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This technical companion has three parts: First, it shows the proofs of the propositions in the
paper. Then, it presents the exact solutions for special cases if L; = 0; = 0, = 0 and the Lagrange
series for dual sourcing where one or both sources incur capacity costs as Propositions [I5] and [I6]
The last part show the very detailed derivations of the single sourcing analysis and of the exact

dual sourcing solutions to the first order conditions: the Cardano solution (L =1 and L; = 0 on

|[Companion Page 17)); the Ferrari solution (L = 3 and L; = 0 for uncapacitated dual sourcing on

|[Companion Page 20)); and the Lagrange series (for the other cases).

1 Proofs of Propositions in the Paper

Proposition |1f was shown in the main text. We proceed with:

Proof of Proposition Given the order process, we can analytically track the net inventory

dynamics for t = 1,...,7 and a € [0,1) :
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t—Li—1
I, = Liaw+qg1—Dy=1 1+ Z (1—a)a*D;_p, k1 — Dy

k=0
t—Li—2 t—L;i—1
= Lo+ (1—a)a*Dy_p, g9 — Dy_1+ Z (1—a)a"D;_p, k-1 — Dy
k=0 k=0
t—L;t—L;—j t
= I 1+ Z (1—a)a" Dy, —j—j — ZDt—k
j=1 k=0 k=0
t—L;it—Li—j t—L; Li—1
= I+ (1-a)a" Dy, p—j— Z Dy py i — Z Dy
j=1 k=0 k=0 k=0
t—L; Li—1
= [1- « Dt—Lz—k - Z Dy
k=0 k=0
Hence, for t — oo,
11—«
Var(q;) = o 2
1
VCLT(It) = 1—@202—’_[/2’02'

Note that this policy encompasses global single sourcing with the standard base-stock policy. Check:
if & = 0, then we have Var(I;) = (Ly + 1)o?. If @ = 1, we have that ¢; = p and

-1 ¢ ¢
I =L1+Zqz'—ZDi Zfs-i-tM—ZDi-
i=0 =0 i=0

Taking expectations and variances directly yield El; and Var(l;).l

Proof of Proposition |3} This is not a standard newsvendor problem because the decision variable

I, is the mean of the distribution but it can be reduced to a newsvendor model. The limiting net

inventory process I, is normally distributed with mean EI; = I, and variance 0’% = 1_1a2 0%+ Lio?.

Let f(z|ls,o0r) denote its density. The associated expected inventory cost rate is

00 0
CI(IS):/O h:cf(a:|[s,01)da:—/ br f(xz|ls,or)d.

—00

Substitute to standardized units z = (z — Is)/o; and define z; = Is/o;. With © = Iy + zo; =
(21 + 2z)or and f(z|ls,01) = ¢(2) /o7, We get

Ol = /_ T e+ 2)ord(2)dz — /_ b + Doro(2)dz

= 07 [hZ[ (1 — (I)(—Z[)) + h¢(—21) - bZ[q)(—Z[) + b(ﬁ(—Z[)] y
= orlher + (h+b) (¢(—21) — 212(—21))]
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where we used the identity ¢'(z) = —z¢(z) = — [* _z2¢(2)dz = [°2¢(2)dz = ¢(z). Invoking
¢(—z) = ¢(z) and ®(—z) = 1 — ®(x), it directly follows that

Cr(Is) = orlhzr+ (h+b)(p(z1) — 21(1 = ®(z1)))] = o7 [hzr + (A + b)In (21)]
= or[=bzr + (h+b) (&(21) + 21P(21))]
The inventory cost is convex increasing in « and taking the first derivative

d
ordzy

o1 =

i Cr(Is) = =b+ (h+b) (¢ (21) + @(21) + 216(21)) = =0+ (A + b)®(21).

Clearly J‘I—;CI(IS) = o, (h+b)¢(2r) > 0 so that C; is convex with unique minimum given by the
familiar critical fractile condition ®(z7) = b/(h +0).1

Proof of Proposition [4; The function 55(04) is continuous in [0,1) with C(0) = 6; + I+ L;
and C(1) = +oo. Its first derivative is:

d ~ _3 1
d—C(a) = (1 — a2) 2 {a (1 + L; — Liaz) 2 —60;(1— a)}
a
The first term is positive (hence inventory cost is increasing), while the second is negative (hence
capacity cost is decreasing). For 0 < a < 1, its sign equals the sign of (which also becomes the

optimality condition:)

o=

F(a) - 0;, where F(a) =a(l —a) ™' (1+ L; — Lia?)~ (30)

F is strictly convex and increasing so that F~! is uniquely defined and concave increasing:

Nl

Flla) = (1—a)?(1+L;— Lia®)~

_5
2

{1+4L;2a+1)(1—a)} >0
(

F'(a) = (1-—a)?(1+Li—Lia*) 22+ L (1 —a)(BL; (5a+3) (1 —a) + 2a +11)) > 0

Thus:

1. For any L; > 0 and any 6; > 0, there is a single extremum o* where F'(a*) = 6;, so that Css
is first decreasing and then increasing. Thus, 6';(04*) < 6@(0), which is the cost when using

a base-stock policy. If 8; = 0, o* = 0 and C is increasing.

2. For 6; > 0, the optimal a*(6;) is concave increasing in 6; with
a’lp,—0 =0 < a” < a’lp,00 = 1.

3. For 0; > 0, the optimal o*(0;) is increasing in L;.We directly have a bound:

0;

0,
% 3
<a’|p>0 =

O[*’Li:() = 9 1 —
it 0; + (1+ L; — Lya*?)

N[
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4. Below we show that C is strictly convex in [0, %) and near o = 1. For small values of 6;, it is

convex everywhere. For large values of 6;, it can be convex-concave-convex. Indeed, consider
the second derivative:

ol =10 (14 L (1-0?)

ol

(140 + Li (1 - a?) (14 202)) + 0,1 - a) (1 - 20) |

where the first term inside the curly brackets is positive (and thus the inventory cost ,/L; + ﬁ
is convex increasing) and the last term is positive for a < % and negative for % <a<1(so
that the capacity cost is convex-concave with inflection point at o = %) As 0; increases, the
capacity term becomes more important, but is always dominated for a — 1 by the convex

inventory cost.
The value of smoothing for L; = 0: then C(ag) = C(a*) = v/20; + 1 and C(0) = 1 + 6, so that

1+9i*\/26i+1_1_\/26i+1

Value =

which increases in 0; towards a maximum of 100%.

Proof of Proposition Extending L to a continuous variable and applying the chain rule on
the necessary optimality condition gives:

d ~ oC, . da* 0C . oC, ,

—C(a") = %(a)dL +67(a )—aj(a)

= hal - 0. Ina* > 0.

To show that the optimal allocation also decreases when L increases from 1 to 2, express the
smoothing FOC as a function of the optimal allocation:

2—L
a* T

0.=G(a, L) =
L= a2/t)*? [l L (1 - a/t)

(31)

Extending L to a continuous variable and applying the implicit function theorem on the FOC of

the allocation yields:

da* _ h+ 58, L)
dL 9 (a*, L)

a

(32)

It can be shown that g—‘g > 0 for all L, and %—f > 0 for L < 2, so that a* decreases as L increases
over L € [1,2].
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Finally, the comparative statics of 6. follow from:

d ~ .. _ 0C, ,do* 0C, ., 9C . .
0.0 ) = e @) ge T g, (@) = gg l0T) = —aT <0
do* _gpga(e) _ L@y
B = T8y | By

. 2 . o
given that %(a*) > 0 because o* is a minimizer.l

Proof of Proposition @ If L =1and L; = 0, C() is strictly convex with C'(0) = —f,. If,
and only if, #. > 0, there is a unique interior minimum o* € (0,1) that solves the sufficient first
order equation , which simplifies to 03:1:3 +x—1 =0 where 2 = 1 — a?. The third order
polynomial is strictly increasing and thus has one real root , which is found using Cardano’s
rule-see Appendix.

For L =2 and L; = 0, C(+) is concave-convex with C’(a) = —20ca + (1 — a?)™3/2 = —20.a +
a(l+ 2a% + o(a?)) = (1 —20.)a + o(a). If, and only if, §. > 1/2, there is a unique interior
minimum that solves the sufficient first order equation , which simplifies to (20.)%z3 —1 = 0
where z = 1 — o?. Notice that, if . = 1/2, é(a*) = 1 and that cost decreases as 6. increases,
hence dominating single local sourcing.

For L =3 and L; = 0, C(-) is convex-concave-convex with C'(a) = —36.a2 + a(1 — a?)™3/2 =
—30.0% + a(1+ 3% 4+ o(a?)) = a — 30.a” 4+ 3a® 4 o(a3). So cost is initially increasing convexly.
If 0. is sufficiently large, cost will go through an inflection point, turn concave and achieve a local
maximum, go through another inflection point and turn convex with local minimum. The two
extrema in (0, 1) solve the first order equation , which simplifies to 2 — 23 + (30.) 72 = 0 where
z =1 — 2. The roots of the quartic can be found using Ferrari’s method-see Appendix.

For L > 4 and L; = 0, the solution to the first order equation are the roots of a polynomial of
order L + 1 > 4 for which Galois showed there is no general formula, using only a finite number of
the usual algebraic operations and radicals. However, Lagrange’s series for the inverse of a function
Markushevich| (1985, II, pp. 88) applies here. Let 3 (1 + L;z) (1 — 1:)L72, then f~! expanded

around x = 0 yields:

£ [ i)
e Zn‘ [d [f(2))]2/3

where the subscript s denotes any fixed single-valued branch of the 3-valued function [f(z)]/%.

n/3

z

2=20

Evaluating the derivatives, similar to the Appendix in the paper, yields and it can be shown

that the radius of convergence is exactly 6, > 6; .1

Proof of Proposition [7} For L = 1, the approximation is found by intersecting the marginal
1

(1-a2)*?’

benefit with a higher marginal cost: a* solves 575 = 0 while ag solves 6. = Given

a*
(1—a*2)
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that (1_033)3/2 = (1_:‘;)3/2 < (1—0412)3/2 we have that ag < o*. Clearly, both a9 — 1 and o — 1

as 6, — oo.

For L > 3, the approximation ag corresponds to the first order expansion of the Langrange
series , but it also can be found directly as follows: a™* solves = Lo, (a*)L_2 < LB, =

(lailz)wa so that ag > o*. Again, both a9 — 1 and o® — 1 as 0. — oo.
— %0

The lower bound on the value of dual sourcing follows from C(a*) < C(ap). The expansion

1
(1—04*2)3/2

follows from the binomial theorem:

Clao) = 0 (1 (L6 S)L/Q +(Li+ (Lec)”?’)é
_ o, (1 L gy L(QSQ') (L) _ L 232?;€4) (L90)6/3+---)
+(L6o)? (1 < % 1 (L0:) 7 — %LIZ (L6.)~"* + O(L} (L@C)_6/3))
= Ot % (L8)* - W (L)% + (L —2)(L — 4) — 31L}) O (L8.) ™"

Proof of Proposition Extending L to a continuous variable and applying the chain rule on

the necessary optimality condition gives:

dA*_é?C*da* ac 35*
G = So(@f) e+ ar(af) = Fr(a7)

0 1—a
— _ 2L
E)7 < Ot + 0,0 1/ \/ (1-a« )>
N 1—o* 1— o* _
= hat + —Hcoz*L—i-Hga*L\/ @ +91\/ a (1—a*2L) 1/2a*2L In a*
14+ a* 14+ ao*

~ 11— 1
_ hOé*L _ HCQ*L Ina* + ( 1 a a* *2L —1/2 a*QL) In Oé*,

where the first two terms are positive but the term in parentheses, called B, is positive. We bound

B as follows: recall that

1—ak

M |

11—«
k=0
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1

IA

1+«

1—« 11—«
\/(1+a)(1—a2L) - \/(1+a)(1+aL)(1—aL)

1
= <1
\/(1 +a)(1+al)gla)
1—a* 1—a* -1/2
< b0 1—|—a*+91 1+a*( ) @
< 99 + 6,
hence:
d Cla*) > (ﬁ — (6. — 0, — Gla*L) In a*) ok
dL - ©

So, a sufficient (but not necessary) condition is 6. > 6, + 6;. Finally, the comparative statics of 0

follow from:

d ~ . _ 9C ,da* 0C, ., 0C,
30,0 = 350G+ g (@) = 54.(a7)
86 * _ *L

896(04) = —a"" <.

