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1 Introduction

Ve investigate the validity of the price-taking assumption inherent in the definition of
perfect competition. We use a model in which consumers. who have private information
about their individual preferences. choose {or report) a demand function. not necessarily
their true demand. Prices are chosen to clear markets. and goods are allocated according to
reported demands. We study whether market-clearing prices and allocations of the reported
economy are close to the competitive equilibria of the true economy. We employ fairly weak
behavioral assumptions about how agents choose their demands: each agent forms beliefs
about other agents’ actions. These beliefs are represented by a set of {possible) stratesy
profiles for the rest of the economy. which can be seen as the support of some distribution
over other agents’ actions. Agents select demand functions that are undominated with
respect to their beliefs. For example. if each agent’s beliefs include all possible actions by
other agents, then the reported economy may be formed by anyv set of demands that are
nndominated in pure strategies. In contrast. if each agent’s beliefs are the singleton of
demands reported by other agents. then the reported economy is a Nash equilibrium.

We prove that the reported economy is close to the true economy, provided that (a)
counsumers believe that thev have. individually. a small influence on equilibrium prices.
and (b} consumers” beliefs are sufficiently rich. Proviso {a} gsuarantees that there are only
small gains to be made {rom grossly misrepresenting one’s true demand near potential
equilibrium prices. Consumers. however. may report any demand at prices that should not
occur according to their beliefs. Proviso (b) ensures that individuals will report sericusly
for a wide range of prices.

Our conditions are. in some sense. necessary as well. With regard to (a): if agents
helieve that they can influence prices considerably. then they will exercise that influence
and only by chance will the market-ciearing allocation of the reported economy resemble

that of the true economy. With regard to (b): if agents’ beliefs are very concentrated. for



instance a singleton. then rthe reported economy may have many Walrasian allocations that
do not resemble those of the true economy. This pheromenon can occur even when beliefs
are concentrated around the true economy.

We also explore the consequences of replacing (b) with the assumption that consumers’
beliefs abont the reported economy are not completely incorrect: the actual reported econ-
omy belongs to the belief-set. Although under this alternative hypothesis the reported
economies do not necessarilv approximate the true economy, it is still possible to prove that
the equilibrium allocations of the reported economies approach a Walrasian allocation of

the true limit economy.

Relation to the Literature

In economies with few individuals. anyv single agent has a considerable influence on the
composition of the reported economy and therefore on the equilibrinm prices. Hurwicz
{1972} showed that manipulations are attractive in small economies. and so it is clear that
a large numbers argument is necessary to justifv price-taking hehavior.

The presumption that in large economies individuals may have almost no influence on
equilibrinm prices was explored by Roberts and Postlewaire (1976). They provided an
sxample where a single agent has substantial price influence. even as the economy becomes
arbitrarily large. They went on to argue, however. that such examples are exceptional.
and that if the limit economy is regular (i. e.. the equilibrinm-price correspondence is finite
valied and continuous in a neighborhood of the limit economy). then the the benefits from
mnanipnlation become arbitrarily small as the economy grows.

The fact that the gains from manipulation shrink as the economy grows is suggestive,
hiut not convincing as a justification for the use of the competitive model. First. even though
deviations from price-taking behavior mayv only result in small utility gains. a consumer’s
optimal reported demand may be far from price-taking. Second. even if individual reported

demands are close to price-taking. it is possible that. when aggregated. these demands lead



to prices and allocations that are substantially different from the competitive equilibria of

the true economy.'

Jackson {1992) analvzes the first problem and shows that behavior on the individual
level does indeed approximate competitive behavior as the economy becomes large. again
provided that the limit economy is regular.

The second problem of whether aggregate behavior in large economies approximates
price-taking behavior is addressed by Thompson (1979) and Otani and Sicilian (1982, 1990).
Thompson (1979) shows by construction that the set of Nash equilibria (of a game where
agents submit demand functions} can be quite large and different from the competitive
allocations. even as the economy grows.? Otani and Sicilian {1990) show that the set of
Nash equilibria is generally very large and does not collapse to competitive behavior in
the limit. Otani and Sicilian (1990. Proposition 3) also show. however, that this negative
result is overturned if agents can only report smooth demands and the sequence of Nash
equilibrium reported economies converges to a regular economy. In such a situation the
limit Nash allocation is a competitive allocation of the limit economy.

One might be hopeful that the Nash requirement {and the smoothness requirement. as
we shall discuss) of the Otani and Sicilian result can be weakened without destroving the
resualt itself. The information requirements for a Nash equilibrium in a large economy are
quite strong. In fact. one might conjecture that ignorance in a large economy would help
bring about competitive behavior, as without specific knowledge of other agents™ actions it
is difficult for agents to know how to manipulate prices and allocations.

Il one moves ta the other extreme from Nash belhavior and explores compiete ignorance
as captured by strategyv-proofness {dominant strategy incentive compatibility). the results

are quite negative. Barbera and Jackson (1992) show that if strategy -proof behavior is

"See Gul and Postlewaite {1992 discussion point 3) for an exposition of this point.

“The implementation literature has considered the possiblity of explicitly designing a mechanism te

result in Walrasiar allocations. See the concluding remarks for more discussion.



required on the part of individuals. then the only allocations that can be achieved are far
from efficient. much less competitive. even in arbitrarily large economies. The requirement
that allocations be strategy—proof is, however, very strong and difficult to satisfy.

Behavioral assumptions between the extremes of the complete information of Nash equi-
librium and the complete ignorance of strategy—proofness are more likely to provide positive
results. We confirm that approximately competitive behavior obtains in sitnations where
agents have incomplete information represented by sets of beliefs (satisfying certain restric-
tions) and choose actions that are undominated relative to those beliefs. A restriction on
the set of beliefs {that agents believe they cannot influence prices significantly) retains the
part of the regularity assumption that generated the positive results of Roberts and Postle-
waite (1976} and Otani and Sicilian (1990). and allows those results to hold under more
general behavioral and informational assumptions.

