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1. INTRODUCTION

A number of authors [e.g. 2, 7, 14] have used an atomless measure
on a space of agents' characteristics as an economic model. In such a
model eny one agent or trader has a negligible influence on the outcome
a8 is presumed in the idea of perfect competition. There is a natural
extension of this model to the case of imperfectly competitive economies,
i.e., economies containing some agents whose actions have some non-
negligible effect on prices or supply of commodities. If we consider om
the set of agent's characteristics those measures containing atoms, we
can then interpret an atom as a group of traders, or a syndicate, which
acts a2s a single entity. Shitovitz [13] and Gabszewicz and Mertens [10]
(as well as others) have used such models to investigate the circumstances
under which a syndicate, or syndicates, can exploit those traders not in
the syndicate.

The core and the set of competitive allocations (defined in chepter
2) are the solution concepts commonly used to determine reasonable
outcomes in economies. The competitive allocations are independent of
syndicate formation (where atoms are used to represent a syndicate) in the
senge that the definition is personal to individual agents regardlecs
of whether or not syndicates exist. The core on the other hand deperds
on what coalitions are allowed to form. Aumann [2]}, Vind [14], and others
have shown (under mild assumptions) that for atomless economies, the
core is the same as the set of competitive allocations. 1If we restrict
the coalitions which can form. (by creating syndicates), blocking is

more difficult and the core will be no smaller than if all coalitioms



are allowed. Shitovitz [13] and Gabszewicz and Mertens [10] were
interested in determining what kind of syndicates could form such that
the equivalence of the competitive allocations and the core would still
be true. There is in Shitovitz an open problem: in a market with one
syndicate and a continuum of traders, for any core allocation x, must
there be a competitive allocation y whose utility to the syndicate

is no greater than that of x? Aumann [1] has shown the answer to this
question to be no. His examples will be discussed in chapter 3.

That a syndicate's formation may allow poéints to enter the core

which are worse than all previous core points for the syndicate 18 some-
what non-intuitive. We shall say that a syndicate whose formation
enlarges the core in this manner is disadvantageous. In this paper,

we shall investigate this phenomenon and try to characterize it in
several vays. We will show first that any number of types(greater than
or equal to two) of agents may be present in a economy in which a
syndicate may be disadvantageous (in the sense of Aumann's examples).
We will then show that any type of agent can be embedded in an economy
such that the traders of that type will be a disadvantageous syndicat ..
We next show that an agent's similarity,or dissimilarity, to other
agents in an economy will affect whether or not there is a syndicate
which is disadvantageous. Lastly, we show that the set of economies

in which the phenomenon of the existence of disadvantageous syndicates
is abundant in a certain sense.

The mathematical model and a discussicn of it are presented in



chapter 2,
Results of other people which will be used and one of Aumann's
examples are presented in chapter 3. We give our results in chapter &

and discuss them in chapter 5.



2. THE MATHEMATICAL MODEL

We will consider only pure exchange economies with M commodities.
In the absence of production, an economic agent a 1is characterized by
hismeeds, his tastes, and his ownership of resources. These character-
istics will be specified by
-- a consumption set QO = RE ; the non-negative orthant
of M-dimensional Euclidean space (the same for

all agents)

-- a preference relation >_ on Q
-- an endowment vector w(a) e¢ int ()

Throughout, we will make the following assumptions on >

i, > is a complete preorder (i.e., transitive and reflexive)

ii. continuity -- for any x ¢

(vealy >a x} and {ye 0 | x > y} are closed

iii. convexity -- x> y = Ax (1~ Ny>y for e [0,1]

iv. monotonicity (or desirability) -- x>y = x > Y (where we wri::
X > y to mean xi > yi i=1],...,M, x = y to meen
x 2y 1i=1l,..., M, x 2y to mean X 2 y but not x = y).
These are fairly standard assumptions.l/ Some of the assumptions

can be weakened. We have not done 80 since the wezkened forms make

the proofs of our results comsiderably more obecure.



An alternative formulation of preferences > is to represent

them by the graph
Pa) = {(x,y) e 0 X \ x> v}

of the preference relation. An agent a can then be thought of as
a point a = (P(a),w(d8)) in 7 =& x , where & 1is the set of graphs
which correspond to preferences satisfying 1 - iv.

We will sometimes find it convenient to use utility functions to
express preferences. Following Kannai [11] we will define a function
U:dx Q=+ Ri. For every a ¢ ¢ and every X ¢ I there is a unique
y on the diagonal of RE such that x ~y Ve That such a vy exists
and is unique follows from monotonicity and continuity. Let
U(a,x) = |y|, the Euclidean norm of y. Hildenbrand [7] has shown
that U is continuous.

We will want to describe similarity of agents characteristics. To

get such a concept, let dl(w(a),w(a')) be the Euclidean metric on
max |U(a,x) - Ula',x)]
S P

initial endowments, and let dz(P(a),P(a'))=

Then d2 is a metric (see Kannai [11]) which induces the minimal
topology on ¥ which makes A = {(x,y,P):(x,y) ¢ P} clcsed in

N0x Nnx @ (see Hildenbrand [7]). This and other continuity properties
(see Kanrai [11] and Hildenbrand [7]) justify our choice of this
topology. We obtain a metric (and induced topology) on ¢ by defining

d(a,a') = dl(w(a);m(a'))"' d,(P(a),P(a’).



A pure exchange economy can conveniently be represented by a
measure y on (7 with v (@) = 1 (where the o-algebra, ~(Z), is the
collection of Borel sets). This measure can be thought of as describing
the distribution of the agents composing the economy. In the case of
a finite economy consisting cf the agents a1seeerd the measure can be
taken to be that which puts mass % at each of the points ayseeerd .
As in Hildenbrand {7}, we will find it necessary to replace 7 by
7 x R1 to allow us to consider groups of agents having identical charac-
teristics. z/ The support of a measure y, written supp(u), 1s the
smallest closed subset in /7 with measure equal to 1. We will denote
the agents in supp(u) by %;, o in some index set. For technical
reasons we will restrict outselves to mea&sures with compact support.
Note that this includes all finite economies. We denote the set of
these measures by & 2/ and shall refer to them as economies.

An economy u where no agent can by his own actions affect the
aggregate outcome of the economy can be described by a measure such
that p(a) = 0 for all a ¢ supp{u). Eccnomies, or portions cf econcmies,
with this property will be called atomless, A set B ¢ B(7) 1s null if
w(B) = 0; a property is said to hold almost everywhere (written a.e.), if
it is true except on a null set,.

We will want a topology on these measures which represent aconcmfes
so as to be able to examine similar economies. The metric we use (again
following Hildenbrand [7]) is the Prohorov metric o defined as

p(,v) = inf {e > 0 \ for every E ¢ B(?),v(E) < H(BS(E)) + ¢ and



L(E) < V(Be(E)) +e}. (Be(E) denotes the ¢-neighborhood of E with

respect to our metric d on agents' characteristics, i.e.

Be(E) = xUE{y ‘ d(x,y) < €}). Intuitively, we are saying two economies
€
are close if they assign similar weights to similar coalitions. The

topology induced by this metric is the weak topology (see Billingsley

[41). 1t is characterized by the property that u -y if and only if
n
Ifdun -+ Ifdu for every bounded, continuous function f.

