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Abstract

While equilibrium allocations in models with incomplete markets are generally not

Pareto-eÆcient, it is often argued that quantitative welfare losses from missing assets are

small when time-horizons are long and shocks are transitory. In this paper we use a

computational analysis to show that even in the simplest in�nite horizon model without

aggregate uncertainty welfare losses can be substantial.

Furthermore we show that in this model welfare losses from incomplete markets do not

necessarily disappear when agents become more patient. We identify two scenarios under

which this is the case. First, when the economic model is calibrated to higher frequency

data, the persistence of negative income shocks must increase as well. In this case, the

welfare loss of incomplete markets remains constant even as agents' rate of time preference

� ! 1. Secondly, for a �xed speci�cation of endowment processes, an exogenous decrease

of agents' rate of discounting should not a�ect their abilities to borrow. With exogenous

borrowing constraints, the incomplete markets welfare does not converge to the complete

markets welfare.

�The authors thank Ken Judd for helpful discussions on the subject.
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1 Introduction

It is well known that competitive equilibria are generally not Pareto-eÆcient when �nancial

markets are incomplete. However, in the applied literature it is often argued that incomplete

markets 'do not matter' and that the welfare losses due to missing �nancial securities are quan-

titatively small. This argument comes in two parts. First, following Lucas' (1987) observation

on the welfare costs of business cycles, it is argued that the welfare gains from risk sharing are

quantitatively small. A second argument states that in a model with transitory shocks and

patient agents a single bond often suÆces to realize most of the potential welfare gains from

risk sharing and that the welfare gains from additional assets are very small.

Comparing the welfare agents achieve in autarky to the complete-markets welfare in a real-

istically calibrated model where agents have von-Neumann-Morgenstern utility with relatively

low risk aversion, one readily notices that the di�erences are often small in terms of wealth

equivalences. However, this observation crucially depends on the speci�cation of preferences

and endowment shocks (see e.g. van Wincoop (1999) for examples where there are substantial

gains from risk sharing). In models where even the welfare gains from prefect risk sharing are

small, it is clear that market incompleteness cannot have large e�ects on welfare - the autarky

welfare provides a lower bound on any equilibrium welfare. In determining the quantitative

welfare e�ects of incomplete markets one therefore has to view welfare losses from missing

assets relative to the welfare achieved in autarky. A more interesting question is then to deter-

mine what percentage of the total welfare gains from perfect risk sharing can be realized with

a limited number of assets.

We consider a simple in�nite horizon model with 2 types of agents and with a single bond.

Using Heaton and Lucas' (1996) calibration of idiosyncratic shocks to yearly US data we show

that with a single bond there are likely to be substantial gains from additional �nancial assets.

Using the algorithm developed in Judd et al. (1998), we compute approximate incomplete-

markets equilibria. In order to argue that our results are not caused by the fact that we are

only computing �-equilibria we recompute the welfare losses for a Huggett (1993) style economy

with a continuum of ex ante identical agents and �nd similar results. We consider the e�ect of

agents' risk aversion and of the magnitude of the shock on welfares. Somewhat surprisingly we

�nd that the relative (to autarky) welfare losses from incomplete markets generally decrease as

agents' risk aversion increases or as the magnitude of the shock increases. This �nding shows

that it is not possible to project results which are found in models with low welfare gains of

risk sharing to models with high welfare gains.

A di�erent argument against the importance of market incompleteness is that in models

with transitory shocks, patient agents, and long time horizons a single bond suÆces to smooth

out negative endowment shocks (see e.g. Constantinides and DuÆe (1996) or Levine and Zame

(1999)). Levine and Zame (1999) show that in a Lucas (1978) style exchange economy with
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Markovian endowment shocks and an implicit debt constraint agents' welfare converges to the

complete markets welfare as the discount factor � converges to one. We quantify the speed of

convergence using our calibrated economy and we demonstrate that welfares do not converge if

there is aggregate uncertainty which is not traded. In this case welfare losses from incomplete

markets decrease substantially as � increases from 0:9 to 0:996 but it remains approximately

constant after this.

The main contribution of the paper is to show that even without aggregate uncertainty,

the result and conclusion of Levine and Zame (1999) depend on two crucial assumptions which

are not very realistic.

First, one has to consider a sequence of economies, which distinguish themselves only

by agents' discount factors. However, realistic calibration of an economic model must mean

that the discount factor depends on the length of a period. While one can argue that daily

trading in �nancial assets is possible and that a realistic � should therefore be close to one,

one must then also calibrate endowment shocks appropriately. In particular, the persistence

of shocks must increase as the length of a period decreases. When considering a sequence

of economies in which the persistence of shocks increases with beta in a way which ensures

that the complete markets sharing rule remains the same (i.e. the length of a period shortens

without changing the complete markets allocation) the welfare losses from incomplete markets

remain approximately constant and, contrary to the result of Levine and Zame (1999), do not

converge to zero. A crude approximation of agents' value function explains intuitively why one

cannot possibly expect convergence in this case.