Finally. let us discuss the relation of our work to a recent paper by Gul and Postle-
waite (1992). who also explore behavior in large economies with incomplete information.
They show that if all agents are independently drawn from a finite number of types { whose
price-taking demands differ sufficiently ). then as the economy is replicated. there exists an
incentive compatible and individually rational allocation rule that Is almost efficient.> The
allocation that agents receive is actually the competitive one from an artificial economy.
which is near the actual one with high probability. This suggests that approximate com-
petitive behavior is possible in large economies. The Gul and Postlewaite work. however.
leaves two questions open. First. the finite types assumption is critical to their approach
{as they acknowledge in their remark 2). The basic intuition is that the influence of any
single agent on the equilibrium price is reduced arbitrarily for a sufficiently large replica-

tion of the economy. Thus. although announcing an incorrect type. i. e.. misrepresenting

For simplicity. the reader mav consider a plaver’s type to be the player’s preference-endowment pair or,
equivalently, the plaver's price-taking excess demand. The Gul and Postlewaite maodel is more general in

the externalities that it admits.



the demand function. will not change significantly the equilibrium price. it will resuit in
a consumption bundle which differs significantly from the one stipulated by the true de-
mand function. As the economy is replicated. any incorrect type that can be potentially
announced will eventually result in a loss of utility to the agent. Since there are only a
finite number of tvpes, the optimal strategy for any agent eventually becomes reporting the
true demand. If the tvpe space is permited to be infinite, however, it is not obvious that
the results will still hold: each agent’s optimal strategy will approach price-taking behavior
but will not equal it. Again. when aggregated across agents such slight deviations might
result in a substantial aggregate deviation. Here, we show that the aggregate behavior will
converge in an infinite model. Second. it is not clear that all the equilibrium allocations of
a given mechanism are converging to competitive ones. That is. Gul and Postlewaite show
that there exists an incentive compatible allocation rule. but do not examine whether other
equilibria {non-truthful ones) might arise when sich a rule is used {see their remark ). Ve
show that all of the undominated actions will converge under certain restrictions on beliefs.

After introducing the main definitions in the next section. we present an example that
clarifies the role of regularity {and the smoothness of demands) in the existing literature

and that motivates our results. Section 1 presents the main Theorems.

2 Definitions

Preferences, Demands and Competitive Equilibrium

There is a firite number of zoods. [. Preferences are represented by a complete and
transitive binary relation R. defined on [R:_ x IR' . (For simplicity. consumption sets are
assumed to he lR’":_.) The notation £ Ry is interpreted as meaning « £ IR, is weaklv preferred
toy € IR{P. The strict relation implied by R is denoted P {zPy if not yRzr). Preferences

are continnous. monotonic. and strictly convex. The set of all siuch preferences is denoted

= i

YA preference relation 7 is monotonic if r Py whenever ro >y forall k€ {1.2. ... {} and r # 5.
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A demand function d associated with an endowment e £ R’ is a continnous map from
AL (the unit simplex of strictly positive prices in IRL) nto ]Rﬁl_. such that p-dip) < p-¢ for
all p = A, .. Toinsure that competitive equilibria exist we also require that ||d(p"}|| — x
as p" approaches the boundary of A, .. The set of all such demand functions is denoted
Die)> Let D = {{d.e):e & IRL d & D{e)}. We endow the space of demand functions
with the topology of uniform convergence on compact sets.”

Let i be a simple probability measure defined on . The interpretation of u({(d.e}}}
is that a proportion u({(d.e)}) of the agents in a finite economy have endowment e and are
acting according to the demand function d. M{ D) denotes the set of all Borel probability
measures ¢ on L. M{D) is endowed with the topology of weak convergence. We denote
B(p. 1/k} the open ball of radius 1/k around g with respect to the Prohorov metric p.”

For any collection of demand functions. the prices at which the aggregate excess demand
is zero. 1. e.. the competitive equilibrium prices, are solely determined by the distribution of
demands: the number of demand functions piays no role {Hildenbrand (1974). Proposition
4, page 114). The competitive equilibrium price correspondence Il that selects the set of

equilibrinmm prices for each distribution of demands g € V(D) is therefore defined by:
Migl={pcA,|0¢ / (d(p)—e)du}.
D
Representing Consumer Behavior

Let 4 be a finite set of consumers’ names. and let A be the normalized counting distri-

bution on A.* An cconomy £(A) is a measurable map & : 1 — R < P that assigns to each

"(iiven the properties of preferences any demand correspondence that maximizes preferences is single

valued and continous at p » 0 and empty otherwise.

* D is endowed with the product topology: id* ¥y — (d. e)if d¥ — d and e — ¢,

-t

"A definition of the Prohorov metric can be found. for instance. in Billingsley {196%) p. 23

For any A, MO = #C/4 A where 4 represents the anmber of elements in a given set.



agent @ £ A an endowment ¢, € R and a preference relation #, £ P. The preference-
endowment distribution 8 £ V(P x IRL) of the economy &{A) is defined as § = A > &7\
that is. 8(C) = MEYC)) for any measurable set ' C P x H%ﬂ_.

The competitive or price-taking demand function of an agent @« £ 4 is the one generated
by a's preferences. given a's endowment. when a takes prices as given. It is denoted d, and
defined by p-d,(p) < p-e, and d,(p) Ra y for all y such that p-y < p-e,.

Consumers report (or act) according to some demand function which is not necessarily
their “competitive™ demand. The collection of demands reported by all agents in the econ-
omy constitutes a “reported” economy. Let r be the map that assigns to each consumer
a2 € A a reported demand-endowment pair {d,.e,) € D. Endowments are assumed to be
verifiable, and so0 ¢, is the agent’s true endowment. Preferences. however, are not observed
and so d, may differ from the price-raking demand d,. The reported economy i € M(D)is
defined by u = Aor~1, If all agents report their price-taking demands (r{a) = (d,.e,) forall
a < AJ). the resulting reported economy 1 is the same as the “true” demand-endowment dis-
tribution. denoted p. corresponding to the consumers in A. The market-clearing prices for
the economy £i 1) when agents repart their price-raking (competitive) demands is denoted
by [I{ECAY) = TI(z).