For a given economy u, the coalitions which can form are the sets
in the Borel o-algebra of (. A syndicate will be a group of traders such
that either none of the traders belong to any coalition or all of them
do. When a given non-null coalition C ¢ R) forms a syndicate we will
then allow only the coalitions which contain either all of C or none
of C to form, i.e., our new g-algebra is Eb ={AenRr ‘C C A or
CNA=0}. We will designate by u, the economy which has the same
distribution of agents as u and in which the coalition C has formed
a syndicate., The set C 1is an atom in the measure Heo since for any
set D g f:?c s.t. DC C,p.C(D) =uC(C) or p.C(D) = 0, We will writé -{Z} Lo
represent the coalition or syndicate of all agents with the same
characteristics as ; € 7. An economy y wmay or may not have a syndi-
cate; it will be explicitly stated whether or not it contains one when
necessary. When possible we will uge a subscript to indicate the presence
of a syndicate.

An atomless economy p and the economy . 1in which the syndicate



C has formed are identical when u 1is restricted to the g-algebra
E%. In this paper we will only consider syndicates of traders of the
same type (though not all traders of a type need belong to the syndicate).
Furthermore we will consider only the case where a unique syndicate arises
from an atomless economy.

An allocation for the economy ¢ 1s a y-integrable function f of

supp(u) 1into Q, such that Ifdu= r wdp  Note that the integrability
a 7

of f 1implies it must then be constant over an atom. We are considering
only syndicates of like agents so this is no problem. (That is since all
agents are identical, consumption bundles which are identical is a
reasonable distribution of the syndicates ghare among themselves. The
aggregate bundle is all that is of importance in determining dis-
advantageousness.) If we allowed arbitrary syndicates to form, we would

want to allow differential treatment of syndicate members.

n

jdep will not mean the aggrepate bundle to the coalition B, but

loosely speaking, it is related to the aggregate bundle in the sensge that
Lrgfd“ = ngdu means that 1if f(a) 1is allocated to every agent a ¢ 3,

then it is possible to redistribute the commodities allocated to the
coalition B among its members so as to enable each a € B to obtain
g(a). We will write ff for ffdu when no confusion will arice,

An allocation f 1is blocked in y via a coalition B ¢ B (where

/2 1is the relevant o-algebra for p) 1if there exists an allocation g

such that



1) g(a) > f(a) a.e, in B
i1) w(B) >0

11i) [ gdp = [ wdp
"B B

Intuitively, a non-null cocalition can block an allocation £, if by

a redistribution of its initial resources. it can assure all its
members (except possibly for a null set) a higher utility than at ¢£.
The set of unblocked feasible allocations for W is called the core

of u. written core(u). An allocation which is not blocked by

supp(u) 1s called Pareto optimal, (P.0.). If an allocation g 1is such
that g(a) ta w(a) a.e. ag¢ supp(u), it is said to be individually
rational (i.r.).

Let S be a topological space, T a compact subset of (. A
mapping F:S + T such that for each s ¢ S, F(8) is a non-empty subset
of T, is a correspondence. The correspondence F 13 said to be upper
semi-continuous at the point xj & S if for each > open in T such
that F(xo) <@ 3 a neighborhood 'u(xo) 35 x e '?,((xo) = F(x) 0.

F 1is called lower semi-continuous if for each & open in T such
that @ N F(xo) # @ 3 a neighborhood u(xo) guch that
X € U(xo) =2 F(x) N3 % @. For pe &, let £F = {f \ £f:S» T,f 1is
i -integrable and f£(s) ¢ F(s) a.e. s ¢ S} and let
yF = fff | £ e #p}. We will find useful the correspondence G:7 % Q +0Q
defined by G(a,x) = {y - w(a) \ y € Q,y >, x} .
The budget set vy(a,p) = {x ¢ Q l px < pw(a)} 1s a correspondence

from 7 x S+ (1 where S {8 the M-dimensional simplex
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M
fpen| sp'=1}. Wewill call elements of S prices. The demand

correspon;;ice E of 7 x So + (0 (where s® is the intericr of S),
assigns to each ae ¢ and p e So the elements of vy(a,p) which
are maximal with respect to P(a). That the demand correspondence is
non-empty for each a follows from the compactness of vy and continuity
of preferences. For agent a, we will define

U Z(a,p) to be the offer curve for agent a.

peS
A competitive equilibrium for the economy y 1is a feasible allocation
f and a price p such that f£f(a) ¢ €(a,p) a.e. a e supp(u). The
equilibrium correspondence W agssigns to each p ¢ &, the set of
competitive equilibria for u. We call an allocation x competitive
if there exists a p ¢ S such that (p,x) 1is a competitive equilibrium,
We will denote by W the correspondence which assigns to each u ¢ &
the set of competitive allocations for u. A pair (p,f) is called
an efficiency equilibrium for the economy u if £f(a) 1is maximal with
respect to P(a) over B(f(a),p) = {x | p x < pf(a)} a.e. a ¢ supp(u).
B(f (a),p) 1is called the efficiency budget set and f 1is called an
efficiency allocation. If £ 1is an efficiency allocetion ¢ (f) will
denote the prices which support f as an efficiency equilibrium. Note
that the only difference between efficiency equilibria and competitive
equilibria is that p(f(a) - w(a)) need not equal 0 for £ to be an
efficiency equilibrium; if p(f(a) - w(a)) =0 a.e. a e supplu) at

an efficiency equilibrium, then it is a competitive equilibrium,
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For an economy by if there exists an allocation f ¢ core(uB)
sQCh that for every g ¢ W(u) g(a) >af(a) a.e, a ¢ B, then the
syndicate B 1is said to be disadvantageous. The term disadvantageous
is applied because had the coalition B not formed a syndicate, the
core would be equal to the set of competitive allocations. Recall
has no atoms. Having formed, there is now a core allocation strictly
less preferred by all members than the worst core allocation when they
do not form. The allocation f 1is called a disadvantageous allocation
for B, or simply disadvantageous. Note that there may also be
h e core(“B) with h(a) >ag(a) VacB endV ge W). Our definition
of disadvantageousness is therefore a weak one and should not be taken
as a normative judgement that a syndicate should not form. Those core
points which are added may not arise for some reason external to our
considerations, and only core allocations which are better may arise.
One of Aumann's examples is especially interesting, though, for the
reason that all the new core allocations are disadvantageous for the
syndicate which forms.

One last comment is appropriate; the use of the core in investizating
these problems is not beyond question (see Aumann [1]). Its use is au
attempt to analyze coalition formation in a symmetric manner, i.e.,
the use of the core imposes the same a priori rules for the traders
in syndicates and those traders who are not in syndicates. If there
are fundamental asymmetries in the workings of an economy other than

the syndicate structure, this approach will not prove enlightening,



for it specifically rules out such asymmetries.

12



3. PREVIOUS RESULTS

In this chapter we will first state several results proved by
others which we will use at various times,
Theorem S (Shitovitz [13]).

Let W be an economy, x an individually rational allocation.
Then x is not blocked by any coalition that contains all the atoms
if and only if there exists a price p such that:

i) {(p.,x) 1is an efficiency equilibrium

i1) p.w(a) = p-x(a) a.e, a e atomless part of supp(u)

We will use this result to characterize the core of an economy
containing a single atom. The following form will be used.
Theorem S'.

Let TN be an economy with B the sole syndicate. Then an
individually rational allocation =x 1is in the core if and only if

i) o ¢ IA?(a,x(a)) for all A' C:supp(uB)\\B such that
p(a')y >0

ii) there exists a price p such that (p,x) 1is an efficiency

equilibrium with p -w(a) > p- x(a) a.e. a % B

Proof: Suppose i and ii are true.

By theorem S we know that x 1is not blocked by any coalition
containing B, Hence if x 18 blocked, it must be blocked by a
coalition C C:Bc, uB(C) > 0, and an allocation y. Then vy(a) >ax(a)

a.e. ae¢C=y(a) - w(a) ¢ G(a,x(a)) a.e. a ¢ C. Hence we have

f [v(a) - w(a)] =0 ¢ f G(a,x(a)). Conversely suppose x ¢ coreQiB) and
C C

13



oe [ G(a,x(a)), w(C) >0, Then 2 g ¢ !G such that f g = f w and
C C C

14

g(a) >ax(a) a e C; hence x 1is blocked by (C, which is a contradiction.

