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Abstract

In this paper we develop tests for detecting systematic jump risk in asset prices of general form
and we further propose nonparametric estimates for it. The inference is based on a panel of
high-frequency asset returns, with both the sampling frequency and the size of the cross-section
increasing asymptotically. The feasible limit theory developed in the paper utilizes the differ-
ent asymptotic roles played by diffusive versus jump risks and systematic versus idiosyncratic
risks in statistics that involve cross-sectional averages of suitably chosen transforms of the high-
frequency price increments. The rate of convergence of the statistics is determined by the two
asymptotically increasing dimensions of the panel, without imposing restrictions on their rela-
tive size. In an empirical application, using the developed tools, we document the existence of
systematic jump risk, that is not spanned by traditional (observable) risk factors, and we further
show that this risk commands a nontrivial risk premium.
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1 Introduction

Large moves in stock prices in the form of jumps play important role in asset pricing. Early work, fol-
lowing Merton (1976), models jump risk as idiosyncratic and without aggregate pricing implications.
However, recent empirical evidence, based on nonparametric jump tests developed by Barndorff-
Nielsen and Shephard (2004, 2006), Ait-Sahalia and Jacod (2009) and Lee and Mykland (2008) and
applied to market indices, shows that some of the jump risk in asset prices is systematic. Addi-
tional nonparametric tests for co-jumps in Bollerslev, Law, and Tauchen (2008), Jacod and Todorov
(2009), Mancini and Gobbi (2012) and Caporin, Kolokolov, and Rend (2017) further suggest that
jumps cluster cross-sectionally.! Empirical evidence in Todorov and Bollerslev (2010), Bollerslev,
Li, and Todorov (2016) and Ait-Sahalia, Jacod, and Xiu (2020) show that jumps in systematic risk
factors are priced in the cross-section of asset prices.?

Can observable risk factors span all systematic jump risk in asset prices? In other words, is there
cross-sectional jump clustering outside the jumps of observable risk factors? The goal of this paper
is to design nonparametric methods for detecting presence of systematic jump risk in asset prices,
without any assumption regarding the existence of factor structure of jump risk, and further provide
measures for this risk and for the assets’ sensitivity towards it.

A natural approach for studying systematic jump risk is to assume the existence of a linear
latent factor structure (with constant factor loadings) and perform classical principal component
analysis on asset jumps filtered from the data. Such an approach has been formally developed
by Pelger (2019) and applied empirically by Pelger (2020), with Pelger (2020) documenting the
existence of one (stable) jump factor associated with the jumps in the market portfolio. However,
jump factor loadings can change rather rapidly or more generally jumps can cluster cross-sectionally
without exhibiting a linear factor structure. In addition, due to the nontrivial idiosyncratic risk in
asset prices, the threshold approach for jump detection, when applied on an individual asset level,
can allow the identification of the relatively large jumps only. This makes difficult and practically
impossible to infer latent jump factors, associated with large cross-sectional variation in the assets’
response to them, from jumps detected on an individual asset level.

In this paper, therefore, we pursue a different approach of making inference for systematic jump

risk which does not require an assumption for the existence of a linear jump factor model, or its

1 Additional work on co-jumps can be found in Lahaye, Laurent, and Neely (2011), Gilder, Shackleton, and Taylor
(2014), Bibinger and Winkelmann (2015), Dungey, Erdemlioglu, Matei, and Yang (2018), Novotny and Urga (2018)
and Corradi, Distaso, and Fernandes (2019), among others.

2Inference for jump factor models with observable factors has been developed by Todorov and Bollerslev (2010),
Li, Todorov, and Tauchen (2017a,b, 2019) and Ait-Sahalia, Kalnina, and Xiu (2020). The case of latent jump factors
has been considered by Pelger (2019, 2020). Other work on estimation of factor models using high-frequency returns
includes Chang, Choi, Kim, and Park (2016), Fan, Furger, and Xiu (2016), Ait-Sahalia and Xiu (2017) and Dai, Lu,
and Xiu (2019) among others.



temporal stability, and can further minimize the role of idiosyncratic risk as well as systematic
diffusive risk in the inference. We first cross-sectionally average suitable transforms of the assets
return increments and then take first difference of these cross-sectional averages. This approach
allows for separating effectively systematic jump risk from the rest of the risks contained in asset
prices. In particular, the cross-sectional averaging smooths out idiosyncratic risk in asset prices
and by differencing consecutive cross-sectional average statistics, we further remove the leading
component of idiosyncratic risk in our statistic and we also minimize the contribution to it that is
due to the systematic diffusive risk. Our aggregate measure can thus identify systematic jump risks
even in settings in which this type of risk is small relative to idiosyncratic risk on an individual
asset level. Finally, the transform of the returns in our statistics allows us to separate systematic
jump risk from systematic diffusive risk by utilizing the fact that jumps feature more prominently
in higher powers of returns. Additional improvements can be achieved when subtracting from the
return increments the cross-sectional average of the asset returns. The aggregate effect of this is to
minimize the role of systematic diffusive risk in the inference.

We derive a Central Limit Theorem (CLT) for our aggregate systematic jump risk measure as
well as for a measure that captures an asset’s exposure towards this type of risk. The limit is mixed
Gaussian and the convergence is in a joint asymptotic setting of increasing sampling frequency
and growing cross-sectional dimension of the panel of return observations. The rate of convergence
depends on both dimensions of the panel and is determined by two sources of error in the estimation.
One is the diffusive systematic risk around the times of the systematic jumps (which depends on
the sampling frequency) and the second is the cross-sectional dispersion in the systematic jump
risk (which depends on the size of the cross-section). We extend these results to separately identify
systematic jump risk that happens outside the jump times of observable systematic risk factors using
jump detection techniques for the latter.

We further propose a test for deciding whether a time interval contains a systematic jump event
that happens outside of the jump times of observable risk factors. The test utilizes the fact that our
systematic jump risk measure shrinks to zero when this risk is absent from the cross-section of asset
prices. We derive the limit in probability of the properly rescaled statistic in this case. This limit
is determined by the systematic diffusive risk as well as by the idiosyncratic jump risk in the asset
prices. Using these results, we propose a test for systematic jumps on the basis of the difference
between our statistic and its truncated counterpart which removes the systematic jumps from it.

We implement the developed inference techniques on high-frequency data on the 500 largest stocks
by market capitalization, traded in US, for the period 2001-2020. We provide nontrivial evidence

for presence of systematic jumps that occur outside the jump times of the Fama-French (FF) three



factors (market, size and value). The non-FF systematic jump risk exhibits significant time variation,
with dynamics that differs from that of the market variance. Similarly, the assets’ sensitivities to
this risk differ from their exposures to traditional risk factors such as the market portfolio return.
These differences are shown to have nontrivial pricing implications.

The rest of the paper is organized as follows. In Section 2 we introduce our setup and state the
assumptions. In Section 3 we derive nonparametric estimates for systematic jump risk as well as
for assets’ sensitivity towards it. In Section 4, we develop tests for detecting presence of systematic
jump risk from discrete returns. Section 5 and 6 contain a Monte Carlo study and our empirical

application, respectively. Section 7 concludes. Proofs are given in the online Appendix.

2 Setup and Assumptions

We start with introducing our setup. We denote the log-price of an asset j at time ¢ with th . Asset
prices are defined on a filtered probability space (€, F, (F¢)i>0, P) with the o-field F being separable.

The dynamics of all X7’s is given by the following continuous-time model
. . . .~ . .
X) =X{+ [y blds+ [ ol dW] + f(O,t]XR 01 (s, z) (0 — v)(ds,dz)
+ 3 Jo M AW+ E Bl gp,en + X 8 Lrzn
=1 p>1 p>1

The driving terms above are as follows:

oWl ... WK, W17 W27 ... are independent Brownian motions;

e (u);>1 are independent Poisson measures on R x R with compensator v(dt,dz) = dt ® dz;

e (7,)p>1 are the successive jump times of a Poisson process, independent of all u/’s;

e (pp)p>1 ia a strictly increasing sequence of positive stopping times going to co and distinct from
all 7,’s.

The other ingredients, bJ, 0, 07, AL, BZ and 6{;, will be specified in assumption (A1) below. Taking
the measures x4/ on R, x R instead of the more usual R, x E for some Polish space F, and all
with the same compensator v, is not a restriction for our model. This is because while the jump
measures 4’ have the same compensator v, the corresponding jump size functions can differ across
the different assets. When the p,’s are the jump times of another Poisson-type process, each X7 is
an Itd6 semimartingale. This is the standard setting in the literature. Here, however, we allow for
an extra generality. Mainly, the p,’s can be predictable, or even deterministic, to account for jumps
occurring at the times of economic announcements.

The first line on the right hand side of (1) captures the idiosyncratic risks in X7. The terms in

the second line of (1) are due to the systematic risk in X7: the first one is the asset’s response to the



continuous systematic risk while the last two are the asset’s response to systematic jumps (which
are thus assumed to be of finite activity).

The reason to single out two distinct terms for the systematic jumps is as follows. In practice,
one may observe some risk factors, e.g. the Fama-French factors, whose jumps occur at the times
Pp, and which typically induce jumps for all or most stock prices, and the jump size for stock j is
then BI{. However, we may also have systematic jumps at the times 7, or 7‘[/), that are not associated
with an observable risk factor, inducing jumps of size 5]90' or 6;,7 for stock j. The aim of this paper is
these hidden systematic jumps, which we simply refer to henceforth as systematic jumps.

If we do not observe risk factors or do not want to separate their jumps from the rest of the
systematic jumps, then we may take p, = oo for all p, and the second term on the second line of (1)
then simply disappears.

Finally, we write W; and )\{ for the K-dimensional vectors with components W/} and )\{’l7 so
the continuous part of the systematic risk component of X7 is fot A>T dW,, with T denoting the
transpose, whereas ||| is the usual norm on RX. We also write the last integral in the first line of
(1) as 07 % (u? — v)y.

The assumptions on the coefficients b7, 07,67, M, Bg and (5}3; are as follows:

Assumption (A1). (i) The processes N and o7 are cadlag adapted, the processes b/ are optional,
and the functions 67 are predictable on Q x Ry x R, and each variable B:Z, resp. 51]; is measurable
with respect to F, , resp. Fr,.

(ii) There are a sequence Ty, Ty, . .. of stopping times increasing to oo, [0, 1]-valued functions @I,
on R with [, ¢l ()" dz < 1, for some number w € [0,2), and [1,00)-valued random variables x3,,

satisfying sup; E(|an|q) < 0o for any q € Ry, such that for all m,j,z,p,w:
t < T = [N + 107+ 0] < Xy ¢ < Ton = 107(£,2)] < 00 (2)Xns o < T = 18] < Xy
Moreover, for any m,j > 1 and any finite stopping time S < T, we have

sup ]E( sup (||/\J§, — M P+ o, —ag_|2)) —0 asslO,
j>1 s'e[(S—s)t,9)

and, for some constants p > 0 and C,,,
(”Af;/ATm - ATS‘HZ + |Ui//\Tm - UfS'|2
(XTn)?

E;S< sup ) < Cp 8. (2)

s'€[S,5+s]
Part (i) of the above assumption is rather standard and ensures that all terms in (1) make
sense. Part (ii) imposes various smoothness and integrability assumptions. For a fixed j, all of these

conditions are standard, except for the degree of jump activity index which is assumed to be strictly



below 2. This is a rather mild assumption, though, given the fact that the maximal possible value
of the jump activity index is 2. In part (ii) of (A1), we require some kind of uniformity in j of the
various smoothness and integrability conditions. Such uniformity will hold if, for example, A’ and o7
are identically distributed across j-s after conditioning on a set of common systematic shocks. We
finally note that the last property in (ii) holds with p = 1 as soon as M and ¢ are themselves It6
semimartingales, but here we simply assume p > 0, which is much weaker.

