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1. INTRODUCTION

Disutility of co-workers is an important issue in the labor markets. Sexual harassment is an
example of disutility of co-workers in the workplace. The costs of sexual harassment are enormous.
A typical Fortune 500 corporation can expect to lose $6.7 million. in 1988 dotlars. annually { Working
Woman Magazine). The government itself had lost $189 million between 1978 and 1980 from the
effects of sexual harassment and the loss jumped to $267 million for the year 1985 to 1987.}

Utility of co-workers is equally important. It is not uncommon for a graduating economist to
accept a lower wage offer due to the benefit he expects to gain from the faculty members in the
department. The benefit received often becomes a life-time asset and cannot be under-estimated.
In the NBA labor market people often wonder whether Michael Jordan will play for the Chicago
Bull without Scottie Pippen and Phil Jackson.

This paper studies the job matching model in Kelso and Crawford (1982) with one exception that
co-workers may generate utility or disutility. In their model each firm may hire as many workers as
it wishes and each worker works for only one firm. Thev showed that if firms" production functions
satisfy the gross substitutes condition. then their model has a nonempty core. Roth (1984) provided
a symmetric version of their model in which a worker can take multiple jobs. He showed that if
the (strict) preferences of workers and firms are gross substitutable, the set of pairwise stable
matchings is nonempty. Moreover, he found that the set of stable matchings in this general job
matching model has the same surprising polarization property observed in the marriage problem
in Gale and Shapley (1962).

Kelso and Crawford (1982) and Roth (1984) both assumed that each worker is indifferent over
his co-workers. This leaves open the question how the utility or disutility of co-workers may affect
the core or the set of stable matchings.” The utility or disutility of co-workers does change some
important aspects of the model. We show in an example that a labor market that has a nonempty
core without utility or disutility of co-workers may have an empty core with utility or disutility of
co-workers. It is also true that a labor market that has an empty core without utility or disutility
of co-workers may have a nonempty core with utility or disutility of co-workers. A great number
of sufficient conditions (including the gross substitutes condition) in the literature for a nonempty
core without utility or disutility of co-workers do not provide a sufficient condition for a nonempty

core with utility or disutility of co-workers. This invites a question how to embody them (e.g, the

'The costs do not include the litigation costs or court-awarded damages or the damages to a company’s image.
The data cited here are from the article “Sexual Harassment in the Workplace: a Primer” by Barry S. Roberts and
Richard A. Mann: http://www.uakron.edu/lawrev/robertl. html.

*Kelso and Crawford (1982) stated that ... but each worker is allowed to work only at one firm; further, workers
are indifferent about which other workers their firms hire. The analysis seems significantly more difficult without
these restrictions, and we are not certain if they could be relaxed without changing the results.” The symmetric
version of their model studied by Roth (1984) resolved the issue a worker may take multiple jobs. But the issue of
utility or disutility of co-workers is left unsolved.



gross substitutes condi‘éion) into such a model that each of them becomes a sufficient condition for
a nonempty core with utility or disutility of co-workers. In this paper we use a very simple idea to
show in one way how this may be done.

The approach is as follows. Suppose that a labor market consists of one firms ¢ and three
workers 1.2 and 3. Firm ¢ has a production function f; which is a set function on the set of all
subsets of workers {1.2.3}. Each worker has a utility function over his co-workers and the utility
function may well depend on the firm he is hired. For example worker 1 may have a utility function
u1(S;.1) if he is hired by firm ¢ and his co-worker in firm i is S;, where 1 € S; C {1,2.3}. Given
such a labor market. we construct a new labor market without utility or disutility of co-workers.

In the new labor market. the firm ¢ has a new production function®
fi(S) = fu(S) + 3 u(Si1). S C{1.2.3}.
JjES

We assume that a worker in the new labor market only cares about his wage offer from the firm
he is hired. as if there were no utility or disutility of co-workers. Thus, this constructed new
labor market becomes an example of the labor market studied in Kelso and Crawford (1982). It
follows from Kelso and Crawford (1982) that the new labor market has a nonempty core if the
new production function f; satisfies the gross substitutes condition. It remains to show that the
original labor market has a nonempty core as long as the new labor market does. We show that
this is indeed the case.

In the new labor market the core equivalence theorem holds. That is, a core allocation is com-
petitive and a competitive allocation is in the core: see Kelso and Crawford (1982) or Ma (1998a).
With the core equivalence theorem and the new labor market, we may obtain several other sufficient
conditions for a nonempty core for the original labor market. Bikhchandani and Mamer (1997)
studied an exchange economy with multiple indivisible goods. They used the linear programming
approach and obtained a necessary and sufficient condition for the existence of competitive equi-
librium. With the linear programming approach in Bikhchandani and Mamer (1997). we obtain a
necessary and sufficient condition for a nonempty core for the original labor market. Giil and Stac-
chetti (1996a) studied the exchange economy as in Bikhchandani and Mamer (1997) and found two
new sufficient conditions. the no complementarities condition and the single improvement property.
for the existence of competitive equilibrium. Applying their conditions to the new labor market.
we also obtain two new sufficient conditions for a nonempty core for the original labor market. Ma
(1998a) studied an exchange economy with indivisible goods in which a commodity may be initially

owned and used a coalitional form game and the balancedness condition to obtain a necessary and

3This production function may not be just for the technique purpose. It may be the “right” production function
to study a labor market. Firms are often liable for hostile working environment. For example firms are liable for
sexual harassment if they knew or should have known but failed to take appropriate corrective action (Roberts and
Mann cited above).



sufficient condition for the existence of competitive equilibrium. One may use the approach in Ma
(1998a) to obtain a necessary and sufficient condition for a nonempty core for the original labor
market in which some workers may be initially owned by firms.