86 * . *L l—ar * L
a9, ) = i <

0C %) = \/1_0‘(1_a2L) <1

3791 1+«
and, given that gzg(a*) > 0 because o* is a minimizer, we have:
do* _ apea(@’) _ L)
dfe g5 F8(a) 7
y nda* sion 0%C (o) = —si nLaL—1 (1-a)(l+a)-at
Mg, — 0000 T TN T AT R (1 1 )
= —sign(L(l—-a")(1+4a") —a")
Vv14+4L -1
< 0ifa* < —inL, > (0 otherwise.
 da* B . 620 ( *) ey LaQL*l (1 _ Oé) (1 —|—Oé) 4 (1 _ a2L) =
sign o szgnaelaa o) = sign

(1 . aQL)l/Q (1 _ a)l/? (1 + 04)3/2

Proof of Proposition @ As L — o0, the function MB converges uniformly to ]\/4?00 over [0, 1),

where
MBas(a) =0 (1—a) 2 (1+a) 2.
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Consequently, the optimal smoothing level a* — o as L — oo where

_ 0 _ *
MBo(02,) = 2 = MC(a%,) = . -
(1-a2)? (1+a5)? (1—022)? (1+ L1 — a22))?
0
S al, = d . [ |

0+ (14 L(1—az2))z

Proof of Proposition For L = 1, the FOC are identical to the uncapacitated case provided
we replace 0. by 6. + 0;. Hence, Cardano (Proposition [14] on [Companion Page 11)) gives the exact

solution.
For L > 2, the solution uses Lagrange’s inversion theorem. In contrast to the uncapacitated
case, however, there is no simple general expression for the n—th order term in the Lagrange series.

Each term requires substantial work. The derivations are shown in painstaking detail for L = 2

starting from [Companion Page 46| and for L > 2 from [Companion Page 53|l

Proof of Proposition For L = 1, the FOC are identical to the uncapacitated case provided

we replace replace 0. by 6. + 0;. The square root remains a lower bound as follows directly from

the Proof of Prop. [ For L = 2, the proof starts on [Companion Page 50, For L > 2, the proof

starts on [Companion Page 59|

Proof of Proposition Let 3 € [0,1] and denote B = 1 — 3. Focus on the parameter line
0.—04+ 0, =+L+1—1 by setting

HC:B<\/L7—|—1—1) and@l:B(\/m—l>.

For L > 2, the maximal value of dual sourcing V over LS using Prop. then is:

W=

1 _
P (; (26.+VE0)® 6.~ 152 (Lo + VI0)
V:f

C! 140,

VIF1-3 (LHC + \le); + 452 (Lec + ‘/ZQZ>_
) V. (33)
1+8(VE+1-1)

1

wl=

where Lf, + VLo, = (Lﬁ + \/ﬁ) (VL +1—1). Expression is decreasing in 3 so that the
maximal value is attained at 8, = 0 and §; = /L + 1 — 1 (as is evident in Fig. on
Page 31f). Hence:

Wl
T
N
/N
S
—~
h
_|_
—
|
—
~—
N——
|
W=

(VEWTF1-1)° &2
VE+1 VE+1

Prop. [15]also shows that the parameter regime where DSS outperforms GS increases as the leadtime

V=1-

+0 (L729).

N W
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increases: Assuming L. + v/L#; > 1, this domain has parameters 6. and 6; such that

~ L —9 -1
C(a*;00,0,0) = —6.+° (Le +\Fel) —T(Lechﬁel) P <Ci= 0. +VL 11

. ;(Lemux/fe,) <\/ﬁ+—(w +\Fel)

os\»—‘

. Lec+ﬁalg< N <L9 +f91 )

1

2 3 2 2L-2 -1
= (3\/1‘Tr1) +3(3\/L+1> T(Lﬁﬁ—ﬁel) M

1

_ (gm)g n (LJrl);L_Q) <L60+ \fLel)_?’ T

As L increases, the admissible set of values of 8. and 6, that satisfy this condition increases.li

Proof of Proposition To prove , first recognize that ]\/4\B(04) has a lower bound by
considering its three terms:
1. 0<6.Lat"t <6.L.

e—1/2 Lal—1 1+a)—« ol
2. 0,55 = < 0 (1— 0(4)1/2()1(4-01);/2 S99(1—6%)1/2(1+0t)3/2

i

3. A < o ool U)oy

T 3V3 L= (1_a2L)1/2( )1/2(1+ )3/2 =
Hence:
4 e~1/2 L 1 — 1
—0,—0 = < MB MC )< ——
3v/3 R VL -1 (1 B g2)3/2 = () = () < (1- a*2)3/2

so that a* > a;.
To prove the bound «;, follow a similar argument with L = 1 which allows a tighter lower

bound M B (a) because two terms are constants (6. and 6;):
— 9 _3/2 — — 2 —3/2
MB(0) =0c+ 6, — 0, = (1— a2) > < MB(a") = MC(a*) < (1 — o ) .

The bound «; requires the intercept of MB (0) > 1. Otherwise, the strategic allocation is ap-
proximated by considering the first order Taylor approximation, evaluated at a = 0, of MB (o) =
Ot — 0y + 2050+ () = MC(a) = (14 L) ? a+o(a).M

There actually is a tighter bound than a; : Notice that the marginal benefit term in 6, is

concave-convex increasing and bounded below by the cord:

3 a?+a—1
0 —1+a>§0
g( 2 T1-a)?(1+a)*?
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4
T Dg A8 .
B o
1 MB = 0 + 6, — fq—Lae?__ C 4
c 9 (1-a) 2(1a)*2 Y A
o i
Cay
____________ 5 0q o/
O+ ) — Og- P +
(1-a2)*? P
1 e = — B
-2 P
. Vol
0 += 4 z ¢, v
0 0.25 05 0.75 1

Smoothing = Offshoring Allocation o (with L = 1)

Figure 14: The marginal cost of inventory (solid red) intersects the marginal benefit of sourcing and capacity
(solid green) at point B, defining the optimal smoothing level a*. Bounds on MB and MC intersect at point
D, defining the lower bound « on o*.

[Notice that the first order Taylor expansion at a = 0, —1 + 2q;, is not a lower bound because lack
of convexity; however, one can verify that —1 + %oz IS. Asis -1+ (% + e) « where € can be close
to 0.1.] Hence, we could do for L =1:
6o+ 0, +6, <—1 + 3a> - WB(e") = M) < —
2 (1— g2)3/2 (1— ar2)3/?
However, the left equation does not allow a simple expression of a.]

An explicit bound « can be established by considering the maximal value 6.+60;+0, (—1 + % g) =
00—1—01—1—%99 of the lower bound on M B as follows. Notice that (96—1—61—1—%99 = W (Represented
by point D in Fig. ) To establish that « is a lower bound, first note that, keeping 90—1—914—%09 = x9
constant, the minimal value of 8, is 0 for which MB (a) = x0 as 8y — 0 and the associated optimal
«* is defined by point A in Fig. As 0, increases to its maximal value where 0.+ 0; = 0, = %xg
(recall that 6. + 6; — 0, > 0), the associated optimal o* “travels down” the MC () curve to point
B, near point C and may increase again. But it never goes below point C and it is easily verified
that C and D are on the same vertical, so that a® > «. Clearly, as 6.+ 0; + %09 — 00, then a — 1

and thus also a* — 1.
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2 Further Propositions of Special Cases with Exact Results

Proposition 14 (Exact solutions for special cases) With normal demand, if Ly = 0; = 6, =0, the

optimal smoothing level o and allocation a* = a** depend on L and 0. as follows:

1. If L=1, then o* =0 at 8, = 0 and elsewhere Cardano’s rule yields

2 1 1 4 1 1 4
o g e i — s 1 — 4
“ > o\ T T2 T2\ T e (349
2. If L=2, then a* =0 if0. <65 = % and elsewhere
_2 ~ 3 1
a*=1/1-(20.)"3 and C(a*) = B (26.)3 — 0. (35)
3. If L =3, then a* =0 if 6. < 03 = 1.15 and elsewhere Ferrari’s rule yields
- S M THTu— J2—dut —2— ) > 0.64, wh (36)
o = - —= u— —du + ——— .64, where
4 4 Vv1+4u
1 2(30.)72 (36,) 2 28 s
4. If L >4, then o =0 if 0. < 07 and elsewhere
T (nkH — 1) (6,L)F
; [(nfg?) o )

Proposition 15 (Lagrange’s Series for Local Capacity Costs) With normal demand, and if L; =

0y = 0, the optimal smoothing level o and offshoring allocation a*L depend on L,6. and 6;:

1. If L=1, then o* =0 at 8, = 0; = 0 and elsewhere:

o = [1—(0.+6)"

Wl
w
|
+
N | —
[\G)
\]
—
>
MRS
+
>
S~—
[NV
w
N =
N | —
[\G)
\]
—
>
S
+
>
S~—
[\V)
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3
2. If L =2, then o* = % + 0 <(1_2§i+01) > if 20 + /20, < 1 and elsewhere

=

oy = \/1—(296—1—\@91)_3—1—91\@(116 (206+\@91)_g+O<(206+\@91)_13)>

Cla®) = g (2ec + \@el)é —0.+0 (9; (2ec + \/ial)Q) .

0 0, \2\ .
3. If L>2, then o = 7 + O (ﬁ) if LO. + VL0, < 1 and elsewhere

o = \/1— (Lec+ﬁ0,>2/3+§(wc+fwl)7/3 ((L—2)9c+elﬁ) T

Ola®) = 3 (L6 + \/Zel)é g, — % (L6 +VIB) " 0 <(Lec + Jiel)_2> .

2

1
3

Notice that the expressions for L = 2 are more accurate (reflecting the fact that they are
exact for §; = 0) and that, for L > 2, . is no longer a first-order effect in light offshoring when
o* = 0;/ (1 + 6;) (because the marginal sourcing benefit §.La”~! is of order L —1 > 1). Prop.
helps us understand the interaction between the leadtime, standardized cost advantage, and local
capacity costs. It demonstrates that local capacity costs have a similar impact as the standardized
cost advantage. (Indeed, the key parameters that drives the optimal smoothing level and allocation
decision is LA, 4+ v/L;, so that 6, and 6, are substitutes, up to a factor v/L.)

Proposition 16 (Lagrange’s Series for Local and Global Capacity Costs) With normal demand,
if Ly =0 and 0, > 0, the optimal smoothing level o* and offshoring allocation a* = a*l depend on
L,0.,0, and 0; as follows:

1. If L =1, then the Lagrange series around ag =1 isﬁ

— 4. (38)

w00 T) 8040, (50+ 1) (0 (05 +T))°
0y +1  4(0,+1)° 5100, +1)* 51(0, +1)°

8We abbreviate 6; + 0; by 6;;.
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Lagrange around oy = 0 yields: for }Hil - 0§| <1landf, < % :

o0

o = Y —0%)"

n=1 .
T 26,1020,

(393 +(1- 299)2)
T @, (- 20,))

(302 + (1 - 20,)%)° 102
w0, (- 20,)
(302 + (1 - 20,%)’ (363 + (1 -20,)°) 402 (362 — 20, (1 — 20,))

ag = 4 +3-4-5 —4

(26, (1~ 26,))" (26, (1~ 26,))°

2. If L > 2: then the Lagrange series around ag = 1 is:

(26, (1 — 26,))”

« ~ 99
2
* 1 1(04+6L—3) 9§+(6L—3)69+28L2—3L—20 (96L+\@01>
0, 2! 20 5163 157
2
B 1_1+}1+§!+---_(6L—3)(}1+51,+-~)_(28L2—3L—20)(51,+---)+(90L+ﬁ91) _
- Oq o7 03 1593

Proof: In contrast to the uncapacitated case, there is no simple general expression for the n—th

order term in the Lagrange series. Each term requires substantial work. The derivations are shown
in painstaking detail for L = 1 starting from [Companion Page 33| and for L > 2 from

[Page 60, B

3 Exact Solutions for Uncapacitated Dual Sourcing and L; =0

The FOC become:
QCLozL_l =

PN (GCL)QOZQ(Lfl) (1 _ Oé2)3 _ O[2
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0.125

01T

0.075 T

©L)=)>

0.025 T

*2

v =1l-a
Figure 15: The optimal z* = 1 — a*? is easily found graphically as a function of \ = (QCL)_Q.
Substituting z = 1 — o2 yields:
0L (1—2)t =1 —2
If 6. = 0, then x = 1; otherwise:
(1 —2)" 223 = X where A = (0.L)"2.

For L > 3, the cost function is convex-concave-convex and the FOC has two solutions in [0, 1],
represting two local extrema z*. The local minimum corresponds to the smallest root z*. While
there exist only a simple analytical solution up to L = 3, the solution is easily found graphically:
draw a horizontal line at A = (QCL)f2 and its intersection with the upward curve in Fig gives the
optimal z* = 1 — o*2.

