Vr/ wkhuh fdq
rqo| eh d vhfrqg pd{lpxp dw n odujhu wkdq wkh lqwhulru pd{lpxp1 Wkh frqglwlrqv iru vxfk d pd{lpxp duh
jlyhq e| +<,1 Ljqrulqj wkh nqlih0hgjh fdvh ri n @ 4 zh wkxv kdyh irxu srvvleoh fdvhv glvsod|hg lq Iljxuh 41

� �
�	���
��

Sursrvlwlrq 5 qrz doorzv xv wr ghulyh rxu prgho*v suhglfwlrqv frqfhuqlqj pdvv froohfwlyh ehkdylru1 Qrwh
wkdw wkh txdolwdwlyh ihdwxuhv ri wkh olplwlqj glvwulexwlrq fkdqjh dv d ixqfwlrq ri wkh frvw f> wkh wkuhvkrog n>

<
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Iljxuh 5= Irxu fdvhv iru wkh glvwulexwlrq �q ghshqglqj rq wkh wkuhvkrog ohyho n1 Rwkhu sdudphwhuv duh �{hg
dw Q @ 83/ � @ 5=8/ dqg f @ 3=81

wkh uhvsrqvlyhqhvv � dqg wkh vl}h ri wkh srsxodwlrq Q= Zh qhhg wr glvwlqjxlvk wkuhh fdvhv=

41 Wkhuh lv rqh pd{lpxp dw ^q�`/ shukdsv dw 3=

51 Wkhuh duh wzr +orfdo, pd{lpd/ rqh dw ^q�`> wkh rwkhu dw n> zlwk n wkh prvw olnho| orqj0uxq vwdwh +joredo
pd{lpxp,1

61 Wkhuh duh wzr +orfdo, pd{lpd/ rqh dw ^q�`> wkh rwkhu dw n> zlwk ^q�` wkh prvw olnho| orqj0uxq vwdwh
+joredo pd{lpxp,1

Wr vhh wkh h�hfw ri fkdqjhv lq n frqvlghu dq h{dpsoh dw Q @ 83> f @ 3=8> dqg � @ 5=8/ iru zklfk q� @ 43=7/
n� @ 6<=9 dqg ^q�` @ 441 Iljxuh 5 looxvwudwhv krz wkh txdolwdwlyh ihdwxuhv ri wkh olplwlqj glvwulexwlrq fkdqjh
lq uhvsrqvh wr fkdqjhv lq n1

Dw orz n ? q� +khuh n ? 43=7, wkhuh lv d xqltxh pd{lpxp dw ^q�`> zklfk wkxv pxvw eh wkh prvw olnho|
orqj0uxq vwdwh1 Wklv fruuhvsrqgv wr wkh fdvh zlwk shupdqhqw +yhu|, orz sduwlflsdwlrq1 Dq| sduwlflsdwlrq lv
vroho| gulyhq e| udqgrpqhvv dw wkh lqglylgxdo ohyho1 Iru h{dpsoh/ xvlqj wkh udqgrp xwlolw| lqwhusuhwdwlrq/ rq
dyhudjh wkhuh duh vrph lqglylgxdov wkdw kdyh dq lqfhqwlyh wr sduwlflsdwh rq wkhlu rzq1 Qrwh wkdw dv lqglylgxdo
fkrlfh dssurdfkhv ehvw uhvsrqvh ehkdylru +� $4, q� frqyhujhv wr 3=

Iru kljkhu n +khuh n @ 4:, wkhuh duh wzr pd{lpd zlwk n wkh prvw olnho| orqj0uxq vwdwh1 Wklv fdswxuhv
wkh fdvh ri dq xqvwdeoh srolw| zlwk iuhtxhqw ghprqvwudwlrqv dqg vxvwdlqhg ohyhov ri srolwlfdo surwhvw1

Dw hyhq kljkhu n +n @ 53,> ^q�` ehfrphv wkh prvw olnho| orqj0uxq vwdwh/ exw n lv vwloo d orfdo pd{lpxp1
Wklv fdvh prvw forvho| fruuhvsrqgv wr wkh hpslulfdo uhjxodulwlhv rxwolqhg lq wkh lqwurgxfwlrq1 Srolwlfdo surwhvw
lv srvvleoh/ exw lw zloo eh uduh dqg frpsdudwlyho| vkruw0olyhg1

Iru yhu| kljk n A n� +khuh n @ 78 A 6<=9,/ zh duh edfn dw wkh fdvh zkhuh ^q�` lv wkh prvw olnho| orqj0uxq
vwdwh zlwkrxw d orfdo pd{lpxp dw n1

D vlplodu sdwwhuq fdq eh revhuyhg iru f1 Iru jhqhudo n dqg f zh fkdudfwhul}h pd{lpd dqg orqj uxq vwdwhv
lq Iljxuhv 6 wr 81
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Legend:         = one maximum at [n*],         = two maxima at [n* ] and k, and k is most likely,
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Iljxuh 6= Vwudwhj| uhjlrqv lq +n> f,0vsdfh iru gl�huhqw ydoxhv ri �/ zlwk �{hg srsxodwlrq vl}h Q @ 831
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Iljxuh 7= Vwudwhj| uhjlrqv lq +n> f,0vsdfh iru gl�huhqw ydoxhv ri �/ zlwk �{hg srsxodwlrq vl}h Q @ 8331
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Iljxuh 8= Vwudwhj| uhjlrqv lq +n> f,0vsdfh iru gl�huhqw ydoxhv ri �/ zlwk �{hg srsxodwlrq vl}h Q @ 833> 3331