Given their preferences. it may be in agents’ best interest to act or report a demand
function other than their price-raking (competitive) one. Agents choose their reported
demands in response to their beliefs about how their reports will inflnence equilibrium
prices. Suppose, for instance. consiwmer @ believes that the distribution of reported demands
is given by iy £ M{ D) when a reports d. In deciding on a demand to report. a evaluates how
consumption varies in response to different reports. Thus, when a reports d the equilibrinm
price may be p € [l{q) providing ¢ with a consumption d{p). A different demand d’ may
result in a different equilibrium price p’ € [I{ gy} and consumption d'(p’).

The beliefs of a given consumer a are represented by a collection 0% of triples (. ¥, . p,,)

where £ MiD). N, is a neighborhood of z. and p, is a continuous funcrion from v, 1o



Ay osuch thar pu(v) € i) forall v € V..

The continuous price function p, represents the prices that consumer a expects to see in
equilibriumt when g is the reported economy. [t also determines what consumer a perceives
as his or her influence on prices. When «a acts according to demand . the anticipated
equilibrium prices become p.(pq). provided py; € N,. If by changing reported demands
consumer «a affected a considerable change in the reported distribution g (ie. py ¢ V).
then the expected equilibrium price would no longer be given by the function p,. When
there are many consumers, the report of anyv single individual will not significantly affect
the reported economy.

Since the equilibrium price correspondence need not be lower hemi-continuons. there
may not exist a continuous selection p, on anv neighborhood of a given reported economy
. If any agent believed that such an economy could arise. then small changes in his or
her report would produce considerable changes in prices. Qur definition of beliefs rules this
our.

Representing beliefs by a coliection of measures and price functions captures the uncer-
tainty a consumer faces. Beliefs 8% may be thought of as representing the support of some
prior distribution. However. we are deliberately vague and do not define any distributions
over the price functions. since we employ weak assumptions about behavior that do not
require such definitions. We will only assume that agents” actions are undominated relative

to their beliefs. For any set of beliefs B and anv ¢ > (. we define

By = {lp. Nupd € B | puip) = 61},

where 1 is the unit vector in IR’

Given an agent 2 with endowment e,. preferences R.,. and beliefs B*. we sav that
d £ Die,) f-dominates d' € D(e,) for a relative to B* if. for every (u. N, ,.p,) € B? such
that g € N, and pp € V.

diplpea)) Ry d'ipulpein).



and there is some (g, N, .p,) € B? such that gg € ¥, and pyp €.V, and
d(py(ﬂ’i)) Py df(pu(.u’i')]'

I{ no d £ Die,) §-dominates d' € D(e,) for a relative to B”. then we say that d" € D(e,) is
d-undominated for a relative to B*.

As 4 becomes smaller. the set of nndominated demands increases. Similarly. as the
collection B” becomes larger. the set of undominated demands increases.

Finally. we define the sequences of economies for which our results apply. Let A* be
a sequence of finite sets and let A* be the normalized counting distribution on A*. The

sequence of economies £¥( %) is purely competitive (Hildenbrand (1974). pp. 136-137) if

{iy #45 — .
(i1} the corresponding sequence of preference-endowment distributions f* converges to the
limit distribution # £ M{P % [RL).

(i11) the sequence of mean cndowments converges to the mean endowment of the limit.

[gi €2 do* jR‘+ £,d6 and 0 < g e, df < x.
+ +

A purely competitive sequence of economies represents the “same”™ economy (i and iii).
with an increasing degree of competition (i). Given a competitive sequence of economies.

we will refer to # as the true limit economy.

3 An Example

In rhis section we present an example that illustrates the problems arising when individuals

successfully manipulate prices.
Hurwicz (1979b}. Thomson (1979). and Otani and Sicilian {1932, 1990) showed that if

agents act according to any demand function. then the set of Nash equilibria 1s large and



does not collapse to competitive behavior as the economy is replicated. Otani and Sicilian
(1990) also show that if agents can only report smooth demand functions and the reported
economies converge to a regular economy. then the Nash equilibrium allocations approxi-
mate competitive outcomes. This leaves unclear the role of the smoothness assumption in
obtaining convergence to the competitive behavior. independent of rhe role of that assump-
tion in facilitating the regularity of the limit economyv. The constructive proofs showing
noncompetitive behaviar relv on demands with kinks in them.

Below., we present an example of a sequence of economies where all agents submit
linear demands resulting in Nash equilibrium allocations that are distinct from competitive
allocations, even in the limit. This example shows that smoothness of demands is not
sufficient to obtain competitive behavior. And as our Theorems will show. nor is it necessary.
Thus we argue that it is the continuity of equilibrium price functions at the limit that is
critical to obtaining convergence. In essence, this continuity ensures that agents believe
they have no influence on prices for large economies.

We construct a replica sequence of economies with two goods. All agents have the same
preferences represented by the utility function u(ry.z;) = 123, Agents differ ounly in their
endowments. which are either of type ¢* = (0.1} or ¢” = (1.0). Economy k has & agents of

each rype. The price-taking demands of the agents are

dip) =1 E) and db(pg)‘—‘t .5

P pr ol 1
2 2p2

| =

where the normalization of prices p; = 1. allows us to state evervthing in terms of py < R_,.
{Dividing by 1 + p». the new prices are in A, .) The unigue competitive equilibrium price
is pa = 1. with all agents consuming 1/2 unit of each good.

