Discussion Paper No. 1164R

ON THE ROBUSTNESS OF FACTOR STRUCTURES
TO ASSET REPACKAGING!

Nabil I. Al-Najjar?

October 1995
Revised: January 1997

Abstract:

The paper provides a framework to study asset repackaging in a large asset economy,
modeled as an atomless measure space of assets. The main theorem shows that, given an
initial economy with strict factor space F, any economy obtained by repackaging these
assets has a unique factor space F’ < F. Thus, in contrast to earlier literature, factor
structures are robust to the repackaging of asset.
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1. INTRODUCTION

Factor-based asset pricing models explain variations in asset returns in terms of factor-risks rep-
resenting systeiatic ageregate effecrs. Sincee these maodels have lrte 1o say abour the delinition or
boundaries of individual assets. thelr starting point is tvpically o representation of the economy in
which the definition of individual assets is taken as given. However. the particular representation of
the asset economy is likely to contain a degree of arbitrariness because the houndaries of linancial as-
sets can change with time and may be ambignously defined. This suggests viewing assets as packages
or portfolios of more elementary assets. The paper provides a formal model of asset repackagings and

examines their effect on the factor structure of asset returns.

One motivation for examnining this problem is the work of Shanken (1982}, Gilles and LeRoyv (199])
and Bray (19944 and 1991h). Consider the usual mnodel of a large asset econamy as an infinite sequence

of random returns £ = {i;’l. R, b et 8 be the linear space they span. representing the returns
on all possible portfolios formied through Iincar combinations of assets in 2. These authors argued
that if returns in £ are generated by a siriet factor space I, and if F' is any other linite dilmensional
subspace of S, then there is a sequence economy £ with returns spanning S and having I oas irs
strict factor space. Since the choice of F7 s arbitrary. the factor structures of the two economices can
be chosen 1o have a trivial intersection and/or different dimension. This despite the fact that the sers
of attainable returns of the two economies coincide and every asset in one econoiny can be obtained

as a portfolio {(a repackaging) of assets in the other.

Such a result can have serions consequences for factor-hased pricing models. such as the APT (Ross
(1976)). Asset prices in such models are explained in terms of their exposures to factor-risks reflecting
the fundamentals of the econony. This explanation is severely undermined if the identity of facior-
risks were to hinge on the particular representation of assets. or if the factors were to drastically change
due to seemingly innocuous repackagings. The apparent vulnerability of factor-based pricing models
ta asset repackaging led some authors to conelude that: ~“Factor structure. being merely a feature of o
particalar arbitrary representation of the space of attainable returns . cannot have anything essentind
to do with asset pricing” {(GiHles and LeRoy (1991, p. 211).



The present paper provides a more careful examination of what s meant by repackaging assets, |
introduce o model in which a large cconomy is modeled as an atomless measure space of assets. In
this model, repackaging is a process of “slicing” assets into shares. then shuflling and reconstituting
these shares ito new assets.t The kev observation is that repackaging Las to be consistent with
the supply of assets: it can neither create new returns which did not exist in the original economy.
nor destroy old ones. This is formally modeled by requiring the shnflling of shares to he done in a
measure-preserving manner. The main theoren shows that starting with an asset cconomy with strict
factor space I, any repackaging vields a new asset ceconomy with a unigue strict factor space £7 < 1
While repackaging does not ereate new factors, a repackaged economy can have strictly fewer factors
than the original economy: repackaging may eliminate a factor by combining negatively correlated
risks to form a portfolio (not necessarily well diversified) that is free of that risk. See Section - for an

example ilustrating this point.

In contrast to earlier work. repackaged cconomices in this model do not Tiave an arbiirary factor
structure and the concept of factor-risk has a substantive content independent of the particular rep-
resentation of assets. To understand the source of this contrast, it is useful to take a closer look at
the concept of repackaging used in earlier papers. These papers viewed two sequence cconomies as
‘equivalent” if their returns span the same space. Satisfving this spanmeng criterion implies that each
asset can be expressed as a portfolio of assets in the other economy. But. doing so {or all assets
simultaneously may be imconsistent with the supply of assets in the original cconomy. To see this,

consider the following example:

Lrample: Let 80 oy ey be Lid. and define the economies:

L L’

Ry=4 Ro=0
=0 [:3'_):(-,

Ry =10, R~ o)+ oy
Ry=0+¢ Ry =+ ey



While = and E' span the same portfolio space, o unit of ep-risk is needed to form every new asset
Foon o 2 in B Although 7 contains only one unit of ¢ -risk. infinitely many units of this risk are
usedd 1o build EY from £ [n cconomy I there is o fundamental difference between ¢+ and O-risks in
terms of the measwre of the set of assets that carry thene the Hrst Is carrled by a negligible” subset of

assets. while the latter is carried by a large subset. The spanning criterion does not take into accoumnt

this difference.