We also directly find a necessary condition on A to have an interior solution:

For L =2, A\ = 1; For L > 2, the maximizer z solves:
—(L-2) Q-2 +3(1 —2)"%? = 0

<:>—(L—2)ZL'+3(1—:L‘) —
<3—-(L+1)z = 0

)

<> = —
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so that

L—2 3
= 1_i i
L+1 L+1

In terms of 6.:

s (2 ()

1
0. = L—2 3
L\/<1 _ L) - (L)
L+1 L+1
Simplify
3

1 B (1 - m) B L—2

L—2 3 L L
3 3 3 3 3 L—2 3
() () () () () s (8) ()
The corresponding cost at x = Li+1 =l-ofisa’?=1-z= LT_F% SO

A 1 L—2\"? /L+1\"?
C = -l ——ou=-0"—"2= (2t
Voo L+1 3
L2
L—2
—<LT1) <L+1>1/2 —(L—-2) <L+1>1/2
+ = +
o\ "2/ 5 \3 3 ar 3 (1 3
_ (L L2
B 3 3L
Note that for L. = 2 the corresponding interior minimal cost C =1. For L = 3, we have that

0, = 1 =1.0264 and
3y (1-5%) (5%)”

. /341\? 1
— (2= 1— — ) =1.0264
= (7)) (1-gg) =rom

We can summarize as:

Proposition 17 With normal demand, for L > 2, the optimality of dual sourcing smoothing re-

quires a minimal standardized sourcing cost advantage 0; and the optimal smoothing level a* has
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a lower bound oy < o ﬂ

L+1
L+1) 2 3
b > 0= D o (VE), (40)
273 L(L—2) 2 27
0 > ap = 1—— (41)
= L L+1

Proof of Proposition With normal demand, the maxima of the functions (1 — z)% 223

also define a necessary condition on A for the FOC to have an interior solution:
A< A= max (1—x)F7223. (42)

For L =2, A = 1; For L > 2, the maximizer of isx* = Liﬂ, which provides an upper bound
_ L—2 3
to any optimal 1 — a*?, and X\ = (1 — %) (%) = 673% +o(L).M
The proposition quantifies the strategic trade-off between the minimal standardized sourcing
cost advantage and the leadtime for dual sourcing smoothing. All our results demonstrate the
essential difference between L = 1 (which always has an interior solution a* for which dual sourcing
provides lower cost than single local sourcing) and L > 1, for which dual sourcing optimality requires
that
L+1
L+1) 2 3
d— 9> hL+0,kCV =hL + 1( D2 oV —hL vy S Lo (\FL) .
273 L (L — 2) 27

2

This expression quantifies the “cost of uncertainty and leadtime:” the global sourcing unit cost
advantage must not only outweigh the unit pipeline cost hL but also a “variability penalty” that
increases with an increase in the leadtime L, the uncertainty C'V, or the financial inventory pa-
rameter k7. Interestingly, while there is no obvious notion to “leadtime demand” in a smoothing
context, the required standardized sourcing cost advantage does (asymptotically) increase with the
square root of the leadtime.

Notice that 6. > 0; guarantees that the FOC have an interior solution o > 0. Yet, for dual
sourcing smoothing to be optimal, this local cost minimum must have a cost below the single sourc-
ing cost 5(0) = 1, which requires a more stringent condition 6. > 07 = inf {00 : é(a*; 0., L) < 1} >
6. We can now proceed to specify the optimal smoothing level and offshoring allocation in exact

analytic terms.

9The Landau notations specify functions o (f) that are of smaller order than f, and O (g) which is of similar order
as g. Formally: limg—o o(f)(z)/f(z) = 0 while limz—o0 O(g)(x)/g(x) is a finite constant.
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Figure 16: For L = 1 we seek the zeros of the functions f(z) = 622% + . — 1 =0.

3.1 L=1and L; =0 Uncapacitated: Cardano-Tartaglia

For L = 1, this is a cubic in o which can be solved exactly using Cardano’s solution: Subsitute
z =1-—a? in the FOC:

6.(1—a®)** = a
95(1—0{2)3 = o

fly) = ca®+2-1=0

This cubic has always a unique root in (0,1) because f(0) = —1 and f(1) = ¢ = 62 > 0 and
f' =3cx? 4+ 1 > 0 so that f is strictly increasing. Also, f” = 6cx so strictly convex for z > 0 as

shown in Figure

Cardano’s solution for the real root of:

2 3 2 3
3/ g q p 3/ q q p
+pttq \/2+ 4+27+\/2 T3
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Figure 17: For L =1 : The absolute error between a* and the square root allocation «ay.

so, withp=—¢g=c¢1= 90_2 we get:
1 1
1 _ 06*2 — 3 + T + -
\ 292 \/ 94 S 292 V40! T 2768
1 1 4
3 3
= + 1+ —=+ =5 — =41+
\ 293 292 2792 202 207 2762
11 4 11 4
= 023 s+l =g+ o5 — s /1+ =
¢ 2 2 2762 2 2 2762
Hence:
- 11 4 11 4
* 1=0 3 o 2 [ — + ¥ = = = 1+ —
“ ‘ 2 o\ T T2 2\ T e

Clearly, for large 6., we recover the square-root bound. The error of the square-root lower bound
is function of:

Absolute error = 1—23 | 3

R C I S N
o\2 2 2762 2 2 2762

which is strictly decreasing in 6. (Fig.

1+ —— | —y/1-0.%3
C

w
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And we know that, for the square root formula 6. > 1, so that for large 0.:
1 1 2 1 1 2
s+5(1+ >+3—(1+>—1
\/2 2 < 2762 2 2 2767
1 1
\/ 276> \/2703

() )
32702 3923 392/3 \ \ 30,

Indeed, the square root approximation is a lower bound with maximal error at 6. = 1 equal to:

A

12

12

1
a*—aoz\/ 0 +35- 37——\/ —0=0.5636

An approximation of Cardano for small 6. follows directly from a first order expansion around
a = 0 of the squared FOC:

o = 02(1-0a%)° =062 (1-3a%+0(ah)
= QZL—&-O(GE’)
\/ 1+ 362
~ o e —2

_|_

9?2 <1+393>5 1+ 362 — 6%,/1 + 207

Jisez  \1+20c V(1+262) (1+362)
2 2 2

1436 — 67 (1+67) ~ (1 292)< 592>21_192

2 C
\/1+ 56 + 66

Evaluate value of dual sourcing at , = v/2 — 1 :

12

1—

—6? 1+ 302
14302 \L+20

Figure 18| compares the exact Cardano (black) with the two approximations: the square root (red)

1
2
) =17.75%

for large 6. and the almost linear (in green) for small 6.
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CY

08 Optimal o /
(Cardano) Square root o,
0.67
Approximation for small 6

047
02T /

0 : : ; i

0 1.25 2.5 3.75 5

Standardized sourcing cost advantage 6

Figure 18: For L = 1 : The optimal o* compared to the square root allocation ag and the approximation
for small 6.

3.2 L =2and L; =0 Uncapacitated: Simple Square Root

For L = 2, it is even simpler and the exact solution is [and equals our “general” approximation!]:

a

a? = 1— (20,73 (44)
This requires 20, > 1 and the optimal cost is

3 2 93 ..

C(a 0.) = 53730c

Notice that 5(&*;96 = 1/2) = 1 and that cost decreases as 6, > 1/2, hence dominating single
sourcing. For 0, < 1/2,a* = 0.

3.3 L =3 and L; =0 Uncapacitated: Ferrari

For L = 3, we get a quartic, which still can be solved exactly: Subsitute x = 1 — o
9L2 2L2(1 a2)3 — o2
0.) 2a2 (1 a? R 1
( (- = 1
sf=at—234+30.)% = 0
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For 0. > 0, f(0) = f(1) = (30.) . Investigate this quartic in (0,1) :

' = 4a® —32% = (4z — 3)a?,
" = 122 — 6z = 6x(2z — 1).

Hence, f is decreasing for x < 3/4, and increasing elsewhere. It has inflection points at 0 and %;
convex for x < 0 and > 1/2 and concave in between.
Thus, one global minimum at « = 2 where f = (%)4 - (%)3 +(30.) % = - 25+ (30.)"%. Thus,

necessary condition for there to be two roots (and hence local maximum and then minimum) is:

27 L o 27

—— 4+ (30 0< (36 — =0.10547
256+( c) < (30)7" < 256
1 /256 16

= = V3 =1.02

s 0.> 2\ o5 27\/3 026

Note that we have two real roots in (0,1). (Indeed, the larger root corresponds to a local maximum
in the cost curve. We need the smaller root: recall that higher 6., means higher A, hence more
offshoring, or smaller x. This suggest we should take the smaller root in z.) Solve using Ferrari’s

method (using his parameters, so do not confuse here with our «):

f = Az*+Bx*+C2’+Dx+E=0

2
= z*— 2% +a =0 where a = (30,) % < % = 0.10547

_133+1 3 . 1
~ 108 \8 8 256 ) T &
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Q Q2 p3
R = ——+4/—+ —
2 4 +27
1 11 1
= —q4+ 42 43
16 4 82 27
1 1 1
_ ~ .2~ .3
= 24a:l: 28a 33a
a 8
= 24(1:|: 1—33a)
and
1>1 2 >1 2 27 0
— —a _— —_—— =
33 33 256

so that both values of R are real and positive:
27 a
-2 Sy R=2_
256 0 28
a
a = 0—>R:¥(1i1):0,

a = (30.)72

if from here on we take the minus sign. (Apparently, either sign of the square root will do.)

Continuing on:

— 1/3 P
vo= ot R
53 /3 2\ a
= 68+24/3<1i 133a> + 1/3
3;}42(&,/ —§§a>

_ 5, 41/3 [ 1/3 . 91/342/3
= 16 " 94/3 33 1/3
3 <1 +

5

) a
- R1/3 7R—1/3
16 T3
W = Ja+2y=
3 5 al/s 55\ 97/342/3
= |t tam{FViTze) 7
\ 3(1i,/ —§3a>

1 a1/3 8 27/3a2/3

1/3
3(11,/ —éa)

1 2a
— Z 4 9RY3 4 T2 R-1/3
\/4 + T3
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Finally:

11 9 7
= 4+ - |+ oyt L
1T | BT T E gy
and
9 1
oyt L
R
9 5 s 20 1 8a i) /2
= 22 _9pis_Zp-1sy ~ (4 1/3 , 4 »-1/3
<3 2R S R S | 1+8RY?+ —°R
_ L g _2pasy L gps Bopoys o
2 3 ) 3

So, taking the negative sign in R and denoting

u = 2R1/3+2§R—1/3

QL3 5\ /? 97/3,42/3
— W 1-— 1-— 373a + _ 1/3
3 (1 —/1- ;a>

we get

e~ =

1 1 1 1
£/ o ud. =
+2< S\/4+“$\/2 Y 52\/1+4u>

1 9
TR 9 Ay, o
4( s “jF\/ s 1+4u>

| =

There should only be two roots in (0,1) and we should take the smaller one. When a reaches

its minimal value 0, we know R = 0, we must have * = 0 and another root at 1. Hence:

a =

¥ =

If we take &5 = +, then

11
:U—Z—i—z(l 2) =0 and 1. (OK)
If we take -5 = —, then
.11
et= o+ (—1) = 0 (double root). (not OK)
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Hence, we go with -5 = + and we need the smaller root, so F = —. Summary:

11 2
= VI e 2 du 45
@ 4+4( + du \/ u+ ﬁ+4u> (45)

1
ot = V1l-—a*= z (\/1+4u—\/2 du + (46)

2
)

Verifications: When a reaches its maximal value a = %, we know R = g7 = 5 728 and we should
have a double root at z* = 3/4 (or o* = ). Indeed: f(3) =2t —2®+a=(3)" - (3)3+ 256 =0.

Also, the term in the parenthesis is equal to 2:

27 33 a 33

_ _ _ 1/3
a = ﬁ_ﬁ_m_? e~ RP=5
3 23324 3
_ 1/3 -1/3 _ _°
u 2R + R 3 t3 383 1
2
V1i4+4u = 2and (/2—4 ——=1/2-3+-=0
i o \/ et m 3
Tranforming back to smoothing levels using a* = /1 — z*, we have:
: S M T - Jo— w2 h (47)
ot = - — - u— — 4y + ——— |, where
4 4 14+ 4u
2(36,) 2 (36,) 2 28 _
o 1/3 c o c - e 2
u = 2R’ + 3RE and R = 5 1 1 33 (360.)

or

_ 1/3 9 2/3 —-1/3
(36,)"2/3 28 L 2(36.) 72 (36,) 28 L
= i (11 5 (30) T (T 5 (3)

36,)"%/3 28 _ 2(36,)"4/3 28 ~
= (54)/3<1_ L= g5 (300) 2) =l EERVE

A first order approximation of around u = 0 (which means a and R near 0 too) yields

V1+4u = 14 2u+o(u)

= V2—4u+2(1-2u+o(u))

2
\/2—4u+m
= 4 — 8u+ o(u)
= 2¢/1—-2u+o(u)
= 2(1—u)+o(u)
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Hence:

a*:\/i—i(—1+4u)+o(u):vl—u—i—o(u)

Around R =0 (and thus a = 0), we get

a 28 a 27 23
R = 24<1— 1—33a>:24(1—(1—33a+0(a)>>:33a2+0(a2)

2(36,) 2 2a2/3 2a [ 3a=2/3
u = 2R3+ ;Rl/)?’ =2 a3 +0(a2/3)+§a <a2+0(a2/3)

= a'/? + o(al/g)
= (30.)7%3 + 0((30,)7%/3)

Finally, using a = (36.) "%

at = \/1 — (30,)72/3 4 0((36,)~2/3),

which coincides with our square root rule, which thus is a first order approximation for large 6.!
In addition, there needs to be a stronger condition on #.: not only do we need a local minimum,

but it needs to be global. (i.e., less than cost at & = 0 which is 1). This will set a slightly higher

bar on 0, than 6. > %1/22. Numerical evaluation of the optimal cost shows that Cla*(0.)) =
—fca*® + = =1 for 0, = 1.14993.