The nonempty core is a fundamental issue in economics. An equally important issue is how
a core outcome is retained. The generalization of the Gale and Shapley proposal algorithm in
Kelso and Crawford (1982) provided an algorithm how a core outcome is obtained in discrete time.
The algorithm is a version of a dynamic English auction for the sale of multiple indivisible goods.
Gil and Stacchetti (1996b) provided an English auction for an exchange economy with multiple
indivisible goods and without production and a double auction for the exchange economy with
production. Each of their auctions converges to an efficient core outcome in finite time. These
results depend on the gross substitutes condition (the no complementarities condition) and the
initial state of the algorithms. In Section 4 we go one step further to study a gradient system
in continuous time that converges to an efficient core outcome. as long as the core is nonempty.
Further, the convergence result has the property of the Lyapunov global stability (it does not
depend on the initial state). Moreover. we show that a stochastic recursive learning dynamics
converges to an efficient core outcome, under quite general conditions. This last dynamics follows
the trend of the deterministic gradient system but not necessarily in a precise manner because the
periodic noise or new information may make it deviate from the trend constantly.

As noted above. the core equivalence theorem holds for the labor market in Kelso and Crawford
(1982). We observe that this theorem fails in the labor market with utility or disutility of co-
workers. Therefore. all sufficient conditions we obtained from the existing literature that provide
sufficient conditions for a nonempty core may not apply to the existence of competitive equilibrium.
We leave this question open for the future study. This shows that utility or disutility of co-workers
does matter for the competitive equilibrium and the core.

The rest paper is organized as follows. Section 2 introduces the model. Section 3 introduces
the new constructed labor market and a number of sufficient conditions for a nonempty core.
Section 4 studies deterministic and stochastic wage-adjustment processes. Section 5 provides some
discussions. Section 6 provides an example with an empty core, when money is not available in the

market.

2. THE MODEL

Let F'={1,2,---,n} denote the set of firms and W = {1,2,---,m} denote the set of workers.
Let
W;={ScW:jeS}

denote the set of all subsets of W that contain worker 7. The production function f; for firm : € F



is a set function on 2% such that f;(#) = 0. The profit function 7; : 2" x RT™ — R is defined by

7:(Si, D) szj

7€S;

Let 7;(p) = maxg, 7:(S;.p). The wage offer profile (pi1.pi2. -+ » Pim) is the wage offers to all workers

by firm 7 in the market. The surplus function v; : W, x R?™ — R for worker j € W is defined by
L‘](Sirp) Py Uj (5 7). S; € H

when he is hired by firm 7. Let v;(p) = max(g, ;) v;(Si,p). A worker is concerned with his wage
offer p;; from firm ¢ and his co-workers S, in firm . His co-werkers S; (including himself) produces
utility or disutility to the worker j. Therefore the wage is not the only factor in the mind of a
worker when he makes a decision to accept or reject an offer. A market with utility or disutility of
co-workers is denoted by M = (F.W, f,u). where f = (f1,---, fn) and u = (ur, . Um)-

A feasible allocation of workers to firms is a partition (Sp. S1.---.Sn) of workers W' over firms
F. leaving the possibility that some workers Sy may be unemploved in the market. Let P(W)

denote the set of all feasible allocations of workers. Let

v= (80.51. EP(W Z‘fz Z u; (S5 )]

]CS’L

A feasible allocation (Sg, Sy - - . S,) is optimal or efficient if it is a solution to the above optimization
problem. The value 1V is the Mashallian aggregate surplus in the labor market. including the sum
of utility or disutility generated in the workplace.

Suppose that u;(S.0) = 0 for all j and S € W; when a worker j is unemployved. For the dummy
firm 0, let po; = max.er pi; for all j € Sp. A wage offer profile p € R?™ and a feasible allocation of
workers S € P(W¥) is individually rational if

Wi(Si,p) >0, VieF: vj(Si,p) >0. ¥Vj¢€ S;.V5;.

Such a pair (p.S) is in the core if it is individually rational and there do not exist a firm-workers

coalition (k.T) and a wage offer profile (qx;);jer such that

FelT) = gy = 7 (Sk.p)

jeT

and for all j € T and all S; such that j € 5.
gr; +ui(T. k) = v;(Si.p).

with strict inequality holding for at least one member in T'J {k}. We say that the wage offer profile
p is an efficient core wage offer profile and the allocation S is an efficient core allocation if the pair

(p.S) is in the core.



Given a subset T C -FUH', a feasible allocation of workers in TNW to firms TNF = {iy, -+, %}
is a partition (Sp.S;,.---,S;,) of workers in T over firms in 7, leaving the possibility that some
workers Sp in 7N 11" may be also unemployed. The set of all feasible allocations of workers in T
over firms in T is denoted by P(T). Thus we may follow Shapley and Shubik (1972) to define a

coalitional form game w for the labor market M as follows:

w(T) = Sg&%g;;ﬂ(&) *j; u;(S;,7)]

An outcome (z,y) € RT* x R% is in the core C'(w) of the game w if

Z Ij-rzyz‘ :u(W'UF) =V

jew ieF
and

Sz Yy w(@).VTCWUF
JETNW i€TF

The last conditions can be written as

Yoty = fi(S)+ > w(S.0).Y{i.S}.i € FSCW.

JjES JjES

due to the bilateral nature of the labor market M (see Kelso and Crawford (1982) for a detailed

discussion). This observation turns out to be crucial in our study of the core.
2.1. AN EXAMPLE

The following example is taken from Kelso and Crawford (1982) and studied in details in Ma

(1998a). We use this example to show how utility or disutility of co-workers may affect the core.

EXAMPLE 1 (Empty Core) Let F = {i,k} and W = {1.2.3}. The production functions for

firms ¢ and k are as follows (see Kelso and Crawford (1982)):
L{1}) =4, L{2h =4 A3 =4+a
fi({l'z}):7+6v fl({lvg})‘__T" fl({23}>:7

fi({1.2.3}) =9

{1 =4+e. fi({2})=4  fi({3}) =14
KLY =7 {13} =7, fr({2,3}) =7+
fr({1.2.3}) =9



where € € 0.1] and €;.€2 € [0.3}.

When utility or disutility of co-workers does not exist. the core is not empty when e = 0.5,
e, = 1. and €» = 0. For example, the outcome (z.y) such that r = (2.5.3.3) and y = (2,1.5) is in
the core of the game w. The efficient core allocation (S;, Sf) is such that S¥ = {3} and S} = {1.2}.
with the efficient core wage offer profile (p;.px) such that p; = px = (2.5,3,3).