The model with a continuum of assets resolves this problem beeanse there 1s an expliclt assigmment
of weights to subscts of assets {their measure). Tn particular. there is o clear distinetion between risks
carried by negligible sets. and those carried by a subset of assets of positive measure. Within this
framework. the idea that no risk is used in portiolio formation in a way that exceeds its supply has a

natural and siniple expression.

Modeling large economies using the continuum fellows a long tradition in Eeonones,  Tu the
context of laree asset economies. the continuun framework was used in a companion paper (Al-Najjar
(1994)) to study asset pricing and factor analysis. Motivating this approach is the observation that
a description of au economy 1s not complete without a specification of the relative weight of agents’
chiaracteristics. A useful analogy is an exchange economy deseribed as one with ~N consumers. in
which each consumer can be of one of two possible types™ . This description would not be sutheient
for competitive analvsis becanse it does not pin down the distriburion of conswmers” characteristies.
without which ageregate supply and demand are not even well- defined. In our context. the relevant
characteristics are assets’ random returns. so a meaningful description requires an explicit statement
about the distribution of these characteristics. The continuum model used here provides a framework
in which individual assets are negligible, vet the distributions of asset characteristics is well defined.
This is in contrast with the traditional approach of modeling a large asset economy as infinite sequence
of nssets in which there is no sensible way of specifving a distribution of characteristies where individual

assets are neglieible (have zero weight),



2. THE MODEL

An ecouomy I = ([ (R, 1€ 1}) consisls of a collection of assers indexed by o set 77 and a
oross return Ry for cach 1 € 7. LFach Ry is o random variable witl finite mean and variance defined
on & probability space (Q.X. )7 The asset economy is “large” if each individual asset is negligible
relative to the rest of the cconomy. To maodel this. assets are indexed by an atomless measure space
(T.7.7). where 7 is a probability measure assigning to each subset 4 C 7 its welght (1) relative 1o

the rest of the market. Tor concreteness, | assume that 17 = [U. l T is the set of Borel measurable

subsets of [0,1]. and 7 i3 the Lebesgue measure.

Given an cconony - with returns By, its coreranee function Cov, 00,10 % 0010 — B is defined
i o manner analogous to the covartance matrix for hinite collections of assets. Specifically. imagine a
matrix’ with a continm of rows and columns so the entry at row £ and column s is Cov,(f.s) =
(-u\'(x’ui’t. 1.3, The covariance function provides a convenlent way to represent correlation patterns and
1o introduce various conditions on asset returns. Fhrouchout, it is assumed that Covy, is measiarable

as a function on [001] x [0 1], and beanded o the sense that there is @ real number 4 sucl that

Cove(tos) < A< o for all £ and s

: LT :
If pt denotes the price of asset £ then the rate of return on that asset is 7/, = — . provided py £ 00 A
P
trivial asset is one that pays a gross return of zero with probability L (ie.. 12, = 0 with probability 1),
For such assets, pe = 0 and we set 7, = 00 as a notational convention. To ensure that the boundedness

and measurability properties hold for rates of returns. we also need to assume that asset prices py are

imeasurable and uniformly bounded away from zero.

Let /' be the finite dimensional linear space spanned by some zero-mean orthonormal set of random

variables {51 ..... r’:;\—}. The process of asset returns fff can be expressed as:
By= ERy + Proj, it = by oy

That 1s. ky is the residual obtained by regressing” 7, on I7. While the Ji;'s mayv be correlated with

cach other, the definition of orthagonal projections ensures that they must be orthogonal to /.

i-



A finite dimensional subspace I iz a factor space for il

I- The restduals, by, are idiosyneratic in the sense that the covariance function Covy, of the

residuals is zero almost everywhere on 00 1] x [0 1] and
2- There is no proper subspace 7 C F with property (1).
An cconomy £ has strict fuctor stractere i 1 has o (Iinite dimensional} factor space.