Lastly we know by Theorem S that x ¢ core = ii holds. {

Shitovitz obtains as a corollary of this theorem a result first obtained

4/

for general measure space ecgnomies by Hildenbrand. —

Theorem H1 An i.r. allocation x 1is Pareto optimal if and only if there

cxists a4 price p such that (p,x) is an efficiency equilibrium. ||

We will altso use a resvlt of Hildenbrand and Mertzens [8] concerning the

convinuity of W),

Theorem 32 Let C  be a compact subset of &, The equilibrium set

correspondence 1 is compact-valued and upper seml-continuous.

We now present one of Aumann's examples somewhat modified. The
econowy consists of three types, ay,3, and aq with measures %,% and %

respectively. Sample indifference curves for a, are indicated for
L

2y in Figure 1. (The left sides have slope of -1.) The indiffererce

curves are cver net trades, i.e., the initial endowments are subtracted
from the allocation. Nete that this is merely a translation of the
indifference curves so that the initial endowments coincide with the
origin. Whenever we speak of one net trade being preferred (less
preferred, indifferent) we will mean that when the initial endowment is
added to the nat trades, the indicated relationships holds, All other

indifference curves are parallel to these and have their vertices on the
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line segment bc. The offer curve for a is then the line segment

bc (which has slope 1l)plus portions of price lines coinciding with the

sides of the indifference curves. Sample indifference curves for
ay and a, are shown in figure 1 in the fourth quadrant. All other
indifference curves are again parallel to these. The locus of vertices
for a, is the line going through f, d and g(where d = - ¢). Fer
ajy the locus is the line through f, d and h.

In figure 2 we have shown with a deshed line the negative of

the offer curve for a;. Since the measure of {al} and {az} U {a3}
is each %, a point x on the offer curve for ay will be part of a
competitive allocation if and only 1f -x 1s the average of the demends

for a, and ay. It is easy to see that the allocation of ¢ to

a; and d to a, and a, will be competitive. It 18 easy to verify

-~

by elementary geometry that for any p such that ¢ >a EGH:P) (see
1
figure 2 ), the average demand for a, and a3 18 greater than

-§(§1,;). Hence ¢ will be the least preferred(by al) competitive
allocation (in fact it is unique).

We will next show that 1if {al} forms a syndicate there will be a
point in the core which yields less utility than c for all a ¢ {al}.
We let r be a point on the interior of the line segment be and
and t points on the loci of the vertices for a, end ag Tespectively
(as shown in figure 3) such' that the average of s and t is -r. This then

constitutes an allocation (i.e.the net trades add up to 0). Call it x. Each

trader is maximizing over his budget set mt price p, hence this is an

efficiency equilibrium. In addition, =x 18 individually rational and

px(a) < pw(a) for a ¢ {az} and a ¢ {a3}. Lastly it is clear that

o ¢ [ G(a;x(a)) for non-null A c:{az} U {83}. Thus by theorem S', x
‘A
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is in the core of this economy 1if [al} forms a syndicate. Since

c >, x(al),{a1] is a disadvantageous syndicate. For further details
1
of this example and specific utility functions yielding preferences as

indicated, see Aumann [1].

A differentiable version of this example can be constructed by
smoothing in the neighborhood of the vertices of the indifference curves.
We can do this to yield the same core point. New competitive allocations
may be added but if the smoothing is close to the original indifference
curves, any new competitve allocations will not be significantly far

from x, and the phenomenon will still hold., Aumann [1] gives a more

detailed explanation of such an example.
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4. RESULTS
SECTION 4.1
In all of Aumann's examples of disadvantageous syndicates, there
were three types of traders, It is clear that we can construct such
examples with arbitrarily large numbers of types, since we can change
an agent's preferences in some region of (0 which will have no effect
on the core points or the competitive equilibria. Equally clear is the fact
that with one type there can be no gains from trade, hence no disadvantageous
syndicates. The unanswered case is when there are two types of traders.
Is is possible to have a disadvantageous syndicate in an economy with
two types? The answer is yes as shown in the example below. The
example has the interesting property that it treats the atomless part
of the economy unequally; in a sense it treats one type as though it
were in fact two types. If we rule out this unequal treatment, proposi-
tion 1 shows that a syndicate consisting of all traders of one type can

not be disadvantageous in an eccnomy with two types,

Lemma 1.1: Let p be a finite economy with n traders, U "Un

l;..

continuous utility functions representing their preferences. Then for

.

any trader i, Ni ={rerR |3 xeP0. with Ui(xi) =1} ={reR|3x

. . i
a feasible allocation with U, ,(x") = r} = N

Proof: By the symmetry of the problem, we need only establish this

for any agent, so let us consider trader number 2., It is obvious that

Ni < Ng since Pareto optimal points must be allocations.
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2 2 -
To show N2 C Nl’ let x be a feasible allocation. We will

hold the utilities fixed for traders 2,3,.,.,n at Ui(;i) and

maximize the utility of trader 1. §i={x e Q \ Ui(xl) > Ui(gl)} is

closed for each i =1,.,..,n since Ui is continuous, hence

— n — -~ 1 2 n n i n .

s = 1 Si is closed. Let S = {(x ,x,...,x ) e S \ S x =3 wl}, It
i=1 ~ i=1 i=1

is easy to see that$ is closed and bounded, hence Sl’ the projection

of S, is closed and bounded, thus compact. Since U1 is continuous,

~

a maximum is attained over S1 at some point say x , part of a

~

feasible allocation x.

x 1s Pareto optimal since if there were an allocation such that

A s

some trader j preferred his share to xJ, there would be an allocation

which gives j slightly less (by continuity) and trader 1 slightly
more. But monotonicity implies this allocation would yield trader 1

a higher utility than x  contrary to the assumption. Similarly we see

that all traders except for 1 must receive the minimum utility, Ui(;l)-

In particular, player 2 receives U2(x ) at a Pareto optimum. |}

Proposition 1; Let u{a ) be an economy with two types of traders, a,
1

and ay» with H(Eﬁ}); u({az}) > 0. Then any core allocation ;(a) such

that x(a) 1is identical for all a ¢ {az} is not disadvantageous fer the

atom {al}-

Proof:

~

We will show that there exists a competitive allocation x(a) such

~

that x(a) > x(a) ae as {al}.



Since the allocation x take on only two values, ;(al) and
;(32), we will denote them by ;1 and ;2 respectively. Since any
competitive equilibrium treats almost all agents of the same type

equally (up to indifference), convexity of preferences implies that if

y € W, then

AREPR Y f{aif’(a) e fagl 112

is a competitive allocation indifferent to y(a) for almost all a.
Thus for any competitive allocation, there is another competitive alloca-
tion indifferent for almost all agents which takes on only two values.
Hence, without loss of generality we may write y1 and y2 to denote
the allocation y to agents a; and a, regspectively. For the
remainder of the proof then, we will consider only allocations teking
on only two values.

By theorem S, there exists a price p such that (p,;) is en

-1 1 -
efficiency equilibrium and p+*x > p-w . If p- I X =p° I

w
{a)? {2}
then p- x = P Ww. But p-. x= P r W and the
fact that all traders in {az} are treated equally at x.

implies that p - x(a) = p- w(a) for all a, and hence that x(.) is
a competitive allocation.