Now suppose that utility of co-workers is given as follows:

w{1.2hi) =1 w(S.4) =0 vSeW\ {12}
wa({2.3).k) =1, wa(S.k) =0, ¥S€Wa\{2.3}
ui(S.k) =0, ¥S € Wi, ua(S,1) =0, ¥S < Wy

us(S.1) = 0. ¥S € W3, uz(S,k) =0, ¥S € Ws.

2
2

We now show that the core of the game w is empty. Suppose, by way of contradiction. that (z,y)

is a core outcome of the game w. Then

T+ retry—yi+ye = 125
T +re—y > w({i,1,2}) =85
o +~x3+ye > w({k.2.3}) =85
=y 2 w{il}) =
z3+ye > w({k.3}) =4

which implies that z; —y; = 4 and x3 + yx = 4. Since x1 + yx > w({k.1}) = 4. this implies that
z3—y; = 8—x1—yr < 4. But the core condition requires that r3+y; > w({2,3}) = 5. This is a con-
tradiction. Therefore, the core of the game w is empty. It follows from Theorem 1 in Section 3 that

there do not exist a wage offer profile p and an allocation of workers S such that (p,S) is in the core.

The above shows how utility or disutility of co-workers may lead to an empty core even if the
core is nonempty without utility or disutility of co-workers. One can also use this example to show
how utility or disutility of co-workers may lead to a nonempty core even if the core is empty without

utility or disutility of co-workers (this can be shown by switching the role of the above argument).

3. THE NONEMPTY CORE

We showed in Section 2.1 by an example how utility or disutility of co-workers in the workplace
may cause an empty core. That example implies that a great number of sufficient conditions in
the literature for a nonempty core without utility or disutility of co-workers are not sufficient for

a nonempty core in the labor market M with utility or disutility of co-workers. This section will

8



show how each of them (including the gross substitutes condition) can be embodied into the labor
market M to provide a sufficient condition for a nonempty core.

The idea is as follows. Given a market M = (F,W, f,u), we construct a new labor market
M = (F.W. f.a) without utility or disutility of co-workers as follows. The new production function
fi : 2% — R for the firm 7 € F is defined by

fi(S:) = £:(S) + > u(Sid),
j€51
which is the sum of its product and utility or disutility generated in the workplace when it hires a
group of workers S;. The utility function of co-workers @; for the worker j in the market Mis a

zero function. i.e..
@;(Sk. k) =0, VS, €W, VkeF.

In the labor market M workers are concerned with wages only. But firms are concerned with their
product and the total welfare of their workers. Therefore, a firm 7 in the market M is a profit
maximizer with respect to the new production function f;. Clearly he is not necessarily a profit
maximizer with respect to f;. This changes some important aspects of the model. especially the
competitive equilibrium.

Let p™™ be a wage offer profile and S = (Sp, 51, --.S,) be an allocation of workers. A coalition
(i.T).i€ Fand T C W. blocks the pair (p.S) in the market M if there exists a wage offer profile
(@i;)jeT- @5 > 0 for all j € T, such that

BT =S 4> flS) - > by
J€T JES;
and

qi; 2 prj.Vj€T,5 € 5

with strict inequality holding for at least one member in 7" U {i}.

Such a pair (p.S) is in the core if it is individually rational in the market M and it is not
blocked by any firm-workers coalition. We provide two definitions of the core: One is based on the
wage offers and allocations of workers and the other is based on the game w. The reason why we
introduce the game w becomes obvious from the proof of Theorem 2 below. The next result shows
that the two definitions are equivalent in both markets M and M. Next we provide a proof for

the market M since M is a special case of M.

THEOREM 1 A wage offer profile p € R™™ and an allocation S in P(W) are in the core if and

only if the core of the game w is nonempty in the market M.



Proof Suppose that (p.S) is in the core. Then let
x; = pij + u;(Si.1). where j € 5;

y; = m(Siip) = Z Pij. Vi €
jES;

Suppose that (z,y) is not in the core of the game w. Then there exists a coalition (¢.T). ¢ € ' and

T < W. such that

le y1<f1 ) . Zul(Tvi)'

1eT
That is.

=N py— > lpwtw(Se k)] < filT) = ZUZTZ

JjES; leT:1eS,

Let (gy)ier be a wage offer profile such that
g ~w(T.7) = pr + w(Sk. k). ¥ € T, € Sk

Then
ZQzl = (T = Y e+ wlSek)i+ > w(li) > filS) - > py
IETHES, I€T €S,

Now suppose that the core of the game w is nonempty. Let (. y) be a core outcome. We show
that there exists a pair (p,S) of a wage offer profile p € R}™ and an allocation of workers S such
that (p,S) is in the core. Let py; = pr; = 3 —u;(S;) forall 2,k € F and all j € W such that j € 5;.

Let S be an optimal allocation. We first show the claim that
Z z; +yi = fi(Si) - Z u; (Si,1)
F€S; j€Ss;:
for all i € F. By the core conditions. we have
Z T; - Ui > fl(Sz) - Z U,j(Si,i)
JES: JES:
for all ¢ € F. Thus
V=13 - Zyl >3 [flS) + 3 uy(Sii) =V
jEW ieF JES;

This shows the claim. We now show that (p,S) is in the core. Suppose, by way of contradiction,

that this is not true. Then there exists a coalition (i.T) and a wage offer profile (g;1)ier such that

- Zqil > fi(Si) — Z Pij = Yi

leT JES;

10



and, for all [l € T and a—ll Sy such that l € Sy,
ga +~w(T,7) = pu +w(Sk, k) =z
with strict inequality holding for at least one member in TU {¢}. Thus
Yi + ZCEI < fi(T) + ZUZ(T,i)
€T leT

which is a contradiction. O

THEOREM 2 The core is nonempty in the labor market M if and only if it is nonempty in the
labor market M.

Proof Note that the transformation of the production functions from f; to f;, i € F. does not

change the coalitional form game w. Thus Theorem 1 completes the proof. O

3.1. THE GRoSS SUBSTITUTES CONDITION

With Theorem 2 we now show how the gross substitutes condition in Kelso and Crawford (1982)
should be correctly imposed in the market M to obtain a nonempty core.