Condition (1} says that. for abuost every pair of assets (4.5), the residnals By and b, are uncor-
related. Tn other words. the residuals left after removing all variations i asset returns that can be
explained by F econtain no significant svstematic component. Condition (2} requires that 7 is minimal
in the sense of containing no superfluous factors that do not contribute to explaining asset returns,

Unlike condition (1), this condition is net restrictive: if a linear space Fosatisfving Condition (1)

exists. then we can alwavs extract a subspace I that satisfies both conditions.?
The representation (1) can be written directly in terms of the factors {&...., fuc b to produce the
equivalent (and more familiar) representation:
Hl = LR, ~ -11rf\1 o IRt iy (2}

The coellicients g, are the bhetas familiar from Finance textbooks, representing asset £'s exposure to

vartous fhetor risks.?

[t is easy to see that an asset ccononmy with factor space spanned hy {f;f ..... (E;\-} has & measurable
covariance function if the betas (Ve the hictions £ — gy b= 100 K} are measurable in {0 and
the residuals have measurable covariance function. A slightly more involved argument can be used 1o
show the converse. munely that imeasurability of the covartance funetion iimplies the measurabilitv of

ile betas.



3. FACTOR SPACES IN REPACKAGED ECONOMIES

S0 Bopackaging: U Definition

Repackaging can be intultively thought of as a process where each asset return By is shiced into
stnaller pieces which are then shuflled and reconstituted into new asseis. Formally, a repechkaging (o A)
consists of two sequences of measurable functions. A [0 — [0 1], oy
satisfving a number of conditions described below. Hereo oy (£} represents the relative weight of the
ith piece of asset § which, after shuttling. is assigned to a new (repackaged) asset with index A, (1),

Negative values of a,(7) reflect short-sale of asset .

A repackaged economy £ relative 1o (@ A} is an econotny with assets indexed by s @ [0011 and

returns 77, defined by viewing asset s as a portfolio in the original cconomy with support

and weights

{a, AT s = L2

Thus, the gross return on asset s is given Iy
™.
a7 -1, M .
Hﬁ = E n,()\! (s} ]i”)\‘q(”. (3)
=1

This equation savs that the return on the repackaged asset s is the weighted average of the gross

returns of the pieces used in forming it. The assumption of lnearity of returns noplict 1 (3) s a

substantive one and 15 discussed in Section 4 below.,

W lmpoese the following conditions on the repackaging (e A)
. I ~ fev 1.
I- Forevery £, 3 .5 a;{t) =1

)

. . . i L PP, . o
For every i, A, Is i measure-preserving bijection onto (0.1 (that is. 4, and A7 © are measurable
and 7)) = 7)) for every § and every mmeasurable subset of assets )

0



3- Asset returns in the repackaged cconomy have a bounded and measurable covariance fune-

(SIS IR

Coendition (1) says that the siin of pieces add up to the original assets, s0 no part of an asset is
either eliminated or replicated as a result of repackaging. Condition (2) imposes a technical restriction
oun the shuffling of shares by ensuring that the new ecconoury satisfies the wecessary measurability
requiirements,  AMaore substantively, the measure-preserving part of that condition ensures that no
risk that is idiosyvneratic 1o a negligible subset of assets in the original economy can be blown up to

have ageregate effects in the new economy.”  Finallv, Condition (3) ensures that returns in the new

repackaged economy have well-behaved covariance function.

This definition of repackaging covers a wide range of possibilities. For example. it covers measurable
permutations of assets. implying that the particular way assets are indexed as points in [0.1] 1s not
importaut, as well as general forms of conselidation of several assets into larger ones and fragmentation
of existing assets into simaller pleces. Also, since the composition of repackagings is alse a repackaging.

the definition provides a svstematic way to obtain more complex repackagings starting from more

clement ary ones.

Further discussion of the three conditions used in defining repackagings: wavs to relax them: and

the intuition and interpretation of the Theorem can be found in Section .

A2 Main Result
The main result of the paper can now be staed:

THEOREM: If the initial ccononn E has a factor space Fothen any repackaged economy B bas

a unigue factor space F'C F.