Second, Levine and Zame (1999) impose an implicit debt constraint to rule out Ponzi

schemes. Explicit and tighter debt constraints obviously lead to larger welfare losses and we

argue that the assumption of an implicit debt constraint is not the natural assumption to make

in this model. In particular the implicit debt constraint is not the weakest constraint which

ensures the existence of a solution to the agent's problem. Following up on a remark in Magill

and Quinzii (1994) we show that there exist constraints which result in the Arrow-Debreu

allocation as an equilibrium allocation even if there is only one bond. As the discount factor �

converges to one, the implicit debt constraint converges to �1 and in equilibrium agents take

on more and more debt. An explicit debt or liquidity constraint which remains �nite for all �

seems to be a more realistic assumption if one wants to hold the length of the period constant

and argue that � is close to one for other reasons. For example, if one wants to argue that

the real annual interest rate is around 1 percent and that therefore even for a yearly model �

should be around 0.99, the implicit debt constraint assumes that agents can borrow up to 100

times their worst-shock individual endowments (without any collateral). If one reduces the

amount they are allowed to borrow to a more realistic 2 times their worst-shock endowments

there is a substantial welfare loss.
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An important issue for welfare losses in incomplete markets is the number of assets, their

dividends and the speci�cation of agents' endowments. It is a important but nearly unmanage-

able empirical task to correctly specify the stochastic process of existing assets' dividends and

individual endowments. Since we focus on the long-time-horizon aspect of the problem and ask

how much borrowing is needed for agents to be able to smooth out transitory shocks we con-

sider an incomplete markets economy with a single bond. The theoretical results of the paper

remain valid with any number of assets but it is currently computationally too burdensome to

consider models with more than 1 asset and very patient agents.

The paper is organized as follows. Section 2 describes the standard model of an in�nite-

horizon pure exchange economy. In Section 3 we outline our basic computational strategy and

show that for the calibration of idiosyncratic shocks used in Heaton and Lucas (1996), welfare

losses due to incomplete markets are substantial when compared to autarky. In Section 4 we

show that the incomplete markets welfare does generally not converge to the complete markets

welfare if the length of a period decreases. In this case both the persistence of the endowment

shock as well as the discount factor increase. In Section 5 we argue that the assumption of

an implicit debt constraint which is often made in the theoretical literature (see e.g. Magill

and Quinzii (1994) or Levine and Zame (1994,1999)) has important consequences for agent's

welfare and that it is not a natural assumption. Section 6 concludes the paper.

2 The economic model

We examine an in�nite horizon pure exchange economy with heterogeneous agents and incom-

plete asset markets. Time is indexed by t = 0; 1; 2; :::. A time-homogeneous Markov process of

exogenous states (yt) takes values in a discrete set Y = f1; 2; : : : ; Sg. The Markov transition

matrix is denoted by �: Let � denote the set of all possible histories � of the exogenous states.

A date-event �t is the history of states along a history � up to time t, i.e. �t = (y0y1 � � � yt).

There are S successors of any node �t; namely �ts = (y0y1 � � � yts) for each s 2 Y: Each node

�t; t � 1; has a unique predecessor ��t = (y0y1 � � � yt�1): To simplify notation the event tree

includes the root nodes' predecessor ��0 : The set �t contains all nodes that are possible at time

t. In each date-event � 2 � there is a single perishable consumption good.

We assume that there are �nitely many types of in�nitely-lived agents h 2 H = f1; 2; ::;Hg.

Agent h's individual endowment at time event �t is a function e
h : Y ! IR++ depending on

the current shock yt alone. The aggregate endowment of the economy in state yt is e(yt) =PH
h=1 e

h(yt). Occasionally it will be more convenient to write eh(�). It will then always be

understood that e
h(�) = e

h(y) where � = (��y): Each agent h has a time-separable von-
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Neumann-Morgenstern utility function

Uh(c) = E

(
1X
t=0

�
t
uh(ct)

)
:

We assume that the Bernoulli functions uh(:) : IR++ ! IR are strictly monotone, C2, strictly

concave, and satisfy the Inada property, that is, limx!0 u
0(x) = 1. We also assume that

discount factor � 2 (0; 1) is the same for all agents and that expectations are taken under the

true Markov-probabilities.

Let the matrix

e =

0
BB@

e
1(1) � � � e

1(S)
...

...

e
H(1) � � � e

H(S)

1
CCA

represent possible individual endowments. The vector of utility functions is u = (u1; : : : ; uH).

We collect the primitives of the economy as E = (e; u;�; �):

Arrow Debreu equilibrium

In order to evaluate the welfare e�ects of incomplete markets we de�ne an Arrow-Debreu

equilibrium.

De�nition 1 An Arrow-Debreu equilibrium for an economy E is a collection of prices (p(�))�2�

and a consumption allocation (ch(�))h2H�2� such that markets clear and agents maximize, i.e.

�

P
h2H(c

h(�)� e
h(�)) = 0 for all � 2 �.

� (ch(�))�2� 2 argmaxuh(c) s.t.
P

�2� p(�)(c(�) � e
h(�)) = 0

Financial Markets Equilibrium

In contrast to the Arrow-Debreu equilibrium we want to examine economies where there is a

single one-period bond at each node � 2 � and where agents have to trade in this bond in

order to transfer wealth across time and states.

We de�ne the notion of a �nancial market equilibrium for an economy where agents face

an implicit debt constraints as in Levine and Zame (1999) or Magill and Quinzii (1994).