/1—a*2

3.4 L>3and L, =0 (Lagrange Series)

The derivation of Lagrange’s series is in the Appendix of the paper. Here we show the radius
of convergence for the function f(z) = 2 (1 — 2)” which is analytic in z provided o and 8 are

integers. Its Lagrange series around z = 0 is

5 F(n(§+1)—1)zn/a

(=) = (48)
f—t T <%ﬂ> n!
where a € N and 8 € C. The radius R of convergence of the power series f(z) = > re, fr 2~ is
given by
o et
- — Jk+1
R kbeo| fa
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Let R = p!/@ where p is the radius of convergence of the Lagrange series of f ~1(2) above, yields

1 r(m+1)(2+1)-1)r(2)n
o ( ( ) ) ((nﬂ)’g) (n+1)!
— lim F( ( 1) g)F(%ﬁ)

er(n(Z41) - )T (2 +2) 1)

I'(n+p)

Using Tlntq) ~ nP~? for large n,

8
B\a
Hence, the radius of convergence for the series 1} is pl/e = %, or, equivalently, |z| <
(5+1)*
(2)°
W. Applied to a =3 and § = L — 2, we get:
£y
o L+1 )(GCL)’Q?TL o 33 (L — )L 2

where the radius of convergence is equivalent to A = (6.L) 2 < A.

4 Lagrange Solutions for uncapacitated and L; > 0

For any 0 < Ly and L > 0, f is analytic around zy = 0 with f(0) = 0 and with (™) (z5) = 0 but
@) (29) # 0 for all m < 3, then generalizes to (Markushevich|(1985| II, pp. 92)

fNz) = i L i : ’ 23 = i ia 23 (49)
St [\ FEIY) L ontt

—n(L—2)
3

([f(Z)]i/3> B <z(1 + Ly2)

Wi W

Lg> = (1+L12)7 (1-2)
(1—2) >
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Now the derivatives become more complex than before. First we calculate a few specific
instances:

First order term is simple: a; = 1 so we get, as before:

wlo

f(z) ~ 23 so that a* o~ \/1 — (LO.)~ (50)

Second order term:

d - ~2(1-2)
a(l—Fle)%(l—z)%
—2 = 22 2(L -2 _ _a-3)
- 3L1(1+L12)?’5(1_2)2§2+(3)(1+L1z)9’2(1—z)2§21
-2 2(L—-2) 2(L—1L;—2)
- °L _
az 3 1+ 3 3
so that
12(L— Ly —2 A
Fr@ = b 2T a1 ot B g

The n-th order terms is best calculated via series expansion: Use the general binomial theorem,

valid for all real @ and |z| < 1:

to get
“n —n(L—2) e -_-n . e M .
(L+L1z)3 (L=2) 5 = > (L12) i (—z).
i=0 \ " =0 J
If L = 2 only one series applies and a,, is the coefficient of z"~! multiplied by (n — 1)!

—-_n

o n—1 __ _ (_1)7171 I (ﬂ +n— 1) n—1_ ( 1\yn—1 3 1) n—1
apn = (n_l)! ( n 3 1 ) Ll - (n 1)' (n — 1)! 3F (%) Ll - ( 1) Ps(ﬂgi) Ll

If L # 2, regroup powers by setting i+j = k and invoking the Cauchy product: we havei =k—j >0

oo k —n —n(L—2)
S () (T e

k=0 j=0 J
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Now, a,, is the coefficient of 2"~ multiplied by (n — 1)!

n—1 -n —n(L—2) ' )
o= 3) (e

7=0

n—1

- -n —n(L-2) o
T e
i=0

n —n(L-2)
_ P(n)zk: F(T_Fl F( 3 +1> (_1)n717iLz‘1
ZZOF(2+1)F(%"—’5+1)F(n—z)1“(—”(§‘2) —n+i+2>

Getting rid of the negative signs:

(242 CEIEE ) (e

(n—1—1)!

_ (E;l)_n_l)_'l ("(LS_ 2>) ("(Lg_ 2 4 1) <"<L3_2) +2> <"(L3_2) tn4i- 2)

(cyp-it T ("2 i - 1)

(n—1)! F(@)

n—1—1

and

- FEH GGG
(YT (3 i)
nT ()
Hence, if L # 2:
. - el o DG+ T (R ntio1) _n
« —\/1—f 1(Lh,)?) = 1_;71!2._0 A F(%)F(%) Ly (L6.)

The radius R of convergence of the power series f(z) => ;2 fx 2¥ is given by

Jrs1

— = lim
= 1
fk:

R k—o0

Applied to our Lagrange series, where R = p'/(=2/3) and p is the radius of convergence of ,
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yields

b 1)(D2
L im S ( : )5((;:;@ );;H) L
S (n+ 1)1yt G (5 r23§;(<L7€ZL)+Z 1) L
— lim "!F(%)Nw) S G (L i) T (Mﬂlﬂ) I
T DT (T (W)Zﬁz_ol(j)ir(%-i-z)lﬂ( il 2)+n+z—1>Lz
" im DT (P452) Sy ST (g i) T (S ki) 1
"Rl n+ 1) (% 4 %) ( nl=2) | (L 2))2?:—01(%)7?F(%+i)r(n@ 2) +n+z—1)Li1
I(n-+p)

Using Tt ™ nP~4 for large n,

1 S ST (o (2 )
(

. 7!
- = llm —l)i n ] 'rL(L—Q) ] ;
& I‘(g—i—z)f’ T—&—n—i—z—l L

R nooe (n+1) n%+% Z?:_()l 7

5 Value of Uncapacitated Dual Sourcing and Order Smoothing

In this section we compare the value of incapacitated dual sourcing when L; = 0. The DSS
policy encompasses local single sourcing LS (a = 0) under the optimal base-stock policy for which
cl=C (0) = 1 and dual sourcing smoothing (o € (0,1)). The square root formula directly provides

a bound on the value of dual sourcing over single local sourcing:
. _2\% 1
C(0) — Cla*) > [1 - C(ao)] K10 = [1 + 0, (1 — (6.L) ) - (HCL)3] k1o

The DSS policy space, however, does not contain global single sourcing GSS. Global single sourcing
with the optimal base-stock policy is a demand-replacement policy where ¢/ = D;_, and ¢ = 0.

Then, Eq¢f = p and Var(q]) = 02, and the inventory process is

L+1 t t
L=hoataly-Di=Ia+) ¢~ Y Di=L+(L+Du— Y Di
=1 i=t—L i=t—L

so that EI; = I and Var(I;) = (L + 1)o?. The corresponding average cost is C9 = (¢ + hL)u +
v L + 1k70 and normalizing:

— 9 _
G- g T

K[o

It directly follows that, between the two single sourcing strategies, GS dominates LS if and only if

6.>0,=VL+1—1.
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Figure 19: Comparing the cost of dual sourcing smoothing with global and local single sourcing (left axis)
and the corresponding relative value of DSS (right axis) for L = 1 (left panel) and L = 2 (right panel).

Figure [19] compares DSS with GS and LS by considering the optimal cost as a function of ..
First consider the left panel where L = 1: As 6, rises, a* rises and dual sourcing smoothing yields
cost 5(04*) < 1 that falls at rate slower than —1 (Prop. . While global single sourcing initially
has a higher cost (v/2 at 6. = 0), if falls at a faster rate of —1 and thus eventually intersects and
then dominates the DSS cost. If 8. < 0.54, DSS dominates LS and GS and the maximal cost

improvement of DSS over single sourcing occurs at 6. = 6,. For L = 1, the maximal relative
c

min(C*,C9)

applies, except that o* = 0 and thus LS is optimal for 0. < 0.5. Furthermore, the region where

value 1 — is 7.75%. Second, consider the right panel where L = 2. A similar situation
DSS dominates single sourcing is smaller (0.5 < 6. < \%—7 = 0.77) and the maximal relative value
of DSS reduces to 2.88%.

The cost patterns are similar for L > 3 with one important exception: DSS is always dominated
by single sourcing. Indeed, recall that C* =1 at 0. = 07 > 6; and that C* falls at rate slower
than —1 as 6. rises beyond 67 . It is easily verified that, for L > 3, 8; > 0, = VL +1—1 so that
GS has lower cost than DSS at, and beyond, 6;.

The implication so far is that DSS is attractive for short leadtimes and relatively light offshoring:
For L =1, a =0 at ., = 0 and maximal a* = a* = 41 at . = 0.54. For L =2, a* = a** = 0 at
6. =0.5and a* = a*? =1 — (2\/%)*2/3 =

significantly more attractive when supply sources incur capacity costs.

%. Yet, dual sourcing with order smoothing becomes
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Figure 20: With local capacitated supply, the relative value of DSS over LS and GS increases as the leadtime
L increases. The parameter domain (., 03) where DSS outperforms also increases.

6 Value of Local-Capacitated Dual Sourcing and Smoothing

Figure shows the numerical evaluation of the value of dual sourcing with local capacity costs
compared to the traditional single sourcing policies LS and GS. Notice that, like in the uncapaci-
tated case, the relative value V' of dual sourcing over single sourcing is maximal where the costs of
LS and GS, which are linear in 0, intersect:

Cl=1460,=09=—0c+VL+1+0,c0,—0,+0 =VL+1—1.

(Notice that such parameter value can always be attained: when the local capacity cost k' increases,
both 6. and 6; increase while §, remains unchanged.) With 6, = 0, the maximal value V of dual
sourcing thus is attained over the parameter line 6. + 0; = VL +1 — 1, as is clearly evident in
Figure Comparing these maximal values with the uncapacitated case (Fig. demonstrates
our second key message: dual sourcing with the DSS policy is significantly more attractive when
local supply is capacitated and leadtimes increase. In contrast to uncapacitated sourcing, DSS then

always dominates LS (and increasingly so as local capacity costs increase) and also GS over a pa-
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rameter domain that enlarges for large leadtimes. This finding can be corroborated and generalized

analytically as show in Proposition [12]in the paper.

7 Exact Solutions for Capacitated Dual Sourcing and L; =0

We need the zero of the FOC and will abbreviate notation: a = 0., b =04, and ¢ = 0; :

Lo ' (1—a)(1+a)—a” N Lol =1 (1 —a)(14+a) + (1 — a2L) a

C' = G.Latt -0 -
T )21 +a)? Ca—a)PA (11 (1-a2)P?

N R il U R o
(1+a)'? (1-a)'?(1+a)*?
N LOézL_l (1 o 04)1/2 (1 _ OZ2L)1/2 a
(&

. _
1-—a2D)2(14+ )2 (1-a)?(1+a)*? (1-a2)*?

7.1 Capacitated Solutions For L =1

Proposition 18 With normal demand, the total scaled cost rate has two independent parameters

0 =0.+06; and 04:

~ C(a) — Cy 1 -« 1

C(as 0,04 = =—0 0 51
((X, =3 9) Ko a® + g 1+« + m ( )
and is concave-convez in « € [0,1] with a unique interior minimum o* satisfying:
TB(0") = b — ——— 0 =" ey = — O (52)
o ) =0q 9 (1 _ a*)1/2(1 + a*)3/2 - a )= (1 _ 0*2)3/2 ’

Proof: Both marginal cost and marginal benefits are convex increasing, with MB initially dom-
inating MC and then reversing. Thus, they always have a unique interior intersection, represented
by point B in Fig. |

Proposition 19 With normal demand and if 8, > 0, there is no general formula, using only a
finite number of the usual algebraic operations and radicals, to express the optimality of capacitated

dual sourcing.