For a firm 7 € F his demand correspondence D; : R?™ — 2W in the market M is defined by
Di(p) = {S: CW : Wi(Si,p) > 7ol T1,p), VT € W}

Let p; and p; be two wage offer profiles from firm 7. Let S; € D;(p) and T3(S;) = {j | j € Si,pij =

Pij}- A production function f; satisfies the gross substitutes condition if the following is true:
if S; € ﬁi(p) and p; > p;, then 35; € ’Di(f)) such that T;(S;) C S;.

Moreover we need two more natural assumptions on f;: (a). f;(0) = 0: (b). 3(S1,Sq, - ,Sn) such
that each S; is a solution to the problem mazs, f;(S;) and U;cpS; = W. These two conditions
determine the initial condition how the salary-adjustment process in Kelso and Crawford (1982)
should start in the market M.

The MP (marginal product) condition in Kelso and Crawford (1982) satisfies condition (b)
when the minimum wages are normalized to zero. The MP condition requires that Vi € F, jeEW
and all S C W such that 7 £S5,

HSU{Gh) - fi(S) =20

where the minimum wages are all zero. Therefore, f;(W) > fi(S) for all S C W and all i € F.

11



TueOREM 3 (Gross Substitutes) Suppose that f; satisfies (a). (b). and the gross substitutes

condition for all i € F. Then the core is nonempty in the labor market M.

Proof Apply the salarv-adjustment process R1-R5 in Kelso and Crawford (1982) to the labor
market M., with R1 modified as follows:

R1’. Firms start with zero wage offer profile 0 € R7"™. Permitted wages at round t. pi; (t),
remain constant, except as noted below. In round zero, each firm ¢ makes offers to a set of workers
S;. where S; is a solution of the optimization problem maxgcw fi(S) such that U;zpS; = W. For
the sake of completeness. we provide the R2-R5 of the salary-adjustment process in Kelso and
Crawford (1982) as follows. with some changes in notation only in order to be consistent with this
paper:

R2. On each round. each firm makes offers to the members of one of its favorite sets of
workers. given the wage offer profile p(t). That is. firm ¢ makes offers to the members of .S;. where
S, € D;(p(t)). Firms may break ties between sets of workers however they like, with the following
exception: Any offer made by firm i in round ¢ —1 that was not rejected must be repeated in round
t. By the gross substitutes condition. the firm sacrifices no profits in doing so, since (by R4) other
workers’ permitted wages cannot have fallen. and the wage of a worker who did not reject an offer
remains constant.

R3. Each worker who receives one or more offers rejects all but his or her favorite (taking wages
into account), which he or she tentatively accepts. Workers may break ties at any time however
they like.

R4. Offers not rejected in previous periods remain in force. If worker j rejected an offer from
firm 7 in round ¢ — 1. p;;(t) = py;(t — 1) + 1: otherwise py;(t) = p;;(t — 1). Firms continue to make
offers to their favorite sets of workers taking into account their permitted wages.

R5. The process stops when no rejections are issued in some period. Workers then accept the
offers that remain in force from the firms they have not rejected.

Theorem 1 in Kelso and Crawford (1982) shows that the salary-adjustment process R1-R5
converges in finite time to a discrete core. Theorem 2 in Kelso and Crawford (1982) shows that

the continuous labor market M has a nonempty core. The proof is complete by Theorem 2. O

We may use an alternative approach to show that the salary-adjustment process in Kelso and
Crawford (1982) when it applies to the labor market M converges to a discrete core in finite time,
by means of a Lyapunov function. The following was introduced in Ma (1998c). Given a wage offer

profile p € R™™, we say that a wage offer profile has the excess demand property if
O;(p)=|{ieF:jeS}|-120

for some collection (Si.Ss,---.Sy,) such that S; € D;(p) for all i. A sequence of wage offer profiles

12



{p(t)} has the excess demand property if each wage offer profile p(t) in the sequence has the excess
demand property. The salarv-adjustment process R1’-R5 generates a sequence of wage offer profiles
that has the excess demand property as long as the algorithm does not close. The excess demand
property follows from the condition (b) and the gross substitutes condition since every worker has
at least one offer from the very beginning and keeps one offer at each step. A worker who does
not reject any offer will remain in the same firm. Note that the sequence of wage offer profiles
obtained from the algorithm is ascending, since a worker who is in the excess demand O(p(t)) > 1
rejects all offers but one he prefers the most. Each rejected offer is increased in wage by 1. Thus
the algorithm generates a sequence of ascending wage offer profiles that has the excess demand
property, as long as the algorithm remains open. Following Ma (1998c), we can show that any such
a sequence converges to an efficient core outcome in the market M.

Theorem 3 also shows that if the production function ﬁ for all firm 7 € F satisfies the no com-
plementarities condition or has the single improvement property in Giil and Stacchetti (1996a},
then the labor market M has a nonempty core. since the no complementarities condition or the
single improvement property is equivalent to the gross substitutes condition. Under the gross sub-
stitutes or the no complementarities condition or the single improvement property, the core has
a nice lattice structure (Gil and Stacchetti (1996a)). When workers can take multiple jobs, the
polarization property of the set of pairwise stable matchings was shown in Roth (1984). when firms

and workers have strict preferences that have the property of gross substitutability.