Besides this general assumption, we need an assumption about the cross-sectional behavior of
the variables 5{; and the processes )\{. For stating this assumption, we first introduce a number of

o-fields, sometimes depending on an asset index j:

T =0(mppp: p21), =JVo():p>1), J =INo(6f: kp=>1)
T =IN oWy, \f: t>0, k>1) 7j:7V$VU(ﬁ//g,0f;t20).

For a o-field G C F we write Pg ,,, or simply Pg, for a regular version of the G-conditional probability,

which exists because F is separable, and Eg ,, or Eg for the associated conditional expectation.

Assumption (A2). (i) For each j and P-almost all w the sequences (65)1721 are i.5.d. under Py,
resp. Pz, resp. Pz . as k varies in N*, resp. N*, resp. N*\{j}.

(i1) For P-almost all w the processes W, W3 and the measures W are still independent Brownian
motions and Poisson measures under both Py, and Ps/

(iii) There are cadlag processes A = (X(l)* Ji<i<k and 2@ = ()\(2) LU Vi<ir<k such that, with
T as in (A1)-(ii) and as N — oo and for any pair 1,1':

(). IV @)Ll P
( sup (‘— )v; — Ay ‘—l—’NZ)\g ALY — A D)—>O, forallt € Ry,

s<tATy, =1

and furthermore we have fOT HXS)HQ ds >0 a.s., where T > 0 is our time horizon.

As Lemma 2 in the Appendix shows, assumption (A2) implies that, for P-almost all w the law of
67 is the same under Py ., and P, and P7  if k # j, and when further (A1) holds 6 has finite
moments of all orders under these conditional probabilities. Then the law of large number implies
the existence, for any Borel function i with at most polynomial growth, of F, -measurable variables

Onp such that, as N — oo and for any k and k' # k,
1 & _
=5 Z h(8)) 25 8nyp,  with 8y, = Eg(h(3))) = B (h(5)) = Bz, (h(5})).  (3)

Recall that the variables 513; capture the hidden systematic jump events and, as already mentioned,

our goal in this paper is to identify and assess the impact they have on asset prices.



Finally, part (iii) of (A2) assumes that systematic diffusive risk “survives” cross-sectional aggre-
gation. This condition is rather mild and is expected to be true in the data. The results that follow
can be easily extended to accommodate situations without aggregate systematic diffusive risk but
we do not do this here as such an extension seems empirically irrelevant.

We finish this section with introducing our sampling scheme. Our inference is based on a large
panel of high-frequency return observations of IV assets, each one being observed on the equidistant
observation grid 0, A,,, 2A,,...., up to some fized time horizon 7', and with A,, = T'/n for some integer
n. The number of observations for each asset is then n + 1. “Large panel” and “high-frequency”

mean that we assume
n
n — 00, N — oo, ”N — ¢ € [0,00], (4)
and we note that in our analysis we allow for ¢ = 0 or ¢ = oo, i.e., one of the two dimensions of the
panel may grow at a faster rate than the other one.

For ¢+ = 1,...,n, we denote the ith time interval between two successive observations and the

increment of a price, or more generally of any process Y, over this interval by
I(n,i) = ((i = 1)An, iA,], ATY =Y, — Yi-1)a,-

Finally, throughout the paper we use many different statistics computed from the observed incre-
ments A?X7 for j =1,...,N and i = 1,...,n. They depend on n and/or N, of course, but for ease
of notation we simply write them with a “hat”. For instance, our basic statistic below, depending

on both n and N, is written as §?]g instead of g?]g’N.

3 Inference for Systematic Jump Risk

We start in this section with designing measures that quantify systematic jump risk as well as assets’

sensitivity towards it, and we further derive results for their asymptotic behavior.

3.1 Measuring Systematic Jump Risk

For our measures of systematic jump risk, we use various test functions g on R belonging to one of

the following two sets:

C:  the set of all C® nonnegative functions with ¢g”, ¢"”” bounded, and ¢(0) = ¢’(0) =0
Cy : the set of all g € C with ¢”(0) > 0 and g(z) > 0 for all = # 0.

Obvious examples of functions in C are g(x) = 22e9%", for some a > 0, or g(z) = 22 1{z > 0}.

Although g(z) = z? is perhaps the most natural test function, using a bounded function provides

robustness in finite samples against outliers in the data.



The aggregate measure associated with g over the time interval [0, T] of the systematic jump risk,
outside the jump times of observed factors, will be, with the notation in (3) and omitting T since

this time is fixed throughout:

Sty = Z (gg,p)z-

p21imp <T

The function g in C is allowed to vanish outside a subset A of R in order to obtain an aggregate
measure of systematic jumps whose size lies in A (for example of positive jumps if A = (0, 00)).

In what follows, it is convenient to separate systematic jumps into two groups: one for which the

average asset price jumps and one for which this is not the case. Towards this end, lets denote the

identity function with I(z) = 2 on R. We then split S.J, into the sum of the following two quantities:

STy= Y (Bgp)’ g5, —0p ST = 3" (o)’ 15, 20y (5)

p>1:7, <T p>1:7, <T

The reason for splitting SJ, into S J; and S Jg’ is that, in order to improve efficiency, their estimation
will be done slightly differently. When the market portfolio is among the observed systematic factors,
one may expect that if oy, # 0 the price jumps at the time 7, induce a jump of this market portfolio
factor, so within our setting this time is indeed included among the jump times p,’s of the factors.
In other words, in this case one should have g]]’p =0 for all p, and thus SJ;’ vanishes identically.

We next define the following sets on which there is no systematic jump on [0, T:

Qnosy = {w: 6J(w) =0 for all j > 1 and all p > 1 with 7,(w) < T}
Qgs={w: 6(w) =0forall j >1and all p>1 with 7,(w) < T and dy,(w) =0}

Q! gy ={w: drp(w) =0 for all p > 1 with 7,(w) < T'}.

By virtue of (3), we either have &,, = 0 for all g € C;, implying 6) =0a.s. forall j > 1, or 0gp >0

for all g € C, implying 5177' # 0 a.s. for infinitely many j. Therefore

Qnoss = {SJy =0}, Q57 =1{8J; =0}, Q 5;={SJ) =0} as, foranygeCy. (6)

noS noS

For measuring the sensitivity of any particular asset j towards systematic jump risk, we use the

following aggregated measures of sensitivity, where both functions g, h are in C:

SJ9 = S h(6D) 815 oy SJM = S h(63)g, 15
e A U oh T g P OO (B0} o
j 17 117
SJ;’h = SJgj,h + SJg’jh.
For example, with ¢ and h being equal to the square function, we can measure asset’s exposure to

systematic jump risk in terms of variance risk. If ¢ € C; and h are vanishing on R or R_, SJZ A

allows us to measure also the direction in which the asset prices move during systematic jump events.



3.2 Preliminary Estimators

In this section we exhibit our preliminary estimators of the various quantities introduced above. We
also aim to consistently recover from the data the systematic jump times, which will be needed for
construction of confidence intervals and testing.

We start first with eliminating the systematic jump risk due to observable factors, i.e., the jumps
occurring at the times p,. The factors are observed also at the times iA, for ¢ = 1,...,n, and
they are supposed to have finite jump activity and with continuous parts being It6 semimartingales.
Therefore, by using standard truncation methods, see e.g. Jacod and Protter (2012) and our imple-
mentation in Section 5, and on the basis of the observation of these factors, one can construct a set

T of integers between 1 and n such that:

P(I=1I,) —1, where I, ={i=1,...,n: I(n,i) contains no pp}, (8)
and for convenience we write the random elements of T, , in increasing order, as ?1,/2'\2, . ,’i\ﬁ. Note

that p < n and p/n == 1. Of course, when no jumping factor is observed or if we do not want to
separate these jumps from the rest of the systematic jumps, we simply take I= {1,2,...,n}.

For our inference for the systematic jump times, instead of the raw asset returns, we will use
excess returns over equally-weighted market proxy constructed from the cross-section of asset prices.

More specifically, we define the cross-sectional average process
_ 1N
XY=+ Z Xj. (9)
j=1
Then, with a fixed number i and a sequence u, ny satisfying the conditions below, we set

= ARX =y, with = ARXY Langy i<, ) (10)
assuming for some € € (0,1): ¥ #1, upn — 0, u27N(n1*5 AN) — oc.

n

The reason for using ?g in the inference, instead of ATX7 is to remove (at least partially) the
systematic diffusive risk in the asset prices. As we will see later on, this reduces the estimation error
of our estimation procedure in a nontrivial way. Note that in defining 7;, we truncate A?YN in
order not to affect the systematic jumps in A?X7.

In our analysis, we also need a truncated version of both A X7 and ?g’, associated with a sequence

u), and a constant C' > 0, by

AT X7 = APXT s 1 , 1

A,;], iy 7 {1A] X7 |<uj} assuming 6 < U%A;w < C7 w € (O7 5) (11)
MR )

Ti T =T R <y



The requirements on the threshold above are standard and are the same as those used in prior work
on truncated volatility estimation. We note also that the threshold levels for AT X7 and ?g can differ
but should both satisfy the growth condition above.

The key ingredient of our inference procedure is the following cross-sectional average quantity,

for any function g on R:
- 1 X ~ LT
a(g)i = Zlg(ri)v a’g)i = n X 9(7; 7,
j= i=

foriel If 7p € I(n,i), then d(g); will provide an estimate of d,,. If I(n,i) does not contain
a systematic jump, then a(g); will shrink asymptotically to zero. We will also make use of bias-

corrected versions of a(g);, given for any i € T by:

a(g)i = a(g)i — %a(g)i, - %a(g)ier 67T(9)i = aT(g)i - %aT(g)z; - %aT(Q)i+
A , oy ifl>1 _ g ifl<p (12)
where, when i = i;: - =9 e =9
i1 ifl=1 1—1 ifl=p.

As will become clear later, this differencing of sequential cross-sectional averages has no impact on
our ability to estimate the systematic jump risk but it reduces significantly the effect of the systematic
diffusive risk as well as the idiosyncratic risks in the asset prices on our estimates of the systematic

jump risk. A bias-corrected version of the variable g(7]) for any index j, analogous to a(g);, is also

defined as follows:
7o) — fg(?{_k), for i € I and iy as in (12). (13)
Finally, for identifying the systematic jump times, we are also going to use
Vg =2 _la"(9)il-
iel
With all this notation, we can now proceed to estimating the set of all integers i in [,, such
that I(n,4) contains at least one systematic jump time 7,. As a matter of fact, in view of the

decomposition S.J, = SJ; + SJ, we have two sets of interest (with some g € C; for Z},, which does

not depend on the choice of such a g):

I, = {i €I, : I(n,i) contains a 7, with 61, = 0 and &4, > 0}

_ (14)
I ={i€I,: I(n,i) contains a 7, with oy, # 0}.
Note that the random set I}, N I// may be non-empty, but P(I}, NI}/ = () — 1.
For estimating I/ we use the averaged prices X™ of (9) and set, with u, y as in (10):
I"={iel: |AMXN] > u,n}. (15)

10



For I], we define a first estimator as follows, with some given f € C,:

IA{ _ {2 . f\f” A > %%N‘//(\]f}’ with Yo, satisfying, for some e € (0, 1), (16)
Yn,N — 0, 'ymN(nl’8 N N) — 00.

Intuitively, we label an interval I(n,i) as one with systematic jump risk if a(f); is larger than a

multiple of its average absolute value computed after removing jumps in the individual return series.