De�nition 2 A �nancial markets equilibrium for an economy E with a single bond is a process

of portfolio holdings and consumptions (�h(�); ch(�))h2H�2� as well as asset prices (q(�))�2�

satisfying the following conditions:

(1)
PH

h=1 �
h(�) = 0 for all � 2 �.
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(2) For each agent h :

(�h; ch) 2 arg max
�;c

Uh(c) s.t.

c(�) = e
h(�) + �(��)� �(�)q(�)

sup
�2�

jq(�)�(�)j <1

3 A yearly calibration and convergence to Arrow-Debreu

In this Section we present a �rst example. We show that for a model which is calibrated to

yearly data the welfare loss in incomplete markets is substantial when compared to the autarky

outcome. We then demonstrate that in this example the welfare converges to the complete

markets welfare as � ! 1.

3.1 The example economy

Heaton and Lucas (1996) use the income series from the Panel Studies of Income Dynamics to

calibrate processes for idiosyncratic income shocks. In the resulting model the shock can take

2 di�erent values, (eh(1); eh(2)) = (3:77; 6:23). The transition matrix is given by

� =

 
0:75 0:25

0:25 0:75

!

We assume that agents have identical CRRA Bernoulli utilities uh(c) = c1�


1�

where the coef-

�cient of relative risk aversion is given by 
. We vary both risk aversion and the magnitude

of the shock, we compute equilibria for 
 2 f0:5; 1:5; 2:5g and for e
h(1) 2 f2; 3; 3:77g. In

the reported examples we assume that there are two agents. For the cases without aggregate

uncertainty, it is understood that e2(y) = 10� e
1(y) for all y 2 Y .

3.2 Computational procedure

In all examples below we assume that there are two types of agents in the economy. We

assume that there exist a recursive equilibrium where the interest rate and the agents' portfolio

choice are functions of the last-period portfolio and the current shock alone. While with

�nitely many agents recursive equilibria of this type do not always exist (see Kubler and

Schmedders (1999)), it is likely that with a single bond and only two states they usually do

exist. We use the computational procedure developed in Judd et al (1998) to approximate

these equilibria numerically. Unfortunately there is no formal procedure that assures that

the computed welfares are close to the actual equilibrium welfares. However, we choose the

number of spline-nodes in such a way that the maximum relative error in the agents' Euler
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equations lies consistently below 10�8. For the results in Table 1 below we then recompute the

welfare loss for an economy with a continuum of i.i.d ex ante identical agents. It follows from

Huggett (1993) and Aiyagari (1994) that in these economies a recursive equilibrium always

exists and the price of the bond is constant across states and time. While there are no formal

techniques which can be used to evaluate how close the computed equilibrium price is to the

true equilibrium price of the bond, given an equilibrium price, the dynamic programming

techniques in Santos (1998) can be applied to �nd error-bounds on the true welfares agents

achieve. Moreover, for our simple two-state problem upper bounds on the true equilibrium

price can be established.

As already reported in den Haan (1999) the di�erences in welfare are very small (at least

when there are no borrowing constraints). For computational reasons we focus on the case

of two agents for the rest of the paper. With aggregate uncertainty equilibrium prices in the

Huggett-model will depend on the distribution of wealth (see Krusell and Smith (1998)) and

there are no computational techniques which can compute equilibrium welfares with suÆcient

precision.

In order to approximate equilibria for models with an implicit debt constraint we follow

the procedure in Zhang (1997) to determine the theoretical borrowing limits. An implicit

debt constraint implies that at all nodes agents must be able to pay o� their debt in �nite

time. Therefore, it is must be impossible that the interest payment on debt exceeds an agent's

endowment. For a model without aggregate uncertainty, we approximate this debt limit by

�
1

1��
- since the equilibrium price will always be above � the true limit might be larger -

however, the additional welfare gained is negligible and we can focus on this approximation.

In models with aggregate uncertainty q(s) < � in all states s with a bad aggregate shock. In

these cases we start with a conservative estimate and increase the set of admissible portfolio

holdings when necessary.

Welfare

In order to evaluate the welfare losses from incomplete �nancial markets we compute the

wealth equivalent of the welfare loss from incomplete markets and put this in relation to the

welfare loss from autarky (i.e. from a situation where ch(�) = e
h(�) for all � 2 �). Given our

speci�cation of preferences (which we will use throughout the paper), we can derive an analytic

solution for the complete markets outcome. We then compute the welfare loss � as follows.

Let W h
CM ;W

h
A;W

h
B denote the wealth equivalents of agent h's utility for complete markets,

autarky and incomplete markets with a single bond respectively, i.e. W h = ((1�
)Uh)1=(1�
).

Then

�
h =

(W h
CM �W

h
B)=W

h
CM

(W h
CM �W h

A)=W
h
CM

=
W

h
CM �W

h
B

W h
CM �W h

A

:
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For economies with no aggregate uncertainty it is clear that �h is a very sensible measure for

agent h's welfare loss. Since each agents' consumption is identical across all nodes, �h measures

how much of this consumption (at each node) an agent would be willing to give up to avoid

the incomplete markets economy and put this in relation to how much the agent would be

willing to give up to avoid autarky. Without aggregate uncertainty this is then equivalent to

computing how much consumption the agent would be willing to give up at time t = 0.