Qrwh wkdw iru � $ 3/ wkh fulwlfdo qxpehuv q� $ +Q � 4,@5 dqg n� $ +Q . 4,@51 Khqfh/ � kdv d
vlqjoh pd{lpxp dw Q@51 Lq wklv fdvh lqglylgxdo ehkdylru lv qrw dw doo jryhuqhg e| wkh lqfhqwlyhv jlyhq
lq wkh prgho/ lw lv sxuho| udqgrp1 Wklv udqgrpqhvv dw wkh lqglylgxdo ohyho fruuhvsrqgv wr d froohfwlyh
surfhvv zlwk d elqrpldo glvwulexwlrq1 Dv � lqfuhdvhv/ krzhyhu/ wkh zklwh duhdv +xqltxh pd{lpxp dw ^q�`,
duh vkulqnlqj1 Hyhq iru prghudwho| kljk � +� @ 43, wkh odujhvw uhjlrq lv wkh juh| duhd +joredo pd{lpxp
dw ^q�`> orfdo pd{lpxp dw n,1 Wklv h�hfw lv suhvhqw lqghshqghqw ri wkh vl}h ri wkh srsxodwlrq Q=4; Lw
ehfrphv/ krzhyhu/ pruh surqrxqfhg dv Q lqfuhdvhv1 Iru yhu| odujh Q zh yluwxdoo| rqo| kdyh wzr uhjlrqv=
Li lqglylgxdo udqgrpqhvv lv kljk +orz �,/ zh kdyh odujhu uhjlrqv zlwk ^q�` dv wkh prvw olnho| orqj0uxq vwdwh/
exw dv lqglylgxdo ehkdylru lv ehwwhu fkdudfwhul}hg e| rxu qrupdo irup/ zh dovr kdyh d orfdo pd{lpxp dw n14<

Wkh h{lvwhqfh ri d orfdo pd{lpxp dw n hyhq iru yhu| odujh Q lv shukdsv wkh nh| lqvljkw iurp rxu prgho1
Lw lpsolhv wkdw dw ohdvw vrph wlphv djhqwv duh deoh wr vsrqwdqhrxvo| frruglqdwh rq froohfwlyh dfwlrq1 Qrwh
wkdw wkhvh vwdwhv duh h!flhqw dqg dv|pphwulf +l1h1 n djhqwv sduwlflsdwh/ zkloh q � n djhqwv vwd| krph,1
Qhyhuwkhohvv/ pdvv froohfwlyh dfwlrq pd| rffxu lq wkh devhqfh ri dq| dssduhqw frruglqdwlrq ghylfh1

Zh fdq qrz xvh rxu uhvxowv wr dffrxqw iru wkh hpslulfdo skhqrphqd glvfxvvhg lq wkh lqwurgxfwlrq1 Iru
wklv sxusrvh lw lv lpsruwdqw wr glvwlqjxlvk wzr dowhuqdwlyh lqwhusuhwdwlrqv ri wkh olplwlqj glvwulexwlrq1 Vr idu
rxu glvfxvvlrq kdv irfxvvhg rq wkh sulpdu| lqwhusuhwdwlrq ri �q dv wkh olplwlqj glvwulexwlrq1 Dffruglqj wr wklv
�furvv0vhfwlrqdo� lqwhusuhwdwlrq diwhu wkh surfhvv kdv ehhq lq rshudwlrq iru d orqj gxudwlrq/ wkh suredelolw| ri
�qglqj wkh surfhvv lq vwdwh m lv �m luuhvshfwlyh ri wkh vwduwlqj vwdwh1 Krzhyhu/ qrz rxu jrdo lv wr dffrxqw iru
wlph0vhulhv skhqrphqd vxfk dv surwhvw zdyhv/ vxgghq rxweuhdnv ri pdvv ghprqvwudwlrqv hwf1 Wklv lv zkhuh
wkh vhfrqg lqwhusuhwdwlrq lv xvhixo1 Lw fdq hdvlo| ehhq vkrzq +h1j1 Wd|oru dqg Nduolq 4<<7> s14:9, wkdw �m

4;Qrwh wkdw hyhq lq wkh fdvh ri � ' Dffc fff wkhuh h{lvwv d vpdoo uhjlrq zkhuh & lv wkh prvw olnho| orqj0uxq vwdwh +fdvh 5,/
exw wklv uhjlrq lv wrr vpdoo wr eh slfnhg xs e| wkh �jxuh1

4<Wklv uhvxow pd| vxusulvh uhdghuv idploldu zlwk Rovrq*v +4<98, vhplqdo zrun rq froohfwlyh dfwlrq1 Rovrq*v fhqwudo wkhvlv
zdv wkdw odujh jurxsv duh pxfk ohvv olnho| wkdq vpdoo jurxsv wr vroyh wkh iuhh0ulghu sureohp1 Vxevhtxhqw zrun/ krzhyhu/ kdv
fkdoohqjhg Rovrq*v wkhvlv +h1j1 Pduzhoo dqg Rolyhu 4<;;/ Rolyhu 4<<6,1 Lq khu frpsuhkhqvlyh vxuyh| ri wkh olwhudwxuh Rolyhu
+4<<6> s15:8, frqfoxghv= �Sxw vlpso|/ lq vrph vlwxdwlrqv wkh jurxs vl}h h�hfw zloo eh qhjdwlyh/ lq rwkhuv srvlwlyh1 \rx kdyh wr
nqrz wkh ghwdlov ri d sduwlfxodu vlwxdwlrq ehiruh |rx fdq nqrz krz jurxs vl}h zloo d�hfw wkh survshfwv iru froohfwlyh dfwlrq1�
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Iljxuh 9= Wlph vhulhv ri [+w, iru d vlpxodwhg 9 ploolrq shulrgv= [ kryhuv durxqg ^q�` h{fhsw iru wzr xsulvlqjv
+[ � n,1 Sdudphwhuv= Q @ 833/ � @ 43/ f @ 3=8 dqg n @ 481

dovr jlyhv wkh orqj0uxq phdq iudfwlrq ri wlph wkdw wkh surfhvv rffxslhv vwdwh m= Irupdoo|/

�m @ olp
p$4

4

p

p�4[
�@3

Sui[� @ mm[3 @ lj

Xvlqj wklv lqwhusuhwdwlrq zh fdq vkrz wkdw rxu prgho fdq uhsolfdwh wkh w|slfdo surwhvw �zdyhv� ru �foxv0
whuv� lghqwl�hg lq wkh hpslulfdo olwhudwxuh1 Wkhvh h�hfwv duh prvw fohduo| suhvhqw lq wkh fdvh ri wzr pd{lpd
zlwk q� dv wkh prvw olnho| orqj0uxq vwdwh +fdvh 6,1 Exw dv zh vkrzhg deryh/ hyhq iru prghudwh � wklv lv wkh
suhgrplqdqw fdvh lq wkh +n> f,0vsdfh1