Proof: Rewrite the FOC as polynomial and consider o € (0,1) :

1—a—a? «
O — 0 - =0
[ 9(1 _ a)1/2(1 + a)3/2 (1- a2)3/2
961(1—04)3/2(1—|—a)3/2 y (1—a—a?)(1-a) a -

(1—a?(1+a)®? (1—a)PP1+a)*2  (1-a)?(1+a)?
<:>0d(1—a)3/2(1+a)3/2:99 (l-a-a*)(1-a)+a
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Given that « € (0, 1), both sides are positive and squaring yields:
0% (1-a?)°’ - (0,(1—a—a®) (1—a)+a)’ = 0
= (02 +02) o — (367 — 20, (1 — 262)) o* + 2070°
(3621+(1—29 ) )a2+299(1—209)a—9%3+9§ ~ 0
If 0, = 0, we have a cubiq in a? whose roots can be solved for with Cardano; if 04 > 0, however,
a* corresponds to the roots of a general 6-th order polynomial, for which there exists no general
formula, using only a finite number of the usual algebraic operations and radicals.l
7.1.1 For L =1 and 0, = 0: exact solutions and square root is a lower bound
The FOC are identical to the uncapacitated case provided we replace 6 by 6.. Hence, Cardano
gives the exact solution and the square root remains a lower bound as follows directly from the
Proof of Prop.
7.1.2 Lagrange series for L =1 (6, > 0): expanded around z =0 or a =1
Start from the FOC but make them analytic around o = 1 by squaring:
O (1—a)*? (14 a)*? = 0g(1—a—0a?)(1-a)+a
— 0% (1-0%’ = (B,(1-a-a?)(1—a)+a)’

Denote a = 0, and b = 0, and use the transformation z = 1 — a? (similar to uncapacitated):

<:>a2(1fz) ((17272)(1fz)+z)2:(b+(172b)2+bz3)2

2
& a’a? (1—2b)( )1/2—|—b(1—x)3/2)

/—\

1/2(1_b bx))z
+(1-b— bx) (1—2z)+2b(1 _b_bm)(l_x)l/Q

A

We seek the root of

fl@)=ad?z® = —(1—b—ba)>(1—x)—2b(1 — b—bz) (1 — z)*/?
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The function is analytic around xy = 0 with f/(0) =14 b > 0 always:

flzo) = = —(1—-0)2—20(1—0)=—
d
7(0) ZEEP%3bkwuw—mfu—@—%u—ww@u—@m .
b
= [3a2x2+(1—bw—b)2+2b(1—m)(l—bx—b)—l—2b2\/l—x+m(l—bx—b) .
= (1-b)242b(1—b)+20>+b(1—b)
= b+1>0
Hence, the Lagrange inversion series applies at xo = 0 and f(z¢) = —1:
1 [drt z—z "
-1 _ 0 B n
=) = %+§:m[wnl<(@_f@w>}zqu f(#0))
o f_l(o)—ii lim dr1 n il
N _n:1 n! |z=0dz""1 \ f(z = n!
We will need:
) = dci [3@ (1—bx—b)2+2b(1—x)(l—baz—b)+2b2\/1—:c—|—\/1()_7:6(1—1733—17) .
= |6a%z +2b (b + 3bx — 2) — 2 i 4—1 b (1 —bx —b)
V1—zx 2(1_93)% e
= 2b(b—2)—2b2+%b(1—b)
B _b(b+7)
B 2
f0) = — |6a“z+2b(b+ 3bx —2) — 2 + - = (1 —bx —0)
dz -z 2(1_‘73)5 =0
b? 3 b
= |6a*+6b* — = s+ = — (1 — bz —b)
2(1-2)2 d1-a) #=0
36 30
_ 2 2 20 o0
= 6a”+6b 21+41( b)

3
=6ﬁ+1u%+n

Term 1:

a; = lim # ' _ [9] 1HOﬂ)ltal 1 _ #
1_Z~>O f(2)+1 o 0 - f/(O) _b+]_
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- 2 (7o) & G o)
@)+ 1-z (@)
) (f(z) +1)?

ot @) o=t () 0
0T () + 1) 0

IHospital i od @) +1- af'(x) —2*f"(z) _ [9]
70 3(f(x)+ 1) (f"(x)) 0
Ho o f'(@) = ) —af"(2) - 20 f"(2) — 22" (x)
720" 6 (f(x) + 1) (f(2))2 + 3 (f(z) +1)* (" ())
— lim?2 —3uf"(@) 2/ () = [3)
706 (f(z) + 1) (f(2))? + 3 (f(z) + 1> (f"(x)) O
Hopoy =3f"(x) = 3uf ¥ (2) — 22 P (z) — 2 fW ()
20" 6(f/(x))3 + 12 (f () + 1) 2" () f" (x) + 6 (f () + 1) f(f" () + 3 (f(z) + 1)* (fO)(x))
F@(0)
(/M)
b(b+7)
2(b+1)°

so far we have the two-term solution:

1 b(b+7)  15b+5b% +4
b+1 4(b+1)°  40b+1)°

*

Term 3 (so we get a in it):
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where
d [flz)+1—=z(f(x))
T i rara
(f(x)+1)? (f’(w) - (f'(@)) - wf"(w)) =2(f(z) +1) f'(2) (f(2) + 1 — = (f'(z)))
(f(@)+ 1)
— (@) + Daf () = 2f (@) (f(z) +1 -2 (f'(x))
(f(x) +1)°

SO

d? T 3

dx? (f(x) + 1)

o T U@tl-af@)” (o )2 — (@) + 1) af () = 20'() (&) +1 = 2 (' (@)
(f(x)+1)° (f(z) +1)° flx)+1 (f(z)+1)°

3z

= G ri U@ e @) - (@ 02 @)~ 20s @) (1) + 12 @)

2 (f(a) +1—af(2))° — (f(z) + 1) 22f" (z) - 2xf’< ) (f(2) +1—af(z))
= 2(f(2) +1)° —4(f(2) + D) af'(x) + 227 f'(2)? — 22 f'(x) (f(x) + 1) + 222 (2)? — (f(z) + 1) 2*f" (@)
= 2(f(x) +1)° = 6 (f(z) + D af'(z) + 42> f(x)? - (f(z) + 1) 2* " (2)

We will have to take I’'Hospital 5 times! In the denominator, the surviving term is

S5(f+ D)+ (D = ]

5-4(f+ 12" +0(f+1)° = [0]

5-4-3(f+1)%2f% = 0]
51(£(0))° = 5l(b+1)°

0]
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In the numerator:

A(f+1) f —6af?—6(f+1)f —6(f + Vaf’ +8xf?+822f f — fla®f — (f+1)2xf" — (f + 1)a?f®
= 2f+ 1) =8(f+Vaf" +2xf? + 72 " — (f + D)2 f®) = [0]

=2(f +1)f" =21 = 8f'wf" = 8(f + 1) f" = 8(f + Vaf® +2f* + daf'f"

Fldaf' 1+ Tt 2+ T2 f P — [P O = 2(f 4 DafO — (f + 1)a fO
= —10(f + 1) f" = 10(f + Daf® 102 f' f" + 722" + 622 f' fO — (f + )22 f® = [0]

—10(f + 1) —10f/f" = 10f/zf® = 10(f + 1)f® = 10(f + D)af@ + 104"

+102f"? + 102 f' fO) + 1427 + 1422 7 fO) 4122 f fO) 4622 f 7 fO) 4 622 D

—f'e? O = 2(f + DafO — (f + 1)a? O
= —(f+1) [ZOf(S) +122f@ 4 :E2f(5)] + [24f”2 + 20z " fS 4125 F®) 4 5:cf’f(4)} = [0]

~f'[20f

= —20£'(0) £ (0) + 24£72(0) + 12'(0) f®(0) = 24"2(0) — 8£"(0) £ (0)

= 24 <—b(b2+ 7)>2—8(b+ 1) <6a2+ib(56+ 1))

@ 4122 @ 4 a:2f(5)] —(f+1) [201’“” 4 120f@ 1 2270

24/"(0) - 8'(0)/ ™ (0)
O

2
24 (—@) ~8(b+1) (6a2+ 3b(5b+ 1))
51(b+1)°

a3z =

The three terms in the series yield where a = 0, and b =0, :

.1 b(b+7)  16(b(b+7)°—(b+1) (48> +6b(5b+ 1))
T bl T a1 B 51(b+1)°

1 b(b+7) 8a2+b(Bb+1) (b(b+7))?

b+l 4(b+1)°  5l(b+1) 51(b+1)°

Written differently:

) L e (TP =G0+ 1)) 2
T bl T4 5L(b+ 1)° 150+ 1)°
1 b(b+7) b(b>+9b%+43b—1) a?
b+l 4(b+1)° 5L (b+1)° 150+ 1)
51+ 689 + 793b% + 4896 + 121b* a?
B 5L(b+1)° 15+ 1)
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0.8 7

1 b(b+T) b(b3+9b2+43b-1)
4(b+1)? 51(b+1)°

0.6 7

02T

Figure 21: The first, second, and third order Lagrange’s series for the general capacitated dual sourcing
with L = 1.

Summary:
1 2 1 2
For L=1:a" = /1— _ b(b+7>3 8a +b(5bt )_(b(b+7))5

b+1 4(b+1) 51(b+ 1) BU(b+ 1)

1 b(b+7) | b(b3+9b2+43b—1) a2
- L= + 3t 5 - 7]+

b+l 4(b+1) 51(b+ 1) 15 (b+ 1)

15(0, 4 1) — 62

15 (0, + 1)

3 2 _
f((:if))g (b Jg?&;ﬁib 1). Figure shows that the addition of the third

term makes little difference-we may be close to convergence? Also, for * < 1, this requires b > 0.4

As function of b : bJ%l +

roughly.

7.1.3 Lagrange series for L =1 (6, > 0): expanded around z =1 or a =0

Start from the FOC but make them analytic by squaring:

g (1—a)*?(14+a)*? = 0y(1—a—a?)(1-a)+a
—03(1-0)’ = (By(1—a—a®)(1-a)+a)’
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Denote a = 0 and b = 6, (and it is natural to have b < a) and we seek the root of

fla)y = a2(17a2)37(b(17a70z2) (1fa)+oz)2

= -0 +26(2—1)a- (3a2 +(1- 2b)2> 0? — 26%6® + (3% — 2b (1 — 2b)) o* — (a® + b?) o

Notice that f, as a polynomial, is analytic around any «. Use Lagrange around oy = O:

0) = -t

o) = S[2(-a?)’ ~ (b1 a0 (1-a)+a)]
— —6a’a(1-a?)’—2(a+b(1—a)(1—a®—a)) (b(1—a)(—2a—1) —b (1 —a®—a) +1)
— —6a’a(l1-a?)’—2(a+b(1—a)(1—a®—a)) (b(1—a)(—2a—1) —b (1 —a®—a) +1)
= —2[b—20*+ o (3a® — 4b + 4b* + 1) + 3b*a® + o® (4b — 6a® — 8b%) + o° (3a” + 30%)]

F(0) = —2b(1—2b)>0

Ifb>0andb# %, the Lagrange inversion series applies at 9 = 0 and f(xg) = a? — b?:

1 B 1 [dt z — 20 " "
() = ZO+Z n! [dz” 1 < f(2) _f(20)> } e (z — f(20))
. B & dm 1 n b2 _ 2\n & n "
ot = f710) :Z [l%dzn 1 <f(z) +Zb2_a2> ] ( n!a ) = Za*'(bQ—aQ)
n=1 n=1
Convergence will probably require ‘aQ — b2‘ <1
Consider:
z
& = tore—a
- (2b (2 —1) — (3a2 +(1- 2b)2) 2 — 26222 + (3a2 — 26 (1 — 2b)) 2° — (a® + b?) 2 )_1
= g()"!

We will need:

g = 26(2b—1)— (3a2 +(1- 25)2) 2 — 26222 + (3a2 — 2 (1 — 2b)) 2° — (a® + b?) 2°

ORI <3a2 +(1— gb)2> — 4%z + 3 (3% — 2b (1 — 2b)) 22 — 5 (a® + b%) 2*
g = —46® +6 (30> — 2b(1 — 2b)) z — 20 (a® + b%) 2

g = 6(3a® - 2b(1 - 2b)) — 60 (a® + b?) 2*

g = —120(a®> +?) 2

g® = 120 (a® +b?)

g(k) = Ofork>5
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Term n = 1:

1 1
= F = =
o O =20 = wa =)
2 2
P N ¢ —b
o = =)= Ty

The natural condition b < a then requires b < %:
1 1
0 < a1 & <b2aandb>2 (no)) or (bgaandb<2 (yes))
1
apg < le <b§aandb< 3 (yes)> and a® — b? < 2b(1 — 2b)
1
& bgaandb<§anda2§b(2—3b)

(The feasible region is below an arc but above a straight line.)