Suppose then, that p- % ;i> P r w. Let U1 and U2 be
a

1} L{al}

the utility functions for a, end a, respectively. Let

Al ={seR \ 1 x ¢ P.O, with Ul(xl) = 8, and pxl > pwl for some
-1
p € o(x)}. Note that A; 1is not empty since U (x) e A;; hence

1, .
ty = inf {Al} exists. Let A2 = {s \ 1 x ¢ P.O.and U1(x Y=s8< t1 and

19



1 1
pex <p-w for some p ¢ @(x)}. According to lemma 1.1 there

1
exists an x Pareto optimal such that Ul(x ) = Ul(wl). By theorem

Hl, there exists a p € ¢(x) such that px1 < pwl since wl >a xl.
71
1
Hence Ul(x ) € A, and t, = sup A, exists,
Note that t, S'tl' 1f ty < tl’ there exists ty € (t2’t1)'

By the continuity of Uy, there exists a feasible allocation x such

that Ul(xl) t3. Hence lemma 2 tells us there exists x & P.0Q. such

~

t3. Then for some p € @(x) either p -x1 > pwl and

~

ty € A1 or px1 < pwl and t3 € A2 (& contradiction in either case).

1
that Ul(x )

]

nor ¢t is a max or a min

So suppose t, = t,. I1f neither ¢t 1

1 2

respectively, then again there is a ty such that ty 4 A1 and tg % A2

and we have the same argument as above,

If ty is a maximum (i.e., the supremum is actually achieved)

there exists a sequence of Pareto optimal allocations {yn} such that

Ul(yi) e A and Ul(yi) » t,. Since the Pareto optimal allocations
are points in a compact set, a subsequence co;verges. Without loss
of generality we may assume that Yn -+ vy.

Each of the y_ is a Pareto optimum, hence an efficiency alloca-
tion with efficiency prices p_. If the y, were initial allocetions
they would be competitive. In this way, we can consider a sequence of

economies (with preferences the same as in this one and initial alloca-

tions yn) such that the sequence converges. By theorem H2, there

exists a subsequence y_ such that P, P and (p,y) 1is a com-

q 9
petitive equilibrium for the limit economy. In other words, (p,y) is

an efficiency equilibrium for the original economy, and y 1is Pareto

1 1 1
optimal. Uy(y’) = t; by continuity of U;; t; é A; = py <pw. But

20
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1 1 . 1
P, Y, > P wo Vv n since Ul(yn) e A
q q q q

verify that for any utility level to trader 1,the set of ?oséible values of

1 hence py1 > pwl. It is easy to

efficiency allocations is convex. Consequently for some p ¢ @(y),py1= Pw

and y 1is a competitive allocation with Ul(yl) g_Ul(x}).

The case where t) i8 a minimum is similarly handled. ||

That the hypothesis that the atomless portion is treated equally is
necessary is shown by the following example.

Example; A disadvantageous syndicate of one type in an economy with
two types of traders. Let yu be an atomless economy with two types
of traders a; and 2y, u({al}) = u({az}) = &, There are two commodities.
Figure 4 shows sample indifference curves for the two types. The
indifference curves are again cver net trades,

The allocation x characterized by net trades b to {al} and
d to {az} is a competitive allocation, as b = -d and at price Py
both types of traders are maximizing over their budget sets., We will
show that this is the unique competitive allocation and that there is

an allocation x © core(u{a }) such that ;(a) >ax(a) for a ¢ {al}.
1

k = - ¢, so we see that the net trade k to traders of type a,

is not part of a competitive allocation, since c¢ 1is not maximum gver
type a2's budget set with P, as the price, and at any other gric

if receives k, his net trade does not price out to 0. Any

1
allocation which is less preferred than k by ay obviously cannot
be a competitive equilibrium since his initial endowment is always

in his budget set. Hence 1if there are any competitive equilibria less
preferred than b by ag, they must lie between the two indifference

curves shown,

We will now construct families of indifference curves for a, and



a, which include those shown, such that {al} will be a disadvantageous
syndicate. All indifference curves for an agent will be the same
shape as those shown, i.e., they will consist of two straight lines
parallel to the segmeuts given, The only matter we have not specified
is the loci of the vertices of the indifference curves. Note that
the construction of the indifference curves so far guarantees that the
loci of the vertices between these indifference curves will constitute
the offer curves for each type (along with segments of the price lines
Py and p2). Competitive equilibria are characterized by the condi-
tion that for x on the affer curve of al, - x is on the offer curve
of a, -
Let £ =%(h + d), g = -f (see figure5). If g 1is on the offer

~

curve of ag then the allocation x given by net trades of:

d to % of {az}
h to# of {az}
g to {a]

will be shown to be a core point in p{a 1
1

That it is an allocation follows from

u[‘ ;--w(a)=fg+ Jl" h + JI d=fg+ff=%(g+f)=o_
{a,}ufa,} {a,} Ba, ) 3a  {a]  {a)]

At the price Py ghown 1in figure 5, all traders are maximizing over

their efficiency budget sets and all traders in the atomless part of the

economy, {az}, have net trades which price out negatively at price Pq-

Lastly. x 1is individually rational for all traders; hence by



~

theorem S', x 1is a core allocation.

If we can coustruct ine other indifference curves so that for no
point x on the offer curve of apr - X is on the offer curve for

ay; then X {s a disadvantageous allocation for {al}.

We can construct the indifference curves for a so that the lines

1’
connecting g to b and k are the loci of the vertices as shown in
figure 5. The dotted lines connecting f to d and ¢ are the
points which, if on the offer curve for a, would yield competitive
equilibria. If, instead, we construct the indifference curves so that
none of those points (except d) is on that offer curve, no new compe-
titive equilibria will have been added. It is easy to see that many
such offer curves can be constructed, for instance the heavy line shown
connecting d and h.
In summary, we have shown that an economy u{al} with two types
of traders can be constructed such that there is a core point, ;,
which is less desirable for a; than the unique competitive equilibrium.
Since proposition 1 tells us that this phenomenon cannot occur
when all agents of one type are treated equally, we notice another
interesting feature of this example., The allocation which treat.
traders of the same type (az) differentially, giving half of them
h and half of them d, is a core point. However, if the aggregate
allocation to {az} is spread uniformly over {az}, the uniform alloca-
tion will be f which is not a core point. Thus if there is a rule
such as ''traders of the same preferences and initial holdings must be

treated equally", the benefactors in the core sense would not necessarily

be the small traders cutside the syndicate as might be expected. Rather,

23
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as this example shows, the members of an organized syndicate might be

the benefactors. An ejual treatment rule would mean any core allocation
would give all traders in {32} the net trade d since this isgs the
unique competitive equilibrium and proposition 1 says there will be no
worse allocation for the atoms. In all this discussion '"benefactor"

is with respect to the core points. Whether or not this solution concept

has merit in these cases will be discussed later.
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SECTION 4.2

Having enswered the question of how the number of types relates
to the question of disadvantageousness, we turn to the relative number
of economies in which there is a disadvantageous syndicate. Since the
phenomenon of a disadvantageous syndicate is somewhat counterintuitive,
it might be that the set of economies in which one is found is gmall
in some sense; the phenomenon might merely be a minor pathology involving
either a peculiar type of preference or arrangement of agents within an
economy. Aumann's examples [ 1 ] are all constructed with innocent
locking utility functions suggesting that the agents involved need not
be pathological. The next result partially formalizes this by showing
constructively that in a two-commodity world, any type of agent with
strictly convex preferences can be embedded in an economy with three
types such that if the agents of the given type form a syndicate, it
will be disadvantageous. Note that the strict convexity of preferences

implies that the demand correspondences are single-velued,

In seétion 4.4 below we will show that thes eet of economies in waich
there is a disadventageous gyndicate is not "small" in another sense:
that given the set of all economies with two commodities and two cvpas
of agents, then the set of those with a disadvantageous syndicate iz not
a closed nowhere dense set. Thus there are economies which one caanot
approximate by economies which do not contain a disadvantageous syndicates,.
For simplicity in our construction we will consider &agents éith
preferences over two commodities. It would appear that there is no
structural reason that the result cannot be generalized to an arbitrary

number of commodities, though we do not attempt it here.
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Before beginning, we mention that in certain circumstances we
could mimic the <xample {n section 4.1 of a disadvantageous syndicate
in an economy with two types of agents. In figure 6 we show an
offer curve 01 suc.. that an agent a with such an offer curve cculd
be made disadvantageous in a two-type economy. This can be done by
constructing an offer curve 0, which intersects - O, only at d