3.2. A NECESSARY AND SUFFICIENT CONDITION

Let Sp,S51,---.Som_1. where Sy = 0. be an enumeration of all the subsets of W. Let A be a
m x (2™ — 1) matrix such that ag; = 1 if £ € S;: otherwise ax; = 0. Following Bikhchandani and
Mamer (1997). we may use the following integer linear programming to compute the Marshallian

aggregate surplus V:

n 2m-1 m
IP V= maxg, 29,2, Z Z [fi(S)) + Zuj(Sl,z')aﬂ]xil

i=1 I=1 Jj=1
2m—1 n

s.t. Z ale$i1§1,\7j=1,2,-~-.m (1)
=1 i=1
om_1
Y zg<1Vi=12-,n (2)
1=1
zy =0or 1.Vi, 1l (3)

A relaxation of the linear programming IP without the integer constraints is as follows:
2m -

LP V= MaXgy 20,20 Z [fl (Sl) + Z Uj(Sl-, i)ajl]zil
i=1 7=1

1
=1

13



2m—1 n

s.t. S apd zu <LV =12 .m (4)
l=1 1=1
2m-1
S ru<1vi=1,2,.n (5)
=1
Ty 2 OVLZ (6)

According to the dual theorem, the linear programming LP has the dual as follows:

DLP V= ming,g, ij + Zyi (M)
s.t. Za]“rq—u](sl i)~y > fi(S).¥i=1.---n =1 2™ — 1 (8)

1= 1
r; > 0.y 20,95,1 (9)

TuEOREM 4 (Necessary and Sufficient) The labor market M has a nonempty core if and only

ifvV=V.

Proof We first show the sufficient part. Let (z.y) be a solution to the dual problem DLP.

Suppose that

We show that the core is nonempty.

It follows from constraints (8) that

EIJ

> T+

Sy=V
JEW 1€F

Let (Sp. 51,99, -+, Sn) be an optimal allocation of workers.

> uy(Ss)

jes,

yi > filSi) +

for all i € F. Since Y ey Tj + Liep ¥s = V. it follows that

yi = fi(S) + > (S

ij fi(

JES; jES; 7555

for all € F. It follows from constraints (8) again that

forall T C W.

FjEW

This shows the sufficiency part.

>z

jeT jeT

+y: > filT) + Z u; (T.1)

We now show that z; = 0 for all i € Sg. This follows from the fact that

ZTJ‘“Z%— Z%‘+Zﬂ(

Sz) = Z 13j+V.

icF 7€50 ieF 7€S0

Suppose that the core is nonempty in the market M. Thus Theorem 1 shows that the core of

the game w is nonempty. Let (z.y) be a core outcome of the game w. Thus (z,y) satisfies the
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constraints (8) in DLP, by the core conditions. It follows that V' > V. since 2T Tk =V.
Since DLP is a dual of LP. it follows from the dual theorem that ¥V > V. This shows that V' = V.

The proof is complete by Theorem 2. O

The idea in the above proof follows from Ma (1998b) that provides some economic implication
of the main theorem in Bikhchandani and Mamer (1997) by means of the core. The original proof
in Bikhchandani and Mamer (1997) is based on the complementary slackness conditions in the
linear programming. Note that Theorem 4 is slightly more general than their result in the market
M since we do not assume that f; is weakly monotone. a condition that may not satisfy in the
labor market M.

The economic implication of Theorem 4 is quite important. Given a solution (z,y) € RT' xR} to
the problem DLP, there may not exist an allocation (Sp, S1.---. S,) of workers that is compatible
with (z,y) (i.e., V > V). In such a situation Theorem 4 shows that the core is empty in both
markets M and M. If there exists an allocation that is compatible with a solution (z.y) of the
problem DLP (i.e.. V = V), then the core must be nonempty in both markets. What behind
Theorem 4 is the elegance of the duality in linear programming and the core.

In the assignment problem, each buyer has a unit demand of goods. Thus the core conditions
in (8) can be written as (Shapley and Shubik (1972)):

z;+y 2 fi({7}) — ¢ ({7}). ¥4, 4.

where ¢;({j}) is the cost to seller j. In the assignment problem, we always have V' = V". Thus it

follows from Theorem 4 that
COROLLARY 5 (Shapley and Shubik (1972)) The assignment problem has a nonempty core.

In the exchange economy with multiple indivisible goods £ in Bikhchandani and Mamer (1997)
and Giil and Stacchetti (1996a), there are a finite number of indivisible goods 2 and a finite number
of agents. Each agent ¢ can consume as many items as he wishes and has a weakly monotone utility
function f; over the set of all commodity bundles. The core conditions (8) in this exchange economy

are

Sozi+y > filX). VX CQ
jeX

since a commodity bundle is assumed not to generate utility or disutility to a commodity in that

bundle. Thus. it follows from Theorem 4 that

CorOLLARY 6 (Bikhchandani and Mamer (1997)) The core is nonempty in the exchange econ-
omy with indivisibilities £ if and only if V = V.



In the labor market M workers are not initially owned by firms. If firms have the initial en-
dowments of workers (say. the NBA, NFL labor markets). then one can follow the approach in Ma
(1998a) to obtain a necessary and sufficient condition for a nonempty core in the market M with
the balancedness condition of a coalitional form game. Under such a labor market one needs to pay
a special attention to the definition of a “right” coalitional form game. Otherwise the balanced-
ness condition of a coalitional form game like w defined in the standard manner may not provide

sufficient information for a nonempty core in the labor market M.

4. CONTINUOUS WAGE-ADJUSTMENT PROCESSES

The salarv-adjustment process in Kelso and Crawford (1982) is a version of a dvnamic English
auction in discrete time that converges to an efficient core outcome in finite time. When the time
is discrete. Giil and Stacchetti (1996b) provided an English auction for an exchange economy with
multiple indivisible goods and without production. Their English auction converges to an efficient
core outcome within finite time that is the least favorite to workers (the minimum competitive
equilibrium wage core outcome). When production is possible, Giil and Stacchetti (1996b) provided
a double auction that converges to an efficient core outcome within finite time. While these auctions
are quite general in most aspects. there are some drawbacks. The first is that thev are sensitive
to the initial state. The second is that the convergence to an efficient core outcome depends on
the crucial gross substitutes condition or the no complementarities condition. In discrete time,
Ma (1998c) provided sufficient conditions for every sequence of ascending (descending) wage offer
profiles to converge to an efficient core outcome in finite time. The convergence in Ma (1998c)
does not depend on the gross substitutes condition. But it depends on the initial state too. In
this section we take one step further to study a dynamic system in continuous time that converges
to an efficient core outcome as long as the core is nonempty. Moreover, this dynamic system has
the Lyapunov global stability property since its convergence does not depend on the initial state.
Further, we will provide a stochastic recursive learning dynamics that converges to an efficient core
outcome, almost surely, under quite general conditions.