The following constitutes a Nash equilibrium for each & of the game where agents submit
. e _ 4k 5 oo o 2kl 5
smooth demand functions: di{p:} = 370 — sronP2 and 4(p2) = 5500 — srmeoniP2

where demands are stated for the second good and demand for the first good is determined

by budger balance {dj{p:) = pa2(l — d3{p2)}) and d(pa) = 1 — pgdg(p_»)). The resulting
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Urfes

) and z? = (%%)

Lo

marketl-clearing price is pa = 6/5 with resulting allocations z* = (
Agents of tvpe a are better off and agents of type b are worse off than in the competitive
equilibrium.

To verify that this is an equilibrium. notice that from budget balance we can write
u* = (pa — pard)zd and u® = (1 — pyxd)zd. Giver the demands of the other agents. the
market-clearing equation as a function of agent a’s equilibrium allocation z3 and the price
po is

1k 5 2k + 1 5

k= z5 (k- - — k - 2],
w2+ k= Dl 9(2;;.—1)”214r B~ apEo ek

which simplifies to

9
pr = Z73-
B
We can rewrite u* as 2{(z$)? — (z3}?). The optimal choice is then £3 = 3. .iny demand
schedule for a which results in z3 = :; given the demands of the other agents. is then
- . . - _ lk — -
optimal. The suggested schedule d3(p2) = =T g(,z;:_l]p'g is thus a hest response.

We can perform similar calculations for agents of type b. The market-clearing equartion

as a function of the equilibrium aliocation &3 and the price ps is

" 5 2%k + 1 5
)] k-1 - d
pat )[3(21;ﬁ1) o2k — 1)

TSR T 92k = 1)

which simplifies 1o

9, 3
pr=cry+ ¢
5 )
We can rewrite u” as u® = r.i’, — %(13]3 - %(‘rg)z. The optimal choice ts then 1:3 = % Any

demand schedule for & which results in &5 = % civen the demands of the other agents. is
then optimal. Again. the suggested schedule is a best response.

Notice that in this Nash equilibrium. the slope of the aggregate excess demand function
faced by anyv agent in any economy is constant: agents perceive that they have the same

influence on price all along the sequence. Individual {reported) demand functions. however,
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heconie increasingly steep and converge to constant demands. { The slope of the individual
demands tends to zero. which. with the standard representation of prices in the vertical
axis. corresponds to a steeper line.) Thus. the limit of the aggregate demand function is

not equal to the ageregate of the limit demand functions,

This example points out that requiring smoothness of the reported demand curves is not
sufficient to generate competitive behavior {and again. Theorems 1 and 2 will show that
it is not necessary either). The Nash equilibrium reported demands in this exampie are
in fact linear and the preferences are as well-behaved as possible. This example. however,
relies criticallv upon the anticipation that other agents will act according to the reported
demands. The reported demands of ather agents provide any given agent with a choice
of which allocation he or she desires. Without any uncertainty. the shape of the demand
schedule that an agent submits is irrelevant to that agent, except for the requirement that
it pass through the desired allocation. This allows us to choose carefully the slope of the
demand of the agent through this aptimal allocation. to support the equilibrium behavior
of other agents.

The implication is that if we introduce some uncertainty. examples such as the one
above might not survive. as rhe shape of the demand schedule is no longer irrelevant to an
agent. Uncertainty alone. however. will not suffice. as each agent may still believe that he
or she has a substantial influence on price. even in a very large economy. This points to the
regularity assnmptions as the key factor to obtaining a convergence resulf.

Gul and Postlewaite (1992) conjecture that if agents are “informationally small.” the
inefficiencies that arise due to asvmmetric information will be small. Qur assumption that
agents believe they have little influence on aggregate prices (and the regularity assumptions
in the articles referenced) captures a notion of informational smallness.

One of Gul and Postlewaite’s objectives is to find and formalize the correct notion of

informational smallness. Theyv conclude from their results that an agent is informationally
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small if the incremental effect of the agent’s private information on the demand for any good
is a smali proportion of the aggregate endowment of that good. The example above and the
results of Otani and Sicilian {1990) show that the characterization of informational smallness
advanced bv Gul and Postlewaite will not suffice to produce approximately competitive
behavior when agents can choose from an infinite set of demands. Gul and Postlewaite’s
proposed definition works for them because in their model individuals only have finitely
many possible demands to report. In the example presented, as the economy is replicated.
the true demand of any single individual. the individual’s private information. will be a small
fraction of the total endowment. Agents. however. can still have considerable influence on
prices independent of the size of the economy: it is the actions of other agents that determine

the influence that any individual has on prices.

4 Approximation Theorems

Theorem 1 shows that if consumers believe that they have. individually. a small influence
on prices. then as the economy grows agents’ undominated demands converge to their com-
petitive demands and the distribution of reported demands couverges to the true demand
distribution.

Theorem | requires that consumers’ beliefs satisfy the following characteristics. Let a

be any consumer in economy £{.1} reporting or acting according to a demand d, £ D{e,).

Then.
o consumer ¢ knows the size of the economy when choosing an action. 1. e..
Tl N,.pa) € B*. j=Aor™! for some report r: A — D,
and
e consumer ¢ has romplete heliefs:

Yp e 00 3. Nyopy) € B such that wy, € NV, and p = pu{ug, ).

1



Qur results are stated in terms of a competitive sequence of economies. It is not necessary
that consumers know the exact number of agents in the economy: it suffices that consumers
realize that the economy is increasing in size.

The assumption of complete beliefs holds that consumer a. acting according to a demand
d,(-). has beliefs diverse enough to explain any realization of prices.

Given any positive number ¢ > 0, Ay is the set {p € A | p > §1}. Let Ds(e) denote the
restriction of D(e) to demand functions defined on Ay and let Ds = {(d.e): e € IRL. d e

Dsie)}. Forany g < M{D). us represents the distribution induced by u on Ds.”