The estimator 1/'\{ is “asymptotically perfect” in the sense that IP’(I/'\{ = I/) — 1. However, when N

is relatively small, f{ could be bigger than I/, due to the presence of some large idiosyncratic jumps,

which can increase the value of d(f); (this is contrast to the case of (15), because the idiosyncratic

jumps tend to cancel each other in the average X*). To avoid this, we rather use the following:
I'=TnI, I, = {ief\f": a(f)i > mnValf?)il, assuming 7, x — 0,  (17)

which will also satisfy ]P’(f’ = I/) — 1. Intuitively, :fé removes increments for which the cross-
sectional average a(f); is quite smaller than the cross-sectional standard deviation \/m. This
will never be the case asymptotically if the interval contains a systematic jump, but may happen if
the interval I(n,?) contains no systematic jump but some large idiosyncratic jumps.

For obtaining the property IP’(./T\’ = I!) — 1, which are crucial for our main results, we need that
I//?Tf does not converge to 0. For deriving the probability limit of ‘//?]ﬁ we need some additional
notation. For any K x K matrix M with entries M LU and any vector x € R with components !,
we set

K ’ ’ 7 ’ !’
Fy(M,z) = E(‘ ) (MU 4 (2 = 2)ala) (LB — L oL dh — 1 alal)

) (18)
where the ®! for I =1,..., K and m = 1,2, 3 are independent N/(0, 1) variables.

The function Fy, (M, x) is not explicit, but we will see that it is non-vanishing as soon as « # 0 and ¢ #
1 and M —zz " is symmetric nonnegative. This property is indeed obvious when K = 1, because then
F(M, z,v) is simply M —2?+(1—1)?2? times the (positive) expectation of |(®1)2—1 (®2)2—1 (P3)?].
Below, ng) and Xﬁ” are the matrix and vector with components XS)’W and X,El”, defined in (A2).
Theorem 1 Assume (4), (A1) and (A2) and ¢ # 1. If g € C+ we have

P o 1" 2
Vig Ay =00 (20)

T

/ FyP XMy at. (19)
0

and also P(I' = 1) > 1 and P(I" = I"') — 1.

The above theorem establishes the consistency of I’ and 1" for estimating I;, and I/, respectively.

11



3.3 Aggregate Measures of Systematic Jump Risk

For estimating S.J; and S.J; we propose the following estimators (recall the notation in (12)):
.y 1 _ _
573 = 3 (3(ata): - ale) ) + 3@~ o), ) == (1L (20)

For SJ, we can use one the following three estimators:

SJg=S8Jy+SJy
T _ 1 (s ~ 21202 a2 Sibb _ - (n 2 (21)
STy =35 2 (@lgk, —algk, )" +3(@9) +al9)f ), 57y = 2 (@l9))"
These three estimators enjoy the same CLT, and we will comment on the best choice among them
in the end of this section below.
For stating the CLT, we need some further notation. First, we define the following random
variables (not depending on the choice of j):

V=185 (5 B0ulo) ~Tan 0500, 01))

p>1:m, <T

) o : (22)
Ve = 4EJ(( > 59,11(9(51%) _551,1))1{51,,;&0}) )
p>1:7, <T
With the notation Xgl) in (A2) we also set
- 5 3 T(1 = % N
Fg,p = 5g,p 59’,p ||>‘Sp)— ||7 F;r,p = 5g7p 59’49 ||/\(r,1)) H (23)

Next, we need a collection of variables, all defined on an extension (ﬁ, F , I?Pi’) of the original space
(Q, F,P) and independent of F, and all being mutually independent. These are: N(0,1) variables
Z', 72", Zf, Z,, and uniform on [0, 1] variables f,.

Finally, let us also recall that if G is a sub-o-field of F, the G-stable convergence of a sequence

Y,, of variables to a limit Y defined on an extension (ﬁ, ]-', IﬁPi’) of (Q, F,P) means that
E(¥ F(Y,)) = E(VF(Y)), (24)

for any bounded G-measurable variable ¥ and any continuous bounded function F', and this conver-

. L s . . . . .
gence is denoted Y, ==Y (when G = F this is simply called stable convergence in law, written
Y, £ Y'). This obviously implies the ordinary convergence in law, and its main interest for us is

because, if it holds and if further ¢, BN ¢ for some sequence of F-measurable variables with a limit

¢ that is G-measurable, the pair (Y;,,(,) converges in law to (Y, ().

Theorem 2 Assume (4), (A1) and (A2), and set G = T when ¢ € (0,00] and G = F when ¢ = 0.
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(a) If g € C the joint convergence (\/n/\N(gjf’g - SJ;),\/nAN(@Z - SJY)) = Lo (Z’ Z”)

holds, where with the convention 1/00 = 0 and with matriz notation,

Zy= NV Z' + 15 2 Zy = ONOWVS 2" + 15 2
Zy=20- T ¥ (V@ 2y + 05, VT= R 28 )15, ) (25)

P21y <T

2y =T S Ty /R Zy AT T R 25 )15 oy

p>1:7, <T

ﬁg

(b) We have \/7(5\] - SJ,) —
VR AN(ST? - 8J,) %5 2+ 7.

(¢) As soon as g € Ci, we have P(SJ) = 0 < §?]'g) — 0 and P(SJ) =0 < g?]’g’) — 0, hence
P(SJ, =0< §L\7g) — 0 as well.

’ Z’ Z;’ and \/n/\N(§:7; - SJy) Loy Z(’] + Z;’ and

Note that if g € C, on the set 2, ¢; = {SJ; = 0} we have V| = 0 and Z; = 0 by construction,
hence Z; = 0 and the CLT in (a) above is degenerate, but (b) tells us that on this set g?]'g is a
“perfect” estimator of SJ; (and of course the same applies for SJ;' and §?]g , or for SJ,; and SJ g)-

The CLT in Theorem 2 (a) is governed by two sources of error. The first one is the error associated
with measuring systematic jumps from discrete observations of the asset prices. Its size depends on
the sampling frequency n and is determined by the systematic diffusive components of the assets’
price increments containing the systematic jumps. The uncertainty of the jump location within the
discrete interval adds an additional source of error captured by the ,’s. We note that the size of
I‘;‘E’p depends on the average diffusive systematic risk in asset prices around the systematic jump
times, XTP, and er

The second source of error driving the CLT result is due to the cross-sectional heterogeneity in
the systematic jumps. Naturally, this error depends on the size of the cross-section N. Importantly,
we note that in this theorem there is no restriction on the relative size of the two dimensions of the
high-frequency panel, n and N, apart from n/N — ¢%, with ¢ € [0,1]. In particular, both n > N
and N >> n are allowed.

We note that the constant v, used in (10), appears in the limit in (25). This constant plays no
role for the estimation of SJ{, but for estimating S.J;, taking ¢ close to 1 improves the efficiency of
the estimator. The optimal choice seems to be ¥y = 1, but if n >> N (i.e., if ¢ = 0) this would then
lead to a degenerate limit of the CLT in Theorem 2-(a). We could have a proper CLT when ¢ = 1,
with the limit for S.J ; being \/Vq’ 7', but only under an additional restriction on how fast N can

grow relative to n.

Which estimator for SJ,? All three estimators SJ 9> SJ Z, ,§,\]Zb are asymptotically equivalent.

The simplest ones are SJ Zb and S.J Z as, unlike SJ g, they do not require the choice of tuning param-
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eters. Of course, if one wants to construct confidence intervals for SJ,, then for all estimators we
still need the set estimators I’ and 1" identifying the systematic jump times.

On the other hand, all three estimators have different asymptotically negligible biases. These
biases are difficult to evaluate in general, but one can get a handle on them by looking at the
asymptotic behavior when S.J, = 0 in the case g in Cy satisfies |g(z +y) — g(z) — g(y) — ¢'(x)y| <
C|z|y? for some constant C, and under the (mild) additional assumption that the processes t

0(t,z)7 /) (z) satisfy for all j, z the same condition (2) as 7. Then

SJ ¢ = 0 with a probability going to 1
in restriction to the set {SJ, = 0} : (n A N)(§<\]Z — ApN) =0 (26)

(n AN)(ST? — AN — AamNy B g,

where

T " 2 N . S :

2n N2 .
J,k=1

4) + Jifﬁ:l/Rg(Gj(t, 2)? dz) dt,

T g"0)) 1 o, s : L om )2, 1o : 2
g = [ S R+ o) + = 20| 5 ]+ 5 X [ 9@ ) z)
0 j=1 j=1 j=1"'R
Apart from the first line in (26), which is a part of Theorem 2, those properties are rather complicated
to prove, and since they are not formally used in the sequel we omit the proof. Note that the first
term under the integral fOT7 for both AZ’N and A’g"’N , is nonnegative for all values of ¢, and minimal
for ¢ = 1.

The convergence result in (26) provides clear ranking of the estimators of SJ, in terms of bias.
On the set {SJ,; = 0}, where there are no systematic jumps in the asset prices, the bias is zero with
a large probability for SJ g, positive with probability 1 for SJ Z, and even bigger for 5’?]?. We note
that ¢ shows up in A;“N and gg’N , and with a choice of ¢ close to one, we can minimize the bias
in the statistics that is due to the systematic diffusive component of asset prices. The value of EZ’N
reveals the gains from the sequential differencing of @(g); in the construction of §(\]Z (and SJ g)-
Indeed, when going from SJ Z" to SJ ';, we minimize the effect on the measurement of SJ, from all
risks in asset prices. In particular, the asymptotic limit of the rescaled S '; does not depend on the
idiosyncratic diffusive risk, which is typically nontrivial.

On the set {S.J, # 0} one should add the sum of the biases induced by the estimation of (J,,,)?
at each systematic jump time 7, <T'. One might expect those to be of the same order of magnitude

for all three statistics, so the bias increases when going from SJ g to 5‘?];7 and from SJ Z to Sﬂ\]?.
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3.4 Asset Sensitivity towards Systematic Jump Risk

We next estimate the sensitivity of any particular asset to systematic jump risk as expressed by
7,
SJ gj W

g, h are in C and I’, 1" as in (17) and (15), plus the notation (12) and (13):

ST, =3 "hlalg)s,  SJV = hla(g)

iel’ iel”

S J;’J;l and S Jg ,- For the first two ones we use the following statistics, where both functions

For S.J7

o.h» 0 accordance with (21), we have three possible estimators:

oy s i
ST = 8T, + ST,

=5 ( S ()~ hE ) (ale), — o, ) + B Yalg), + h(F)alg)s, )

J
9 i i1

@jqbbf P h’\j ~ N
gh = ; (T?i)a(g)ii.