Now we introduce some notation. For a firm i. recall that the profit function 7; : AL R — R
in the labor market M is defined by

7#:(Sip) = fi(S) - Z Dij-

JES:

For a worker j € W, his ‘supply’ correspondence Sj : R — W; x F is defined by
Si(p)={¢€ F:py2pi; Yk € F}.
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Define

7i(p) = ©i(Si.p)- S: € Dy(p).
t;(p) = pij» i€S;p)
and
Vip)

=3 mp) = > Hp.
1EF

jew

LEMMA TV (p) >V for all p € R™™. Moreover, a wage offer profile p € RY™ is an efficient core

wage offer profile in the market M if and only if f/'(p) =V.

The proof of Lemma 7 follows from Ma (1998c) and thus omitted. Note that V(p) is convex.
Thus the following is well-defined almost everywhere:
_oV(p) _ onp) | 0rp)

Zig\P) = = — T .
]( ) 8pij 0sz 82%‘

The term z;;(p) is a measure of the price effect of the profit of firm i and the wage payment of
worker j to the wage offer p;; between ¢ and j. Then we consider the following wage-adjustment
process (a gradient system) in continuous time:

P o —2) (10
One may compare this last dvnamic system with a dynamic system in the general equilibrium
framework that satisfies the Walrasian hypothesis:
dp _
dt

Z(p)-

where Z(p) is the excess demand function in the general equilibrium model (Arrow, Block and
Hurwicz (1959)). But this comparison is quite misleading. In the Walrasian hypothesis a price
adjustment process depends on the aggregate demand and éupply. The true aggregate demand and
supply are hardly informed for individual buvers and sellers or the market mechanism. Even if the
information is known to the market mechanism, Saari (1985) showed that in a general equilibrium
model with at least two commodities, no price adjustment dynamic system, which may use any
information of the excess demand functions (including their derivatives) as one wishes. can always
promise convergence to a price equilibrium (see Saari (1995) for a survey).

So why does the above dynamic system under (10) make so much differences in our labor
market? First. our theoryv of wage-adjustment processes does not depend on the excess demand
functions. It depends on the “value function” V (p), the profits for firms and the wage payments for
workers. Second. our labor market is a Marshallian economy and the gain to study such a relative

small world labor market enables us to find a nice Lyapunov function for many dynamic systems.
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Third. our dynamic system (10) follows a different hypothesis, which we call it the diminishing
principle of opportunity costs. To see what this means. we have to go back to examine what z(p)
represents. Let us examine what V(p) is first. The first term in V(p) is the sum of the profits for
all irms with the production functions f; and the second term is the sum of all accepted wage offer
pavments. Since a market is not necessarily clearing at the wage offer profile p?™ in the market M.
some of these values are unrealized in actual hiring transactions. Therefore. we say that V(p) is the
economic rents in the labor market when the wage offer profile is p € RY™. The term of economic
rents is taken from Smith (1962, 1965) who studied a number of double auction markets and defined
such a function for an economy with demand and supply curves of a single commodity. Since the
economic rents V (p) are different from the sum of actual realized profits and actual accepted wage
offer pavments. there are some firms or workers who have unrealized profits or wage payments.
given the wage offer profile p. The unrealized profits or wage payments are the opportunity costs
to the firms and workers at p. The term z;;(p) provides a measure how the opportunity costs change
when the wage offer p;; changes. The diminishing principle of opportunity costs says that a market
mechanism should follow an adjustment path in wage offers that minimizes the opportunity costs
in the market.

For example. suppose that z;(p) > 0. Should the new wage offer p}; between worker j and
firm 7 be higher or lower? We discuss two cases: worker j is hired by firm ¢ at p;; and worker j
is not hired at p;; by firm 7. If worker j is not hired at p;;. then worker j is not hired at higher
p;j. Thus the wage offer p;; should be lower if worker j wishes to be hired by firm 7. Now suppose
that worker j is hired at p;; by firm ¢ and the new wage offer pgj is slightly higher than p;;. Let
je S € D;(p) be the group of workers hired by firm ¢ at p. Let ¢ be the new wage offer profile in
which p;; is replaced by pij. If S; € Di(q), then we have z;;(p) = 0, as long as the increase in pyj
is small. Since z;(p) > 0, this implies that S; is not in Di(q). Let T; € D;i(q). If T; € Di(p). then
7 is not in T;. Thus, the unrealized wage payment for worker j increases by pgj, since worker j is
willing to work for firm j at p;j but firm i does not like to hire worker j with the new wage offer.

Now if T; is not in D; (p) but j € T;. then we have

T - > pe-1y2 (S = > puw P

keTi\ {7} keS\{7}

since T; € D;(g). But this implies that
FT) =" pik = filS) = Y pik
keT; keS;

This is a contradiction, since S; € D;(p) and T; £S;(p). This shows that j £T;. Therefore, worker
j is not hired by firm j at the new wage offer p;j, as long as z;(p) > 0 and pgj is higher than

pij. Thus, worker j has a unrealized wage payment pi;- This shows that if z;;(p) > 0O, then the
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new wage offer p;; should be lower not higher. Otherwise the opportunity costs for worker j will
be higher.# The next question is whether the dynamic system has the (Lvapunov) global stability

property. The next result provides an answer.

THEOREM 8 (Global Stability) Suppose that the core is nonempty in the market M. Then the
dvnamic system {p(t)} under (10) converges to an efficient core wage offer profile in the market

M.

Proof Define a function 7 : R7™ — R by
Flp)=Vp) - V.

Lemma 7 shows that F(p) > 0 for all p € R¥™ and F(p) = 0 for all efficient core wage offer profiles

p € RU™. Noreover

dF(p(t)) _ OF(p(t)) dp(t)

dt - op(t)  dt
= =Y z501)
i.j

< 0.