Iljxuh 9 vkrzv d w|slfdo wlph vhulhv +vdpsoh sdwk, ri [+w, gxulqj 9 ploolrq shulrgv153

Wr vhh zk| wkhvh sdwwhuqv rffxu lw lv xvhixo wr ylvxdol}h �� dv d odqgvfdsh ru d srwhqwldo zlwk wzr
plqlpd dw ^q�` dqg dw n wkdw duh vhsduhwhg e| d kloo1 Udqgrp qrlvh pd| sxvk wkh surfhvv ryhu wkh kloo dqg
edfn1 Lqlwldoo|/ wkh srsxodwlrq kryhuv durxqg q�/ exw wkh suredelolvwlf qdwxuh ri wkh prgho pd| wuljjhu d
fkdlq uhdfwlrq= dq lqlwldo +udqgrp, surwhvwhu pdnhv lw pruh olnho| wkdw d vhfrqg djhqw vzlwfkhv wr } @ 4>
exw wklv pd| wuljjhu dw wklug hwf1 Rqfh d fulwlfdo wkuhvkrog lv uhdfkhg wkh surfhvv vxgghqo| mxpsv wr
wkh orfdo pd{lpxp dw n1 Wkhvh fkdlq uhdfwlrqv duh uhplqlvfhqw ri wkh g|qdplfv lghqwl�hg lq wkh fulwlfdo
pdvv olwhudwxuh1 Lq frqwudvw wr wkhvh prghov/ krzhyhu/ zh fdq lghqwli| qrw rqo| wkh olnholkrrg wkdw fulwlfdo

53Qrwlfh wkdw wkh �jxuh lv frqvlvwhqw zlwk wkhruhwlfdo suhglfwlrqv ri wkh phdq wlph ehwzhhq lqflghqwv ri srolwlfdo surwhvw1
Wkdw lv/ wkh phdq wlph �� wr uhdfk vwdwh ? ' & vwduwlqj iurp vwdwh � 	 &/ vroyhv wkh olqhdu v|vwhp=

�� ' �n

&3�[

�'f

����� �� ' fc � � � c & 3 �1

Iru rxu h{dpsoh/ �� lv rq wkh rughu ri S�2 ploolrq shulrgv iru doo � 	 &1Zh vlpxodwhg vhyhudo wlphv 43 ploolrq shulrgv dqg lqghhg
qhyhu vdz pruh wkdq wzr xsulvlqjv1 D uhdghu wkdw lv frqfhuqhg zlwk wkhvh odujh qxpehuv vkrxog uhfdoo wkdw shulrgv fdq eh
duelwudulo| vpdoo1
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pdvvhv irup/ exw dovr wkh suredelolw| wkdw wkh| glvlqwhjudwh1 Khqfh/ rxu dssurdfk fdq dffrxqw iru erwk
wkh hphujhqfh ri froohfwlyh dfwlrq dqg lwv froodsvh dv dq +xqltxho| ghwhuplqhg, htxloleulxp skhqrphqrq1
Pruhryhu/ vlqfh froodsvh lv pruh olnho| wkdq hphujhqfh/1zh fdq dffrxqw iru pdvv surwhvwv dv uduh/ vxgghq
hyhqwv ri frpsdudwlyho| vkruw gxudwlrq1

Lw lv lpsruwdqw wr qrwh wkdw froohfwlyh dfwlrq/ vxfk dv pdvv ghprqvwudwlrqv/ pd| rffxu dowkrxjk wkh
xqghuo|lqj lqglylgxdo lqfhqwlyhv glg qrw fkdqjh1Wklv grhv qrw phdq wkdw h{whuqdo hyhqwv +vxfk dv wkh hyhqwv
lq wkh Vrylhw Xqlrq xqghu Jruedfkhy, duh qrw lpsruwdqw wr idflolwdwh pdvv surwhvwv/ rqo| wkdw wkh| duh qrw
qhfhvvdu| wr gr vr1 Pruhryhu/ hyhq li vxfk fkdqjhv ghfuhdvh wkh frvwv wr sduwlflsdwh/ djhqwv vwloo qhhg wr
frruglqdwh rq surwhvw vwdwhv1 Ilqdoo|/ prghov wkdw h{foxvlyho| uho| rq fkdqjhv lq h{whuqdo sdudphwhuv dovr
qhhg wr h{sodlq zk| surwhvwv hyhu vwrs djdlq1

Iurp d phwkrgrorjlfdo srlqw ri ylhz rxu dssurdfk vxjjhvwv wkdw lw pd| eh suhihudeoh qrw wr irfxv rq wkh
suhglfwlrq ru h{sodqdwlrq ri vshfl�f lqvwdqfhv ri pdvv froohfwlyh dfwlrq/ exw wr fkrrvh wlph0vhulhv +suhihudeo|
ri orqj gxudwlrq, dqg furvv0vhfwlrqdo vdpsohv dv wkh xqlw ri dqdo|vlv154 Dffruglqj wr wklv dssurdfk/ dq|
vxffhvvixo prgho ri froohfwlyh dfwlrqv vkrxog qrw rqo| eh phdvxuhg lq zkhwkhu lw fdq dffrxqw iru lqvwdqfhv
ri srolwlfdo surwhvwv ru ghprqvwudwlrqv/ exw dovr zkhwkhu lw fdq dffrxqw iru orqj shulrgv ri qr vxfk dfwlylw|1
D vroh irfxv rq lqvwdqfhv ri pdvv froohfwlyh dfwlrq zrxog uhvxow lq d vhohfwlrq eldv1

� �� ����
	��
�� �  !�
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��
�� "���	�
�� 
� �
� ���#��$�������
��

�����

Dv glvfxvvhg lq vhfwlrq 6/ wkh sdudphwhu � lqglfdwhv krz forvho| lqglylgxdo fkrlfh ehkdylru dssurdfkhv
ehvw uhvsrqvh fruuhvsrqghqfhv1 Iru h{dpsoh/ dv � $ 4/ orj0olqhdu fkrlfh frqyhujhv wr d glvwulexwlrq wkdw
sxwv srvlwlyh suredelolw| rqo| rq ehvw0uhvsrqvhv wr [�g1 Wklv vxjjhvwv wr xvh rxu prgho dv d ehkdylrudo
irxqgdwlrq iru wkh jdph0wkhruhwlf dqdo|vlv gxh wr Sdoiuh| dqg Urvhqwkdo1 Wkdw lv/ wkh Qdvk htxloleuld fdq
eh uh0lqwhusuhwhg dv dssur{lpdwlrqv ri olplwlqj glvwulexwlrqv jhqhudwhg e| d ehkdylrudo prgho1

Wklv dssurdfk55 kdv ehhq wkh grplqdqw rqh lq hfrqrplf dssolfdwlrqv ri Pdunry ohduqlqj prghov +h1j1
Eoxph 4<<:/ \rxqj 4<<;,1 Lwv nh| sxusrvhv duh +d, wr surylgh ehkdylrudo irxqgdwlrqv iru jdph0wkhruhwlfdo
vroxwlrq frqfhswv dqg +e, wr surylgh d vhohfwlrq fulwhulrq dprqj pxowlsoh Qdvk0htxloleuld lq d jdph1 Wkh
fulwlfdo qrwlrq khuh lv wkdw ri vwrfkdvwlfdoo| vwdeoh vwdwh +\rxqj 4<<6,1 D vwdwh lv vwrfkdvwlfdoo| vwdeoh li
lwv dvvljqhg olplwlqj suredelolw| lv vwulfwo| srvlwlyh dv � $ 4= Lqwxlwlyho|/ wkhvh duh vwdwhv wkdw duh prvw
olnho| wr eh revhuyhg ryhu wkh orqj uxq li shuwxedwlrqv iurp ehvw uhvsrqvh ehkdylru duh duelwudulo| vpdoo1
Wkh vhw ri vwrfkdvwlfdoo| vwdeoh vwdwhv lq pdq| jdphv +exw qrw lq jhqhudo �qlwh jdphv, lv d vxevhw ri wkh
vhw ri Qdvk htxloleuld1 Li lw lv d surshu vxevhw/ vwrfkdvwlf vwdelolw| fdq eh xvhg dv d vhohfwlrq fulwhulrq1
Iru h{dpsoh/ lq 5 � 5 frruglqdwlrq jdphv wkh vwrfkdvwlfdoo| vwdeoh vwdwhv fruuhvsrqg wr wkh ulvn0grplqdqw
htxloleulxp +Eoxph 4<<6/ \rxqj 4<<6,1 Zkdw pdnhv wkhvh vhohfwlrq uhvxowv uhpdundeoh lv wkdw wkh| duh deoh
wr glvwlqjxlvk ehwzhhq vwulfw Qdvk htxloleuld156

Dv lq wkh hfrqrplf dssurdfkhv zh fdq xvh rxu dqdo|vlv wr vhohfw dprqj wkh vwulfw Qdvk0htxloleuld lq
Sdoiuh| dqg Urvhqwkdo*v sduwlflsdwlrq jdph1 Li � $ 4/ wkhq q� $ 3 dqg n� $ Q> vr wkdw wkhuh h{lvw wzr
pd{lpd iru odujh/ exw �qlwh �/ fruuhvsrqglqj wr hlwkhu }hur wxuqrxw ru plqlpdo fulwlfdo wxuqrxw n1 Wkhvh
pd{lpd wkxv duh dqdorjxhv wr wkh sxuh Qdvk htxloleuld lq wkh Sdoiuh| dqg Urvhqwkdo prgho157 Qrwh wkdw lq
wkh olplw ri � $ 4/ wkh suredelolvwlf prgho dssurdfkhv wkh ehvw0uhvsrqvh prgho zlwk wkh qrwhg h{fhswlrq
wkdw dw prvw rqh ri wkh pd{lpd fruuhvsrqgv wr d vwrfkdvwlfdoo| vwdeoh vwdwh1 Wklv fdq eh lqwhusuhwhg dv
wkh vhohfwlrq ri rqh ri wkh sxuh Qdvk htxloleuld lq dq hqylurqphqw zlwk duelwudulo| vpdoo +exw shuvlvwhqw$,
shuwxedwlrqv1

Iurp +<,/ lw iroorzv wkdw wkh vhohfwlrq ghshqgv rq wkh vljq ri j+n,/ zklfk/ iru � $4/ lv srvlwlyh li nf ? 4
dqg qhjdwlyh li nf A 41 Khqfh/ wkh nh| idfwru wkdw gulyhv wkh vhohfwlrq lv wkh vljq ri 4� nf= Li nf ? 4/ wkhq
wkh xqltxh orqj0uxq suhglfwlrq lv froohfwlyh dfwlrq dw q @ n +doprvw vxuho|,> rwkhuzlvh/ wkh xqltxh orqj0uxq

54Vxfk dq dssurdfk pd| khos uhvroyh wkh olyho| ghedwh lq srolwlfdo vflhqfh rq zkhwkhu uhyroxwlrqv fdq eh iruhfdvw lq sulqflsoh
+h1j1 Hfnvwhlq 4<<3/ Nxudq 4<<4/ Iudqflvfr 4<<6,1

55 Lw zdv douhdg| vxjjhvwhg lq Qdvk*v xqsxeolvkhg glvvhuwdwlrq$ Vhh h1j1 Eoxph +4<<:,1
56 Lw lv srvvleoh wr lghqwli| vwrfkdvwlfdoo| vwdeoh vwdwhv zlwkrxw h{solflwo| fdofxodwlqj wkh olplwlqj glvwulexwlrq Z +vhh \rxqj