3.3 Results

Table 1 displays the welfare losses (in percent) due to a missing second asset for di�erent

speci�cations of the shock and of preferences. The economy starts in state y0 = 1: In each

entry of the table, the �rst number is the welfare loss for agent 1 who starts with a bad

idiosyncratic shock, the second number is the welfare loss for agent 2 who starts with a good

idiosyncratic shock.

shock 
 = 0:5 
 = 1:5 
 = 2:5 
 = 3:5

(2,8) 12.0037 16.4969 8.0027 14.3480 5.9018 11.5214 4.4070 11.2448

(3,7) 12.0753 13.4989 11.0493 12.8368 10.9580 12.8607 10.6737 13.1865

(3.77,6.23) 12.7238 13.1545 12.4901 13.1238 12.5803 13.3058 12.5821 13.5719

(4.5,5.5) 12.9695 13.0886 12.9233 13.1212 12.8937 13.1718 12.8789 13.2411

Table 1: Welfare gains from complete markets.

While for almost all cases the welfare loss from incomplete markets is substantial, the

changes of the welfare loss as the magnitude of the shock changes or as risk aversion changes

seem counterintuitive at �rst. In order to understand these changes, note that an increase

of the magnitude of the shock has two e�ects. If an agent starts in his good shock, due to

discounting, an increase of �rst period endowments tend to increase his utility. On the other

hand, with imperfect risk-sharing opportunities, the increase of the magnitude of the shock

tends to decrease welfare. With complete �nancial markets only the �rst e�ect is relevant - as

the magnitude of the shock increases the �rst agent is better o� while the second agent is worse

o�. In the autarky allocation the second e�ect is always much stronger than the �rst - both

agents lose as the magnitude of the shock increases. With incomplete �nancial markets, these

two e�ects tend to o�set each other. This explains that the �rst agent's welfare loss generally

decreases as the shock increases while this e�ect is much less signi�cant for the second agent.

The �rst agents complete markets welfare decreases while the second agent's complete market

welfare increases.

Finally there is a third e�ect which explains why welfare losses for the �rst agent (and

for large shocks also for the second agent) decrease as risk aversion increases. A higher risk
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aversion leads to a lower equilibrium interest rate. An agent can borrow more easily to self-

insure against the endowment shock. For example, the fact that the �rst agent's welfare loss

is so small for the case of high risk aversion and the large idiosyncratic shock can be explained

by the fact that the larger shock does lead to more income risk for the agent - but since there

is a single bond and the interest rate is relatively low the large income shock can be mostly

smoothed out by borrowing.

Patience

The economies considered above are calibrated to yearly data and in most assets (certainly in

bonds) the frequency of trade is much higher. Following Levine and Zame's (1999) theoretical

analysis we decrease the agents discount factors. We focus on the calibration of preferences

from Heaton and Lucas (1996) and �x 
 = 1:5. We consider two speci�cations of the shock,

e
h = (3:77; 6:23) and eh = (2; 8) and we vary � to roughly match the interest rate for two-year,

yearly, quarterly, monthly and weekly data, i.e. we choose � 2 f0:9; 0:95; 0:99; 0:996; 0:999g.

Table 2 shows the welfare losses as agents become more and more patient for both endow-

ment speci�cations.

� small shock large shock

0.9 21.1735 23.6049 14.4033 26.9125

0.95 12.4901 13.1238 8.0027 14.3480

0.99 2.8714 2.8751 2.2266 2.7610

0.996 1.1718 1.1756 1.0065 1.1560

0.999 0.0469 0.0471 0.2753 0.2786

Table 2: Welfare convergence as � ! 1:

Without aggregate uncertainty there is fast convergence to the complete-markets welfares

for both speci�cations of the shock.

Aggregate uncertainty

As Levine and Zame point out, their result does generally not necessarily hold when there is

aggregate uncertainty that is not traded. We will argue in Section 5 that the convergence result

for an economy without aggregate uncertainty is a knife-edged case that crucially depends on

the assumption of an implicit debt constraint.

However, it turns out that with little aggregate uncertainty, the welfare loss from incom-

plete markets decreases substantially as agents become more patient. In order to quantify the

behavior of economies with aggregate uncertainty, we introduce an aggregate shock of approx-

imately 6 percent of aggregate endowments, which is independent of the idiosyncratic shock,
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i.e. we have 4 states and individual endowments are given by

e
1 = (3:77�0:97; 3:77�1:03; 6:23�0:97; 6:23�1:03) and e

2 = (6:23�0:97; 6:23�1:03; 3:77�0:97; 3:77�1:03)

The transition matrix is given by

� =

0
BBBB@

0:375 0:375 0:125 0:125

0:375 0:375 0:125 0:125

0:125 0:125 0:375 0:375

0:125 0:125 0:375 0:375

1
CCCCA

Table 3A shows how the welfare loss decreases with �. While for low � the increase in

incomplete markets welfare is substantial it seems to converge to a welfare bounded away from

the complete markets welfare.

� welfare gains

0.9 20.1940 24.3118

0.95 11.4386 14.0907

0.99 3.2420 3.8148

0.996 1.9591 2.2411

0.999 1.0648 1.1125

0.9995 0.7978 0.8110

Table 3a: Welfare gains with small aggregate uncertainty.