Theorem 1 Let E5(A%) he a purely competitive sequence of economies and i* the corre-
sponding “true” demand-endowment distributions. Suppose that each agent a® £ A* knows
the size of the economy. has complete bheliefs B, and announces or acts according lo a
demand function d* which is f-undominated relative to B*. If {a) and (b) are satisfied

where:
(a) W{a"Ye. a® € A% 3~ > 0. K > 0 such that k > K. (p. N, p,) & B and o e

Biy Ujky implies that p/. " € N, and \\p ') — pu (i < v plu ™)

(b) Ya¥ & A Vd. d' € Die). and ¥, Np,) € B" if digq) = d'(¢q). g = pulid). and
Hao php &N, then p i) = p iy ) = q
then

&S a¥) — (R.e) = SUP,c 3, ]irifk(p] — rffk([J}Il — 0

2ouf = g, where ut s the sequence of reported economies, and g is the Limit of the

“trie " demand-endowment distributions (p = ling . ;lk). t

Let y o 2 — Ds. yld.e) = (d’ ¢). where d' 1s the restriction of d to As. Then, for any set £ & Dy,

psiEV=pmog Y EN.

O1f the preference-endowment distribntions 8% converze to 8 {as guaranteed by the purely competitive
hvpothesis). then the *true” demand-endowment distrtbutions I converge to s, the demand-endowment

distribution generated by 8. This can be seen as an application of Lemma 2 below.
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Condition (a) is a kev assumption about consumers’ beliefs: consumers in large economies
believe that individually. they have a small influence on prices. Announcing a demand d
transforms anyv reported economy g into py. As the size of the economy increases. the influ-
ence of a single consumer on the reported economy vanishes: p(i. pq) < #—IF { which follows
from the definition of the Prohorov metric). According 1o (a) consumers helieve that their
small influence on the reported economy will not result in a significant change in prices: as
the size of the economy increases. pws £ .¥,, and therefore reporting d may be evaluated
using the equilibrium selection p,(p4). The Lipschitz condition in {a) implies that small
changes in g will not effect arbitrarily large changes on the equilibrinm price according to
consumers  beliefs.

Hypothesis (b) states that irrelevant changes in a reported demand do not change the
expected equilibriuin prices: if a consumer believes that reporting the demand d results in
a price q. changing the demand for prices different from ¢ should not affect the consumer’s
expected prices { provided the global report uy is not significantly altered ). Notice, however.
that consumers mayv still believe that the same reported economy g may generate many
different prices: there may exist many triples (p. N, p,) € B* and (p. V). p)) € B* with
Pu # P

Theorem | has rwo conclusions. First, consider any sequence of consumers with char-
acteristics converging to a given preference-endowment pair. Any corresponding sequence
of undominated demands will converge uniformly to the true price-taking demand. Second,
the reported economyv approximates the true economy. [n large economies. consumers’ re-
ports are close to truthful. and aggregating those reports does not resulf in a significant
error. We may conclude that any sequence of equilibria of the reported economies will

approximate, in a subsequence. a competitive equilibrium of the true limit economy.

In selecting their announced demands. consumers take into account only the effect of

their announcement on prices. given their beliefs about the reported econemy. Theorem |



requires that consumers form complete beliefs—i. e.. consumers’ beliefs contain a varied
collection of reported economies. a collection that may generate, roughly. any price. Sup-
pose. for istance. that instead consumer «a is certain about the behavior of the rest of the
economy: B" is a singleton. In selecting a demand. a only cares about the "expected”
prices implicit in B*. Thus. e is indifferent when choosing among demands that only differ
in “unexpected” prices. Therefore, a's report need not converge to his or her price-taking
demand (at all prices) as the economy becomes larger.

Without the completeness assumption. undominated demands will converge to the true
demand for sequences of expected prices, but they may not do so for other prices. In
Theorem 2. we replace the completeness assumption with the condition that beliefs be
“correct”. 1. e., consumers’ expected prices include the market-clearing prices of the reported
economy. We prove in this case that the equilibrium allocations of the reported economies

converge in distribution to some equilibrium allocation of the true economy.

Theorem 2 Let E5( A% be a purely competitive sequence of economies and g* the corre-
sponding “true” demand-endowment distributions. Suppose that each agent a® € AF knows
the size of the economy. and announces or acts according to a demand function df. which

11&

s deundominated relative to s beliefs B Let i be the sequence of reported economies.
Suppose i p®y C Ay, and hypotheses (a) and (b} in Theorem [ hold. In addition. for all re-
ported economies u* and p* € (%), every consumer a € A* has beliefs (u*. Noepue) € R*

such that p* = puk(uk). Then, for any sequence of market-clearing prices of the reported

ECONOMLIES pk £ H([Ik).

L") — (Roe) = dek(ﬁk) - d-f'x(Pk)H — 0

2. for any o* € A% let Flaf) = rz’fj(p“} and for any ¢« & A let ¢(d,.e,) = d,(p). Ina

—1 1

subsequence. p¥ — p with p £ (7). ji = limg_ g and Mo (efF) V= pocTh

Theorem 2 has two conclusions. Conclusion [ states that rhe reported demands ap-

proximate the competitive demands at the market-clearing prices of the reported economy

i



as the size of the economy increases. Since beliefs need not be complete. the behavior of
the reported demands at other prices cannot be determined. Conclusion 2 states that (in a
subsequence) the equilibrinm allocations of the reported economies converge in distribution
to an equilibrium allocation of the true limit economy. As the size of the economy in-
creases. the equilibrium allocations ¢%(-) of the reported economies are defined on different
spaces of agents. Conclusion 2 compares the distribution in the commodity space of the
equilibrium allocations.’! Although the equilibrium aliocations of the reported economies
approximate equilibrium allocations of the true limit economy. it is still possible that the re-
ported economies do not converge at all. or that they do not approximare the true economy.
This is so because the reported demands need not converge to the competitive demands at

ount-of-equilibrinm prices.