1

and such that 0y contains points a and ¢ 'outside" —O1 but

that the segment connecting a and ¢ contains a point b between the
crigin and - 0,. This is the essence of the example in section 4.1.
However, if we look at the offer curve 05 in figure 6, we see

that it is not immediately possible to construct an offer curve with

the properties 0, has. This is due to the curvature of - O Rather

2 3
than attempt to work around this problem we construct an economy with two
additional types of agents. We first construct what will turn out to be
offer curves for the two types. The offer curves will be such that an
allocation which will be disadvantageous for our given type of agent

is guaranteed.

First we establish several lemmata,
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For an agent a, define X\(x) = {p e S l py > px Vy >ax}. Note

that since (Q C G(a.x) for any x, p > 0 for all p ¢ »(X).

Lemma 2.1: X(x) 1is convex-valued, compact-valued and upper semi-cortinuous.

Proof: Convexity is obvious. To show upper semicontinuity, it is
enough to show that the graph of the correspondence is closed (see
Debreu [ 6 }). Let X, -+ x, P, P P € x(xn) for each n; we must
show p e >(x). Let y > g% Then by continuity of preferences 3 N
such that y >_x_ for n > N. Hence pn(xn - y) <0 for all n > N.
But pn(xn -y)* p(x -y). Hence p(x - y) <0, and p ¢ \(x).
Hence *(x) is u.s.c.

1f P, ¢ (X)), P, -+ p, it is clear that p € *(x), hence X\(x) Iis

closed. Since S 1is compact the result is established. ||

Corollary: {(x) = {px \ P € K(x)} is upper semi-continuous.

Proof: Immediate , |

Lemma 2.2: Let f(x) be a convex-valued, compact-valued upper cemi-
continuous correspondence defined from a comnected set X into R. If

f(a) N(m,®) # B,£(bB) N (- *,m) + @ then m e f(c) for some <c¢ = X,

Proof: Suppose not; then f wupper semi-continuous =

0, = fx e X | £fx) N(m,») * #} and

3 {xe X | £(x) N (==,m) * @}

2

are open (see Berge [3] p. 110). If x ¢ Ol N 02, 3 Y0¥, € f(x) 3

y; < m; y, > m, and by convexity m ¢ f(x); hence Ol N0y = §. Thus
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we have found disjoint non-empty open sets @i and 02 such that
Gl U 92 = X, but this coutradicts the connectedness of X and there

must be c e X with me £(c). i

Lemma 2.3: Let a be a given agent with strictly convex preferences
over two commodities. There is a price p = (pl,pz) such that for any

P e SO with Py > Py» €(a,p) - w(a) 1s in the interior of the second

quadrant,

~ ~

Proof: Let p be such that p, = max P,. Suppose p 1s such that
peA(w(a))

Py > Py Then p k ANw(a)). Hence 3y >a@(a) with py < pw(a). Hence
E(a,p) - w(a) # 0. Let X = (X{5%,) = E(a,p) - w(a). Since p> 0,

P x =0 and x # 0, X is in the interior of the second or the fourth
quadrants. If ;1 > 0 and ;é < 0, ;1;1 + ;2;2 < p1;1 + p2;2= 0=

x € Y(a;;) -w(a) = w(@) >;§ +w(@) = x + w(@) ¢ £(a,p), a contradiction.

Hence ;1 < 0, Eé >0 and x ¢ interior of the second quadrant. Il

For a given agent a with strictly convex preferences, let N be
the set of points of the offer curve translated by w(a) which are in

the interior of the second quadrant.

Lemma 2.4: Let X ¢ N and y be such that

i. Y ~a ;



ii. Xl < y1 <0

Then p e A(y) =2 py > 0. (See figure 7)

Proof: We first show a) py # 0, then b) py { 0
a) Let ; € x(?) such that 5 X = 51;1 + 52;2 = 0. Suppose there
exists y with properties i and 1ii with p ¢ A(y) and

Py = P1Yy t Pp¥y = 0. By the strict convexity of preferences,

py = 515’1 + p,y, > 0 and hence 51 < py. Similarly, pX = p1x1+p2?<2 > 0

by strict convexity of preferences. Then ;1 < 0, Eé > 0, ;1 < Py and

P2 > P, yield

0= plx1 + 2%y > plx1 + PyX, > 0

which is a contradiction. Hence py # 0.

5/

b) Let y =w(a) + re, = be the intersection of the indifference

curve through % and the translated axis. For all pe ry), p>0

and y > 0= py > 0. By corollary to lemma 2.1 and lemma 2.2, if

py <0 3 y' ~ywith y, < yi <y with 0 = p'y' for some

p' ¢ A(y') which is impossible by a). |

29



Let a, be any agent type with strictly convex preferences in a two

commodity world. We will now construct two types of agents a, and

Let x e N and f ~y X with x, < f1 < 0. By lemma 2.4

dn e
3
pe N£f)=p f>0. Consider the ray £ + rz where =z is the

e~

vector orthogonal to p with norm 1 and zy > 0. Since f 1is in the
interior of the second quadrant there exists g = £ + £,z , T, € Ri

with g 1in the interior of the second quadrant. Note that there are
points of N on both sides of the line f + rz r ¢ R (the supporting

hyperplane), hence 3 points of N on the line since N 1is the

. 1
continuous image of a connected set. Let r, = inf {r e R | £+ rz ¢ N},

r3 <1 and b = rye + f (see figure 8).

The economy we construct, u, contains {al}, {azl, {a3} with

-r T
measures =, 3 s 2 respectively. We will consider
T 2(xy-1y) 2(ry-15)

~

an allocation x characterized by net trades

;(al) = f
x(az) =c=-~-3
x(a3) =d=-">

To see that this is an allocation,

N 1 3 2
X = 3(f) + —So———< (-f-1,z) - T—"r (-f-r,z)
! ‘ 2(ry-13) (-£7752) 2(r,-15) (=f-132)

T T r,r,z r,.r,z
i Ly = ) T3 - y | - 2%r2- y * 2(2 . y =9
2773 27%3 2753 f27%3

We will next construct preferences for {az} and {a3} such that at

price p ,x 1is an efficiency equilibrium. This is done by letting the

indifference curves for {32} and {33} be 'w's" and the loci of

30
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their vertices be as given below.

Let ; be the price normal to the line through d and the origin.
Note that |d| > ]g(al,;)\ by the choice of b; hence the point
g =4d + %g(al,;) is such that ]g\ > ]g(al,;)]. We let the line
segment cg and the vertical segments shown in figure 9 emanating from
¢ and g be the locus of vertices for a, -

One vertex for aj will be d. Before we describe the other
vertices we note that since §(a1,p) is continuous, \g(al,p)\ is
bounded, by say M, over those prices p with ;1 g_pl 5_51 (where
; € K(m(al)) and p 1is the price at which §(a1,;) Nalf) and which
correspond to points of N (i.e., prices p such that

£(a;sp) - w(@) e N).