While this cannot be veri�ed computationally we repeat the same experiment for a much

larger idiosyncratic shock of 20 percent. While preferences and probabilities are held constant,

the endowments are now given by

e
1 = (3:77 � 0:9; 3:77 � 1:1; 6:23 � 0:9; 6:23 � 1:1) and e

2 = (6:23 � 0:9; 6:23 � 1:1; 3:77 � 0:9; 3:77 � 1:1)

� welfare gains

0.9 21.5106 29.2299

0.95 14.6742 19.0034

0.99 7.9387 8.8004

0.996 6.5683 6.8471

0.999 5.9068 5.9744

0.9995 5.8063 5.8416

Table 3b: Welfare gains with large aggregate uncertainty.
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Table 3B shows that with substantial aggregate uncertainty there is no convergence in

welfares. While the welfare loss decreases substantial up to � = 0:996 it remains almost

constant after this. One possible explanation for the initial decrease is that with higher �

the persistence of the negative shock plays a less important role (we will make this argument

precise in Section 4 below). In order to isolate the role of persistence we now assume that all

shocks are iid.

� welfare gains

0.9 9.7598 11.1444

0.95 6.0533 6.7915

0.99 2.9724 3.2302

0.996 2.4902 2.5853

0.999 2.1861 2.2057

0.9995 2.1433 2.1530

Table 4: Welfare gains with i.i.d. shocks.

Table 4 shows that even with iid shocks agents' incomplete-markets welfare initially in-

creases (compared to autarky and complete markets) as � increases from 0.9 to 0.99. However,

after that initial increase, the welfare loss seems to converge to around 2 percent.

The initial increase in welfare as well as the fact that welfare remains bounded away from

the complete markets welfare can be explained as follows. As Levine and Zame point out, the

reason why welfares converge in an economy without aggregate uncertainty is that as � ! 1,

the interest rate becomes bounded above by 1. In this case the implicit debt constraint does

no longer keep agents from borrowing at each bad shock. (We will come back to this in more

detail in Section 5 below and argue why an explicit debt constraint might be a more realistic

assumption.) With aggregate uncertainty, however, the interest rate in the bad aggregate state

usually remains bounded away from zero even as � ! 1. This follows from the agents' Euler

equations - at least one agent has to have more consumption in one of the future good aggregate

states than today. With only one bond, by concavity, this implies that the price of the bond

has to be bounded away from one, even if � is arbitrarily close to one. However, initially,

as � increases from 0.9 to 0.99 the interest rate decreases substantially, even with aggregate

uncertainty. This implies that the implicit debt constraint moves further out and agents have

more opportunities to borrow and insure against the negative idiosyncratic shock. When the

aggregate shock is big, welfare losses become small right after � = 0:99. A further increase in

� obviously has insigni�cant e�ects on the interest rate and the resulting increase in welfare

is insigni�cant as well. However, with a small aggregate shock, the interest rate is very close

to one, and increasing � from 0:99 to 0:996 increases agents' ability to borrow substantially.

Thereafter, however, even small aggregate uncertainty ensures that the incomplete markets
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welfares do not converge to the complete markets welfare.

4 Persistence

For economies without aggregate uncertainty Levine and Zame (1999) show that the incomplete

markets welfare converges to the complete markets welfare as agents become more and more

patient. The simple examples of the previous section demonstrate that even with aggregate

uncertainty the welfare losses due to incomplete �nancial markets tend to decrease substantially

when agents rate of discounting decreases. However, it is not clear why this result should have

any economic signi�cance since positive discounting is a fairly widely accepted assumption on

agents' utilities. It is important to emphasize that the result implies nothing for a sequence of

economies where assets can be traded more and more often. In this case, the shocks as well as

the agents' discount factors will change. Since we use homothetic preferences the actual size of

endowments is irrelevant, however the persistence of a negative income shock must be adjusted

when the economy is calibrated to higher frequency data. If the persistence of a negative shock

is 0.75 for an economy calibrated to quarterly data, the probability of having 4 negative shocks

in one year is only 0:316.

In this section we want to consider a sequence of economies where the persistence of the

negative shock increases as � converges to one. We change the persistence of the shock to ensure

that the complete markets sharing rule remains constant. If calibration is taken seriously, the

complete-markets allocation of a given economy should be independent of the choice of the

length of a period. The following proposition shows that one can determine unambiguously

how the persistence has to change to leave the complete markets allocation constant.

Proposition 1 Let (ch)h2H be a consumption allocation in an Arrow-Debreu equilibrium of

the economy E = (e; u;�0; �0): Then (ch)h2H is also an equilibrium allocation for the economy

~E = (e; u;�1; �1) with �1 � �0 if �1 satis�es

�1(yjs) =
�0

�1

1� �1

1� �0
�0(yjs) (1)

for all y; s 2 Y with y 6= s.

The following lemma is needed to prove the proposition.

Lemma 1 Let 0 < �0 � �1 < 1 and �0 be a transition matrix. Then

[I � �0�0] =
1� �1

1� �0
[I � �1�1]

for the transition matrix �1 with

�1(yjs) =
�0

�1

1� �1

1� �0
�0(yjs)
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for all y; s 2 Y with y 6= s:

Proof.

Direct computation proves the lemma: The o�-diagonal elements of [I � �1�1] equal

��1�1(yjs) = ��1
�0

�1

1� �1

1� �0
�0(yjs)

=
1� �1

1� �0
(��0�0(yjs))

and the diagonal elements equal

1� �1(1�
X
y 6=s

�1(yjs)) = 1� �1(1�
X
y 6=s

�0

�1

1� �1

1� �0
�0(yjs))

= 1� �1 +
1� �1

1� �0
�0

X
y 6=s

�0(yjs)

=
1� �1

1� �0
(1� �0 + �0

X
y 6=s

�0(yjs)): 2

Proof of the Proposition.