Before providing the proof of Theorem 1, we give a brief outline. Ve use two main
lemmas to prove Theorem 1. Lemma | states that d¥ — d uniformly. The intuition behind
Lemma 1 rests on the assumption that individually. consumers believe they have a small
influence on prices in sufficiently large economies. Given the strict convexity of preferences.
in order for a reporred demand to be optimal in a small neighborhood around a price. the
demand must be near the price-taking demand. The proofof the Lemma identifies a demand
function which would dominate the announced demand atherwise. The rest of the proof of
Lemma | must deal with handling all expected prices simultaneously. and must account for
the fact that consumers’ characteristics may change as the economies change. Lemma 2 then
links the individual behavior to the aggregate. [t shows that if reported demands converge
uniformly over agents. 1. e.. conclusion ! holds. then the reported economy converges weakly
to the triue limit economyv. To apply Lemna 2 directly requires that reported demands be
linked to true preferences and endowments. It is possible, however. that two agents with

the same preferences and endowments hold different beliefs. and therefore. report different

Videe Hildenbrand {1974) pp. 153-134 for further discussion of the use of an allocation’s distribution as

the relevant information 1n econcmies with a large number of agents.
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nndominated demands. {This could happen even if heliefs did not differ between agents.)
By Lemma 1. agents with the same characteristics report nearly the same demands in large
economies. With this observation. Lemma 2 is applied and conclusion 2 is established.

It is worth pointing out that our assumptions on beliefs are only used to obtain conclu-
sion /. Conclusion 2 follows from f and the fact that the sequence of economies is purely

competitive. Thus. other environments where [ holds will also have 2 as a conciusion.

Proof of Theorem 1 ‘e begin with a Lemma proving that ¢* — d uniformly. Since

d* — o uniformly as well. conclusion I follows.

Lemma 1 Let £5(a*} = (R*. %) for all k and suppose (R*.¢*) — (R.e). Let d* be any
#-undominated demand relative to B* and d be the competitive demand for an agent with

characteristics { R.e). Then d — d uniformly on \s.

Proof of Lemma 1 First. for each fixed k we define a family of demand functions d%
indexed by the integer n > 0. We show that if no rff; {for any n) é-dominates d¢* with
respect to B then d*{-) converges to d{-) uniformly on \;.

Given n. b and g € AL, let

0 if |d%(q) — d*(q)i] < 1/n
gl = [H'ik(q)_f:f)“_l/n) if 1/n < ||d¥q) —d*(q)]l < 2/n
1 if || d*(q) — d¥(q))] > 2/n.

Define.

gy = 2qy d*(q) + (1 = =(q}) d*(q).

For anv & and n. the demand n?f‘L is in D(e*). Notice also that for all 4. we have that
lid(q) = d*(q)]] < 1/n. and (1)

(Ii(q) £ d5q) = i|d¥q) = d¥ )| > 1 . (2)
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Second, we prove that there is a positive integer V. such that for any n™ > .V and for

any sequence {(t5. N, . pi)}e. with (45 ¥ sipe) € ng k. there exists A" so that k > K

implies
(fﬁ.{pyx(z/i‘{i.)) R* dk(pyk(l/fk))- (3
Note that for all & sufficiently large. (a) implies that ka . t/fk € N x.

Suppose (3) does not hold. Then. for any fixed n there exists a sequence {{v*. V,«.p ) }x

with (5. N e pe) € Bg—‘k Yk such that
d*{pl i) PF diip,s(v5 ) (4

for all & sufficiently enough. Given n. select &, so that k, > k,_1. and {4) holds. In the

resulting subsequence {{#*". N i..p,in )i, . We observe that

dk“(pykn(“f:n 1 pPFn (zin(pukn([/?gn Nk, (D)
Taking a further subseguence. we know that pugn{z/j;‘n] — p. p € A;. Hypothesis
{a) implies that pyk,,(zzjl;‘n) — p. For all &, large. pykn(yf;’n} and pukn(t/;';‘n) must be

strictly positive because p 3 0. Thus. there is a comnpact set containing the consumption

bundles d*(p, i, (1/_’;.";‘” ) and (ffﬁ;"(puk,,(r/;gn 1) for all sufliciently large k,,. In a subsequence.
df""(pykn(yj;‘n )1 converges to a consumption bundle ». Irom (1), Jﬁ“(pu,-.-,,(u%l‘n )y — 7(p).
Then. (3) yields ¢ R d(p). Since d“*(p,in (uf;‘ﬂ 1) is a demand bundle, py-xn(z/:;‘n J-dfn{g™) <
pukn(ufg‘ﬂ boefn for all k,,. Therefore, p-r < p-e. Since preferences are strictly convex and

£ R di(p). it must be that r = dip). We have establisked rhat

A5 pantvil 1y — dip). (6)
Since (R*. %) — (R.¢€). d* — uniformly on compact sets. Hence, ]|dk(pyk(u‘?}}) -

rf“u),/k(yfk DIl < 1I/n for all large k. Then. the definition of A* implies that d-ﬁ(puk(_i/j:k)) =
(jk([)yk([/fk)} for large &. This contradicts hypothesis (b) and (1). We conciude that there

is an .V so that n™ > N satisfies (3},
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Third. we prove that for each n™ > N there exists A" such that & > A implies that
HA N jpe) € BY

A (pulvind) 1 dilp b ), (7)

k.
L . . o .. ' . ko
where [ denotes indifference. Since d* is é-undominated with respect to B2 . it follows

that for each &k either
A5 pe(vp)) 15 din(pelvi ).
for all (v, N k. pe) € Bg‘*. or there exists (V5. N . px) € ng such that

d¥(p,a(vfi)) PX diu(pa(vh ).

[f the last statement were true for infinitelv many &. we could construct a subsequence
contradicting (3). This establishes (7).

Finallv. let p¥ —— p. p* € A, for all k. Since beliefs are complete. there exists v* € B“

with pf = pvk(ufk ). The same argument leading to (6) shows, using (7) that d*(p*) — d(p).