The intuition underlving the Theorer s rthat in a model with a continunum of assets, each ser of
assets has a well defined mass relative to the rest of the economy. In particular, there is a straight for-

ward way to define what 15 meant by a subset of assets being negligible (7.0 has measure zero) and



negligibility is not affected when pleces ol assets are shuflled in a measure-preserving manner. Thus,
any risk specific to a negligible subset of assets n the original economy will remain so afler assets have
been repackaged. It other words, repackaging cannot ereate new factors because a factor is a tvpe of
risk thar can explain a non-negligible fraction of the variation in o non-negligible subset of assers,

Proof of the Theorem:  For any randon variable r. deline covi(R)) = cov (P B.). Then

&

~
('m‘;.([ﬁ':) = {ovi Zn,(/\:l(s)) 171“'1\ e
i=1 '
= Z(r‘(,\rl(s))('m'; (ff{\ 1,‘53) )
=1

For each i 1‘{/\[ 1) TOPresents | he returns of the original cconomy atter applyving the measure-preserving
permutation A, The function covy (ﬁ". ‘m) ix the composition 8 — f = ,\;l(.s') — f-m';(/_{,). The
function /\i_l is measurable by assumption. while the measurability of £— ('m'_,f(]‘\’,) follows fram that
of the covariance function of asset returns. To see this, note that ('0\‘,,:(1?,) = (. { — ua.e. whenever
2L FLso we only need to consider B FoFor such 7.othe measurability of (n'.‘i.(]_i’,) follows trom
the measurability of the linear projections of J, onte £ (see the remark at the end of Section 2). We
therefore conclude that s — cov; (1‘1’)\ 11:§.]> is measurable. being the composition of two measurabie

functions.

The next step is 1o show that if 7 is orthogonal to I then ecovy(fey) = 00 1 — a.e. Note that

covi(fy) = ('m';(l’l‘()j!.ﬁ’,} + ('m';(is,) = r'm',;.(l‘.'f). Let H denote the linear space spanned by {4,
i < T} Since the projection of r on the orthogonal complememt of I has zero covariance with
every iﬂf. we may assuine, withowt loss of generality, that ¥ € JF. From the definition of 7. there
is countable set of mudices A < 7 and real numbers {b, : a € A} such that & = Z”E;l h,,f_.'“,
Then ('(Jl";(f_fr) = ZHE;‘ b ('(J\‘(L,,.L,). Since F s o strict Tactor space for 2. the residuals By, oare
idiosyneratic. so for every o, ("()\'U_i,_t.f‘u:) = 0.t —a.e. This imiplies that ('u\j;(fa,) {hence ('(J\'.}(]‘])f)) is

zeTo { — a.c., being the countable sum of Tunctions that are zero altnost evervwhere,

The assumption that each A, is a4 measure-preserving bijection implies. in particular. that they
preserve sets of measure zero. Thus, for any random variable & covip (Ry) = 00— ael if and only

b



if ('()\’}-{[I{)\l—lw,) = () 5 — a.e. This implies that. for F orthogonal 1o 17 cov; ([_{A‘ 1‘“) =1} ~ — a0,

and, consequently, that covi () =0, s — a.e.

This shows that any 7 orthogonnl to I7 explains variations in only a negligible subset of assers
in the repackaged cconomy. We now take £ as a candidate facror space for £ with corresponding

residuals 77, That s, we write returns in £ in the fornn

r 3t ~ £yt Y T
Ro= ER, ~Troj,. R, + I
and let Cov” denote the cavariance function of the residuals A7, Tt ix casy to check that Cov” s

bounded and measurable. We now use the fact that covi{(RL) 15 zero a.e for every & 2 F to show

that Ay 1s idiosynerarie. By Fubini's theorem. we have

/ Cov™{t.s) dr dr) = / / Cov'{t.s)idir = 7)
BRSPS INY S]]

:/ / 1{'(:\',]~{Li’)id? dr.
Jioa) e !