Term n = 2:

d

- —2 — _9 -3/
592 9°g
<3a2 +(1- 26)2>
I -2 _
ap = lim —g(2)"“ =2 3
20 dz (2b(2b — 1))

Term n = 3:

d? _ d _ _ _
2907 = [T = (=3) (497" — 2 1
2
<3a2+(1—2b)2) L, W
a =
’ (2b(2b — 1)) (2b(2b — 1))
Term n = 4:
B 42 -
—9(z)™" = o5 [-497°¢]
dz dz

d _ _

= - [4-59 69" — 4g 59(2)}
VA

= 4569 7¢%+2-4.5¢75g'g®® +4.5575¢g») — 49750

= —4.5-6977¢%+3-4.5575g'g®» —4g754®

(302 + (1 - 21;)2)3 (302 + (1 - 20)%) 402 5(86 21~ 2)

@ @b—1)7 340 (2b(2b — 1)) (2b(2b — 1))

ag = 4-5-6
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So for we have for ‘92 —02} <landf, < 2

oo
a*zg—n
_n

1
M 9, (1-26,)
(3939 (- 299)2)
as = 2 3
(204 (1 —20,))
2
(3029 + 01— 2‘99)2) 403
ag = 4 5 + 2 I
(204 (1 —20,)) (20, (1 —26,))
3
(362, + (1 - 20,)°) (302, + (1—20,°) 462 6 (362, — 260, (1 - 26,))
ay = 4-5-6 ~<—+3-4-5 —— —4 J =
(204 (1 —20,)) (204 (1 —20,)) (204 (1 —20,))

7.2 Capacitated Solutions for L = 2
7.2.1 Lagrange Series for L = 2: General Case: 0, =b> 0

Lagrange series for L = 2 with b > 0 around o =1 :

a2o — b2a (1~ a)l/Q + a?
(1+ a)1/2 (1- )1/2 (1+a)
T 203 (1 — a)Y/? +C(1+a >1/2 ) N
(1- )1/2 (1+ a2)1/2 1+ a)1/2 (1+a) (1— e
—a)'/? a?(1—a?
& a2 (1-a?)"” - bm (1-a2)*+ b(§+a))
+C2043 (1- a)1/2 (1 . a2) +C(1 —|—a2)1/2 (1 _ a2)3/2 o
(1+ az)l/z (1+ a)1/2 1+ a)

Set x =1 — a?, then o? (1—:17)anda:(1—:17)1/2

1/2
2(1—2)Y2 (1 - (1—2)Y? B
a2(1— 2)2 532 _p ( ) 22 1 (l-a)x

(1+(1—x)1/2)1/2 (1+1-2")

. 2(1—a)*? (1—(1—33)1/2)1/29: (1+ (1 — )2 232

1+ (=) (1401~ x)1/2>1/2 e (1+0-2)'7)
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and dividing by (1 — :c)l/ 2 vields:

2(1- (1 —a)?)" /
f(x)=a2x3/2—b ( ( ) >1/2 22 +b (1_96)121362

(1+(1—x)1/2) <1+(1—x)/>
2(1 - 2) (1 -~ —x)l/Q)l/zx (14 (1= 22

+c

1/2

(1+(1- x))l/z (1 T (1- x)l/Z) C(l - $)1/2 <1 Y (1— I)1/2>

To go further with zp = 0 and f(zp9) = 0, the function must be analytic around 2y and the above is
not due to z3/2. To make it analytic, we need to square terms, but smartly by collecting all terms
in 2%/2: Note that

(14+2)/2 = i<1£2>$kwhere (;)ZT(T—l)--é!(r—knLl)
1
2

1 1 4, 3 4 1/2
1‘(“#‘2!229”‘3!233”‘“'))

1 3 12
x+932+933+-~>

1 1 3 2 1/2 1/2
2 Tot T ap” +> v

= h(z)z'/?
where h(x) is analytic around x = 0 with h(0) = 21%
R 2 () S 2(1 — ) hx) 2
1/2
=) (1+0=-2)") (14 1) (1 +(1- x)1/2) /
_ )2
SR C k) S 2h(z) 2

(1 T(1- x)1/2> <1 - x)1/2>1/2x
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Squaring both sides yields

RO P (2 —x)'/? . 2(1— ) h(x) 3
f( ) = 2a + (1_$)1/2 <1+(1_x)1/2) + (2_:1:)1/2 (1+(1_$)1/2)1/2 (53)
2
(1—x)' 2h(x) 2
—|1-=b x+b T
(1+(1—m)1/2) * <1+ (1 —x)1/2)1/2
f(z) = Az3— [1—bBz + ng:cz}Q (54)

which is analytic at z = 0 and we seek f~1(0) by expanding around zy = 0 where f(0) = —1 and

fl(z) = 32°A+2°A" —2[1—bByx + bBoa®] [-bBy — bB{z + 2bByx + bBja?|
1
(o) = —2[1] [—bz] =b>0
fP(z) = 6zA+62%A" +2°A4" —2 [—bB1 — bBlx + 2bByx + bB;xQ} [~bB1 — bB{x + 2bBsx + bBhz?]

—2[1 = bByz + bBya?] [—bB’1 — bB)| — bB}z + 2bB, + 2bByz + 2bBx + bB, xﬂ
= 6zA+622A" + 254" — 2 {—Bl — Bix 4 2Byx + B;zﬂ [—By — Blz + 2Box + BéxQ]

~2[1 ~ bBiz + bBya®] [~2B; — B{w + 2B, + 4Byz + Bya’|

FO0) = —22[~By(0)] [-B1(0)] - 2b[1] [-2B] + 2B,
2 8 2 2 2 2
fO(z) = 6A+6zA" +120A" + 622 A" + 322 4" + 2340)

oy [—Bi — B, — Bz + 2By + 2By + 2Bz + B’Q’mﬂ [~B) — B}z + 2By + Bha?]
~20? [~By - Biw + 2Byw + Bya?| [~ B} — B{ — B + 2B, + 2Bju + 2Byr + By’
—2b [~bBy — bB}x + 2bByx + bBja?] [—231 — B2 +2By+4Byz + By :L«?]
~2b [1 — bByz + bBya?] [—23{ ~ B!~ B®s 4 2B, + 4B, + 4Byx + 2Bjx + BS’@«?]
= 6A+200A" + 922A" + 2340
_op2 [_231 — B2+ 2By + 4Byx + Bgajﬂ [—B1 — Biz + 2Byx + Bja?]
—9p? [—Bl — Byx +2Byx + B;mQ] [—231 — Bz + 2By +4Byz + Bé’wﬂ
~2b [~bBy — bB{x + 20Bax + bBy?] [~2B) — Bl + 2By + 4By + B+

~2b [1 — bBia + bBya?] | =3B, — B"x + 6B} + 6By + By’
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FO0) = 6A(0) — 2 [~2B] + 2B, [~ Bi] — 2b* [~ B1] [~2B] + 2B,]
b [—bBy] [—231 + 232} — 2b[1] [—33’1’ + 635}

= GA(0) + 1252 [~ B} + By] [By] — 2b [—33’1’ + 613;}

62+(2)1/2+221%2+12 1+1 1b2 23+6b
= C — — J— — p—
1T 2 8 2 84

2 2 1
= 6(2@—}—0\/5) —|—z7b2—z5b

And
(1—a)'/? 1 1
Bi(zx) = ——~ -1 — ~ 5 B((0)=2=
(@) 1+ (1— )2 1+ (1—a)'/? 1(0) 2
d 1 1 1 1
Bi(x) = —— =— — B1(0) = — =—=
! dr 1 4 (1 —z)Y/? 21—z (V1—2+ 1)2 1(0) 2.2? 8
" d ].
Bl(x) = _di 2
T2y1—z (VI—z+1)
1 1
N (:L'—l)(\/l—x—i—l) d(Vi—z+1) (VI—z—avT—2)
" 1 1
— BJ(0) = - =-z
H0) 2(—1) 2° 4@° 8
2h(x) 25173
Bg(x) = 172 — 2(0): 2172 =1
(1+(1 :1:)1/2)
2(1—(1—95)1/2)1/2 2(1—(1— 1/2>
x)
- 172 — 1/2 1/2
21/2 <1+(1—x)1/2> Y (1+(1—$)1/2) / (1—(1—95)1/2) /
1 aa1/2 1 a1/2
) 2(1 (1) ) :2(1 (1) )ZQ(%x+ﬁxz+%x3+...)
21/2 (1= (1 —z))/? x x
. 3
= 1+ g0+ gope’ +
(2) = L i 10) = &
Given that f is analytic at x = 0 with f/(0) > 0 Lagrange applies as:
) s [ () | ”
Z —_— —
e = o) = (e rew ) |, ¢

. B B oo 1 . dn—l z n
i o= f 1(O>_§:lmb—r>r%)dz”_1 <f<z>+1> }

n—=

Companion Page 44



Term n = 1:

lim ——— =
250 f(2) + 1
Term n = 2:

d( z )2: ( z d oz z <( 1 zf! )_2z(f—|—1—zf’)

ez \F+1 F+1) (F+1)? (f +1)°

T 0d=(F+ ) 27+

I AURE
2—0 (f+1)3 0

E2(f+1—zf’)+22(f'—f'—zf“) 2(f+1)—22(f’+zf”> 0

3(f+1)f 3(f+1)°f 0
g2/ =2 (f/ + zf”) — 2z (f” + '+ zf(‘”) —2z <3f” + zf(‘”)

N 6(f+1)f2+3(f+1)>°f" BEIE VY
9 z {Bf”—i-zf@)] 0

TN o’
b2 [3f” +zf(3>} + 2z {3f” +zf(3)]

BRI+ ]
/@) ~HD (b1 9)

ViEI0) T

Term n = 3: following the above:

24f"(0) —8'(0)" (0)

51(f(0))°

2
24 (~050)" 80 (6 (aL + ev2)” + Z0? — )
5165
b(b+9)" ~ (8 (2a+ev2)” +90° - 5b)
5 - 4b

~2(2a+ cv2)” L PP+ 9b+86

501 5-4b

az(0) =
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Thus, up to three terms for L = 2 where a = . (cost delta), b = 6, (global capacity), and ¢ = 6,
(local capacity):

1 1
x] = T 5 [cannot be further expanded b/c not analytic]
2b
1 /
- } b+9
2 = 57 2 2b2 B
oo L, 1049 +l62+9b+86 (a2 +ev2)’
S b 20 22 31 53 3115b4

Note that global capacity b = 6, = 0 is fundamentally different from b > 0 (meaning that it requires
a different Lagrange series and the results do not apply for b — 0, and hence we cannot recover our
previous uncapacitated result from this). It seems that b is a dominant factor and substitutes for

(2a + c\/i) 1/2. The formulae above require large b and small a and c.

7.2.2 Lagrange Series for L = 2: Local Capacity Only: 6, =0 =0

Start from the optimality equation with 0y =b=0and L =2:

2 — )2 2(1—z)h(x
flx) = |2a+c 1/(2 ) 7y e X ( ) ()1 1/ z® —1
-2 (1+0-2)"7) (2o 2 (14 @)
= A(z)z® -1
This can be simplified as:
1/2
2 w2 20-2)h@) (1 -0
A(z) = |2a+c¢ (2-2) s Te
l—z+(1-2) (2-2)" (140 -2)"7)
and
1/2
(1 —(1 —x)l/Q) / 1 1 3 1/2
h(z) = 73 :<2+2'22a:+3'23:z: +- )
S0
(2—x)'" 2(1—) 2
A(z) = |2a+c¢ +c
x
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which is analytic at z = 0 and we seek f~!(0) by expanding around zy = 0 where f(0) = —1 and
fllx) = 322A42°A" = f(0)=b=0
FA() = 6zA+622A" + 234" = fP0) =0
2
fO@) = 6A+al) = fP(0) =64(0) =6 (2a+cv2) >0

Given that f is analytic at z = 0 with f (0) = —1 and f/(0) = f®(0) = 0 and f®)(0) > 0 Lagrange

applies in modified form as:

_ > dn—t zZ—2 " n
(2 = zo+;n! [dzn—l <[f(2)f(zo)]i/3> ] . (z = f(20))
e B 1|, avt! z !
= fY0) = ;n' [;g% dan—1 ((f(z) n 1)1/3> ]
Consider
BTN e
2+ e (2 — 2)'/? e 2(1 — )

—2/3
_ p-2/3
(2-2)" (140~ x)1/2>]

.
—_
~
w
I
1

1—93—}—(1—56)1/2

a1 = lim F(z) = A0)™Y3 = B(0)™2/3 = <2a + C\/§> e

z—0
af = ¢L—@&+ww026

which requires 26, + v/26; > 1.

Term n = 2:

iB—4/3 — _%B—7/3B/
3

dx
V2—x < 1 + 1) - 1
B _ (m_ﬁlf 2V/1—x 2v2—z(vI—z—z+1)
= C n iz o 9 n -
Va—z(vi—z+1)®  VEZ—z(Vicztl) | (VI—a+l)(2v2Z-z-ov2-a)
\/ﬁ ( 1 + 1) _ 1
B (m_fo 2y/1—z 2v2—z(VI—z—a+1)
= ¢ . Vi—z+2 + 1—2
Va—z(vi—z+1)” | (VI—a+1)(2-2)Y?
_ V2 —x ( 1 +1>+ 1 N r—+1—2—-3
(a:—\/m—l)2 2/1— =z 22—z (z—V1-z—1) (m+1)2(2_x)3/2
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pon V2 (1 1 1 2 1 B
B0 = c<2(2+1>_2ﬂ(1 1)+\/§22_ﬁ(2)+(1+1)(2ﬂ)>_0
7/3

ay = % (§3—7/3(0)B’(0)> -3 <2a+ cf) =0

Thus:

ol =a; = \/1 - (206 + \/§HZ>_2/3,

in other words, the square root formula is also a second order approximation for L = 2.