Given the continuity of 4 and the compactness of As. this implies rhat d*(-) converges to

d(-y uniformly on Ay

Q.ED.

Lemma 2 Let 85 € M(P x IR‘;) for k= 1.2, ... and 85 = 6. 8 e M(P x IR‘;). Denote
by EX and E the supports of 8% and 6§ respectively. Let h* . E¥ — Ds k = 1. 2. ... and

hoPox ]Rir — Ds be measurable. Suppose

(RE. MY e EXC(RY %) — (Riel (Roe)C E. = W IR*.e¥) — h(R.¢e).
Then, 8% o (R*)71 = foh~L.
Proof We must show that for anv continuous bounded function g.

/g(y}d(ﬂ*o(h“‘)“)——] gly)d(foh™").
v Y
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or equivalently. that

h5(OR. ¢ ié""—f hiR.e)) dB. (8
/PXR: glh™{(R.e))a Prr g( €)) )

FExtend h* outside EX by setting A*(R.¢) = h{R.e). ¥(R.€) not in E%.  The value of
the integrals above does not change. Then. for any sequence (R¥.eX) € P x HZ:_\ with

(RN ¥y — (R.e). h""(Rk.e”) — h{R.e). The conclusion that 8% o (A}~ = @ch™! then

follows from Billingsley (1968) Theorem 3.5.

Q.E.D.

We now complete the proof of conclusion 2 in Theorem 1. Define f*: 4% x E¥ — Dy
as follows: if (R*. %) = £(a¥). then f¥(a*, R*.e%) = r5(a*). otherwise. f¥{a®. RF. &%) =
((fk. e“). let fiR.e) = (di-).e). where d* and d are the competitive demands restricted to
A of any agent with characteristics ( R, e%) and (K. e). respectively.

From Lemma 1. we have that f5(a*. R*.e*) — f(R.e) provided (R*. ¥y — (R.e).

Let #% = A\ o g';"_l. where gF : A% — AF « P x IRZ_ is defined by ¢g*(af) = (a*.E5(a)).
Thus. the marginal distribution of 8% on P x RY is #% . the preference-endowment distribu-
tion corresponding ro £¥.

We now prove that ,u’: = fs. Notice that 85 o (F5)"1 = (Mo (g5) Yo (f571 =
Mo ffog*)ml Since (f*og*)is the map r* that assigns to each agent a € A* the reported
demand-endowment pair (d¥.e%) € Do, pi = 65 o (f%)71. It is straightforward from the
definitions of # and f that ps = 82 f71.

Thus. we must verify that for anyv continuous bounded function o on D;

fh[d)d(ﬂko(fk)_l) _ /h(d)d(bjo fﬁl).

or equivalently,

]h[f-*'f.a.fz.fnde*' - /h.:m.e;,)rm.
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Notice that

]iz“(fa.e)dak > /h(f"(rz.R.e])dH“ > /g*‘(fz.e)de*. (9]

where A¥(R.¢) = sup,c 4« ol f¥{a. R.¢)) and R*(R.e) = inf ¢ g« h{ f¥(a. R.€)).

Let (R*.e¥) — (R.e). Since A*(R*.e") = h{f*(a*. R¥.e*}) for some consumer at
(recall that ¥ is finite), Lemma 1 implies that RE((R*. %)) — A{f(R.e)). By a similar
argument. Q‘v"'({R"".e*)) —— hif{R.e)). Since the marginal distribution of 85 on P x JLRZ+ Is

8 we observe that

ff}'*'uz.e) 46 = /E*(R.e)dé*‘ and /g*(a,e)dek - /@*‘(R.e)dék.
Lemma 2 then implies that
/B.*'(R..e)dé* . /hmﬁ.e))dé and /E‘(R.e)dé" _ fh(f(R.e)]dé.

Taking limits on (9) we obtain the desired result. thus establishing that puf = jis.

Q.E.D.

The proaf of Theorem 2 follows the proof of Theorem 1 closely.

Proof of Theorem 2 Conclusion ! follows from a slight change in Lemma 1: completeness
of beliefs is used in the last paragraph of the proof of that Lemma to ensure that there are
heliefs that support any sequence of prices p*. Conclusion { in Theorem 2 only applies to
sequences p* for which such beliefs exist.

To prove conclusion 2 we use Lemma 2 {modified so that h* and £ map into allocations
rather thau fueetions). Since p¥ € A, there exists a convergent subsequence p* — p. (We
abuse notation by nor distinguishing the subsequence.)

We first prove that the consumption bundles converge in distribution to the competitive
ones and then that p = [I{j).

Define f% 0 A% x E¥ - RY as follows: if (R*. %) = Eta®). then fEa®. RF.e%) = ¢*(a¥).

otherwise. f5(a® R*. ¢¥) = d%(p*). Let f(R.¢) = d(p) where d* and d are the competitive
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demands of any agent with characteristics { R¥.e%) and ( R.¢) respectively. It follows from
! that ff(a®. R* ") — f(R.e) provided (R* ¥} — (R.e).

Let 8% = AF og"“_i. where g’” A = A x P x .i'i’%l+ is defined by g"(ak) = (a*. % a)).
Thus. the marginal distribution of 8% on P x R, is #*. the preference-endowment distribu-
tion corresponding to &F.

We now prove that A¥o(c*)71 = goe™'. Notice that 85o( f5)71 = (Aoig®) Ve (/57! =
Aa{ fFog®)=1. Since [ ffog*) is the map ¢ that assigns to each agent ¢ € A* the equilibrium
consumption d¥{p*). Afo ()1 = #¥ o f¥} 1. It is straightforward from the definitions of #
and f that goe™! = 8o f~!. The same steps employed to prove conclusion 2 in Theorem 1
establish the desired result.

Finally. we show that p € T[{z). Since p* & H{u*).