By the �rst welfare theorem individual consumptions in an Arrow-Debreu equilibrium solely

depend on the exogenous shock y. Therefore the (necessary) �rst-order conditions for agents'

optimality imply that prices only depend on the exogenous shock as well and that the S prices

are given by

p = [I � ��]�1 diag(u01(cs))

where diag(u01(cs)) denotes a diagonal matrix with the element u01(c
1
s) in the sth row. There-

fore relative prices do not change if [I � ��]�1 is multiplied by a positive number and the old

equilibrium allocation remains feasible. It is clear from the agents' �rst-order conditions that

it also remains optimal. 2

In order to illustrate the proposition, consider the speci�cation from Section 3 above. With

only two states, the persistence of the income shock has to increase with beta in the following

way.

�11(0:95) = 0:75, �11(0:99) = 0:9520, �11(0:996) = 0:9809 and �11(0:999) = 0:9952:

Note that Lemma 1 implies that for � converging to one �(yjy) also converges to one for all

shocks y; and �(yjs) converges to zero for all y 6= s: The resulting economies then have the

property that the complete-markets allocation remains constant. With such an increase of

13



persistence one would expect the convergence of incomplete-markets welfare to the complete

markets welfare to be at least slower. As it turns out, (even when there is no aggregate

uncertainty) there will be no convergence and �
h remains almost constant.

An increase in � with the associated increase in persistence changes each agent h's utility

in the Arrow Debreu equilibrium by 1��0
1��1

. It is easy to verify that the ratio of autarky welfare

to complete markets welfare does not change by such a simultaneous change in � and �. By

the recursive structure of the economy the autarky welfare for the S possible shocks is given

by 0
BB@

U
h
A(1)
...

U
h
A(S)

1
CCA = [I � ��]�1

0
BB@

uh(e
h(1))
...

uh(e
h(S))

1
CCA :

By Lemma 1, when � increases and � changes accordingly, (I � ��) is multiplied by (1 �

�0)=(1 � �1) and the ratio of complete markets utility to autarky utility does not change.

In order to determine the change in the incomplete-markets utility and in � we compute an

equilibrium for several example economies. We �x the idiosyncratic shock to the Heaton and

Lucas speci�cation (i.e. e
h
2 f3:77; 6:23g) and the coeÆcient of relative risk aversion to 1:5.

We consider the case without aggregate uncertainty as well as the two examples with aggregate

uncertainty from Section 3 above. The small aggregate shock is approximately 6 percent, the

large is approximately 20 percent. For � = 0:95 we �x � as in Section 3 above. Table 5 shows

the changes of welfare for the three cases we consider.

� no aggregate uncertainty small large

0.95 12.4901 13.1238 12.7457 13.5967 14.6742 19.0034

0.99 12.4884 13.1231 16.3286 17.6131 22.5528 25.8788

0.996 12.4723 13.1235 16.4566 18.1582 22.9010 27.1338

0.999 12.4911 13.1375 16.5692 18.4513 23.9440 27.5862

Table 5: No convergence with increased persistence.

In all three examples, there is no convergence to the complete markets welfares. On the

contrary, for the case without any aggregate uncertainty, the welfare losses � remain almost

constant. In the presence of aggregate uncertainty, the welfare loss increases as � increases.

No aggregate uncertainty

It seems quite surprising that without aggregate uncertainty, the welfare losses remain almost

constant. This result is robust with respect to preferences and shocks: we considered larger

idiosyncratic shocks and di�erent risk aversions as in Section 3 and in all cases the changes in

� turn out to be insigni�cant.
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In order to gain an intuition for this, we consider the agents' maximization problem in an

economy without aggregate uncertainty and we show that if q = �, an increase in beta, to-

gether with an increase in persistence will leave (normalized) utility approximately unchanged.

Consider the agent's problem

max
�;c

Uh(c) s.t. c(�) = e
h(�) + �(��)� �(�)q and sup

�2�

jq(�)�(�)j <1

Under the Markovian structure, with time-separable utility, it is well known how to formulate

this as a dynamic programming problem. In particular, the optimal choice at node � will

be a function of the current shock y and last periods bond holding �(��). There exists a

di�erentiable value function V
h such that the Bellman equation

V
h(��; y) = max

�2�
u
h(eh + �� � q�) + �

X
s2Y

�(sjy)V h(�; y)

is satis�ed.

Consider two optimization problems, one with �0;�0 and price q0 = �0 and one with

�1 > �0, price q1 = �1 and �1 calculated according to Equation 1. If Vy and ~Vy (we drop

the agent's superscript since we consider only an optimization problem) denote the associated

value functions, we have that up to a �rst-order approximation

Vy(�) �
1� �1

1� �0

~Vy(�
1� �0

1� �1
) for all admissible � 2 � and all y 2 Y

In order to verify this, denote by ~�y(:) the optimal policy function for �1;�1 and de�ne �y(�) =
1��1
1��0

~�y(
1��0
1��1

�). This is certainly a feasible trading strategy (i.e. does not violate the implicit

debt constraint) under q0 if ~� is feasible under q1: Let cy(�) be the consumption induced by

�y(�) given price q0. Let D(y) denote the di�erence between consumption under �1 given

portfolio � 1��1
1��0

and consumption under �0 given � and the policy rule �(�), i.e.

