
Appendix 1

The partitioning of the state space of � (�) :
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The corresponding optimal output vector Q� (K; � (�)):
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Appendix 2

Proof of Proposition 1: For simplicity, we use p� and Q� as shorthand for p� (Q� (K)) and

Q� (K), respectively, where p� is given by (5) and Q� is characterized in Appendix 1. Given the

optimal pricing and output decisions, the �rm value at time � is
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HKv (� ;K) =

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

0BB@ 0 0

0 0

1CCA if � (�) 2 
145;

1+b
b2
E� �1 (T )K

1=b�1
1

0BB@ 1 0

0 0

1CCA if � (�) 2 
2;

1+b
b2
E� �2 (T )K

1=b�1
2

0BB@ 0 0

0 1

1CCA if � (�) 2 
3;

0BB@ 1+b
b2
E� �1 (T )K

1=b�1
1 0

0 1+b
b2
E� �2 (T )K

1=b�1
2

1CCA if � (�) 2 
6;

1+b
b2

E� �1(T )E� �2(T )(Q�1)
1=b�1

(Q�2)
1=b�1

E� �1(T )(Q�1)
1=b�1

+E� �2(T )(Q�2)
1=b�1

0BB@ 1 1

1 1

1CCA if � (�) 2 
78:

Thus, HKv (� ;K) is negative de�nite if � (�) 2 
6 and negative semide�nite otherwise. Therefore,

v (� ;K) is concave in K for any � (�) and the concavity is strict if � (�) 2 
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Note that v (T ;K) is continuous in � (�) and, therefore, the terms from di¤erentiating the bound-
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Di¤erentiating v (T ;K) with respect to K1 and setting @v (0;K) =@K1 = 0 results in (7).�

Proof of Corollary 1: The result follows from Proposition 1 with � = 0; cK = ~cK and cQ = ~cQ.�

Proof of Lemma 1: It follows from Proposition 1 that if cS = cQ = 0, the optimal total capacity
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This together with Corollary 1 gives the desired result.�

Proof of Lemma 2: To simplify the notation, we normalize T = 1 and � (0) = 1. To prove the de-
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The normal vector ln � (�) can be rewritten in terms of two independent standard normal random

variables as ln � (�) =
p
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Since Z1 and Z2 are independent, we can further simplify
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Next, we take the derivative of (11) with respect to � . After some algebra, we obtain
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To evaluate (12), we make use of the fact that for a di¤erentiable function g and a standard normal

random variable Z1, E (g(Z1)Z1) = Eg0 (Z1) (Rubinstein 1976). Applying this result and some
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algebra to (12), we obtain
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Proof of Lemma 3: The proof is similar to the proof of Lemma 2 and is omitted.�

Proof of Lemma 4: The proof is similar to the proof of Lemma 2 and is omitted.�
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