E[CkE:/ c""'(rl)d,\k:/ e dAR,
Ak Ak

Since ¢®(-) converges in distribution to ¢{-) and the sequence of economies is purely com-
petitive,

lim E[e*] = Ee] = f e, dit.
R!

k—o
t

This proves that pis a market-clearing price for f.
p p &P i

o
\:"‘.-]
!

5 Concluding Remarks

1. The assumption that the per capita endowments converge. condition (ii1) in the definition
of a purely competitive sequence of economies. is not used in Theorew L. This agsnmption is
used in Theorem 2 1o prove that the limit of equilibrium prices of the reported economies is
a campetitive equilibtium price of the true lmit economy. since in Theorem 2 the reported

economies need not converge.
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2. Our results suggest that as long as consumers believe they have a small influence on
prices. even if thev do not behave as price rakers. the resulting equilibrium price ard alloca-
tions will be rearlv competitive. Although we set up the Theorems in terms of competitive
sequences of economies, the basic intuition would still hold in a single economy provided
agents believed that their influence on prices was small. In order to assess the validity
of such an assumption on beliefs. however. one must check that it is consistent with the
environment in question. For instance. if the per capita endowments of the economies in
Theorem | did not converge. a single agent could receive a constant fraction of the total
endowment in all economies. Although Theorem 1 would still hold. the agent receiving the
large endowment. if aware of the situation. may be able to influence prices. Thus, withour
the convergence of per capita endowments. our assumptions on beliefs may be unrealistic.
Notice that the per capita endowments do converge if, for instance. an economy s replicated.
3. Our results show that the equilihrium allocations of the reported economies converge
to a Walrasian allocation of the true limit economy. Since the Walrasian correspondence
need not be lower hemi-continuous at the limit economy. the equilibrium allocations of the
reported and triue economies might not be close to each other along the sequence if the
rrile imit economy happens to be one for which the Walrasian correspondence is not {ower
hemi continuous. Of course. the two equilibrium allocations will be close to each other
when the Walrasian correspondence is hemi-continucus at the limit economy.

4. We believe that assumptions (a) and (h) in both Theorems—i. e, individuals believe that

thev have little influence on prices—could be replaced by assuming that {for all consumers
in the limit economy the belief-set B* is a compact set of regular economies. and that the
preference-endowment-helief distribntion converges. [n this set-up. it is natural to require
that consumers report only smooth demands to keep the reported economies within the

class of smooth economies. Since regular economies constitute an open dense set in the

space of smooth economies, it is not unreasonable to assume that belief-sets are formed of



regular economies.!? To proceed along these lines. the proof of Lemma | would have to
be modified. As it stands now. the proof constructs a dominating demand. d*. that is not
smooth.

5. In the model we considered. markets always clear. Our set-up might be useful to
analyze some non-balanced mechanisms: consumers in a given economy are asked to report
their demands. A potentially different price is assigned to each consumer by computing
a market-clearing price for the economy without that consumer. Agents are allocated the
consumption bundle that results from their reported demands and their assigned price.!?
[t is clearly a dominant strategy to report one’s price-taking demand. since the price that
each consumer faces is unaffected by his or her announced demand. In situations where the
individual prices are close to a Walrasian price. the resulting allocations would be close to
competitive. Proving that there are individual prices close to a Walrasian one. and that the
aggregate imbalance is not too large. might be achieved by methods similar to the ones we
have used here.

6. Although we assume that individual consumers form beliefs about the actions of all
other consumers. it need only be the case that agents form beliefs about their own influence
on prices. We have formally set up the assumption otherwise for simplicity.

T. When consumers’ preferences are common knowledge (or at least satisfv the non-
exclusive information requirement'* that any given agent’s information is redundant given
the pooled information of the remaining agents). then there are mechanisms for which the
set of Nash equilibria coincide exactly with the set of Walrasian equilibria. even for small

economies.'> However, it seems reasonable to expect that individual preferences will be. at

YSee for instance, Appendix 2.3 in Hildenbrand (1974).

13y : . -
We have heard this mechanism suggested by several people. but have not heen able to find any reference

for it. Thus we think of it as a “folk™ mechanism. but are quite happy to stand corrected.

""The non-exclustve information requirement was used, for instance, in Blume and Easley {1983, 1990).

Postlewaite and Schmeidler [(1986). and Palfrey and Srivastava {1937},

Y For exact Nash implementation of the Walrasian correspondence. see for example Hurwicz (197%a) and
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least partly. private information. Thus in order to justify the price-taking assumption. one
must allow for the possibility of incomplete information. as we have done here.

Palfrey and Srivastava (19%6) and Mas-Colell and Vives (1993} have examined imple-
mentation with incomplete information in large economies. Both use mechanisms drawing
on the law of large numbers. Palfrey and Srivastava (1986) study environments where the
replication is such that anv agent’s information is almost surely redundant in the limit. and
can thus implement rules as in the case with non-exclusive information. Mas-Colell and
Vives {1993} study an implementation problem in economies with a continuum of agents
and relate the incentive compatibility results of continuum economies with those of approx-
imating sequences of economies. (iven a fixed and known distribution over agents™ tvpes.
thev prove an npper hemi-continuity property of Bavesian equilibria for continuous mech-
anisms. Using this result they show that if a continnous mechanism implements uniquely
a Walrasian allocation in the continuum economy. then the Bavesian equilibria of the ap-
proximating finite economies vield an allocation that is almost competitive with probability
close to one. Theyv demonstrate such a continuous mechanism.

Our approach differs from both of these in that we are not using distributional assump-
tions over the types of agents, and so our “mechanism” {the Walrasian one} is not tied to
any particular distribution or any replication procedure. Instead we ideatify restrictions on

individual beliefs tor which the Walrasian mechanism works.

Schmeidler (1980}, The sutvey on complete information implementation by Moore (1992) provides references
for some of the more recent work in this area. When information is incomplete, the incentive compatibility

requirements preclude such results generally (see the examples in Palfrev and Snivastava (1987)).
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