Sinee Y is orthogonal to £ for every ¢, the argument above implies that covin(Re) = 00 5 — ao
r

hence covy, (M) = 0. s —ae. Thus, the integral in square brackets is zero for every (o This imphes
A

"o [ 1 . 1.
that Cosv” is zero almost evervwhere on (0.1 x [0, 17 50 the residuals A7
. . i L d

5

are indeed idiosvneratic,

Thus, purging the returns f\"; from all variations that can be explained by £ leaves residuals i!i’
that are idiosvieratic, so £ satisfies Condition (1} of the definition of strict factor structure refative to
£ We now show that we can extract a unique hnear subspace F/ C F that satislies both conditions,
The set of random variable r £ 7 such that ('r:\";.(f-rm’ri) =0, s — a.e.is a linear subspace Iy ol 170 Let
I e the orthogonal complement of £y in Fand write

f‘f: =R, + Proj,. [‘1’_'.‘. - .iai
Clearly. the new residuals l_z’_ differ from rhe old residuals ii’: oty on @ set of measure zero of assets,
and so must themselves be idiosyneratic. Tt is also clear by construcetion that no proper subspace of
F’ can be a factor space for the repackaged cconomy £ so FY 15 indeed @ factor structure for £
The uniqueness of F' follows [rom unigueness of My and orthogonal complements.

Q.E.D.



o3 Technieal Remarks

The definition of repuckaging includes siimplifying restrictions that are not essential for the main
argument of this paper. The houndedness part of Condition (3) would have been superfluons if
we chose to impose a uniform upper bound on the mumber of pieces an asset can be divided into.
The measurability part of that condition ts in fact redundant. even when countable divisions are
allowed. but was maintained because the proof that B has a measurable covariauce function

has litte relevance to the main point made in this paper.

Allowing assets to be divided into countably many pieces is done purely for convenience and can
be modified in several ways without significant consequences on the result. For example. we can
impose a uniform bound on the nber pieces an asset can be divided into by sioply requiring
that all but finitely many of the a; functions are identically zero. The added Hexibility of @
cotntable number of divisions has the advantage of simplifving the descriprion of repackagings
in which some assets might be slhiced more finely than others. In the other direction. nothing tn
the proof secins to hinge on the assumption that the nunber of possible divisions of an asset
s countable. Tt is therefore likely that a similar result wounld hold if we allow sone assets to
he divided into a contitnum of pieces. instead of countably many as in the present framework.
Sutns would then have to be appropriately replaced by intearals and some measurability issues

may need to be dealt with,

The assumption that assets are indexed by oan atomless measure space reflects the intaition
{found in many pricing theories. such as the APT) that individual assets become negligible as
the economy bhecomes large. However. the model may also be interpreted to include assets whose
weights velative to the rest of the economy remains large regardless of how many other assets
are added. To motivate this interpretation. note that in asset pricing applications. assets are
identified by their random rate of returns. For instance. in a model with a Anite mamber of
assels. there is no relevant distinetion. from asset pricing point of view. betsween one asset with
return ff,‘ and NV assets cach with return ]‘1’,.,";\'. Using this observation. an asset with return 7t
and weight a € [0. 1] can be represented by creating coples of this return and assigning them to
a subset of assets of measure n. The definitions and analvsis of this paper can then be applied

without change.

10



4. DISCUSSION AND INTERPRETATION

Remark I The substantive restriction imposed by the definition of a repackaging is contained in
Fquation {3) which implies that the way assets arve combined in the cconony s neutral in the sense
that repackaging leaves total wealth unaffected. This assumption might be objected 1o hecause a set
of assets might be more productive when combined together in a single larger asset {or firm). so the
return on the firm may be greater than the s of the returns on its individual components. This

stgeests that returns in the repackaged economy should not be computed linearlv, as in Equation (3).

Three points are worth mentioning in response. First, the proof of the Theorem is not too sensitive
to the assumption that returns in the repackaged economy are caiculated linearly. All that matters
ts that in calculating these returns. no risk specific to a set of measure zero of assets in the original
ceonomy can be blown into a fuctor beeause of repackaging. This is consistent with many alternative
methods of caleulating returns in the repackaged cconomy. Linearity does not seem to be crucial
to the result. but is retaned to simplity the comparison with earher papers. Second, if the original
ceonomy had no arbitrage opportunities, then every potentially profitable combination of assers would
have been formed through the appropriate consolidation assets in the original economy.®  Third. our
delinition of repackaging is general enough to accommodate additional conditions asserting that there
are, for example, geographical. fiscal. or informational-related reasons that give one representation of
assels inherent advantages over others. The main result states that the factor structure is preserved
even when assets are repackagzed in an essentially arbiteary manuer.