D(y) := ~cy(�
1� �0

1� �1
)� cy(�) 6= 0

Substituting the budget constraints and using �i = qi we obtain

D(y) = � � (
1� �0

1� �1
�

1� �1

1� �1
)� �1

~�(
1� �0

1� �1
�) + �0

1� �1

1� �0

~�(
1� �0

1� �1
�)

Therefore, equivalently,

D(y) =
�1 � �0

1� �0
(
1� �0

1� �1
� � ~�(

1� �0

1� �1
�)):

By symmetry, it now suÆces to show that for all � (feasible under q0) and all shocks y,

1� �1

1� �0

~Vy(
1� �0

1� �1
�) � u(c(�)) + �0

X
s

�0(sjy)
1� �1

1� �0

~Vs(~�(
1� �0

1� �1
�)) (2)
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Substituting the appropriate �'s we obtain

1� �1

1� �0

~Vy(
1� �0

1� �1
�) � u(c(�)) + �1

X
s

�1(sjy) ~Vs(~�(
1� �0

1� �1
�)) +

�0 � �1

1� �1

1� �1

1� �0

~Vy(~�(
1� �0

1� �1
�))

Now de�ne

� = u(~cy(�
1� �0

1� �1
))� u(cy(�)) +

�0 � �1

1� �0
( ~V (

1� �0

1� �1
�)� ~V (~�(

1� �0

1� �1
�)))

Since for ~�; ~V the Bellman equation must hold,

~Vy(
1� �0

1� �1
�) = u(~cy(�

1� �0

1� �1
)) + �1

X
s

�1(sjy) ~Vy(~�(
1� �0

1� �1
�))

Substituting this, we get that our initial Inequality 2 is equivalent to

0 � �

Since, by the envelope theorem V
0(:; y) = u

0(:); a �rst-order Taylor expansion implies that

� � 0

The second order Taylor-terms will generally not cancel and depending of the curvature of the

utility function they could be non-negligible.

Moreover, in general equilibrium, the price q is not constant across all nodes and will always

lie above �. However, the computational examples show that the changes in welfare are very

small for many realistically calibrated examples.

Aggregate uncertainty

From the calculations in Section 3 above, one would expect that in a model with aggregate

uncertainty the welfare losses should increase with � when persistence increases. However, the

decrease in the incomplete market's welfare is small because the volatility of exchange rates

decreases as the persistence increases. While for � = 0:95 the probability of a good aggregate

shock, given a bad aggregate shock is 0:5 it drops to 0:096 for � = 0:99 and to 0:0382 for

� = 0:996. Therefore the lower bound of the interest rate will convergence to � as � ! 1 and

agents can borrow more and more in order to self-insure against bad aggregate or individual

shocks. For � close to one, an economy with aggregate uncertainty is similar to an economy

without and agents' welfare does not steadily decrease as � and the associated persistence

increase.
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5 Exogenous trading restrictions

While we argue that a discount factor close to 1 must mean that the economy is calibrated to

high-frequency data and that therefore the persistence of negative income shocks has to be very

high as well, it is of independent interest to investigate under which conditions the incomplete

markets welfares converge to the complete markets welfare for a sequence of economies where

only the discount factor changes. For example, one could argue that the real yearly interest-

rate is not much higher than 1 percent and that therefore even for a model which is calibrated

to yearly data, � should be more around 0.99 than 0.95; it is then important to understand

the welfare consequences of such an argument.

It is confusing at �rst that even a little aggregate uncertainty destroys the convergence

result. However, the reason for this is simple. As Levine and Zame (1999) show the equilibrium

bond price will lie above � whenever the Bernoulli function exhibits a convex �rst derivative

(as it is the case for CRRA utility). As beta increases, the bond price converges to one.

The implicit debt constraint then implies that agents can take on more and more debt (for

q(�) � 1 for all � 2 �, the implicit debt constraint is meaningless since agents' debt can

become arbitrarily large and with zero interest rate they can still repay their debt in �nite

time). However, with aggregate uncertainty, the interest rate in a bad aggregate state will

remain bounded away from 1 and the implicit debt constraint remains to have bite.

Without aggregate uncertainty the same phenomenon can be achieved by introducing an

explicit debt constraint which does not explode as � converges to one. As mentioned in the

previous section, one must impose a restriction on portfolio strategies in order to rule out

Ponzi schemes. While choosing an implicit debt constraint as a restriction on trades might

seem innocuous at �rst, it has important e�ects on welfare.

5.1 Implicit debt constraints and weaker restrictions

A typical argument (see e.g. Magill and Quinzii (1994)) for the use of an implicit debt constrain-

t is that it does not constitute a market imperfection since it is never binding in equilibrium.