SJ

For stating the CLT enjoyed by these statistics, we define the following two variables, similar to
(22) and not depending on the choice of k as soon as k # j:

Vi =B, (S (e (0058) ~ ) ~ ()08 — 0H GB,00) L5, —01) )

p: T <T

=B (( hw;;)(g(a;:)—sg,pﬁ{w})z).

p:1p<T

(27)

/=, U i
ghp’ g,h,p’ = g,h,p’ ghp

We also define the following analogues I ' of F+ and I';, in (23), with the

convention 7,4 = 7, below:

_ o . _ o 1/2
Tty = (100 = )R8, = 0N (0085 ) Motk B (5) 8y N |+ (B (0] 07, 2)) o
A P = ) _ L 1/2
R (AR Ag}i B 0) 0y X s |” + G W (03) 03,1)7)

Then, with Z',Z", Z,}, Z , K, as after (23), we have the following CLT:

Theorem 3 Assume (4), (A1) and (A2), and set G = J; if ¢ € (0,00] and G = F if ¢ = 0. If
g,h € C the joint convergence (\/nAN(@gh - SJ;J;h),\/n/\N(gt\]g? SJ”J) Loy (Z;j’h,Z;/’Jh)

holds, where

2= ANV 2+ 152 ;’i = UAD V7 2"+ 7520
'+
Za. o= fp>lz‘; <T (Pg no VP 2y 9 h]” V-2 )1{51[,;7:0} (29)
. B y
;/Jh =VT >1Z <T< /g/hzo\/ Kp Zy +FZ,h;} MZ;)l{ng#O},
p>1i7p<

Moreover, we have \/n/\N(g‘\]j —SJ] ) Z’7+Z”J and v/n A N(S Jjb —SJJ ) <57 —&—Z’?’
and vV'n A N(gz\];’,bhb - SJ;,h) Loy Z’ + Z”
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This CLT is of similar type as Theorem 2. The only qualitative difference is that here, on top of
the times 7,, the limit also depends on the asset specific variables 5{;, Aipi, O'ipi. Again, the three

statistics SJ ; ho SJ ;bh and SJ ;b}f are asymptotically equivalent, and similar comparisons about their

biases can be made as in the previous section.

3.5 Feasible Inference

For feasible inference based on the previous theorems, we need to know the variance or the quantiles
of the limiting variables 2;7 Z;’ , Z/Jj p Or Z;’jh, at least asymptotically. However, those limits are
in general not G-conditionally Gaussian, so the best one can do is to find a sequence of observable

variables which approach the limit. For this, besides the sets 7 and T , we need three ingredients:

1) Consistent estimators for the conditional variances (22) or (27). Recalling (12) and (13) and with
the notation Lgv ={keN: k#j1<k<N} weuse

V) =% 1(5(9)3)27 Ag); = X d(9)i (9] — dlg)i — vilg)il))
J= el
N
V) =% 21(5(9)3’)2’ a9)f = 3 alg)i(g] — alg)s)
J= =3
A~ ~ 2 v o o
Vi=w1 ¥ @ond)'  denyi = 5 (R (g - al9).)
e T (ialg) + Walg)) T
o ~ - ~ _ o
Vg/,/ib = Nl_l Z (C(gah)g]) ’ C(g,h)gj = Z hz (giC 7a(g)i)
k‘GLg\, =3

2) Consistent estimators for the variables in (23) or (28). These involve the processes M and o/ at
time 7, or their left limits at this time. We thus need the truncation procedure (11) for eliminating
the jumps, and rolling windows of m,, successive increments, with m,, satisfying as n — oc:

n

m, — oo, 2, (30)
n

For any i € I'u IA”, necessarily of the form i = iy for some I between 1 and P, a time i’ A,, will belong
the window on the left, resp. right, side of the time <A, if i’ belongs to the set M:er = {?(Hm)/\ﬁ :

m=1,...,my}, resp. M, = {/7'.\(1—177,)\/1 :m=0,...,m, — 1}. With this notation, we set

~ v 9 n N N2y 1/2
o= a(g)ia(g’)i<mj > (% > A?’TXJ) )
ireME, J=1
i j n o Y g N n . 3 n A2\ 1/2
D= (2 X (a-walg)hl & X ApTX* + (g AYTx7)) (31)
o " eME, k=1
s .. N i N2\ 1/2
0 = (mi > (&(g’)ihi LS ARTXE 4 a(g)ih] A?,’TXJ) ) .
o "irem* k=1

n,i

Note that here we use the truncated increments A?’TX J and not ?;rj . This is because the latter were

introduced to eliminate the systematic diffusive part of asset prices, as much as possible, whereas
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here we want to estimate for example XEI) which depends on this component of asset prices. Note
also that, when i € I'u f", the number of points in Mii equals m,, with a probability going to 1.

However, for small samples this number could actually be quite smaller than m,,.
3) An extra set of variables, all mutually independent, and independent of the observations: Z, 2’

and Z;,Z; which are N'(0,1), and %; which are uniformly distributed on [0, 1].

With all these ingredients, we can now set

~

Zy = "NV Z 201 - ) ,NNZ(FWWZZ +T, VI-F Z)
Z! = /nAN \/WZ”H N 2 (sz\/EZ,- + T8 VT =7 Z])

1€ I/ (32)
20, = VAT s T (VR 2+ T TR 2

ze]’
Zy = \REUAZ [y © EivR T+ VTR,

'Le]”

Theorem 4 Under the assumptions of Theorem 2 the F-conditional law of the two-dimensional vari-

ables (2;, Zé’) (resp. (Zg . ;’;7}1)) converge to the F-conditional law of (Z’], Z;’) (resp. (Zg B Z;/i)).

This result allows us to conduct feasible inference, as will be shown below. We note in this
regard that the estimates in (31) do not require prior knowledge regarding the number of systematic
diffusive risk factors and they do not need prior estimates of the factor loadings )\{ . This is despite of
the fact that the limits in Theorems 2 and 3 depend on these factor loadings, and is very convenient

for applications.

3.6 Estimation of Aggregated Measures of Systematic Jumps

We now show how the previous theorems can be put in use for feasible inference of the quantities
Sy, SJg, ST, SJ; b SJ;{h or SJ;'YJ}'I, when g and h are in C.

Let us consider the case of our aggregate systematic jump measure S.J;. We construct a confidence
interval for SJg, with asymptotic level a € (0, 1). For this, note that the Pz-conditional law of Z;
has clearly no atom, hence ]P’;(Z(’J > o) — IP’}-(Z; > «) by Theorem 4. Recall also that 179’ and f’giz
and I’ are known to the econometrician. Then, one can simulate M copies of the variables Z’, 7?5

and ; for all i € I, and compute the associated Z(m)g for m = 1,..., M by the first formula in

(32). The confidence interval is then constructed from

~ M
- . 1 e}
4 = sup (:C x>0, 57 E_l 1{2(m),g§_$} > 5)

o~

g+

M
: . 1 [
= inf (a; x>0, 57 mgil 1{2(m)22£} > 5).
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In the important special case in which the systematic jump times are not accompanied by jumps in
the diffusive factor loadings )\{ , then the limit in Theorem 2 is F-conditionally Gaussian. Therefore,

A\ai can be computed without simulation as

L2 (T 2+ (BF)2), (33)

iel’

N 1 ~
Ag = Ql—a/Z NVQ/ +2

n

where @, is the z-quantile of a standard normal random variable. Given Ef, a confidence interval
is given by

1(5J7)0 = ST, 45,57, + A%),
and the following is easily deduced from Theorems 2 and 4:

~

Theorem 5 Under the assumptions of Theorem 2 we have P(SJy ¢ 1(SJy)a) — a asn, N,M — oco.

The estimation of S.J,, SJ;, S.J7

17 117 . . .
o he S, or ST, can be conducted in a similar way.

4 Testing for the Presence of Systematic Jump Risk

We next design tests for deciding whether systematic jumps occur within the time interval [0, T).
A systematic jump time is a jump time 7, at which the jump sizes 5]{ significantly impact most of
the assets. By this, we mean that the averaged absolute jump sizes % Zjvzl |5§| do not go to 0 as
N — oco. Under (A2) and by (6), this amounts to saying that we are not in the set ,,,57.

Therefore, below we derive a test for the following (random) null and alternative hypotheses:
Qnull = Q\QnoSJa Qalt = QnoSJ- (34)

Let us recall that a sequence of tests with critical regions C, is called asymptotically null-
consistent, resp. alternative-consistent, if P(C,, N Q%) — 0, resp. P((C,)°¢ N Q) — 0. If further
P(C,|B) converges to some a > 0 for all measurable subsets B of Q° with P(B) > 0, one says that
the sequence of tests has the strong asymptotic size a.

For testing the null Q" against the alternative Q% of (34), we can use the statistics SJ, of

(21) and define the critical (rejection) regions
Cy = {§*\]9 > Can s

for a double sequence ¢, y of positive reals going to 0 as n, N — co. An obvious consequence of

Theorems 2 is as follows:

Theorem 6 Under (A1), (A2) and if g € Cy, the critical regions CAg are asymptotically null-

consistent and alternative-consistent.
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The test above has asymptotic size of @« = 0. However, the main problem with this test is that
we have no guidance about how to choose ¢, n for a given pair (n, N). Obviously, if we increase ¢, n
the error of the first kind (the conditional probability of rejection under the null) decreases, whereas
the error of the second kind increases.

A natural way for constructing classical tests with some prescribed asymptotic size a > 0 would
be to derive a CLT for §J ¢ under the null. However, part (b) of Theorem 2 shows that such a
CLT cannot exist. Another approach is to use §:]; instead of §.J ¢, computed for (n/2,N/2) and
for (n, N). It is easy to show, based on the results derived above, that a ratio of @;7 computed for
(n/2,N/2) and for (n, N), converges to 2 under the null and to 1 under the alternative. Deriving a
CLT under the null for SJ Z, however, is challenging.

We will, therefore, develop an alternative and simpler strategy, using the statistic S‘;\]Z In fact,
S’T]Z 57 g is basically the same as S’T]Z would be if we deleted all systematic jumps from the X7’s.
Therefore, from the result in (26), SJ Z — 57 ¢ will be shrinking asymptotically, both under the null
and under the alternative hypothesis. As a result, for any o € (0,1) we propose a systematic jump

test with the following critical region:
(?(a) = {539 > ‘ST]Z - §79|(Qlﬂx - Z*)}u

where Z* is a N(0, 1) random variable, which is simulated independently from the observations, and
@, denotes again the z-quantile of the standard normal distribution. We take the absolute value of
§L\]Z ~SJ ¢ because this might be negative, although it is positive with a probability going to 1.

~

Theorem 7 Assume (4), (A1), (A2), and also g € Cy. Then, the critical regions C(a) have the

strong asymptotic size o and are asymptotically alternative consistent.

One can also conduct tests for deciding whether SJ; > 0 or SJ; > 0 in pretty much the same

way. We leave this to the reader.

5 Monte Carlo Study
We next evaluate the finite sample performance of the developed testing and inference procedures.

5.1 Setup

We use the following model for the log-prices of the assets in our Monte Carlo:
dX] = \jdX, +\/V, (de +dL] + ¢6jd5t) . dX, = Vi (AW, + dLy),
dV; = 8.3(0.02 — V;)dt + /Vi(—0.1dW; + 0.2v/0.75dB,),
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where W;, B; and {Wtj }j=1,..,~n are independent standard Brownian motions, L; and {Eg }j=1,...n are
independent pure-jump Lévy martingales with respective Lévy measures ¢z, e 17l dz and Fe el dx,
with

4CL ZCL 4c c

P
2L _0.2and 2 =52, — =04 and = = 52,
>‘L /\L )\3 A

S; is systematic jump in asset prices that is independent from L; and {Em }i=1,...~. It is given by

St:

AS., fors>rT U T 3T
y T~ A4 )

0, otherwise
Finally, {A;};=1,. .~ is an iid. sequence with A; ~ N(1,0.5/3) and {8;};=1,.. ~ is another ii.d.
sequence with §; ~ U(—2,2).

In the specification above, x; can be thought of as the market index and therefore A; is the market
beta of asset j, Wtj and Ei are idiosyncratic diffusive and jump risks, and S; captures non-market
systematic jump risk, with 8; being the exposure of asset j to such risk. All jump processes in
the model, but S, are double-exponential and for all of them, the parameters are set so that their
expected jump arrival is approximately once every week and their contribution to the quadratic
variation of X; and {Xg }i=1,...n is around 16%. All risks in asset prices have time-varying volatility
proportional to V;, which is modeled as a square-root diffusion process with half-life of mean-reversion
coefficient corresponding to one month (our unit of time is one year) and mean of 0.02. Finally, the
parameter ¢ takes two values: zero (corresponding to null hypothesis of no systematic jump risk
other than market jump risk) and one (corresponding to presence of non-market systematic jump
risk in asset prices).