The above inequality is strict for all z;;(p(t)) such that z;(p(t)) # 0. Therefore, the function F(p)
is the Lvapunov function for the dynamic system under (10). Thus. the wage-adjustment process
{p(t)}+>0 under (10) converges to a wage offer profile p* € {p : z(p) = 0}. Since F(p) is convex,
this implies that F(p*) = 0. It follows from Lemma 7 that p* is an efficient core wage offer profile

in the market M. The proof is complete by Theorem 2. G

At a core outcome in the markets M and M, the followings are satisfied:

ot;(p) o7i(p) .
= — LV, 7.
Bps; opy; Y

These equations provide a system to determine all core outcomes.

The wage-adjustment process {p;;{t)} under the dynamic system (10) is deterministic. The
determination of each wage offer p;;(t) in each period of time t may be accomplished in (pairwise)
negotiation. It is often the case that the negotiation process is full of “noise” or new information.

Under such a situation, we can consider a dynamic system that provides a learning mechanics of

*A worker may learn from this argument when he should ask for a raise in wages from his employer. The condition
for such a request is that z;;(p) < 0. A faculty member may also learn from this. Suppose that you have an offer from
the other university and the offer is higher than vour current wage. If you want to stay in your current university
and to be paid with the new offer, then it is better to consider whether z,;(p) < 0 first before you submit the new
offer to your dean.
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the periodic new information:

1
S(=2lp()) = €lt = 1), (1)
where {€(t)}:>0 is a sequence of R"™-valued random variables (representing noise or new informa-
tion) defined on a probability space (€2, F. P). We assume that p(t) is measurable to the sigma-field
F, generated by (e(t — 1).€(t —2).---,€(0)).

THEOREM 9 (Asymptotic Stability) Assume that the core is nonempty in the market M. Sup-
pose that &7;(p) is a Lipschitz continuous function in p for all 1 € F. Moreover the noise term €(t)

satisfies the following
Ellje(t=1)1*| F) <oo. Elelt+1)|F(t)] =0,

Then a wage-adjustment process {p(t)} under the stochastic recursive dynamic system (11) con-

verges to an efficient core wage offer profile in the market M. almost surely.

Proof Since no wage offer p;; is unbounded®, we may assume that the dynamic system {p(t)}
under (11) is in fact constrained in a compact convex set (this is why we use the asymptotic
stability). Since z(p) is a Lipschitz continuous map. the Picard-Lindeldf theorem shows that the

dvnamic system under (10) has a unique solution {p(t)} that satisfies

dp(t)
ek —z(p(t))

for every initial state p(0) € R?™. With the Robbins-Siegmund theorem, Theorem 9.3.12 in Duflo
(1996, pp. 337) shows that, almost surely.

Vip(t)) = V()

for some p* € {p: z(p) = 0}.
Since V(p) is convex, Lemma 7 shows the set {p : z(p) = 0} coincides with the set of all efficient

core wage offer profiles p € R™. 1.e..

{p:2(p)=0t={p:V(p)=V}
By the continuity of the function Vip). we conclude that p(t) — p*, almost surely. The proof is

complete by Theorem 2. O

Theorem 9 shows that even though the negotiation of wage offers may be full of noise, the actual

trend of the wage-adjustment process follows the trend under the dynamic system (10), as long as

5N movie stars or athletes have unbounded annual income. Leave alone the ordinary workers like you and me.
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the noise term is properly constrained and discounted with an appropriate rate. The “discounted”

sequence % is not that essential. In fact Theorem 9 is true if the sequence {%} is replaced by any

positive decreasing sequence {~(t)} such that

Zq(t) = oC. 2:')(f)2 < 0.

5. COMPETITIVE EQUILIBRIUM

So far we only studied the core in the two markets. A closely related concept is the competitive
equilibrium. A wage offer profile p € R¥™ and an allocation of workers S = (S5p, 51.--+,5,) are a
competitive equilibrium in the market M if it satisfies the following

(a). For all i € F. each S; is a solution to the problem maxscw 7i(S:, p):

(b). For all j € W such that j € Sk. (Sk,k) is a solution to the problem max(s, syew,xF Pij =
u;(S;,1):

(c). For all j € So. po; = 0 (market clearing condition).

In the labor market M. it follows from Kelso and Crawford (1982) that the core equivalence
theorem holds: a core allocation is competitive and vice versa. When there is utility or disutility

of co-workers, we find that the core equivalence theorem fails.

EXAMPLE 10 Suppose in Example 1 that € = €1 = e = 0. The utility or disutility of co-workers
is follows

wi({1.2},i) = 0.3  wup({1,2},i) = 0.2

us({2.3}.k) =03  us({2.3}.k)=0.2

ui(S.1) =0, ¥S € Wi\ {1.2}:  wa(S.4) = 0. VS € W\ {1.2}
(S k) =0.YSe Wi w(S, k) =0.¥S e W\ {2.3}
u;g(S,i) =0, V5 € Ws: U3(S, EY=0, VS5 eW; \ {23}

We show that the core is nonempty. Consider the payoff vector (z,y) such that z = (3.3.5.3) and
y = (1,1). It is easy to check that for every coalition (z,S) and (k,S), S C W, the following holds

yit+ Y 3> fi(S)+ Y u(S.9)
jES jES

and

e+ > %5 2 fil(S) + Y ui(S,k).

jes j€Ss



Now consider the competitive equilibrium. Note that the optimal allocations in this market are
({1.2}.{3}) and ({1}.{2.3}). Let p € R2*3 be a wage offer profile. Suppose that p is competitive.

Then we must have that (for worker 2)
pio + ua({1.2},7) = pro ~ w2({2.3}.%)
which implies that pi2 — pra = u2({2.3}, k) —u2({1.2}.7) = 0.1. Now consider firm 7. we have that
L{1}) —pa = fi({L.2}) = pu — P2
which implies that p;o = 3. Also consider firm k. we have that

fe({3}) — prs = fr({2,3}) — pr2 — D3

which implies that ppa = 3. This shows that a competitive equilibrium does not exist in this mar-

ket. Thus the core equivalence theorem fails.

This implies that given a core outcome (p.S) a worker may still have incentive to search for
a new job and some firm may also have incentive to hire this worker. This new hired worker will
induce some existing worker in the firm to search for a new job since there exists at least one
existing worker who will get worse off due to this new hiring practice. This will create a chain
of job search and may be a chain of new hirings. As long as the wage-adjustment process follows
the dynamics under (10), this chain of job search and new hirings will eventually converge to an
efficient core outcome (that may well be different from the previous one when the chain starts).
If the core outcome is unique. the worker who deviates the first in the chain will eventually come
back to the same firm.