All explicit, tighter debt constraints are then seen as additional market imperfections that are

imposed in addition to incomplete markets. However, clearly the implicit debt constraint will

restrict agents' choices - consumers must be prevented from running a Ponzi scheme, that is,

from rolling over their debt inde�nitely. While the implicit debt constraint is never binding

in equilibrium, it does a�ect agents' choices in asset markets and hence the equilibrium allo-

cation. There do exist weaker restrictions, which allow agents to achieve their Arrow-Debreu

allocation while still ruling out Ponzi-schemes.
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An Arrow-Debreu Transversality Condition

It is well known that the absence of arbitrage is equivalent to the existence of a present value

state price process p = p(�); � 2 � satisfying for all � 2 �

p(�)q(�) =
X
y2S

p(�y)d(y): (3)

Consider the following restriction on agents' portfolio holding:

lim
t!1

X
�2�t

p(�)q(�)�h(�) = 0; (4)

where p is some present value price process satisfying the no-arbitrage relationship (3).

Magill and Quinzii (1994) develop a similar restriction and call it 'transversality condition.'

They also mention Restriction 4 and realize in a footnote that agents can achieve their Arrow-

Debreu consumption under this restriction with trading in a single bond. However, it has to be

emphasized that this condition is not a necessary or suÆcient condition for agent optimality

but it is imposed exogenously to rule out Ponzi-schemes.

We now show that under Restriction 4, if there is a bond, there always exists a �nan-

cial markets equilibrium which implements the Arrow-Debreu allocation. We �rst need the

following lemma.

Lemma 2 If the transversality condition (4) holds then any feasible trading strategy results in

a consumption process ch satisfying the Arrow-Debreu budget constraintX
�2�

p(�)(ch(�)� e
h(y)) = 0

where � = (��; y):

Proof.

Multiplying the budget constraints for all � 2 �t by p(�) and summing them all up yieldsX
�2�t

p(�)(ch(�)� (eh(�)) = �

X
�2�t

p(�)q(�)�h(�):

Under condition (4) it follows thatX
�2�

p(�)(ch(�)� e
h(�)) = lim

t!1

X
�2�t

p(�)(ch(�)� e
h(�))

= � lim
t!1

X
�2�t

p(�)q(�)�h(�)

= 0

for all h 2 H: 2

The lemma immediately implies the following proposition.
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Proposition 2 Let ((ch)h2H; p) be an Arrow-Debreu equilibrium for an economy E. When

agents' trading strategies are not required to satisfy the implicit debt constraint but instead

Constraint 4, there exists a �nancial markets equilibrium with the equilibrium allocation (ch).

An Explicit Debt Constraint

q(�)�h(�) � �B for all � 2 �; (5)

for some positive number B: While this borrowing constraint forbids agents to enter into a

Ponzi scheme it clearly introduces a market imperfection. We cannot eliminate the possibility

that in equilibrium the debt constraint for agent h is binding for some � 2 � and thereby

altering the nature of the equilibrium.

5.2 A computational example

For � = 0:99 the resulting interest rate lies around 1 percent. For the case of an implicit debt

constraint, an agent whose worst endowment is eh is allowed to borrow up to 100 � eh each

period. If the length of a period is taken to be one year (i.e. the Heaton and Lucas calibration

for the idiosyncratic shock is assumed to be realistic) this implies that agents borrow up to

100 times their yearly income without any collateral. This is clearly an extreme assumption.

In Table 3 we document how the welfare loss of incomplete markets increases as the borrowing

constraint becomes more realistic for the small shock e
h = (3:77; 6:23) as well as for the large

shock e
h = (2; 8). An explicit debt constraint x is taken to imply that the agent is allowed

to borrow up to x times his worst state endowments. For example, for x = 50 and the small

shock, the agent is allowed to borrow 50 � 3:77. The transition matrix is taken from Section 3

above, 
h = 1:5 and � = 0:99.

x small shock large shock

IDC (� 100) 2.8714 2.8751 2.2266 2.7610

50 2.9207 3.2375 2.4799 3.5703

10 3.0999 3.3167 5.6444 7.3962

5 3.8048 5.1845 11.8619 13.7480

4 4.6584 6.2742 14.7715 16.6311

3 6.2742 8.1511 19.1300 20.9157

2 9.7645 11.8943 26.3647 27.9866

1 19.6430 21.8663 40.3742 41.6489

Table 6: Welfare impact of an explicit debt constraint.

Table 6 shows how welfare losses increase as the debt constraint becomes tighter. Surpris-

ingly the increase is insigni�cant when the amount the agent is allowed to borrow decreases
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by 50 percent from the initial implicit debt constraint. For the case of the small shock agents

can smooth out most of their bad shock even if they are only allowed to borrow up to 10 times

their worst endowments. Only when the borrowing constraint becomes very tight does the

welfare loss increase signi�cantly.

6 Conclusion: Incomplete markets matter

In this paper we have shown in the context of simple in�nite-horizon models that the welfare

of economic agents can be severely a�ected by the presence of market incompleteness. The

di�erences between agents' welfare in incomplete and complete markets can be substantial.

Contradicting popular perception we have shown that welfare losses from incomplete mar-

kets do not always disappear when agents become extremely patient. First, when an economic

model is calibrated to higher frequency data, the persistence of shocks must increase as well.

In the in�nite-horizon model under discussion such a calibration results in almost constant

welfare losses of incomplete markets as agents' rate of time preference converges to 1. Second-

ly, for a �xed speci�cation of endowment processes, an exogenous decrease of agents' rate of

discounting should not a�ect their abilities to borrow. With exogenous borrowing constraints,

the incomplete markets welfare does not converge to the complete markets welfare.
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