Since |g| and |d| are both greater than

lg(alypl, f E(a,p) > r € (a,p)|. By continuity of the locus of
AN J
{az H{a3, (a).
vertices for a, and the offer curve for ay; r §(a;P)} >
(a,lfa)) |
rf g(a,p)| for some neighborhood of prices around p, since at
a_l
1

~

p the relation holds. Then, in this neighborhood, we extend tha locus

of vertices for ag outward (i.e., so that

] E-;(a,p)j increases)
| {2107 a,) |

until the distance from the origin is greater

M
than ;r;;y—— (see figure 9). These segments plus the extensions shown
M

where the extensions conti to sta ore than from the origin

( continue vy m JT;;T gin)
will be the locus of vertices for ag.

If we let the indifference curves for 2, and ay be v's, then

the offer curves for these traders will be exactly the vertices we

described until a price line coincides with a side of the v's. Thus if
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we construct the sides of proper slope (i.e. so that all the indifference

curves intersect the first quadrant) we can insure that x 1is individually

~

rational and maximal over the budget sets at price p for a, and ag.

Since x 1s maximal over the budget set for a;, x is a core point

by theore S'.
for u{al} y m

The loci of vertices have been constructed so that if at any

price demands by a, and a; at that price are on those loci,

[ E(a,p [
{a,10fay) {a)]

a competitive equilibrium price.

>

g(a,p)' and hence this price is not

Since our conditions guarantee the existence of a competitive
equilibrium, let us observe its location., As the price line rotates
clockwise through the fourth quadrant, it eventually coincides with the
left side of an indifference curves. If by construction both a, and

have sides of the same slope, their aggregate demand will include

a3
r E(a,p) and this price will be an equilibrium price. 1If we let the
-1

sides of the indifference curves be steep enough, we can insure that the
equilibrium will be preferred by ay to ;(al). Then {al} is dis-
advantageous in such an economy. »

It is perhaps interesting to note that the core allocation to our
agent a; can be arbitrarily close (in both Euclidean distance and
utility) to his initial endowment, while his competitive allocation
arbitrarily far away. Thus, in some sense the ''gap" between these
can be made very large, increasing the degree of disadvantageousness.
Note that the ''gap" we are speaking of is the Euclidean distance
between the core point and the competitive allocations, hence independent

of the utility functionms.
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SECTION 4.3

Even though any type of agent (with strictly convex preferences
over two commodities) can be embedded in an economy so that that type
will be a disadvantageous syndicate, there is another, perhaps more
interesting question. Given a type of agent already embedded in an
economy, under what circumstances will that type be disadvantageous in
the given economy?

We first note that under certain circumstances if in an economy
with a syndicate we have the core equal to the set of competitive
allocations, then the syndicate cannot be disadvantageous; (nor can
it be "advantageous' either).

Shitovitz [13] has shown that if there is more than one syndicate
and all syndicates are of the same type, the core and the set of
competitive alliocations coincide. 1If we let oy be the number of
syndicates of the same kind i (two syndicates are of the same kind if
they are of the same type and have the same measure), then the core
and the set of competitive allocations coincide if the greatest common
divisor of (01,02,...) is greater than 1. Gabszewicz and Mertens [10 ]
have shown that if a syndicate contains a small enough proportion >f
the agents of a given type, then the equivalence theorem will again result.
Each of these results then has an immediate corollary: under tue conditions
stated in the respective result, a syndicate cannot be disadvantageous.

All the above results have to do with the relation of the traders
of one type which form a syndicate and those of that same type which
do not belong to the syndicate. There is another set of circumstances
in which all traders of a given type form a syndicate and the equiva-

lence theorem still obtains., This is the situation where the traders



34

forming the syndicate are not "extreme" in relation to the other
traders of the cconomy. 1.e., when for any price there are agents with
demand similar to that of the agents in the syndicate. We will

establish the result i1or two-commodity economies.

Lemma 3.1: Let a be an agent with preferences over two commodities. TIf

¥ 1is individually ratiomal
ii. x 1is maximal over B(x ,p)(with respect to P(a))

~

iii. p[; - w(@] <o

~ ~

then f =x - p(a) and d e £(a,p) - w(a) are in the same quadrant.

~ ~

Proof: For x > d +w(), px>p(d+w(a)). By continuity and
monotonicity of preferences, x >, d +w(a)= ;x > ;(d + w(a)). Hence,
;f < 0= d+ w(a) >a;' Note that d must be in either the second or the
fourth quadrants. We will show that the line segment ad + (1 - a)f, ax ¢ (0,1)
is contained in one quadrant.
Let y=ad + (1 - a)f, o« ¢ (0,1); by convexity y + w(a) >af + w(a).
If y # 0 is in the third quadrant, we have w(a) > + w(a) >af + p(a)
which violates individual rationality. y = 0 also yields w(a) >af + w(a).
By assumption pd = 0, and pf < 0. Hence py < 0. Hence y cannot be
in the first quadrant. But if no point y between f and d 1is in

the first or third quadrants or equal to zero, f =2and d must both be

in the second or fourth quadrant. ||

Proposition 2: Let u be an atomless economy with n types and two

~

commodities. If for type a and every price p 3 another type a with
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p{al > 0 such that E(E;P) -w(a) =r [g(;,p) - w(;)] for some

r ¢ (0,®), then core (u{;}) = core () = W(u).

Proof: It is clear that core (u) < core 0¢{;}). We must show

core (u{;}) C core (u). Let x e core Qx{;})- By Theorem S', 3 p ¢ A (%)
such that px(a) < pw(a) a.e. a 4§ fa}. If px(a) = pw(a) then
px(a) = pw(a) a.e. a é {;} and x € W) © core (L) and the proposition

is true. Suppose then that p(x(;))- w(;) # 0. Then x(a) - w(a) is in

the second or fourth quadrants. WLOG we will assume it is in the second.
If px(a) = ppw(a) a.e. a # {;}, again x € W) < core (). Suppose

then that there is a non-null set of agents with px(a) < pw(a). There

must then be a non-null set of agents A1 of the same type (say al),

with p(x(a) - w(a)) < 0, and x(a) - w(a) 1is in the same quadrant as

~

X(;)' w@) Y ace Al' By Lemma 3,1, E(a,p) - w(a) 41is in the same quadrant as
x(a) - w(a) ¥ a ¢ Aj. By hypothesis all agents of type {2} have excess

demand in the second quadrant. Since x 15 an allocation with x(a) - w(a)
in the second quadrant for a non-null set of traders, there must be a
non-null set of traders with ;(a) - w(a) 1in the fourth quadrant, and
hence a non-null set of the same type with this property. Thus we can
find a set of traders A, of the same type {az}, b(A,) > 0 such that

Y ace Ays E(a,p) -~ w(a) 1is in the quadrant opposite that in which

E(a,p) - w(a) liesVY ac¢ Al'
Since px > pu(a) V x >a§(a,p), continuity and monotonicity of
preferences give us px > pw(a) V x >a§(a,p). Hence »px(a) < pw(a) V a ¢ Af:

”~ ~

g€ (a,p) >ax(a) Vach The continuity of preferences assures us that

1
£(a,p) -~ e(a) e > x(a) 1is true for some e(a) >0 V a ¢ Al' If

~ 1 ~ o
Bn ={ae Al\g(a, p) - 5 >ax(a)}; then A1 =nngn. Since u(Al) >0
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then u(Bn) > 0 for some n. The non-atomicity of A and A allow

1 2
us to find subsets Xl’f A1 and Zé e A2 such that
i. 3 ¢>0 with €(a,p) - ce >ax(a) Y a e Kl
. . - ” — ~ 6
ii. - u(Al) [E(al,P) - w(al)] = u(Az)[é(az,p) - m(az)] a e Al,aze Az—

iil.  w(Ap) > o_,u(Kz) > 0

Then consider

g(a’P) - €e if a ¢ A

1
y(a) =
€(a,p) + re e if a ¢ Ké
L)) . _
where r = — . y(a) >ax(a) Vace A1 by 1 above. Monotonicity gives
h(A,)

us y(a) >ax(a) Y ac A2

~

Jy@ -w@ = g@p) - ce-w@) + [ 5(a,p) + ree - w(a) =

A UA A N
1UA2 A1 A2

L@ADIE(ay,p) - w@)]+ b ee + 148 (a,,0) - wla,)] +

u(Az) ree=20,.