4<<; iru ghwdlov,1 Krzhyhu/ lq wklv fdvh wkh prgho uhgxfhv wr dq htxloleulxp vhohfwlrq dujxphqw dqg fdqqrw uhsurgxfh wkh
g|qdplf sdwwhuqv glvfxvvhg lq wkh lqwurgxfwlrq1

57Vhh dovr wkh glvfxvvlrq ri ehvw uhvsrqvh g|qdplfv ehorz1
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suhglfwlrq lv q @ 3 +doprvw vxuho|,1 Qrwh wkdw wkh vhohfwlrq grhv qrw ghshqg rq Q 1 Wkdw lv/ rqfh zh frqwuro
iru n wkh devroxwh jurxs vl}h sod|v qr h{sodqdwru| uroh1

Dv zh ghprqvwudwhg lq Iljxuhv 608/ wkh fdvh zkhuh nf ? 4 lv uduh/ hvshfldoo| li Q lv odujh1 Lqwxlwlyho| lw
fdswxuhv wkh fdvh zkhuh hyhq li wkh ehqh�w ri xqlw 4 zdv sulydwh +qrw sxeolf dv dvvxphg lq rxu prgho,/ lw
frxog eh uhglvwulexwhg dprqj wkh plqlpxp n sduwlflsdqwv qhhghg iru d uhyrow wr fryhu wkhlu vkrz0xs frvw
f1 Qrwh wkdw lq hlwkhu fdvh wkh jdph0wkhruhwlf prgho frxog qrw fdswxuh wkh prgdo hpslulfdo fdvh ri uduh/
vxgghq surwhvwv ri vkruw gxudwlrq1

% &������������ �$���
	�

Wkh uhdghu pd| dvn zk| zh frqvlghu wkh fdvh ri � $ 4 udwkhu wkdq dqdo|}lqj ehvw uhvsrqvh g|qdplfv
gluhfwo|1 Xqghu ehvw uhvsrqvh g|qdplfv hdfk udqgrpo| fkrvhq djhqw sod|v d ehvw uhvsrqvh jlyhq wkh fxuuhqw
frq�jxudwlrq ri sod|1 Grhvq*w wklv dprxqw wr wkh vdph wklqj dv � $ 4B Wkh dqvzhu lv dq hpskdwlf qr$
D glvwlqjxlvklqj ihdwxuh ri suredelolvwlf jdph prghov lv wkdw wkhlu orqj0uxq ehkdylru fdq gl�hu udglfdoo|
iurp wkh fruuhvsrqglqj ehvw uhvsrqvh g|qdplf hyhq li wkh vwrfkdvwlf ghflvlrq uxoh lv duelwudulo| forvh wr ehvw
uhvsrqvh ghflvlrqv1

Wr vhh krz wklv zrunv lq rxu prgho zh ghulyh wkh ehvw uhvsrqvh pdwul{ iru wkh sduwlflsdwlrq jdph xvlqj
rxu sd|0r� pdwul{ iurp deryh=

Ehvw uhvsrqvh suredelolwlhv q ? n � 4 q @ n � 4 q @ n q A n

W|sh +g> 3,= } @ 3 4 3 4 4
W|sh +g> 3,= } @ 4 3 4 3 3
W|sh +g> 4,= } @ 3 4 4 3 4
W|sh +g> 4,= } @ 4 3 3 4 3

Qrwh wkdw doo dfwlrq suredelolwlhv duh hlwkhu 3 ru 4/ vr wkdw zlwk uhvshfw wr dfwlrqv wkh g|qdplf surfhvv lv
ghwhuplqlvwlf1 Wkh vwrfkdvwlf frpsrqhqw lv gulyhq rqo| e| wkh vhohfwlrq suredelolwlhv1 Vr/ wkh Pdunry fkdlq
wudqvlwlrq udwhv duh=

�q @

�
3 li q 9@ n � 4>
s3+q, @

Q�q
Q li q @ n � 4=

�q @

�
s4+q, @

q
Q li q 9@ n>

3 li q @ n=

Lw lv hdv| wkdw wr vhh wkdw xqghu ehvw uhvsrqvh +surylghg n A 4,/ wkh fkdlq lv qr orqjhu uhjxodu/ ehfdxvh
doo vwdwhv qr orqjhu frppxqlfdwh1 Wklv iroorzv/ ehfdxvh iru dq| q zlwk 3 ? q ? n � 4 rqo| orzhu vwdwhv
duh dffhvvleoh iurp q= Vlploduo|/ li q A n/ rqo| orzhu vwdwhv duh dffhvvleoh1 Rqfh vxfk vwdwh lv ohiw/ lw lv
qhyhu uhylvlwhg1 Wr vhh zk| qrwh wkdw li 3 ? q ? n � 4/ wkh sxeolf ehqh�w lv qrw surylghg dqg qr djhqw lv
slyrwdo1 Vr/ sduwlflsdwlqj dqg qrq0sduwlflsdwlqj djhqwv kdyh d vwulfw lqfhqwlyh wr fkrrvh } @ 31 Khqfh wkh
qxpehu ri sduwlflsdqwv hlwkhu vwd|v wkh vdph +li d qrq0sduwlflsdwlqj djhqw lv vhohfwhg, ru ghfuhdvhv e| rqh +li
d sduwlflsdqw lv vhohfwhg,1 Vlploduo|/ iru q A n wkh froohfwlyh ehqh�w lv surylghg dqg qr djhqw lv slyrwdo1 Vr/
djdlq hyhu| vhohfwhg djhqw zloo fkrrvh wr vwd| krph1 Lw iroorzv wkdw doo vwdwhv q zlwk 3 ? q ? n� 4 ru q A n
duh wudqvlhqw1