The size of the systematic jump, AS,, is set to v/V; x 0.015. This means that the contribution of
the systematic risk due to .S in the average cross-sectional daily realized variance is approximately
2.8%. This is rather small and therefore inference for such a jump is challenging. To illustrate this,
if we use a standard truncation method to identify the jumps in the individual assets, see equation
(35) above, then on average only three stocks will be detected to have jumped at the time of the
systematic jump introduced here for ten minute sampling frequency (n = 40).

Turning next to the sampling scheme, we will set T to one day and we will use sampling frequency
of n = 80 and n = 40. This corresponds to sampling asset prices approximately every five and ten
minutes, respectively, in a 6.5 hours trading day. We will experiment with size of the cross-section

of N =300 and N = 500.

5.2 Choice of Tuning Parameters

For implementing the developed inference procedures, we need to choose the function g and also set

the tuning parameters for identifying the set of systematic jumps. This is what we describe in this

20



section.
Throughout the numerical analysis, we use the following function for g:
%xQ exp (—ﬁ) +a? (1 — exp (—ﬁ)) . if 2] < av/?2,
Ja(z) =
a?, if |z| > av'2,

2 and it can

for some a > 0. The function g, can be viewed as a smooth approximation of z2 A a
be shown that it belongs to C;. We set a = 0.025, which can be viewed as “smooth winsorizing” of
the square function at the level of 2.5% return size. This should provide robustness in the analysis
against extreme return observations (mostly due to idiosyncratic jumps).

Our interest is in the systematic jumps, which happen outside the times of observable systematic

risk factors (such as the market portfolio jumps). As common in the literature, we identify the set

of jumps in a process X observed at high frequencies via

{i =1, |APX] > u (X)), un(X) = 3y /min{ BV, RVE}ALY, (35)

where BV = 257" |ATX||A X | and RV} = > [ (A?X)2. The set T is then formed as the
intersection of the complements of the above sets for the set of observable systematic factors (which
in the model in our Monte Carlo is just one). We set the truncation levels u, in (11) for the price
increments to u,(X7). The truncation of the cross-sectional average of the returns, u, y in (10) is
then set to u, v = (1 \% W) % Ej\;l u,. Finally, the excess returns ?f in (10) are constructed
by setting ¥ = 1.01.

Turning next to the set I’ in (17), we set f = g and we need to select v, n and 7,, . For v, v,

we use

N
n,N \/N
Note that, if I(n,4) contains a systematic jump, \/Lﬁ\/a(ﬁ)i is an estimate of the asymptotic stan-
dard deviation of measuring the systematic jump in this increment that is due to the cross-sectional
dispersion of the systematic jump risk. Therefore, with the above choice of 'y;L, N We require a(f);

to be four standard deviations away from zero. Next, we set

YN = 7 % (n—1+0.01 Vv N—1+0.01) ,

for some constant 7 > 0. We experiment with several choices of 7: 2.5, 3.0 and 3.5. Intuitively, %X//(\] ¥
is an estimate of the “normal” behavior of a(f);, and our choice for 7, y requires a(f); to be several
times bigger than this average value. Of course, lower value of ¥ means that we can erroneously
classify some increments as containing systematic jumps when they do not while a higher value of 7
means that we can omit some increments that do contain systematic jumps.

Finally, for constructing the confidence intervals, we set m,, to 10 for n = 40 and to 14 for n = 80.
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5.3 Results

On the simulated data, we evaluate the precision in recovering SJ,, the finite sample behavior of
a test for systematic jumps as well as the accuracy of confidence intervals for SJ;. Since in the
simulated model the diffusive volatility of the assets do not jump at the time of the systematic jump
time 7, in order to save on computational time, we construct confidence intervals using ﬁ(ﬂ; computed
as in (33).

In Table 5.3, we report the quantiles of the ratios S’T]Q/SJQ and @Z/SJQ (note that SJ, is a
random variable) when asset prices contain a systematic jump. For brevity, we report only the results
for the threshold level of 7 = 3.0 as the results for the other two values of 7 are very similar. As seen
from the reported results, SJ Z is slightly upward biased. This is to be expected as the size of the
systematic jump is small relative to the other risks in the asset prices. Not surprisingly, the bias in
SJ Z is larger for lower values of n and N. We note also that the bias in SJ Z is significantly smaller
(by a factor of at least ten) than the one in the “raw” statistic SJ Zb. After the truncation, i.e., when

switching from SJ Z to SJ ¢, the bias gets effectively eliminated.

Table 1: Monte Carlo Results, Part I

Quantiles of g?]Z/SJg Quantiles of @Q/SJQ
n N 25% 50% 75% 25% 50% 5%
80 500 1.084 1.229 1.466 0.894 0.992 1.100
40 500 1.140 1.357 1.719 0.886 1.012 1.177
80 300 1.143 1.349 1.708 0.861 0.973 1.101
40 300 1.201 1.489 1.991 0.835 0.989 1.176

Note: §:TZ and §:Tg are computed using ¥ = 3.0. The reported results are based on 5000 Monte Carlo
replications.

We continue next with evaluating the performance of the test for systematic jumps and the
accuracy of a confidence interval for SJ;. These results are reported in Table 2. The test for
systematic jumps performs overall well under the null hypothesis in the various configurations and
for the different choices of ¥ for detecting systematic jump occurrences. We notice only some mild
over-rejection in the case NV = 500 and n = 40 when 7 = 2.5 and 7 = 3.0. This is because for
a lower level of the threshold, there is a larger number of increments (in relative terms) which are
misclassified to contain systematic jumps. Table 2 shows that the test has good power against the
considered alternative. We recall that the systematic jump in our setting is very small, particularly
relative to the remaining risks in the individual asset prices. Our aggregate measure SJ g is able,

nevertheless, to identify the systematic jumps by utilizing the different cross-sectional and pathwise
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properties of the various risks embedded in the asset prices. Consistent with the asymptotic theory,
the power of the test tends to increase when either of the two dimensions of the high-frequency return
panel increases, with N playing a slightly more important role in this regard.

We finish this section with analyzing the precision of the confidence intervals for SJ;. Consistent
with earlier work on realized volatility, we construct confidence intervals for the log of SJ, using
the Delta method and our theoretical results. We see from Table 2 that the constructed confidence
intervals have empirical coverage rates that are similar to the nominal ones for all considered cases

and for the different choices of 7.

Table 2: Monte Carlo Results, Part II

Test for SJ; =0 CI Coverage Rate
Size Power for SJ,
n N 10% 5% 10% 5% 90% 95%
Panel A: 7 =2.5
80 500 0.118 0.058 0.958 0.935 0.901 0.954
40 500 0.145 0.078 0.913 0.869 0.888 0.942
80 300 0.111 0.056 0.822 0.754 0.899 0.947
40 300 0.127 0.066 0.816 0.735 0.905 0.953
Panel B: ¥ = 3.0
80 500 0.115 0.056 0.956 0.930 0.903 0.954
40 500 0.141 0.076 0.902 0.845 0.892 0.945
80 300 0.107 0.052 0.825 0.754 0.899 0.947
40 300 0.119 0.061 0.805 0.725 0.907 0.954
Panel C: ¥ = 3.5
80 500 0.102 0.051 0.948 0.921 0.905 0.955
40 500 0.104 0.053 0.874 0.809 0.895 0.947
80 300 0.099 0.051 0.821 0.749 0.898 0.946
40 300 0.102 0.050 0.789 0.706 0.906 0.954

Note: the reported results are based on 5000 Monte Carlo replications.

6 Empirical Study

In this section we provide empirical evidence regarding systematic jump risk in asset prices using the
developed techniques. Our sample covers the period from January 1, 2001 till December 31, 2020,

and we sample asset prices every five minutes, excluding the first minutes of the trading day. The
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composition of our cross-section of stocks varies over the sample. In each year, we select the 500
largest stocks by market capitalization as of the end of the previous year. In our analysis, we use
high-frequency data for the three Fama-French (FF) systematic risk factors (which are market, HML
and SMB).?

Our interest in the empirical study is the existence and importance of systematic jump risk
outside that of the FF systematic risk factors. We rescale the high-frequency returns by a time of
day factor to account for the well-known intraday seasonality in volatility. Finally, the selection of
the tuning parameters for conducting the test for systematic jump risk as well as for the computation
of the standard errors is done exactly as in the Monte Carlo. For brevity, we report only results with
7 = 3.0, with the results for ¥ = 2.5 and 7 = 3.5 being similar.

On Figure 1, we plot the test statistic for presence of systematic jump risk not spanned by the
three FF factors. As seen from the figure, there is nontrivial evidence for such type of systematic
jump risk in asset prices. Moreover, the reported results suggest that the systematic jump risk
is scattered over the entire sample. Formally, the percentage of days where evidence for non-FF
systematic jump risk is detected, based on a test with size of 5%, is 15.88%. We also notice from
the figure that the median value of the statistic is slightly above zero. This is indicative of a lot of

systematic jumps of smaller size.

Tests for Systematic Jumps Outside Fama-French Factors
14

12 -

10 -

2002 2004 2006 2008 2010 2012 2014 2016 2018 2020

Figure 1: Daily Test for non-FF Systematic jumps. Solid line corresponds to the critical value of the
test for non-FF systematic jumps at 5% significance level.

3We also performed the analysis using the Fama-French five factor model, with the results being qualitatively the
same as the ones reported here.
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On Figure 2, we plot the time series of 5?]2 against that of market realized variance. The
non-FF systematic jump risk exhibits a lot of time series variation. Similar to market variance,
our aggregate systematic jump risk measure spikes typically during and in the aftermath of periods
of market turbulence. That said, Figure 2 reveals nontrivial differences in the two series. Mainly,
\/STJZ spikes less (in relative terms) during the 2008 financial crisis and the pandemic-triggered
market turmoil of 2020. It has also higher elevated level during prolonged periods when the market

is relatively calm as in 2001 and 2016-2017.

—b
\/ SJ versus Market Realized Variation
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Figure 2: Systematic non-FF Jump Risk versus Market Realized Variance. The series are normalized

by dividing each of them by their sample means. Blue line corresponds to \/5?] Z and the red line to

market realized volatility. Both series are computed on a rolling windows basis with window length
of one month.

Given the strong evidence for non-FF systematic jump risk, it is interesting to analyze the assets’
sensitivity to this risk and to contrast this sensitivity to squared market betas. Towards this end,
we compute the ratio of S'?T;bg / 3'?72 on a rolling window basis, with window length of one month,
and we compare this quantity with squared market beta. To reduce the effect of measurement error,
we aggregate the sensitivity measures over industry portfolios (using the industry classification on
Ken French’s website). On Figure 3, we plot time series of these quantities for three representative
industry sectors. The figure reveals persistent patterns in 3’?7;"9 / SJ Z which differ from market betas.
For example, the non-FF systematic jump risk sensitivity of the financial sector is significantly lower
than its market exposure for long periods prior to 2008 and after 2010. Similarly, the non-FF

systematic jump risk sensitivity of the energy sector increases after 2014 in contrast to the behavior
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of the market beta over the same period. Overall, Figure 3 suggests significant differences in the

behavior of assets’ sensitivity towards non-FF systematic jump risk and market risk.