"~

Hence, the non-null coalition Klu K; blocks the allocation x, a

AN

contradiction. Thus {a ¢ {a) | px(a) < 0} must be null, and

; e Wiu) = core () !

Corollary: Let p and a be as in the proposition. Then {a} 1is not

disadvantageous.

Proof: Immediate. I
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We conjecture that this result generalizes to any finite number of
commodities. The needed hypothesis on the diversity of agents would be
that at any price there be a non-null set of traders with demand in each

orthant (except positive and negative).

SECTION 4.4

In section 4.2 we showed that any type agent could be embedded in
an economy so that if that type forms a syndicate, it will be dis-
advantageous. Such economies still might be a very small set in relation
to all economies. For instance, it might be conjectured that the set of
economies having such a coalition is a closed nowhere dense set. We will
show that such is not the case, at least not in a world of finite number
of types. Rather, these economies are quite abundant in a precise sense,.

Let the number of commodities, M, be fixed. Let Tn = {p ¢ é!SUPP ®)
contains n types of agents, each with equal measure}. We will show that
there is an open set of economies in Tn’ n > 2 each containing a dis-
advantageous syndicate.

To prove the propositicn we will take the disadvantageous economy with
two types in the example of section 4.1 above and modify it as follows.
We smooth the corners of the indifference curves for type 1.

In this way, we get a unique price supporting any allocation to
type 1 (interior to his consumption set).

We will show the following.
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Proposition 3:There is an open set of disadvantageous economies in T,

containing this modified economy, 7.

Let x denote the disadvantageous allocation and x the unique com-
petitive equilibrium in this economy. To prove the proposition, we

introduce several lemmas.

Lemma 4.1 will characterize an open ball of economies in T, -
Lemma 4.2 will show that for a given agent in a given economy u in Tn’
similar agents in similar economies are not substantially worse off (in
utility) at the worst competitive allocations. Lemmas 4.3 and 4.4 show that
our given type is not treated substantially worse at core points than
similar agents in similar economies (given the characteristics of our
economy T). Tcgether these say that in economies similar to 1, there
is a type such that the competitive allocations do not get much worse
nor the worst core allocations get much better than for our given type

in 7. This will meke the type disadvantageous.

Following the proof, we will indicate how it generalizes.

Lemma 4.1: Let p ¢ T - Then there exists ¢ > 0 such that
v o€ Be(u) n Tn iff , has n types and d(ai,aﬁ) <e i=1,...,n

for some suitable numbering of the respective agents.

Proof: Let ¢ < % and ¢ < % Ti? d(ag,az).
1,]
Suppose d(ai,a;) <e¢ 1i=1,...,n, for some numbering. Then if
E is any subset of supp(u),
number of ai in supp(u)

= = H
w(E) m and B, (E) " U B (ai)
aje supp (u)

Bs(é;) contains exactly one a; e supp(v) by choice of ¢. Hence



V(BG(E)) = 4 (E); similarly p(Be(E)) = y(E). Hence
plu,v) < e, i.e., v e Be(u)-

To show the implication in the other direction, let v ¢ Be(u).
u(ai) < v(Be(aﬁ)) + e =3 a: € Be(at) i=1,...,n since ¢ < %, i.e.,
dd,a) <e i=1,...n. |

Thus, if we restrict ourselves to a set of economies within ¢ of a
given economy u for a small enough ¢, we are justified in speaking
of the ith agent.in each economy as being that agent within e of the
ith agent in w.

If a sequence of economies v, converges to an economy v and

fn € W(vn), theorem H-2 tells us that andvn -+ ffdv for any
A E E
E ¢ B@). The above lemma tells us that when there are a fixed finite
number of types in the economies, we can find E ¢ @) and N > 0
such that for n > N, E contains only the ith agent of v, Then
v \Y

_ n n Y :

.rfndvn = fn(ai )\;n(ai ) - f(ai)v(a;), If the measure of the type 1

is constant over n, we have that the allocations converge strongly.

We use this fact later in the proof.

Lemma 4.2: Let u ¢ Tn' For & > O there exists an ¢ > 0 such that
v € Bp(u) N T = inf U;(xi) > inf Ui(xl) -6 for a given agent 1.
: xeW (v) XeW (u)

= =i M, 7

Proof: For § > 0, let x ¢ W({) be such that Ui(x ) - inf Ui(x Y< 872
xeW (L)
for a fixed 1. U(a,x) continuous implies that there exists € > 0
=i B po=1

such that d;(y,x) < e,d(a,a)) < e, = | v(a,y) - U] ,x Y| < 8/2.

Theorem H2 tells us that W) 1is upper semi-continuous, hence

39
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3 e

, > 0 such that if ve B () and X e W(y), then 3 X ¢ W) with
2

~

-1 71
dl(x X ) < €q- Then ¢ = min (el,ez) implies that if v ¢ Be(u) then

._-i

l\i 3 ~
d(ai,at) <e<e, and dl(x »X ) < ¢, and hence Ui(xl) > Uz(xi) -

1 1
i
8/2 > Ui (y) - = for all x ¢ W(u), and vy ¢ W(). !l

Lemma 4.3: Let § > 0. 3 ¢ > 0 such that if p ¢ Be(T) N T, then

~ W
3 y an efficiency allocation in p such that \U;(x(a;)) - Ul(y(aﬁ))\ < 5.

Proof: x ¢ core (v) = 3 p with (p,x) an efficiency equilibrium. Then

(p,x) 1is a competitive equilibrium for the economy T with three types of

£, 1, 1 respectively;

s 2

agents (xl,Pl),(NZ,PZ) and (NB,PZ) with measures
i.e. T 1is the economy the same as T except the initial endowment

in T 1is now a core point in 7. Since any other y ¢ W() must be
individually rational, we must have y(a) ia;(a) a,e. T; but

;(a) >ay(a) a.e. I by the Pareto optimality of ;, hence

;(a) Nay(a) a.e. T, By the upper semi-continuity of W(), 3 s such

that if 7' ¢ Be(ﬂ) and T' contains three types, then 3 x ¢ W(T")
v 7 1 ~
such that \U: (x(al)y - U?(x(an)) | <5 i=1,2,3. This is due to
i i

the fact that the utility of all competitive allocations to a particuiar
agent in T 1is the same. Now for any ; e Be(T) N T2, there is
associated with it an economy % € Be(ﬂ) where % contains zgents with
preferences identical to those of ; and initial endowments ;l,d, and h.
Hence ; g Be(T) l T2 = 3 an efficiency allocation y for ; such that

~

QU 6@ - U@ )] <5 1= 1,2,3. )
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Lemma 4.4: Let & > 0. 3 ¢ > 0 such that p e Be(T) N Ty = 3 yecore(u{a })
1

such that [U]Gx@@) - Vi@ | < 5.