This mav be compared with a labor market M that has a competitive equilibrium. When a
competitive equilibrium exists. then the dynamic system under (10) will converge to a competitive
equilibrium. where z;;(p) in the market M should be defined by

o 9V(p) _ ovi(p) |, Omi(p)
24(P) = opi;  Opi T Opy

and
Vip) =Y mp)+ Y vip)-
ieF JEW

At a competitive equilibrium. the followings are satisfied:

oui(p) . Om) o i
Opij Opi; T

This system provides a means to find all competitive equilibria in the market M. It should be

compared with the system of equations in Section 4 to find all core outcomes for the market M.
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When the market M has an equilibrium. the chain of job search and new hirings discussed above
will not happen. This is because once the dynamic system reaches an equilibrium. the dynamic
system sinks at that equilibrium. No workers and firms will have (unilateral) incentive to deviate
from the equilibrium point. Certainly. this argument depends on what is the ‘right’ production
function in a labor market with utility or disutility of co-workers. If firms are liable for utility or
disutility as in the sexual harassment case, the production function fz may be the right one. And
then a core outcome is also an equilibrium. Under such a situation. the chain of job search and
new hirings above will not happen either under the dynamics (10).

There is an interesting issue how a market operates if the core is empty. The dynamics under
(10) will converge to a wage offer profile p* such that p* is a minimum point of f/(p) Since p*
is not a core wage offer profile, a coalition of firm-workers exists to negotiate a new wage offer g
(restricted to the workers in the coalition) such that the new wage offer ¢ will make at least one
member in the coalition better off. But the dvnamics under (10), once it jumps out of the basin
of attraction (all minima of V(p)) because of the new offer q. will start to come back to the basin
again, monotonely. But the job search and new hirings will likely form a complicated cycle. It is
hard to characterize the cycle. Nevertheless. at the basin of attraction, the opportunity costs of
unrealized profits and wage pavments are always minimized. The fact that the dynamic system
will monotonely move towards to its basin of attraction captures the idea that a market mechanism
operates in a way to lower the opportunity costs. If the core is nonempty. then the opportunity
costs in the market are zero. If the core is empty. there are always some positive opportunity costs
left in the market (e.g.. unemployment or tight labor markets). These are the major differences

between the market with an empty core and the market with a nonempty core.

6. LABOR MARKETS WITHOUT MONEY

Money or transferable utility plays an important role in our study of the two labor markets M
and M. When a labor market does not have monev and workers are indifference in their co-workers,
the core is nonempty when firms’ preferences have the property of substitutability: see Proposition
6.4 in Roth and Sotomayor (1990). One may wonder whether the same nonempty core result holds
for the market with utility or disutility of co-workers and without money. The following example
shows that this is not the case. In this example firms have preferences that have the property of

gross substitutability (Blair (1984)). But the core is empty.

ExaMmpLE 11 (Empty Core) Let F = {Fy, F», F3} and W = {W,,W,, W3}. The preferences are

as follows
Pp, = ({Fi, Wi Wo}, {F1. Wo, Wi} {F1, W} {F, Wt { B Wa {F1})
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{Fv W”'Q, I’Vg.}, {FZ. U"l, W’Vg}, {FQ, U’i)_}, {FQ, "1”.1}7 {FQ, I’Vg}, {FQ})
(F3 W7 Wb, {Fa. Wi, Wo ), {Fa. Wi, {Fs. W}, {Fs, W}, {F3})

Pr, = (
(

Py, = ({F1,W2. W1} {F, W3, W} {F3, W W}, {F3. W3, W1}, {F3. Wit {F2, W} {F1, Wit {W1})
(
(

Pp, =
Py, = ({F1.Ws.Wa} {Fo. T3 W), {F1. Wy Wab {F3, Wi Wa) {Fy. Wa {F2, Wa ), {F3. Wa} {115}

Py, = ({F3.W1, W3}, {F1. “"231”1”3}-{Fzﬂ""'Q,Wa},{FQ,W'LW"P,}:{FQ,W:&}:{Fl-,W?,}e{Faﬂ"’s}ﬁ{W:s})

Clearly any core allocation of workers must leave no worker unemployed. e show that any core
allocation of workers p must also leave no firms ‘staying alone’. The following are the possible
allocations that are individually rational and leave some firm ‘staying alone’. The coalition after

each allocation is the coalition that dominates that allocation.

pr = [(Fri Wi, o), (Fo: W) (F3:0). {Fa. W, Wa)
po = (Fri Wi W), (F:0). (F3: W)l {F2.Ws}
p3 = [(F1: Wa, W), (Fo:Wh), (F3 @)J {F3, W7}
pg = (F1:Wo, W3), (F:0). (F3: W), {F3. W7, Ws}
ps = [(F1; Wh), (Fo; W, Ws), (Fa: 0)] {F3, W7}
pe = [(F1:0), (F2: W2 13). (F3 {Fy. Wo. W3}
pr = [(Fy: W), (Fo; W1 W3)., (F3 ] (F. W7, W}

)

us:i(FI:Q)a(F7 W1.13). (F3 ) {Fl,Wg}
(F1:Wo), (Fo:0), (F3: Wi, Wa)l  {F1, W1, Wa}

H10 = E(Fﬂ@),(Fz;VVQ\) (Fg 1?1 Wg)‘ {Fl,I’VQ}

Thus we show that any core allocation must assign every firm at least one worker and every worker
at least one firm. But any such allocation is dominated by at least one coalition with two workers
and one firm. This shows that the core is empty in this example.

This example leaves open a question when the core is nonempty in a labor market with utility
or disutility of co-workers and without money. For example the college admissions problem has
a nonempty core when students are not concerned with the size of their classes: see Roth and
Sotomavor (1990). Our example above shows that this may not be true if students or their parents

prefer small size of classes. Therefore, a great number of questions remain open.
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