Rewark Z2: 7 Suppose that an asset provides a unique hedging opportunity not offered by any other
asset. This insurance possibility would not have existed without this asset, suggesting that such asset
might carry a greater weight i the cconomy than would be consistent with our assumption of an
atomibess measure space of assets {Le. the asset beconies an atom). To take an extreme example,
consider au economy with asset returns 7y = =00 and 7y = 7. for £ > 00 Asset £ = 0 1s a perfect
hedge against the risk of any other asset. creating a new opportunity of a riskless return that would

not have existed otherwise. However, sinee only one unit of this asset s available, one wonld expect

q1--



that in a large economy this asset can be used to hedge against the risk i only a small subser of the

remaining assets. In the framework of this paper. this intuition is captured by the requirenent that
the permutations A;'s are measure preserving., so the hedge provided by asset ¢ = 0 can be used only
against risks in o set of measure zero of the remaining assets. Thus, although asset ¢ = 0 provides

a4 unique hedging opportunity agalnst econompy-wide risk. its role remains negligible because it is

available in too small & quantity to make much difference in improving risk sharing in the economny.

Remark 3: Fix a random variabie 7 and define the asset economy £ by setting B = it eiu. 1/2).
and Ry = —fjfort & [1/72. 15 Counsider the following repackaging: A (£} = 4. Az(f) = —t. and o, (1) =
ap(f) =05 for 0 <t < 1. The original cconomy hias astriet factor structure with a single factor 7 ancd
corresponding exposure (beta) which is 1 on [0 1/2) and -1 on [1/2. 1}, The repackaged cronomy. on
the other hand. has a zero-dhmensional factor structure because. with the exception of asset 5 = 1,2,

returns in the repackaged economy are given by
'yt 7 [ N - - i
P (R R )2 (=2 -0
There 1s nothing special or pathological here: the same phenomenon also appears in richer. more
o> =

complex examples. The intuition is that. even if all risk in the original economy is factor-risk. the

distribution of the exposures of various assets to this risk ey be such that there are readily available

hedges against it, The key observation is that the expaosures (the betas) change sign so a factor-ris
may be eliminated by using portfolios with appropriate weights assigned to assers with positive and

negative exposures to the factor.

Note that the elimination of risk in this example, is not achieved via diversification as in the APT,
Diversification, which is effective in dealing with idiosvneratic risk. is irrelevant here since all risk is
factor-risk and repackaging imvolves no more than two assets at a time. Rather, repackaging reduces
the number of factors through the cancellation of risks i assets with negatively correlated exposures
to factor risk. This phenomena is not special to the present model {consider, for example, a sequence
ceonomy 1 which assets with an even index have return 7 and assets with an odd index have return

i)



Remark 4: The last Remark suggests that it might be useful to distinguish between factor risks
according 1o whether they can be eliminated through a simple recombination of assers. Thus. the 7
[actor risk in the example i Remark 3 above may be viewed as corresponding 1o a reducible Tactor
risk because a simple repackaging of assets s suthicient to diversifv it away. On the other hand, if

Ry = i for all ¢, then no repackaging can eliminate the i factor risk in this case.

An appropriate delinition and characterization of the reducibiliny of factor risks mayv be a bit more
elusive than suggested in the simple one-factor examples above. One complication that might arise
in 2 multi-factor settings is that recombining assets in a particular way to hedge against one tvpe
of factor risk might introduce or increase exposure to other types of factor risks. This sugeests that
one i3 unlikely to be able to characterize the redueibility of one factor in solation from the way 1t is

combined with other factors in the econony,



ENDNOTES

I- As in earlier papers. returns on repackaged assets are obtained linearly from returns of their com-

ponents. See the more detailed discssion in Section -,

2o Detailed discussion of this construction and its use in the type of models considered here can he

found in Al-Najjar (1994, 1995).

3- See the last step of the proof of the mam theoren.

1- The betas are often defined in terms of the mdes of returns (the #7s). I the function py s well-
behaved. then the betas defined here can be converted 1o betas in terms of rates of returns tnoa

straight forward manner.

5- The result depends only on the requirement that the rearrangement is done i an absolutely

COBtimIOUs NAnner.

G- This is basically the argument made by Gilles and LeRoy {1991).

7- I thank a referee for raising rhis point.
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