Term n = 3:

d2
WB—G/:‘; — _2diB—9/3B/ - _9 (_3B—4B/2 + B—3B1/)
i X

B cd< o < 1 +1>+ 1 L e VIT-w-3
d (_m_lf 21—z 22—z (z—V1—2—1) (m+1)2(2_ )3/2

A
4(x— 1—x—1)(2\/ﬂ—x\/ﬁ) \/ﬁ( 1—x—:v+1)2 2¢/1—x

_ _9__ V2w ( 1 +1> L1 V2—z
- ¢ (z—vT—a—1)° \2VI-z 1 (Vica—o+1)’ (Vice—avI-2)

+ 1 2\/ﬁ+ 1 z—y1—x—3 + 3 z—y1—2—3
(m+1) 2\2—z—z2—=x \/ﬂ(\/ﬂ+1)3 2V2—z—z\2—x 2(m+1)2 4/2—x—Ax\2—x+22\/2—=x

3
B"(0) = V2

1

az = 5(

_9(_anp—-4mnnr -3 _;2 -3 i__ -3 i
2(-3B™*B”+B™’B")|y) = <2a—|—0\/§) C\@16— <2a+0\/§) C\/§16

3!

o = \/1—<296+\/§91> e <1—(29 +\f9,) el\f1>

16
—2/3 9/3
\/1 - <2HC+\/§91> +0le16 (29 +xf91)
Term n = 4:
43 ) 8 d? 8 d [—11 "
7B_8/3 _ B ]_]_/3B > 73_14/3B/ B—11/3B
dx3 3dx2 3dx 3 *
_ ;8 11 14B 17/3B/ _112B—14/3B” + B—11/3B(3)
3 \3 3 3
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1 1 1
4(937\/@71)(2\/@7:“/@) Va—z(Vi—a- x+1) ( 21—z 1)

B(3) — Ci _2 V2—x _ ( 1 + 1)2 + V2—x 1 2\/%—%1
dx (z—vI—z-1)" \2V1-2 4( Viz—at1)’(VI—z—zvI-z) (\/ﬂﬂ)2 2V2—a—z\2-x
+ 1 r—+/1—x—3 3 r—+/1—x—3

m<m+1)3 22—z —x\/2—2x + g(mﬂ) 42—z —4x\2—x+2/2—1
B®0) = ¢ 2% xf§
a4 — - - 11 14B 17/3B/ _112B_14/3B”+B_11/3B(3)
! 3 3 R
1-1
3 3 4

- 1
- —(—B 17 B~ 11/3
3 ( 37 87 ) V2

—11

Finally:

_a/3 L (20, +v20,) """ — L (20, + v20,) "
ay=,|1— (2GC + ﬂ@z) +6,V2 ( 16 ( +v2 l) 14/3 2 ( V2 l) —-17/3
+11 (20, +v20,) 7 + 0 (20 + v26))

Notice that, as it should be, the formula is exact for #; = 0. The associated scaled cost is, setting

2
ot =1-—zg*

o =1-a* =1 (204 ﬁel)”/ Lo (200 + v20,) 2

6 ;067079 - _HOZ +9
e l e
11—« 1— a2
oty — o, 9 T -
1+a(1 at) \/(1+a)2(1 a?)(1+a?) = 1+a\/1—|-—a (1—a)V1+a2
C(0;0.,0,0) = —B0®+6,(1—a) 1+a2+112
-«
a(a*596,0761) = —0.(1—-2")+6 (1—\/1—x*)\/2_1~*+i'

\/?

Recall that, for any real § and —1 < x < 1:

(1+2)" = Z(i)xkzl—kﬁx—kﬁ(ﬁm_l)xz—k-”

N|=
I
—

|

[

8

|

(1—-x)
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so that

~

C(Oé*, 007 07 0[)
— b4t 01— (12—t o)) ) va (1=t - Lep o)) + -
= c cT l 2£B 836 x 496 32:1: x \/a?
= —O.+0.2"+0 Lo + 1 +0(z*) | V21— LIS +0(z*) ) + 1
oo "\27 "8 4732 J
= Ot (24 V20) 2+ = — 0,06
C 2 C \/:1;7
Substituting
—2/3 -3
o = <QGC ¥ \@el) ) <el <QGC + \@91) )
we get
=~ 1 1/3 1/3 —2
C(a*:6:.,0,0) = 0+ (296 + \fzel) + (291 + \/ial) i) <el (291 n \/iel) )

A C ) R (el (260 + ﬂel)Q)

Notice that, for L = 2, the formula is exact for §; = 0. It also has higher accuracy because the

term in 2*? falls out and thus this expression has smaller error!

7.2.3 For L =2 and 0, = 0: square root is a lower bound
Simplify the FOC:

ol (L (1-0?) —a) Lol (1—a) (1+ ) + (1 - o?F)
(1— )2 (1 +a)*? o (1— a2 (1= )2 (1 4 )2

MB =6.La™" -0,

and define
1— OéL L—1
glaiD) = =Y ot (55)
k=0
then
B g Lottt (1—a)(1+a)+ (1—al) (1+ak)
3 p—

"= al) 21+ al) 21— )2 (1 + a)?
Lot (1—a)(1+a)+ (1 —a)g(a) (14 aF)
(=) g@)? (1 +a) ' (1— ) (1 +a)"
0 Lol (1 4+ a) 4+ g(a) (14 aF)
()2 (14 ab) 2 (14 a)?
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For L=1:¢g(a)=1
MB; = 6,

ForL=2:g(a)=1+4«

20° (1+a)+ (1+a) (1+a?)

]W\B =
3 l(1+a)1/2 (1 —|—062)1/2 (1+Od)3/2
20° + (1 +0?) (a+1)(20% —a+1) (202 —a+1)
= l on1/2 :9l N :61 NV
(1+0)""(1+a) 1+a?)’*(1+a) (1+a2)
(2042—044—1)
s = e
;o (14 da—1) - (202 —a+1) L2a (1+a2) 7
f = e
(1—1-042)(40(—1)—(2042—044—1)04 (2a3+3a—1)
: (14022 T DRE
"o (1 + 042)3/2 (6042 + 3) — (20(3 + 3 — 1) %20[ (1 + a2)1/2
b 1+
B (1+a2)(6a2+3)—(2a3+3a—1)3a_ 3(a+1) 0

Two Taylor approximations for ]\/4\33 = fs, one around o = 0, the other around o =1 :
3 9 2
fza = 1—a+§a + o(a?)

fi = VaVEa—1)+ 22— 1P 4 of(a— 1))

= \@a—I—O(a - 1)
— \f (34 2a +3a?) + o(a — 1)?)

Given that f3 is convex, the first order approximation is a lower bound (and so is the second order

over the interval [0, 1]):

2
\@a<\8[(3+2a—|—3a2) < fs,

as shown in green in Figure In addition, we have the following bounds (in red in Figure :

(20 —a+1)

2 — =
(2a o+ 1) < f3 1+ a2)1/2

<(2a2—a+1)

Sl

Companion Page 51



202 —a+ 1

051 223 +2a+3a?)

0 0.25 0.5 0.75 1

Figure 22: Bounds on the marginal local capacity benefit for L = 2.

Hence, for L = 2 with 6, = 0 we have

— . B 2y o
2.0+ V200 < MB = (201 + V20 ) o+ O((a = 1)) = T
So that
* _1)2
W+ VA = <90, 1 V20,40 (@~ V%) _ !
(1—a2)%? a* (1 — a2)3/2
or

—2/3

042\/1—(2904-\/591) <a*

We also have (accurate for small o) and correct for o < 0.75 (and even a little higher):
fs>1—«

SO

(o7

20.a + 0, <1—a—|—3a2> <]\//.I'\B—|—0(91013)<]\/4\B:732
2 (1—a2)/
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Expand MC

— (0%

MC = f=

(1—a2)%?
oo (1-a2)* —a3(-2a) (1 -a?)'? (202 +1)
B (1- 02" (a2
oo - a?)*? (4a) — (202 +1) 3(—20) (1 - ?)** 3/ (202 + 3)
- (1-a?) EE
o\T/2 2 . 2 T __9\5/2 2 4
/o (1—a?)""3(60” +3) — 3a (20 + 3) 5(—2a) (1 —a?)"" 3 (240” +8a" +3)

(1—a?) (1—042)9/2
Hence linear Taylor is accurate up to second degree:
MC=a+ O(a?)

Solve first order, and we must thus have: 1 > 20, — 6; and §; <1 —20.+6; or: 0 < 1 — 26, for any
6, > 0.

]\/J\B:200a+91(1—a)+0(a3):]\7[6:@4—0((13)

o oae oY
1—-20.+6, 1—26,+6,

Second order solution would give:

20.a + 0, (1—044—3042) =«
& 3030° —2(1—-20.+60)a+203=0

(1= 26, +6;) £ /(1 — 26+ 6,)° — 326,
30,

= o=

7.3 Capacitated Solutions for L > 2

7.3.1 Lagrange Series for L > 2 for 6, =0

1 La?l=1 (1 — a)1/2 (1 — oz2L)1/2 B «
aLa™" +c 12 12 T¢ 1/2 32 3/2
1—a2)'?1+a)? 1-a)?(1+a) (1—a?)
-1 Lol (1 - a2)1/2 (1—a)(1- a2L)1/2 B a
aLa +c 172 +c 373 = i
(1—a2)” (11 a) (1-a?) (1-a?)
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Set z =1 — a2, then o = (1 — z) and o = (1 — 2)"/? and multiplying by 23/
L(1—)® V2 (11— x)1/2>1/2

(1-a- z)L)1/2 (1+0- x)1/2)1/2
(1-a-2")(1-0- :):)L)l/2 C 1-a)?

13/2 o 13/2

L(1— )31/ (1 _a- x)1/2>1/2
(1 —(1- rv)L>1/2 (1 +(1- x)1/2)1/2

+c (1 - (1= x)1/2> (1 -(1- uv:)L)l/2 = (1—2)?

al (1— x)(L_l)/2 +c

+c

aLa®? (1 — 2)ED/2 o 3/2

Dividing by (1 — z)*/?

1/2
L(1—a)®02 <1 —(1- x)1/2> /

-2 (1-(- I)L)l/2 (1+0-2)")

c <1 . x)1/2> (1 (11— x)L>
(1—2)'/?

3/2 (L—2)/2 3/2
aLz’/? (1 — ) + ca®/ 7z

1/2

_l’_

1/2
and multiply second term’s numerator and denominator by (1 +(1- x)l/ 2)

1/2
L(1—z) @D/ (1 - x)1/2) / L(1—2)2LD/2 5172

1/2

(1—a)/? (1 —(1- x)L> /

where

1/2

(1+ 02" C(— )P (1-a- x)L>1/2 (1+@-2)")

1/2
(1—(1—95)1/2) (1_ (1_$)L>1/2 _ <;x+2!122$2+3!323$3+‘“) (zL: ( 2 ) (_1)k+1xk>

k=1
1

1 3 2 LN\1/2
- $<2+2!22$+3>!2i%x *'”>(L“”‘”)

1 1 3 _1\1/2
_ 32t 24 ... -1
- <2+2!22x+3!23$ " >(L+'"+x )
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are both analytic at « = 0. Denote:

11 3,
h1<$>:<2+2!22“3123f *)

Thus, squaring both sides we arrive at

(1 — (L—2)/2 L(1—g)RL—1/251/2
a ( «73) +C(1*93)1/2(1*(1*$)L)1/2(1+(17:1:)1/2)

— .
f(Z') - chl(x)(L+...+xL_1)1/2 T 1

(1733)1/2

= Ax)z® -1

which is analytic at z = 0 and we seek f~!(0) by expanding around zy = 0 where f(0) = —1 and

f'(x) = 322 A4 234
fl0) =0
fA@) = 62A+62%4 +2°4"
f20) =0
@) = 64+
2
F30) = 6A(O)—6<aL+c L£22+5L11/2 )

2 2
= 6(aL+cL1/2) :6<aL—|—cL1/2> >0

Given that f is analytic at = 0 with f(0) = —1 and f/(0) = f®(0) = 0 and f®(0) > 0

Lagrange applies in modified form as:

1 B 1 | dn? £ %0 ' !
O R DS [dZ” ' <[f(z) f<zO>1i/3> ] — e
. | _ o l : dn—1 4 !
T f(0) ;n; [5’% dzn—1 <(f(z)+1)1/3) ]
Consider
- " _ T s
PO = Goryp ~am
L(1—a)2E-1)/2 3

_ \(L=2)/2
alL (1 IL’) + c(171)1/2(L+...+1L—1)1/2(1+(17x)1/2)
%+2!122 ‘r+3!323 x2+"'>(L+"'+xL_1)1/2
(1—:1?)1/2

+c<

Companion Page 55



—2/3
@ = lim F(z) = A0)"/3 = <aL + cL1/2)

z2—0
oi = \1- (0.4 vI0) "

Term n = 2:

1d 1d._ -2
A /3_77[] 4/3:7 7/3[]/

2= 91 dz T 24z 5

where []’ is the sum of the following four terms, each evaluated at x = 0:

- -2
First: aLL 2 (1 —;U)(%—Q) — aLL .
[,2L=1 (1 _ (L-3) LzL ol _ 1
Second: ¢ 7 ( ml) ; e 1/2 — VL
(1_$)1/2 (L~|—...+xL*1)/ (1_1_(1_17)1/2) L1/29 4
Third:
| _% (1 —33)7% (L+ —i—xL_1)1/2 (1_|_ (1 _$)1/2
=t L
LA-x)PF D2 (1—2) 2L (L+ 42l )) <Z£:2—< g ) <—x>’“2> (1+0-2)")
+(1—x)1/2(L+...+37L_1)1/2( (1_33)*%)
c L
(1—a) (L + ... +ab-1) (1+(1—x)1/2)
_1 L
[ 1L1/2() % ( <2 >> 1/2(71)
%
c Yo
I S Y l@_ L N L
_04[L B L2_c41+2
_ _c\/z%
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T+ 24 )(L—i—...—i—zL’l)l/Q