Finance

0 1 1 1 1 1 1 1 1 1 1
2002 2004 2006 2008 2010 2012 2014 2016 2018 2020

Energy

2002 2004 2006 2008 2010 2012 2014 2016 2018 2020

o N A~ O
T

Computers, Software, and Electronic Equipment

1 1 1 1 1 1 1 L 1
2002 2004 2006 2008 2010 2012 2014 2016 2018 2020

Figure 3: Sensitivity to non-FF systematic jump risk. On each plot, we display average 3’?7;"9 / S’?]Z
across stocks in the corresponding sector (blue line) against that of squared market beta (red line).
Both series are computed on a rolling windows basis with window length of one month.

A natural question is whether these differences have pricing implications. Given the bigger role
played by jumps in higher asset return moments, it is easier to study the pricing of systematic jump
risk as manifest in the variance risk premium, which is the compensation demanded by investors
for bearing variance risk. Proxies for variance risk premium can be constructed using volatility
estimates from asset returns and options written on them. Sorting stocks into quintiles according
to their systematic jump exposures, S'jfébg / SJ Z, generates big spreads in their variance risk premia.
Our results show that these spreads cannot be rationalized by the stocks’ exposure to FF jump risk.
This indicates that the systematic jump risk that is not spanned by the FF factors is priced in the
cross-section of asset prices. For brevity we do not present these results here and we leave a complete

exploration of the pricing implications of systematic jump risk for future work.
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7 Conclusion

In this paper, we develop nonparametric measures for systematic jump risk in asset prices using a
panel of high-frequency returns. The asymptotic setting is of joint type: both the number of assets
and the sampling frequency increase while the time span of the data remains fixed. The developed
statistics use sequential differences of cross-sectionally averaged transforms of individual asset returns
to disentangle systematic from idiosyncratic risk and utilize the leading role in higher-order moments
played by jump risk. We derive Central Limit Theorems for our statistics, whose rate of convergence
depends on the two asymptotically increasing dimensions of the return panel. We further derive the
probability limit of the properly rescaled statistics when no systematic jump risk is present in the
asset prices (outside the jump times of observable systematic risk factors). Using these limit results,
we further propose a test for presence of systematic jump risk that is not spanned by observable
risk factors. The empirical analysis reveals the existence of nontrivial systematic jump risk, which
is not spanned by the three Fama-French factors (market, size and value), as well as its importance

for asset pricing.

8 Proofs

1) Preliminaries. Using the same localization procedure as in the proof of Lemma 4.4.9 (see part
1 of that proof) of Jacod and Protter (2012), one easily sees that it suffices to prove all theorems
when in (Al) and (A2) we have T} = oco. So below we always assume T) = oo, and also (4).
Therefore, there are [0, 1]-valued functions ¢/ on R and [1,00)-valued random variables x? and a
number w € (1,2), such that for any finite stopping time S we have

o NI+ 17+ ol +167(, ) + 165l < x7 109t 2) < PN, fawd ()M dz <1

egeRy = supjs; E((x/)?) < oo, hence supNleE(YS\q,))q) <ocoif Xy =& > ()"

® Sup;>q ]E<Sups€[(sfs)+,5) (1IN = M| + |of - 0§~7|2)) —0 assl]O0 (36)

® sup;s ]E(supse[s’sﬂ) (H)\f9 - Aé”z + ol — Jé\z)) —0 assl)O

|Ai/_Aj |2+ o_]"/_o_j 2
° Efs(sups/e[s,s+s] (‘ : S(lxj)|2 27 ) < CsP.

Note that the fourth line in (36) is implied by the second and fifth ones.

The functions g, h are always in C, and the function f used for defining T isin C+. Below, we
consider variables indexed by n and/or N and sometimes an extra index j. We write Y™V Sy
for the convergence in probability, as both n and N go to co. We denote with C' a generic positive
constant which might change from one equation to another (written C, if it depends on an extra

parameter ¢g). The Cauchy-Schwarz inequality being used very often, we abbreviate it by “C-S”.
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We use the original filtration (F;), the initially enlarged one F;, = F;\/ J’, and the notation
E? () = E(|Fia,), Ei" () =E(|Fia,)-

We also write, with m,, as in (30) and the convention sup(#) = 0 and I, I, I’/ as in(8) and (14):

ny-nrtn

P=sup(peN:7,<T), 1<p<P = i,, =the integer such that 7, € I(n,in,p)
P=sup(peN: p, <T), 1<p<P = i,, = the integer such that p, € I(n,i,.p)
I, = L\(I, U 1}) (37)

Q,, = the set on which I= I,, and the distance between any two of the

numbers 0,71,...,7p, p1,..., pp is at least (3V m,)A,, and also T — 7p > (3V m,)A,,

(so I, = {inp : 1 <p < P 6pp>0,01, =0} and I = {in, : 1 < p < P, 6y, # 0}, for any
f € C4). In particular, on the set €2, any I(n,7) with ¢ < n contains at most either one 7, or one
pp- Since the 7,’s for p < P and the p,’s for p < P are a.s. all distinct and different from 0, and

7p < T a.s., whereas (3V m,)A, — 0, we deduce that P(2,,) — 1.

Lemma 1 Let G,G" be two sub-o-fields of F and ((;);>1 be a sequence of E-valued variables for
some Polish space E. If this sequence is i.i.d. under Pg ., and Py ., for P-almost all w, the laws of

¢; under Pg,, and Pg , (not depending on j) are the same for P-almost all w.

Lemma 2 For any Borel function h with at most polynomial growth we have for all p > 1:

N N
1 . _ _
on {1, ST 5 D KON, = 5upAl), EZ (GX,— = Bnphel (39)
j=1 j=1

2) Some estimates. It is convenient to single out some of the constituents of X7 as

XN = [INTaw,, XY = [Toldwi, X\ =00k () vy, X = [T bl ds

Xt(c)vj _ Xt()\)vj —l—Xt(U)J —I—Xt(b)’j, XLSI)J _ Xt(a)vj -‘rXt(e)’j +Xt(b)’j, Xt(A)’j — Xt(C)J _'_Xt(e)aj.

With 9 as in (10), u/, as in (11) and (S) being ()), (o), (b), (8), (c), (I) or (A), set
XNA(S) — % ZlX(S)J’ XE)NNG = X (8 — 4h X N(S)
]:
S(S),T.j n j nT j n j
XOT! = M XONI L vomaguy ATXOT =X oy P
~/ \n, N n ; ~T( \m, N S(A),T,j
a(g)i™ = % Tl g(ATX NI, AT (9)i N = 4 5L a(XVT).

For any process Y (such as X7, X\ and so on) and positive integers n,i we write Y (n,i)* =

SUPier(ni) |Ye — Yi—1a, |- By virtue of (2.1.33), (2.1.34) and Lemma 2.1.5 of Jacod and Protter
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(2012)), plus (36), we easily obtain that for any Fj-measutable random integer i:

¢>0 = EI (X®(n,6)*) < C,ALE™ ((x7)9), E(X® (n,i)*) < C,AY

g>1 = EP (XVI(n,i)) < CAPER (D)),  B(XMI(n,i) ) < CAY? (40)
g>1 = EM(XO9(n,i) ) < CAVER (6¢)1),  E(X@9(n,i) ) < CAY?

g>w = EM(XO0(n,i)") < CuALER (7)), E(X®(n,i)*) < Oyl

Thus, by sup; E((x7)?) < oo for all ¢ > 0 and Holder’s inequality, we get
C,AY? ifg>1,(S
E(|A7 XS99 4 |AFX VST 4 |APX NI < & oA, ifg>2, (S
CyA, ifg>w, (S)=(0),(b).

)=
)=

Lemma 3 For any J'-measurable random integer i > 1 we have (recall (36) for X(q))

B (A XN OP)| < o(ad? + S e 62), (42)

o [ (AKX D8] < AT ER (00 + (00
J = , .
By (ArXONIALXDNE) < (A2 4 B B2 ((0)2 + ()% + 7).
Lemma 4 For any g,h € C and J'-measurable integer i we have (with w € (1,2) as in (36)):
E((@(9)0)?) + E(ATX W) 5(g)m V) < (AL 4 A, /N).

Lemma 5 If i is any J'-measurable positive (random) integer we have for all ¢ > 1 and v > 0:

— Al A Al A,
nyN,(A) =_n n ~ n,N ) 2n
UMW >0) <0, S0, P(a@ N> 0) <O SE A0S )

Lemma 6 There is € > 0 such that, for any J'-measurable integer i,
(‘X TJX(A) A;L(X()\),N,j +X(a),N,j)A;L(X()\),N,k +X(¢7),N,k)’) < CAMe,

E(‘A?TX(A)J A?J’X(A),k — AM(X DT X @Iy Ar(X VR 4 X(A),k)’) < CAMe,

3) The proof of Theorem 1. Theorem 1 is a trivial consequence of the next three lemmas.

Lemma 7 We have P(Q,) — 1 and P(I" = I'') — 1, where

APXN(A) ifiel,
Qs the subset of Q, on which 73 =< APXN.(A) _ o, ifi=inp €1},
0 ifiel).

Lemma 8 We have (19).
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Lemma 9 We have P(I' = I') — 1.

4) Proof of Theorem 2. We need a few preliminary lemmas. To start with, we also set, for (S)

being any of our usual symbols (},), (o), (6), (b), (I), (4),

’]?’:{p:17._.7P;SLp:O}, P//:{pzl"'WP:gHvP#O}
<N n SN
(SN,j — o 11[}611717 lfp € 7)/ )?1()8)7] — Ai”aPX( ) ! lfp € [;L (45)
P 5 if pep, A7 XS ifpell.

Then the variable ?g of (10) satisfy

ng )7J+5év7‘] ifi:in,pvp:]-v"'vpv

.t

and by Lemmas 7 and 9 we have P(Q/,) — 1. We also consider the modified statistics

STy =3 @o))’s ST =3 (@le)) 5Ty = S5+ STy
il il
Lemma 10 We have ﬁ(ﬁ; SJ’*) 250 and vn(S J” SJ’g’*) 50 and \/n/\N(§:]Z—§:];) N
0 and Vn A N(S Jbb 5?73) —0

When g,h € C one can expand those functions around (527 J or (5]],\/ * to get, in restriction to (2,

and in view of (46) and X (A4).7 )?Z(;\)’j _|_)A(I()I)7j:

(L, )g(FE ) = h(0)T)g(o)*) + h(8)9)g () XV + ! (59) g (81 #) XN
+h(5i,v’j)g’(5;,v’k))?;(;”’k + h/((;IJJV,j)g((géV,k)X(I)J + h/((;N,j) /(5N,k))?(A)7j)A(I()A)7k
o RO + g ) + ap i ) X ()2

; S(A)k, S(A),j ; A), A
+apdg O XV )+ apdap R R,

(47)

where a;"j is a family of random variables, bounded uniformly in w, n, j, p. We also set, with P being
either P’ or P”|

N

2
N NGy ( SNk nN _ N, Ny 0,k
=Y S oo, U =D Nz 2 9@ (X
PEP Jrk=1 pEP Gok=1
Then (47) with h = g, the properties of g and Z;V:1 |ARX (ANT| < (14 [ap]) Z;-Vzl |A? X (4):7] yield
. _ 3
STt — TN —UpN| + ST =T, —up| < C 2,1 |@N| on €, where
P N
n, A), n, 1),k
o = -3 %Z(X‘ N wpN = b S (@) g () XS0, (48)



Lemma 11 We have /n ¥%N .0 form=1,2,3.

Lemma 12 [fY'VN = V/N(TX — 5J}) and Y'N = VN(TA, — SJy), and under Pz , for P-almost
all w, the two-dimensional sequence (YN, Y'"N) converges in law to (\/Vg’(w) z', \/Vg”(w) z".