Wkh vwdwhv q @ 3 dqg q @ n> rq wkh rwkhu kdqg/ duh devruelqj= rqfh vxfk d vwdwh lv uhdfkhg/ wkh v|vwhp
uhpdlqv lq wkdw vwdwh iruhyhu1 Wr vhh zk| qrwh wkdw iru q @ 3> qr sod|hu lv slyrwdo lq surylglqj wkh froohfwlyh
ehqh�w1 Khqfh/ vwd|lqj krph uhpdlqv rswlpdo iru hdfk sod|hu1 Rq wkh rwkhu kdqg frqvlghu q @ n1 Li d
sduwlflsdqw lv vhohfwhg/ vkh lv slyrwdo lq surylglqj wkh froohfwlyh ehqh�w1 Vlqfh f ? 4/ wklv pdnhv lw zruwkzkloh
wr sduwlflsdwh lq wkh qh{w shulrg1 Rq wkh rwkhu kdqg/ li d qrq0sduwlflsdqw lv vhohfwhg/ vlqfh wkh froohfwlyh
ehqh�w lv surylghg qr pdwwhu zkhwkhu vkh sduwlflsdwhv/ iuhh0ulglqj rq wkh sduwlflsdwlrq ri wkh n sduwlflsdqwv lv
vwulfwo| rswlpdo1 Vr/ djdlq qr dfwru kdv dq lqfhqwlyh wr fkdqjh khu ehkdylru1 Wkh uhpdlqlqj vwdwh wr frqvlghu
lv q @ n � 4= Khuh wkh froohfwlyh ehqh�w lv qrw surylghg dqg wkh ehkdylru ri wkh v|vwhpv qrz ghshqgv rq
zklfk djhqw lv vhohfwhg1 Vlqfh d sduwlflsdqw fdqqrw eulqj derxw wkh froohfwlyh ehqh�w/ exw vwloo zrxog sd| frvw
f/ vzlwfklqj wr qrq0sduwlflsdwlrq lv rswlpdo1 Exw wkhq wkh qh{w vwdwh uhdfkhg lv q @ n � 5 dqg wkh v|vwhp
zloo hqg xs dw q @ 3= Rq wkh rwkhu kdqg/ dq| qrq0sduwlflsdqw frxog qrz wls wkh edodqfh li vkh sduwlflsdwhg lq
wkh qh{w shulrg1 Jlyhq f ? 4 wklv lv dozd|v vwulfwo| rswlpdo1 Khqfh wkh v|vwhp zloo uhdfk wkh devruelqj vwdwh
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q @ n= Vr/ vwduwlqj iurp q @ n � 4/ wkh v|vwhp hqgv xs lq q @ n zlwk suredelolw| Q�n.4
Q ru lq q @ 3 zlwk

suredelolw| n�4
Q 1 Wkxv/ wkh olplwlqj suredelolw| lv ghjhqhudwh= olpw$4[w lv hlwkhu 3 ru n/ dqg wkh vhohfwlrq

ri 3 ru n ghshqgv vroho| rq wkh lqlwldo frqglwlrqv1
Qrz frqvlghu n @ 4= Lq wkdw fdvh/ n @ q @ 4 djdlq lv devruelqj/ dqg doo q A n duh wudqvlhqw1 Krzhyhu/

qrz q @ 3 lv qrw orqjhu devruelqj exw dovr wudqvlhqw/ vlqfh hdfk vhohfwhg djhqw fdq eulqj derxw wkh froohfwlyh
ehqh�w e| khuvhoi1 Khqfh/ wkh v|vwhp hqgv xs lq vwdwh n @ 4 zlwk suredelolw| rqh1 Zh fdq vxppdul}h wkhvh
uhvxowv lq wkh iroorzlqj sursrvlwlrq

Sursrvlwlrq 6 Xqghu ehvw uhvsrqvh g|qdplfv/ wkh olplwlqj glvwulexwlrq +dv w $ 4, iru wkh sduwlflsdwlrq
prgho lv=
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Uhpdun 4 Qrwh wkdw iru wkh vshfldo fdvh zkhuh n @ 4 zh kdyh �3 @ 3 dqg �4 @ 4=

Wkh uhdghu zloo kdyh qrwlfhg wkdw Sursrvlwlrq 6 lv forvho| frqqhfwhg wr wkh Sdoiuh| dqg Urvhqwkdo uhvxowv1
Wkh wzr devruelqj vwdwhv fruuhvsrqg wr wkh sxuh vwudwhj| htxloleuld158 Lq frqwudvw wr wkh jdph wkhruhwlf
prgho/ krzhyhu/ wkhuh lv qr dqdorj wr wkh pl{hg vwudwhj| htxloleuld/ hyhq iru vpdoo q1 Phwkrgrorjlfdoo|/ wkh
ehvw0uhvsrqvh g|qdplf surylghv d plfur0irxqgdwlrq iru krz hyhq odujh jurxsv ri srolwlfdo dfwruv pd| pdqdjh
wr frruglqdwh wkhlu ehkdylru hyhq li wkh| odfn wkh vwudwhjlf iruhvljkw uhtxluhg e| jdph0wkhruhwlf prghov1
Krzhyhu/ lq frqwudvw wr wkh suredelolvwlf prgho suhvhqwhg deryh wkh suhglfwlrqv ri wkh prgho duh qrw xqltxh1
Zklfk orqj0uxq vwdwh lv uhdfkhg ghshqgv rq wkh lqlwldo vwdwh1 Vr/ wkh orqj0uxq ehkdylru ri wkh orj0orjlvwlf
prgho +hyhq diwhu zh ohw � $4, gl�huv gudpdwlfdoo| iurp wkh ehvw uhvsrqvh prgho1 Whfkqlfdoo|/ wkh olplwv
olp�$4 dqg olpw$4 gr qrw lqwhufkdqjh1 Lqwxlwlyho|/ wkh xvh ri vrph/ wkrxjk duelwudulo| vpdoo/ udqgrpqhvv
lq lqglylgxdov* dfwlrqv lv fulwlfdo1 Vrphzkdw vxusulvlqjo|/ dvvxplqj udqgrpqhvv lq wkh prgho lpsuryhv lwv
suhglfwlyh srzhu udwkhu wkdq glplqlvk lw1 Erwk ehvw uhvsrqvh g|qdplf dqg jdph wkhruhwlf dqdo|vlv |lhog
pxowlsoh txdolwdwlyho| gl�huhqw suhglfwlrqv/ zkloh wkh suredelolvwlf prgho |lhogv d xqltxh suhglfwlrq/ hlwkhu
dv d xqltxh olplwlqj glvwulexwlrq ru dv d vhohfwlrq iurp wkh vhw ri sxuh Qdvk htxloleuld1 Pruhryhu/ rqfh wkh
ehvw uhvsrqvh g|qdplf vhwwohv grzq lw zloo vwd| dw wkh uhdfkhg vwdwh lqgh�qlwho|1 Ehvw0uhvsrqvh prghov fdq
qr orqjhu h{sodlq/ iru lqvwdqfh/ wkh vxgghq rxweuhdnv ri pdvv ghprqvwudwlrqv diwhu orqj shulrgv ri fodp/ ru
wkhlu frpsdudwlyho| vkruw gxudwlrq1 Iru wkhvh uhdvrqv/ wkh orj0orjlvwlf prgho vhhpv wr eh wkh pruh surplvlqj
dssurdfk wr wkh vwxg| ri pdvv srolwlfdo ehkdylru1