Proof: By lemma 4.3 7 ¢ > 0 such that u ¢ Be(T) n T, = there exists

an efficiency allocation y for u «close in utility to x for the
first agent. To apply theorem S' we need to show we can find such an
efficiency allocation which also is individually rational and satisfies
u
py(a) < pu(a) a.e. a e {a,}.
T T T T T T T
Since Uy @(ap) + d) > Uy(w(ay)) and Uj@(ay) + h) > Up(wlay))
M M
we can find ey > 0 such that y ¢ B€ ()N T2 = U2(y(a)) > Uz(w(ag))

1
a.e. ace {a%} by continuity of utility and , hence individual

rationality will hold.
Consider again the economy T of lemma 4.3 with preferences the

~

same as in T but initial endowment x. Since the preferences are
smooth, the price p supporting x as a competitive equilibrium is
unique., Since x(a) 1is the initial endowment for T, we have for any

other competitive equilibrium y,px(a) = py(a) a.e. T (since
;(a)Na;(a) a.e. T). By the upper semi-continuity of W(. ), we can
find ey > 0 such that {if y ¢ Bez(ﬂ) then (p,y) ¢ ﬁ(u) =y aud p are
within an arbitrarily small preassigned distance of ; and some compe-
titive allocation for 1. 1In particular we can find €q such that
if u e Bs (M) then \py(a) -"b;(a)\ is arbitrarily small. Since
; ;(a) < Si(a) all a e {a;}, we can find ¢ so that py(a) < pw(a)
for any (p,y) ¢ W) and a.e. a ¢ {aLzL} U {a%}-

Thus 1if we pick the smallest of the three ej‘s, j=1,2.3,
and consider v ¢ Be(T) N T2 we are guaranteed an efficiency

equilibrium y which 1is individually rational and such that

py(a) < pw(a) a.e. ace {a;}. We have shown, then, that



y 1is not blocked by a <c¢oalition containing {a%}. We must only
verify that O & f G(a,y(a)). All a ¢ {az} have the same preferences,
a
—_ 2 — —
hence 3 a ¢ {az} such that G(a,y(a)) C G(a,y(a)) V a ¢ {az}_
0 é G(;,y(Z)) by individual rationality. By convexity of preferences we

can find a hyperplane h such that hx > 0V x ¢ G(;,y(g)), hence

¥ x ¢ 1) G(a,y(a)). Thus h r g>0 Vges and 0 é F G(a,y(a)),
ae{aZ} Kl az} G d a,]

and y ¢ core (u ) with utility to the syndicate as desired. ||

(2}

Proof of Proposition:

We can now find an ¢ such that if y ¢ Be(T) N T, and we form a
syndicate of the agents of the first type, there will be a core point with
utility to the syndicate arbitrarily close to the utility of ; to the
syndicate in 1, and secondly that the least desirable (to the syndicate)
competitive equilibrium will be arbitrarily close in utility to the
utility of the least desirable (to the syndicate) competitive equilibrium

in 7. Hence for small ¢ the syndicate will be disadvantageous.

Q.E.D.

In the previous proof there is no use ever made of the fact that

7 has only two types or two commodities. The only properties of 7T

and the disadvantageous allocation x which were used were:

1. 7 had a finite number of types

2, x took on only a finite number of values

3. p x(a) < po(a) for all a not in the syndicate

4, x(a) >aw(a) for all a



~ ~

5. p 1is the unique price supporting x as an efficiency

equilibiium

For any economy with these properties the proof of the existence of an
open set of economies each containing a disadvantageous synidicate is
identical to that shown. For ease of exposition we include only the
above.

The set oif economies in which there is a disadvantageous syndicate
is not open in &. If we drop, for instance, the uniqueness of the price
; which supports ; as an efficiency equilibria (v without the
indifference curves appropriately smoothed), lemma 4.4 fails, There
are economies arbitrarily close whose efficiency equilibria which are
close to the disadvantageous allocation are all such that the net trades
induced by them price out positive for the unsyndicated traders. Though
this is actually only an indication of why the above proof fails, it is

readily seen that a disadvantageous economy can be the limit of a

sequence of non-disadvantageous economies.

o~



5. CONCLUSIONS AND DISCUSSION

In [12], Postlewaite and Rosenthal present an example of a
disadvantageous syndicates in a finite economy with money and a
discussion of the plausibility of such a phenomenon actually occurring,
From the example in section 4.1 and the construction in section 4.2, the
reader will notice that a syndicate which is not disadvantageous can
sometimes be made so by modifying slightly the preferences of either the
syndicate or the unsyndicated traders. Thus any attempt to characterize
or investigate the phenomenon must take account of the sensitivity of
both the competitive correspondence and particularly of the core to
such modifications. This sensitivity of the core to changes in the
preferences and to syndicate formation leads us to agree with Aumann [ 1 ]
that a reappraisal is needed of the use of the core in economic analysis.
at least when syndicates are present.

I1f the core and Aumann's definition of disadvantageousness are
used we have shown that disadvantageous syndicates are not 'megligible”
in two ways., First, in section 4.2, we showed that any type of agent with
strictly convex preferences over two commodities can be embedded in an
economy such that the syndicate of all traders of the given type will
be disadvantageous. Since the pupose of this result is to show that
pathologies of preferences are not the key to a syndicates' being
disadvantageous, we do not feel that the restriction to the two-commodity
case is a particular weakness. Also, as mentioned in section 4.2, we
see nofstructural reason why the result cannot be generalized to an

arbitrary, finite number of commodities., It also appears that the
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restriction to strictly convex preferences (rather than weakly convex
preferences) can be weakened or dropped altogether, though the construc-
tion would be considerably more complex.

The second way in which we showed that disadvantageous syndicates
are not a negligible phenomenon is the proof of existence of an open
ball of economies (in the set of economies with a fixed number of types)
with disadvantageous syndicates,around any economy with such a dis-
advantageous syndicate satisfying the five properties. This is slightly
weaker than stating that the entire set of economies with disadvantageous
syndicates is open, but nevertheless precludes the approximation of dis-
advantageous economies by ''mormal" economies in most cases,

Given this relative abundance of economies with disadvantageous
syndicates, one might ask whether normal economies (i.e., those in which
there is no disadvantageous syndicate) are in some sense negligible. For
instance, economies with disadvantageous syndicates might be dense in the
set of all economies. This does not seem to be the case, however. We
conjecture that there are open sets of economies such that no economy
in the set contains a disadvantageous syndicate, though we do not go into
this question here.

In section 4.3 we proved an equivalence theorem for two commodity
economies with a syndicate when there are other agents which are similar
(in a precise sense) to the syndicate. We indicated in section 4.3 a
possible generalization of this theorem to the case of an arbitrary,
finite number of commodities. This generalization as well as several
results in economies with more than one syndicate will be presented in

a later paper.
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We leave as an unexplored area the interesting problem of syndicates
of heterogeneous traders. The main problems one encounteres here are,
first, the question of distribution of the syndicates share among its
members, and secondly, a characterization of core points in such

economies.

We also leave as an open area the situation where more than one
syndicate forms. Answers to some questions in this area will be forth-

coming.



47

‘F /Q}af\& a,

FIGURE 1.



48

FIGURE 2



™~
«"7

49

FIGURE 3




FIGURE 4



FIGURE 5



b)

O N

¢« Oy

FIGURE 6

52



53

N

FIGURE 7



I/\
oL

FIGURE 8

54



55

0

{0~

FIGURE 9




FOOTNOTES

1/

=" The interested reader is referred to Debreu [6] or Hildenbrand [7]

for a discussion of these assumptions.

g/This technique is originally due to T. Bewley.
2/4 actually depends on (7. However, since 7 1is the only set of agents

characteristics which we will be considering, we do not show the

dependence.

Z-’r—/'i‘l'xis result was shown for finite economies by Debreu.

i/ei is the vector of appropriate dimension with a 1 in the ith position

and o's elsewhere; e 1is the vector of all 1's.

Q/If for either a; or a, €(a,p) 1s not single-valued, we choose a

point in the correspondence arbitrarily.
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