Lemma 13 For P = P’',P” one can write \/ﬁl/l;’N = y;;’N + ?g’N, where )77?’]\’ is J -measurable
and goes to 0 in probability, and further the pair (y;;;N, yg;fv) converges stably in law to (Z,, Z}),

as given in (25).

We can now turn to the proof of Theorem 2. Recalling I}, = 0) if SJ; = 0 and I}] = 0 if SJ; =0,
when g € Cy, (c) of Theorem 2 follows from Theorem 1 and the definitions of SJ y and SJ e

For (a) and (b), in view of (48) and Lemmas 10 and 11, it is enough to show that
(Vi AN (T + Uy — ST NV AN (TR + Uy — ST 5 (20, 20).

With the notation of Lemmas 12 and 13 and

YIN yn,/N Z/ Z/

yN=| O ]y =TT Y =) oY=,
" n, 1 1
Y ! Z A

and ¢, n = \/n/N, this amounts to proving that

YN O (1A @)Y + 1y (49)

N
(1/\¢n,N)Y + 1\/¢

1v (rbn,N
Toward this aim, we single out the two cases ¢ =0 and 0 < ¢ < oo.

(i) The case of ¢ = 0: We have G = F, so Lemma 13 implies Y™V Loy Y. Moreover, the

sequence Y is bounded in probability by Lemma 12, whereas ¢,, y — 0. We thus deduce (49).

(ii) The case of ¢ € (0,00]: We have G = J, and (49) clearly follows from the G-stable convergence

Lo—s
<5

(YN7yn,N) (Y7 y)

Recalling the definition (24) and by a density argument, it suffices to show that, for any bounded J-

measurable variable ® and any two continuous bounded functions ¥, ¥/ on R? we have, as n, N — oo:
E@uy™)wymY) - E@UY)V(Y). (50)

Now, since Y™V is J-measurable, the left hand side above equals E(® ¥/ (V™) E-(¥(YY))),
whereas Lemma 12 yields E-(¥(YN)) — Iﬁj(\II(Y)) (with Iﬁj denoting the J-conditional expecta-

tion for @) Because of the boundedness of ®, f, f/ we deduce
E(@U(YN) ' (YY) —E(@ ¥ (YY) EA(T(Y))) — 0.
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An application of Lemma 13 yields

E(@ W (V"M EA(T(Y))) — E(@U(V)EA(T(Y)) = E(@T(Y) V' (V)

(because under P the variables Y and ) are J-conditionally independent), and (50) follows. O

5) Proof of Theorem 3. The proof follows similar steps as the ones of Theorem 2. We fix the
index j > 1 and suppose that NV > j. We consider the modified statistics

STgil =D hENalg), ST =) kDAl ST = STgH + ST
el’ el”

Lemma 14 We have \/ﬁ(@gh - @;*}f) 250 and \/5(5?];’ - 5?];’*) 50 and VA N(@;bh -
SJ% ) = 0 and v AN(SJ2% — 8T% ) = 0.

Next, we replace T and L{;’N for P =P’ and P = P" by

=X ¥ Zh(5N’J)( *)

pEP k:
Ut = % % kz (R 0)g (634 XV* 4+ 1 (89)g (33 4) K5V,
J4S =1

Upon using (47) and )?;A)’j = )?,(,’\)’j + )?él)’j, we obtain instead of (48):

‘SJ/*J TN’j ur N77| + ’SJ”*’7 TN’] 73” ’ < sz ) |‘I’n N7J| on ﬁ;ﬁ where

P
n A), v n,N, i (1),
o o (C IR e DRI Al oF SPGB
: k= p= =
N
>

(
» (51)

A)k
P
n,N,j N2/ (A)k S(A),j
VN = 50 30 (GNP R E)),
=
Lemma 15 We have vn U9 -5 0 for m = 1,2,3.

Lemma 16 [fY'NJ = \/N(%IYJ_SJ;{h) and Y'"N-J = \/N(%J\,’}j—SJ;cj;l), under Pz, for P-almost
all w, the 2-dimensional sequence (Y'NJ,Y""N:3) converges in law to (\/Vg/j ) Z', \/Vgﬂj ) Z").

Lemma 17 For P = P',P" one can write \/aUy™? = YN 4 VNI where Y™ s 7 ;-
measurable and goes to 0 in probability, and further the pair (y;;,NJ Vo Nj) converges stably in law

to (Z;]h, Z;’Jh), as given in (29).

At this stage, in view of (51) and Lemmas 14, 15 and 16, and with J; instead of J, the proof of

Theorem 2 can be reproduced word for word for showing Theorem 3.
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6) Proof of Theorem 4. Since 2% — 1A ¢? and D% — Tugz, by comparing (32) with the

definitions of Z ;, Z ;’, Z1 Z;’J;L and by Lemmas 7 and 9, it is enough to show the following properties:

g,h?
. ‘7/ P Vv ‘7// P v f}lj P V/j ‘7//3‘ P V//j
(a)' 9—> g g — g g,h—> g,h? g,h—> g,h
(b): (T, )25 T(TE,)? on{p< P} (52)

"y P ny ot B y
(c): <F;,h{in7p>2 — T(T,;7)% on {pe P}, (F;/,h,in,,,)g — T(T,;7)* on {peP"}.

Those three properties are proven in the next section.

7) Proof of Theorem 7. If G, is the set where ] = 0 for all ¢ € [0, 7], it is obvious that
P((Gj)*N{ArX7 =0foralli=1,...,n}) = 0. Since g € C we thus have P((Gj)cﬂ{gjf; =0})=0
as soon as j < N. Now, (A2) implies that P(Ni<j<y G7) — 0, and thus IP’(§:]Z =0) — 0. Then, in
view (b) of Theorem 2 we deduce that the asymptotic size of the test is .

For the asymptotic alternative consistency, we use the fact that by Theorem 2 both SJ g and SJ Z

converge in probability to SJ,, so §(\]Z — §]g 25 0. Since SJg > 0on Ot the claim is obvious. [

9 Proof of the Technical Lemmas

Proof of Lemma 1. For any Borel subset A of E set Hy = Pg(¢1 € A) and H) = Pg/((; € A).
Our assumptions and the law of large numbers imply Sy = Zj\;l 14(¢;) = Ha(w) under Pg,

for P-almost all w, and since H is G-measurable we deduce
P(Sy — Ha) = / Pgo({w' : Sp(w') = Ha(w)}) P(dw) =1,
Q
and analogously P(Sy — H/y) = 1. Therefore H4 = H', P-a.s., implying the claim. |

Proof of Lemma 2. By (A2)-(iii), for the first claim it is enough to show that

P

N
1 ) ) L .
Yy = NS o, & = (h(83) — Bnp) N,
j=1

forany [ = 1,..., K. By (A2)-(i), (3) and the J-measurability of )\Zp, for P-almost all w, under Pz
the variables &/ are independent, centered, with variances v/ = (A2)?(p2  — (On,p)?) smaller than
C(x7)? Ej((xj)q) for some ¢ > 0 because of (36) and the polynomial growth of h. Then, successive

conditioning yields

Jj=1

1 & 1 & ,
E((Yw)?) = 372 (X v') < 53 L E(()™?) =0,

by (36), which implies the first claim. The second claim is proved analogously. (I
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Proof of Lemma 3. We start with the first line of (43), for which it clearly suffices to prove the
bound for each product A?X(S)7A?X(S)* when both (S) and (S) are either (b) or (o) or ().
When at least one of (S) and (S') is (b), the bound trivially follows from (40) and C-S. In the other
cases, both A? X ()7 and AP X (S )% are the increments over I (n, 1) of square-integrable martingales,
which further are orthogonal because Wj, W’“, p/ and p* are independent (so the latter two have
no common jumps). Therefore in those cases E” (A?X(S)’jA?X(SI)’k) =0, and the claim follows.

We have (APXND)2 = LSV APXDIARXDE and (40) yields B ) (APX(D7)2) <
CALE™ ((x?)?). Then (42) follows from the first line of (43). Finally, since X ()N = X7 —
XN the second line of (43) follows from the first line, plus (42). O

Proof of Lemma 4. Suppose for a while that we have, for any indices j, k,
E((ArX W02 (AP X DHR)2) < C(ALFY 1 AL 1 o). (53)

In view of the definitions of X N>(4) and X (4):N:J  this successively implies

E((ATXN-(A4) < c(AY" + A,/N)
E((APXA)N)2(An X (ANk)2) < O(AYYY 4 A /N + Ay 1gjpy)-

Since both g(z) and h(z) are smaller than Cz?, and in view of the definition of 'd(g)?’N

, the claim
readily from the second bound above. It thus remains to prove (53). This follows from (41) when
j = k, so below we assume j # k. Using (z +y)? < 222 + 232 and XA = x():J 4 X0 to obtain

(53) it suffices to show that E(U,,) < CALTY™ for m = 1,2, 3, where
Ur = (ATXOIRATXO2, 0y = (ATXODALX MR, Uy = (ATXODALXOH)2

(41) and C-S yield E(U;) < CAZ2. (41) and Hélder’s inequality (with the second conjugate exponent
g = w) yields E(Us) < C’A}fl/w. An integration by parts yields (A?X(#)7)2 = ¢J + ¢, where
¢ = / (2X D9 (n,i), 09 (t, 2) + 07 (t,2)) (17 — v)(dt,dz), (7 = / 09 (t, 2)? dt dz.
I(n,i) xR I(n,i) xR
The bound ("] < C(x?)%A,, is obvious, and Lemma 2.1.5 of Jacod and Protter (2012) implies
E(|¢7|*) < CyA,. Moreover E(¢7¢*) = 0 if j # k because then ¢/ and ¢* are increments over I(n,4)

of two orthogonal martingales, so Holder’s inequality again implies E(Us) < CA,{LH/ v, O

Proof of Lemma 5. As seen in the previous proof, E(A? X (I ARX)F) = 0 when j # k. We
then deduce from (41) and [APXN(9)2 = L Z;\,}k:l APX (@3 AP X O)F that

E(|APXN(921) < CyAl, E(JAPXN@12) < ¢ S

=Cu (54)
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for all ¢ > 1. Since APXN(A) = APXN() 4 APXN) the first claim then follows from the
above and Markov’s inequality. Set £(¢) = L Zjvzl |APX(€)7]2 and @) = L Zjvzl |AP X (9).7)2, By
integration by parts we have (A?X(9)7)2 = ¢J + ¢, where
¢ = / (2X DI (n,i), 09 (L, 2) + 07 (t, 2)%) (1! — v)(dt,dz), ¢ = / 07 (t,2)* dt dz.
I(n,i)xR I(n,i)xR

Any two variables ¢/ and ¢* are increments over I(n,i) of square-integrable martingales, which are
orthogonal when j # k. Moreover |("] < C(x7)?A,, is obvious, hence E(|¢"]|?) < C,A%, and by (40)
we deduce E(|¢7]?) < CA,. Thus we have £() = ¢ + (' with the properties

_ A, -,
B(C)<CR BT <G, AL

for any ¢ > 1, whereas E(|¢(9]9) < C,AY as well by (40). These bounds and (54), plus Markov’s
inequality, allow us to deduce the second claim from the following property, due to the definition

(39) and g(x) < Ca®:

a(g);™ < C(E9 + ¢l + IOyl + [AFXN O 4 ]APX N O2), O

Proof of Lemma 6. We focus on the first bound, the second one being proven in exactly the
same way. Set U; = AM(XMNNI 4 X(9)NG) and V; = AP(X O35 4 X0).NG) 50 XM Td = U; +
Vj)l{\Uﬁvﬂguﬁ,,}- With the help of the properties |zy| < z* +y? and |z] < |2] L{jz)<2u} +2[y] Ljy>u}
if |z +y| < u (because then either |z| < 2u or 2u < |z| < 2]y]|), it is (relatively) simple to check that
X TIXITE _Uup| <O @, where
@1 = (U + U Uk) Ly, 15, 2y T (UR + UUkD) Lo > ut s23
©2 = [UjUkl (L, s 2y T Lividsunszr)s @3 =V 1y couny T Vi Lvii<aus)
@4 = [U;Vj] Loy i<ouiy + UkViel Lvij<2uty-
By Markov’s inequality, C-S, (41) and (11) we get E(®;) < CAY?™ for | = 1,2. Since &3 <
(2uf P~ ViI" + (2up)* Vil and @4 < (20) B2 ViR U] + (2ug) @002 [Vi[*/2|U5], we
get in the same way E(®;) < C’A,lf(%w)w/2 for [ = 3,4. This completes the proof, upon taking
e= (=)A= O

Proof of Lemma 7. The properties of u,, x in (10) and (44) used with ¢ > 1/¢ yield

.....