' (��	���
��

Zh kdyh suhvhqwhg d vwrfkdvwlf prgho ri pdvv froohfwlyh dfwlrq1 Dv lq jdph0wkhruhwlf prghov wkh djhqwv*
lqfhqwlyhv duh jlyhq e| d sd|0r� pdwul{1 Krzhyhu/ lq frqwudvw wr jdph0wkhruhwlf prghov/ dfwruv duh erxqghgo|
udwlrqdo dqg gr qrw vkduh frpprq nqrzohgjh ri wkh vwudwhjlf dvshfwv ri wkh froohfwlyh ghflvlrq vlwxdwlrq1
Zh dujxh wkdw vxfk d prgho lv sduwlfxoduo| zhoo0vxlwhg wr wkh vwxg| ri pdvv srolwlfdo ehkdylru vxfk dv
ghprqvwudwlrqv ru yrwlqj lq pdvv hohfwlrqv1 Qrw rqo| grhv wkh prgho pdnh ohvv ghpdqglqj dvvxpswlrqv
derxw wkh dfwruv udwlrqdolw| dqg nqrzohgjh/ lw dovr surylghv d plfur0irxqgdwlrq iru pdvv frruglqdwlrq lq
srolwlfdo hqylurqphqwv dqg |lhogv xqltxh suhglfwlrqv zkhuh wkh jdph0wkhruhwlf dqdo|vlv suhglfwv pxowlsoh/
txdolwdwlyho| gl�huhqw rxwfrphv1

Wkh dssurdfk lv wkhq dssolhg wr Sdoiuh| dqg Urvhqwkdo*v +4<;7, prgho ri froohfwlyh dfwlrq dqg lv vroyhg
iru wkh xqltxh olplwlqj glvwulexwlrq1 Xvlqj lwv surshuwlhv zh duh deoh wr uhsolfdwh vrph ri wkh nh| uhjxodulwlhv
lghqwl�hg e| wkh hpslulfdo olwhudwxuh rq srolwlfdo surwhvw= pdvv surwhvwv xvxdoo| duh uduh/ vxgghq hyhqwv ri
frpsdudwlyho| vkruw gxudwlrq> wkh| rffxu lq zdyhv ru foxvwhuv dqg duh iuhtxhqwo| xqh{shfwhg1 Pruhryhu/ pdvv
froohfwlyh dfwlrq lv srvvleoh lq wkh devhqfh ri dq| frruglqdwlrq ghylfh1 Zh �qdoo| vkrz wkdw rxu prgho fdq

58Wklv lv qr frlqflghqfh1 Vhh \rxqj +4<<;,1
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eh xvhg wr jlyh d irupdo �dv0li� lqwhusuhwdwlrq ri jdph0wkhruhwlf froohfwlyh dfwlrq prghov1 Rqfh wkh olqndjh
wr jdph0wkhruhwlf prghov lv frpsohwhg/ wkh prgho fdq eh xvhg dv wr vhohfw d xqltxh Qdvk htxloleulxp1

Rxu prgho*v irfxv lv rq pdvv ehkdylru1 D qdwxudo qh{w vwhs zrxog eh wr lqfrusrudwh ghflvlrq pdnlqj
e| +frpshwlqj, srolwlfdo holwhv1 Rwkhu h{whqvlrqv lqfoxgh wkh vwxg| ri ulrwv dqg pdvv ylrohqfh/ wxuqrxw lq
hohfwlrqv/ ru yrwhu frruglqdwlrq lq pxowl0fdqglgdwh hohfwlrqv1

��#����	��

^4` Ehqgru/Mrqdwkdq/ Gdqlho Glhuphlhu/ dqg Plfkdho P1 Wlqj1 53331 �D Ehkdylrudo Prgho ri Wxuqrxw�1
Plphr1 Judgxdwh Vfkrro ri Exvlqhvv1 Vwdqirug Xqlyhuvlw|1

^5` Eoxph/ Odzuhqfh H1 4<<61 �Wkh Vwdwlvwlfdo Phfkdqlfv ri Vwudwhjlf Lqwhudfwlrq�1 Jdphv dqg Hfrqrplf
Ehkdylru 7=6;:07571

^6` Eoxph/ Odzuhqfh H1 4<<:1 �Srsxodwlrq Jdphv�1 Lq Z1 Euldq Duwkxu/ Vwhyhq Q1 Gxuodxi/ dqg Gdylg D1
Odqh/ hgv1 Wkh Hfrqrp| dv dq Hyroylqj Frpsoh{ V|vwhp LL1 Uhdglqj= Dgglvrq0Zhvoh|1

^7` Fkrqj/ Ghqqlv1 4<<41 Froohfwlyh Dfwlrq dqg wkh Flylo Uljkwv Pryhphqw1 Fklfdjr= Xqlyhuvlw| ri Fklfdjr
Suhvv1

^8` GhQdugr/ Mdphv1 4<;81 Srzhu lq Qxpehuv1 Sulqfhwrq= Sulqfhwrq Xqlyhuvlw| Suhvv1