1
( +2'22 3'23 _
And Fourth: e =

(g + gow o) (Lt at1) 2

_n—1/2 L _
(g g4 ) b (Dt ot )Y (z(k)m )

‘ (1—a)"?
— c{le/Q ;%L*V? (—L(Lz_l)ﬂ:cﬂ/?ép—ﬂ
—|—c<;—|—2'122 —i—%x +- >(L+...+xL_1)1/2;(1—:10)_3/2
— cLI/QZ
So:
a = ;(LH +f9l) /3<aL L(2L41—L§2+28L+1>>
_ ;(Le +f91) 73<aLL;2 ¢ LS)
- ?(LH +f95) 3(aL(L-2)+cx/ZL)
Hence

o = \/1 — (LGC + ﬁel)_m + g (LGC + \/Eel)_m ((L —2)0, + 9,\/5) +
o = \/1 ~ (oo + \@91)72/3 + g (6o + \FLel)*E’/s + g (6o + \@0077/3 (—20.) +

which is exact when L = 2 and §; = 0. (For it to coincide with the formula for L = 2 and 6; > 0,

we would need to calculate one more term (which probably would then offset the term in the power

—7/3).
2 -2/3
The associated scaled cost is, setting o™ =1 —2*=1— (LHC + \E@l)

~ 11—« 1
x, . = -0, *L 1 — 2L
C(a*;6.,0,0;) 0. +€l\/1+a( a )+7m
o, g V(1 —a?) (1 a?h) 1
= 0.a*" + 6, T+ a + T
* _ _ x\L
\/x (1 1 ac)) )

_|_

= —0.(1—29% 10
(1=27) T i J
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Recall that for -1 <z < 1:

L

L(L-2)

\/af* (La:* — @x’g + O(a;*3)> 1

_l’_

L
(1-2)2 = 1- 5% + 3 2 + O(z3)
L(L-1
(1—2)" = 1—La+ (2)x2 + O(%)
1 1 1
1_ 5 — 1_7 _ = 2 3
(1 —x)2 5%~ g% + O(z?)
we have
C(a*;6.,0,6))
= —0. l—Lm*+Ma€*2+O($*3) +6;
2 8
= 90 —z* - * 06 * 0
+ 5 +\/a:>* 3 4+ 0(0:2™) + 6,
Lo, 1 0.L(L—-2) , ,
= 90 —z* - * HC * 9
+ +\/x7 3 z* + 0(0.2™) + 6,

- 0

1+1— 1% — L2224+ O(2*3) Va*

:c*\/L (1 - (LQ;I):E* + 0(13*2))

2 (1 — ix* — %xQ + O(az*3))

VLz* (1 —

(L—=1)

4

2

2

VLz* (1 — %x* + O(m*z)) (

T* + O(a:*2)> <

4

0 (1 =2 o)

1
1+ZI*+O

1
142" + O(a:*2)>

@)

_2 _
Hence, setting z* = (LGC + \/f@l> ’ +3 (LHC + \Eﬁl) v <2L (L—2)0.+6,VL(1—%(2L+1)(L— 2)))

~

C(a”;6c,0,01)

fec

_gc_i_,

Lo Lo 1
+ et VL Lo* 4

<QCL + \/Zel) (L —2)

2

3
2

(LHC

\/‘?

8

1:*2 + O(l‘*3)

+ ﬁm)é _L-2 (Lec + VZ@,)_é +0 ((L@C + ﬁal) _2>

8

which is exact when L = 2 and 6; = 0.

First-order expression for a* when a* — 0: Below we show that ]\/4\323(0) =—1forall L >1,

hence a first order approximation around a = 0 of the optimality equations yields: , and we must
thus have: 1 > 20, — 0, and §; <1 —260.+ 0; or: 0 < 1— 26, for any 6; > 0.

MB = L8.0" 1 +6,(1 —a) + O(a?) = MC = a + O(a)
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For L > 2, the term in 6. is lower order and we get:

« 0 0\’
“ = 1+0;+O<<1+6z> )

7.3.2 General L > 2 and 0, = 0: square root is an asymptotic upper bound

Does the lower bounding argument for L = 1,2 extend to L > 27 No. For that to work we would
need that f3 > v/La, which is not the case. To see why: We do know that f3 is convex (so any
cord is a lower bound) with f3(1) = VL. But f4(1) # /L (we will also compute f4(0) because we

need that for a first-order expansion of small o*)

, iLaQL_l (14 a)+g(e) (1+at) _dN

s = @ g(a)2(1+al) 21 +a)?? da D
N' = L@2L-1)a*2(1+a)+La* ™ + gla) Lo + ¢'(a) (1 +aF)
= La*!"? (2L —1+2La) + g(@)La ™ + ¢'(a) (1 4+ aF)
D = % (g(a) (1 —{—OZL) (1 +Oé)3>1/2
_ % (9(0) (1 +0) (1 +0)?) e
X (g'(a) (1+ aL) (1+a)®+ g(a) (LaL_l) (14 a)® +g(a) (1+ aL) 3(1+ a)2)
and

L—1
g(a) = Zak —¢g(0)=1and g(1) =L

k=0

= (L-1)L
gda) = Z kof~1 = ¢'(0) =1 and ¢'(1) = s

k=1

so that
N(0) = land N(1)= L2+ L(2)=4L
N'(0) = land N'(1)=L(2L —1+2L)+ LL+ (L —1)L = 6L* — 2L
D(0) = 1and D(1) = (L24)"”
D'(0) = %(1 +3) =
D(1) = % (£2%) <(L_21)L24 +L(L)2°+L(2)3 (2)2>
 (L-1)L8+ L(L)8+8L3 2L+ 2L*
- ]I,1/2 L2
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and

D(0)N'(0) — D'(0)N(0) 1—2

3(0) = D2(0) =1 !
'y _ DN - DN (1297 (617 — 21) - 253 ar
fS( ) - D2(1) - 24
(129 (312 - L) — (2L + 212) 2L1/?
N L23
B L1/222 (BL—1)—(2+2L)2
- 5
_ ppBL-1) (41
2
= LV*(L-1)

Thus, we have that

fs = VL+VL(L—-1)(a—1)+o(a—1)
> VL+VL(L-1)(a-1)
which is affine, but not proportional in «. Hence the lower bounding argument above does not

extend to L > 2 (we knew it doesn’t for 6; = 0).
But it is easily numerically verified that for L > 2 and o > %, we have that

fsle) _ fs() _ 7

a 1

Hence, if 6, = 0 and L > 2 and if we knew that o* > 1, then a* solves = Lo, (a*)F % +

0,29 ~ 19, + VIO, =

o

1
(1—0&*2)3/2
W, so that ap > a*. Given that g is asymptotically correct, we

1—ag
know that the square root is a tight lower bound asymptotically; we cannot establish a clear zone

on agp above which it is a lower bound (for that we would need to know a*).

7.3.3 Lagrange Series for L > 2: General case with 0, > 0

Lagrange for L > 2 with b > 0 around o = 1. The optimality equations are:

-1 bLaL_1 (1-a)(l+a)-at
(1—a)? (14 a)*?
La?t=1(1 - a)1/2 (1 - a2L)1/2 «

+c +c =
(1 _ a2L)1/2 (1 + Oé)l/2 (1 _ a)1/2 (1 + 06)3/2 (1 o a2)3/2

aLo
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Rework:

WLab-1 baL*1 (L (1 - a2) - a) (1—a)

(1-— a2)3/2
_ 1/2 1/2
+CL0¢2L Y(1-a?) / +C(1—04) (1—a?b) / _ a
(1— a2 (1 + ) (1—a2)3/? (1—a2)*?

Multiply both sides by a~* (1 — 042)3/2:

aLal=? (1- aQ)% — bal 2 (L(1-a?) —a)(1l-a)

La?t2(1-0?) | (1-0a)(1- a?f)?
C =

+c
(1—042’:)1/2 (1+«) o

N

Set z =1—a? then a? = (1 —z) and a = (1 — )

aL(1-2)'T 2t —b(1 -7 (Lo - (1-2)}) (1-(1 - 2)})
I e (il e | 1
(1 -( —3?)L>é <1+ (1 —g;)%> (1-2)2

We showed in the case of L > 2 and 6, = 0, that the terms in ¢ have a factor into 32, To go
further with zp = 0 and f(z9) = 0, the function must be analytic around zy and the above is not

3/2

due to z°/¢. To make it analytic, we need to square terms, but smartly by collecting all terms in

23/2 as before:

e o) o)) -

1 1 3 1 1 3
1/2 22
(1_(1_3”) )‘ <2x+2|22 +ﬁx * > $<2+2'22 ST +) wh (@)

1/2

t\’)\»—t

(L+..+ah)

L2 L(—a)* Y chi(@) (L+ ..+ 1)) o
al(l—x2) 2 c x
Hooe s (L+ ...+ xb-1)1/? (1+(1—m) )+ (1—x)'/?
— 14b(1—2)7 (Lz+ zhi(z) — 1) ohy (z)
— 1-b(1—2) T @)z +b(1—2) 7 (L+hi(z)) b (2)z?

ol
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Squaring both sides yields

Lo L(1—a)&D chi(z) (L+ ..+ 2P )"

z) = |aL(1-2)7 +c
fe) Uoere (L+...+:::L‘1)1/2(1+(1—w)é>Jr (1 -2

|: L—-2 L—-2

L= b(1—2) % @)z +b(1 — 2) 7 (L + ha(2)) hl(x)xQF
f(z) = Az3— [1—bBz+ ngx2]2

which is analytic at z = 0 and we seek f~!(0) by expanding around zy = 0 where f(0) = —1.
Notice that:

L—2 1
Bi(x) = (1—xz)2 hl(x)—>B1(O):§
Bir) = ——=(1-2)"T hi(a) +(1-2)" <2'22+3'22x+>
1 L-2 5-2L
B0 = 5= =73
» L—-2L—-4 L—6 L—-2 L4 1 3
L—2 3
+(1—2x)2 ﬁ—}_
, 1 L-2 (L-2)(L—-4) 4L?>—-25L+35
Bl(o) = PR —i—( )2( ): 2
L-2 1\ 1 2L +1
/ L—-2 L—4 L—2 1 3
Bya) = —Z5—(1-0)7 (L+m@)h(@)+(1-2)7 (g +gme+- )@

L-2 1 3

By(0) = —% (L+;)

We can re-use some results from the case of L > 2 and 6, = 0 above

f/(0) = —2[1] [-bB1(0)] = —2[1] [—b;] =b>0
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as before for L = 2.

FP0) = —20° [~ Bi(0)] [-B1(0)] — 2b[1] [-2B;(0) +2B3(0)]

= -2 [_1] [_1] —2b 1] [—25_2L +22L+1]

2 2 8 4

= —b21—2b §L—§
2 2 4

6L —3 b(b+6L—3)

1
= —b*-b =—
2 2 2 ’

as before for L = 2.

F30) = 64(0) + 1267 [~ B} (0) + B»(0)] [B1(0)] — 2b [_33’1’ (0) + 635(0)}

2
L cLY/? 5—2L 2L+1]1
= 6|alL+c— + —— 1262 | — -
e T Ty T [ 5 T4 ]2
412 — 251 + 35 3+4L — 22
—21{—3 - R L - ]

3 (8L% — 33L + 29)
4

2,3
- 6(aL—|—C\/E> + 825 (6L —3) + b

as before for L = 2.
Given that f is analytic at x = 0 with f’(0) > 0 Lagrange applies as:

i <1 [t z—zn \" n
76 = w0 g i (o) | =T
. _ 1 [, da! c !
™ = f 1(0):;n! bﬁ%dz”l (f(z)+1> }
Term n =
1 1
w0 =50 7
Term n = 2:
) £)(0) - _M_([H-GL—S)
az(0) = RO b32 a 207
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Term n = 3:
24£"(0) — 8'(0) £ (0)
51(£/(0))°
24 (—7“*’*62“3))2 — 8b (6 (aL + %cﬁ)Q + 523 (6L — 3) + b3(8L2i3L+29)>

az(0) =

5165
2 2_
6b(b+ 6L —3)> —8 <6 (aL +3evVL) +0%3 (6L - 3) + b?’(SLf’f’L“g))
- 51bt
2
 —2(aL+3evI) L 60+ 6L —3)° ~2(3b(6L — 3) + 3 (SL* - 33L + 29))
B 5b4 5163
2
2 (@Lﬂ’ﬁ) PP+ (6L —3)b+28L° — 3L - 20
B 5b% 5 4b3
Thus, up to three terms where a = 6. (cost delta), b = 0, (global capacity), and ¢ = 6; (local
capacity):
. 1 1 ,
x] = 1— 5 [cannot be further expanded b/c not analytic]
L
7 = } = a" =,4/1
L
. _ 1, 1(b+6L-3)
TR~
2
PN | 1(b+6L—3) N b* + (6L —3)b+28L* —3L —20 (aL+C\E>
S op 2t 2 51p3 156
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