^9` Hfnvwhlq/ Kduu|14<<31 �Pruh Derxw Dssolhg Srolwlfdo Vflhqfh1� SV= Srolwlfdo Vflhqfh dqg Srolwlfv 56=870
891

^:` Iudqflvfr/ Urqdog D1 4<<61 �Wkhrulhv ri Surwhvw dqg wkh Uhyroxwlrqv ri 4<;<�1 Dphulfdq Mrxuqdo ri
Srolwlfdo Vflhqfh 6: +Dxjxvw,=99609;31

^;` Iulhgpdq/ Mh�uh|1 4<<91 Wkh Udwlrqdo Fkrlfh Frqwuryhuv|1 Qhz Kdyhq= \doh Xqlyhuvlw| Suhvv1

^<` Ixghqehuj/ Guhz/ dqg Gdylg Ohylqh1 4<<;1 Wkh Wkhru| ri Ohduqlqj lq Jdphv1 Fdpeulgjh= PLW Suhvv1

^43` Judqryhwwhu1 Pdun1 4<:;1 �Wkuhvkrog Prghov ri Froohfwlyh Ehkdylru�1 Dphulfdq Mrxuqdo ri Vrflrorj|
;6=47530761

^44` Juhhq/ Grqdog/ dqg Ldq Vkdslur1 4<<71 Sdwkrorjlhv ri Udwlrqdo Fkrlfh Wkhru|1 Qhz Kdyhq= \doh Xql0
yhuvlw| Suhvv1

^45` Nrrspdqv/ Uxxg1 4<<61 �Wkh G|qdplfv ri Surwhvw Zdyhv= Zhvw Jhupdq|/ 4<98 wr 4<;<1� Dphulfdq
Vrflrorjlfdo Uhylhz 8;+Rfwrehu,=96:098;1

^46` Nxudq/ Wlpxu 4<<41 �Qrz ru Qhyhu= Wkh hohphqw ri vxusulvh lq wkh Hdvwhuq Hxurshdq uhyroxwlrq ri
4<;<1� Zruog Srolwlfv 77 +Rfwrehu,=:07;1

^47` Orkpdqq/ Vx}dqqh1 4<<71 �Wkh G|qdplfv ri Lqirupdwlrq Fdvfdghv= Wkh Prqgd| ghprqvwudwlrqv lq
Ohls}lj/ Hdvw Jhupdq|/ 4<;<0<41� Zruog Srolwlfv 7: +Rfwrehu,=7504341

^48` PfIdgghq/ Gdylg1 4<:61 �Frqglwlrqdo Orjlw Dqdo|vlv ri Txdolwdwlyh Fkrlfh Ehkdylru1� lq S1 ]duhpend/
hg1/ Iurqwlhuv lq Hfrqrphwulfv1 Qhz \run= Dfdghplf Suhvv1

^49` P|huvrq/ Urjhu E1 4<<:1 �Srsxodwlrq Xqfhuwdlqw| dqg Srlvvrq Jdphv1� FPVHPV Glvfxvvlrq sdshu
Qr1 4435U1 Qruwkzhvwhuq Xqlyhuvlw|

^4:` Rolyhu/ Sdphod H1 4<<61 �Irupdo Prghov ri Froohfwlyh Dfwlrq1� Dqqxdo Uhylhzv ri Vrflrorj| 4<=5:406331

^4;` Rolyhu/ Sdphod H1/ dqg Jhudog Pduzhoo1 4<;;1 �Wkh Sdudgr{ ri Jurxs Vl}h lq Froohfwlyh Dfwlrq= D
Wkhru| ri wkh Fulwlfdo Pdvv LL1� Dphulfdq Vrflrorjlfdo Uhylhz 86 +Iheuxdu|,=40;1

^4<` Rovrq1 Pdqfxu1 4<981 Wkh Orjlf ri Froohfwlyh Dfwlrq1 Fdpeulgjh= Kduydug Xqlyhuvlw| Suhvv1
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^53` Rss/ Nduo0Glhwhu/ Shwhu Yrvv/ dqg Fkulvwldqh Jhuq1 4<<81 Ruljlqv ri d Vsrqwdqhrxv Uhyroxwlrq= Hdvw
Jhupdq|/ 4<;<1 Dqq Dueru= Xqlyhuvlw| ri Plfkljdq Suhvv11

^54` Sdoiuh|/ Wkrpdv U1/ dqg Krzdug Urvhqwkdo1 4<;71 �Sduwlflsdwlrq dqg wkh Surylvlrq ri Glvfuhwh Sxeolf
Jrrgv= D Vwudwhjlf Dqdo|vlv1� Mrxuqdo ri Sxeolf Hfrqrplfv 57=4:404<61

^55` Sdulnk/ Vxqlwd/ dqg Fkduohv Fdphurq1 4<<<1 �D Wkhru| ri Ulrwv dqg Pdvv Srolwlfdo Ylrohqfh1� Plphr1
Ghsduwphqw ri Srolwlfdo Vflhqfh1 Zdvklqjwrq Xqlyhuvlw|1

^56` Vfkhoolqj/ Wkrpdv F1 4<:;1 Plfur0Prwlyhv dqg Pdfur0Ehkdylru1 Qhz \run= Z1 Z1 Qruwrq

^57` Wd|oru/ Krzdug P1/ dqg Vdpxho Nduolq1 4<<71 Dq Lqwurgxfwlrq wr Vwrfkdvwlf Prgholqj1 Vhfrqg Hglwlrq1
Ervwrq hw do1=Dfdghplf Suhvv

^58` \rxqj/ K1 Sh|wrq1 4<<61 �Wkh Hyroxwlrq ri Frqyhqwlrqv�1 Hfrqrphwulfd 94=8:0;71

^59` \rxqj/ K1 Sh|wrq1 4<<;1 Lqglylgxdo Vwudwhj| dqg Vrfldo Vwuxfwxuh1 Sulqfhwrq= Sulqfhwrq Xqlyhuvlw| Suhvv1
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