— - — 1 1
P( APV > D) < STp(jArX ) > B < o )0
_sup A | > =5 ,; A > = C T N -0

Next, (A2)-(i) implies that for P-almost all w we have E7 (|3ﬁ[p —01p%) = % (012 p(w) — 01, (w)?), sO
(36) and P < oo yield P(|3]{Yp —01p| Supn/2forp=1,..., P) — 1. Therefore, with a probability
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going to 1, we have |APX V()| <y, n/2 for all i =1,...,n and |A?MPYN’(A) +3§Yp —O1p| < Unn
for all p = 1,..., P. Moreover, in restriction to €2, we have A? XN = A?YN’(A) when ¢ € I~n and
A?MPYN = A?mpYN’(A) +5]{Yp when p = 1,..., P. Since P(,) — 1 and u, xy — 0 and &y, # 0 if

and only if i, , € I/, we deduce the first claim, and also the second one because of (8). O

Proof of Lemma 8. 1) With the notation (39), write

1 —
. ~ ~ n,N ~ n,N n,N __ =~
l<i<n = a(ghi=ada (97" - 2( @Y +a (@), VTN = " lalg)l.
=2
When i € I, we have ?Z»Tj = )?i(A)’T’j, hence a’(g); = 5T(g)?’N. Since {1,...,n}\I, contains

at most P + P points, the difference |‘7[\]g — V.J2N] is thus smaller than the sum of the variables
& = 'dT(g)?’N—&—aT(g)i for at most 24+ 3P+ 3P values of i. Since & < CA2% by (11) plus g(z) < Ca?,
we have 17?]9 — W;”N — 0 pointwise.

Moreover we have |g(z) — g”(0)2?/2| < C|z[|* and XT3 < CAZ (AP X (A)N3)2 | hence

. /! ~ .
E(jo(79) - L0 (gTae) < catee,

by (41). Thus if h(z) = 22 we have E(|WZ’N - g”(O)VZ’N/QD < CAY, implying VJpN —
g" (VN /2 £, 0, and it suffices to prove that VN Ry

Next, Lemma 6 readily implies (since h(z) = 2?) that

E([a” (h)}N — Vi) < CAL*,  where Y, =

2 \

N
Z / Y7 = AnX VNG 4 AR x(@)N

So indeed it is enough to prove that V := 2?2—21 |§A/Z %(Yz 1+ K+1)| Ny

2) In this step we use the following simple property of the processes XWN:d 4 x93 Namely, by
the second and the last parts of (36) plus C-S we have for m = 0,1,2 and any ¢ > 1:

E(|An X(A),] +An o’) ()‘gifl)A )TAn

z+mW - U{ifl)An A?erWjF < CA};‘!‘P/?.
Thus if A7 = X — % Zgﬂ AP (with components AN7!) and o7 = o7 — % ZkN:1 of, we have
j T n j 12
<| i+m T (4 Jl)A ) A W ( 1)A Az—i-m j’ ) < CATlL+p/2'
Since E((f/ij)q + [|ATW|9 + (A?Wj)q) < CAY? . we then deduce from C-S and (36) again that

E(|(770)% = (A0 ) T AL W + a7,y AL

i+m

W])2|) < CA}1+P/4.

As a consequence, with the simplifying notation U} = A?W!/\/A,, and ﬁlj = A?f/lv/j /AL,
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implicitly depending on n and which are A/(0,1) variables, all independent as 4, [, j vary, we have

~ ~ -~ —~ ,\ n—1 __ e N .
BV -Ti-Te- W) <0al, where Vo= 3 Gl Gom = % X Al
>

K

~j N,j,l N,j,l' n, Ll nLU _ rriprl! 177l v 1771 v

Hia = l IZ AiZyan Aina Vil o vy = (U0} = 3 Ui Uiy = 5 UL UL ) Ay

J=1
j K N N,j n,l,j nl] 1779 l l 1j
fil, = 121 /\(ilé)AnU(iiz)AnVi,’f , Viy' (2U U/ - U; 1U - U¢+1U1+1)A

~j  _ (N.J 2 n,j ng _ ((TTT)2 177 2 _ 1 2
Hi g = (0(1—2)An) Vi3 Vig = ((Ui) - §(Ui71) §(U+1) )An'

Moreover, E™ (v, 1”;’] U?Ql ¥y and E§E2(VZ’3juZék) are equal 6A2 and 9A2 /2, respectively, if j = k,
and both are 0 when k # j. Hence (36) and successive conditioning imply ]E(|Elm|2) < CAZ/N,
yielding E(|V,,|2) < C/N and thus V,, N 0, if m = 2,3. and we are left to proving the claim for

V. Therefore, it remains to prove that 171 AN Ay,

3) With AP = + Zjvzl Mt and X?)’N’l’l/ =+ Zjvzl A a simple caleulation yields

K
PP cm m, nLl LU _ (@)L Ty ()N
Ga=C+G Or= 3l vt W =N @ 20NN
=1

E?,l,l’ _ X]Ez),N,l,l + (1/)2 . 21/1)X§1)’N’lX§1)’N’l/ _gtu,l’.

(A2)-(iiii) with T1 = oo implies [B2"| < o

for all [, 1’ for some JF;-measurable variables oY satisfying

E(sup,<r af') = 0 as N — co. Since further Ef , (|1} Ly

E(g@z) < GKQAHIE(?gag_Q)An) < 6nK2AnE<supaiV> — 0.

t<T

) < 6A,,, we deduce

We are thus left to proving that V'™ := Z?;Ql \Zﬂ Ry

Since Xﬁl)’l and X?)’l’ll are cadlag, by a localization argument it is no restriction to assume that
they are bounded, so ¥; = F,(A\*, XV} is also cadlag and bounded. Then E(|¢}?) < CAZ2 and,
in view of the definition (18), we have ]E;LQ(|Z;I|) = AnY(;—2)a,- By Riemann integration we get
Z?;Ql E?_Q(@l b L, 4,. Since Zil is F(i+1)a,-measurable, it remains to apply a classical martingale
convergence theorem for triangular arrays (upon singling out the sums of the |@1|’s for all i are equal

to m modulo 3, separately for m = 0,1,2), and we get V'™ LN AN, O
Proof of Lemma 9. 1) We first prove the following, already mentioned before Theorem 1:

Y #1, xeRF\{0}, M —a22' issymmetric nonnegative = F,(M,z) >0, (55)

Set M/ = M —xa" and M" = M+ (? —2¢)xxT = M’ +(1—1)2xx T, so Fy(M,z) can be rewritten
as follows, with ®!, @'\, @/ as in (18):

’ 1 / 1 !
Fy(M,z) =E([V]),  with V= Z (@10 - 5 Byl — o 2hay) = 0.

2
Li=1
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Let C = sup;;, [M'“"'|. Under the conditions of (55) there is an Iy with z'0 # 0, and Moo > 0. If
|@,| < 1forall (I, m) # (lp, 1) we have |V —M""o:lo()2| < 2K2C, hence V > (1—)?(2%0)2(®)?—
2K2C > 0 on the set on which |® | < 1 for all (I,m) # (lp,1) and (®%)2 > 2K2C/(1 — )% (')
This set has a positive probability, hence necessarily E(|]V]) > 0, and (55) is proven. Thus, by the
very definition of A; and f € C; and the last part of (iii) of (A2) we have Ay > 0 a.s., because the

matrix XEZ - Xg”(Xﬁ”)T is obviously symmetric nonnegative.

2) Next, we prove P(I} = I/,) — 1. Since \//{\]f N Af by Lemma 8 and Ay > 0 a.s. by Step 1
and P(Q,) — 1, it is enough to show that, for any y € (0,1) and with Q"N = Q,, N {‘//jf >y}

P(Il, ¢ I}) — 0, P({I] ¢ L} nQpN) — 0. (56)

Since ¥, 15 _y — 0 as N — oo, (41) and P(Q,) — 1 imply @(f)s,, — s, for p =

1,...,P. Wealso have a(f);, ,+1 = a(f)N L, on Q,, hence P(,,) — 1 and (40) yield a(f)

P
inp +1 —

tn,p

0. Thus a(f)s, N 8fp, and v, v — 0 and P < oo and P(Q,,) — 1 imply the first part of (56).
Next, on €, and for any i € I,, we have a(f), < a(f); = a(f)™", hence
P({T ¢ I}y 0 Q™) <P # L) + Y _P@()" >y w).
i=1
The first term of the right side above go to 0 by (8). The last term goes to 0 with our choice (16)
for yn, n, by (44) with the choice ¢ = 1/e. Hence the second part of (56) holds true.

3) It thus remains to show that P(QF) — 0, where QF is the set on which I} = I, and I}
is not a subset of fé On this set € there is necessarily some p between 1 and P such that

inp € I}, and (a(f)i, ,)? < v2xa(f?)i,,. However, as seen in Step 2 we have a(f);, , N 8 f.ps

and we analogously have a(f?) N 02 p. Since &5, > 0 and v}, 5 — 0, the probability that

in,p

@(f)in,)? < V2w alf?)i,, goes to 0, and we deduce the claim. O

n

Proof of Lemma 10. Since w < 2, Lemma 4 implies for any J'-measurable index i:
i

Vna(g)rN 5o, VRANY 550, where Y = Z (5(9)?’N)2. (57)
i=1

We also observe that, in restriction to the set Q/, and because 2zy < 22 + y*:

o~ —~ —~ —~ P — —~ -~ P —~ —~ o~
ST, — STy +1SJ, — SJTu*| gp;(zp+z;), |SJ5 — 5% §Y+2p2::121’0, 1SJ% — SJ: <Y
~ N \2 | = N 2 ~ ~ 0 \n,N ~ \n,N
o= (alg)i), 1) + (al9)i ) %, =alg)i,, (@)l + )i ,,).
Since P(€2))) — 1 and P < oo, all claims follow from (57) and the properties /n 2, L5 0 and

Vnz, P40 for each p- Those two properties again follows from (57), plus the fact (for z},) that the
variables a(g);, , are bounded in probability, as easily deduced from [67| < x7, (36), (41) and (45).00.
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Proof of Lemma 11. Since P < oo, it is enough to show that ffb —> 0 for each fixed p, where
@7 denotes the pth summand in the definition of ®7;V. (41) yields E((X(A)’]) ) < CyA, for any
q > 2. Thus IE(\I/” N) < CA,, implying f\Il 5 0. Since |5N’J| < CxN with YN = XJ+Y§\1,),

and supy ; E((x™7)?) < oo by (36), we obtain by Holder’s inequality:
C <& ;
E(‘I/TLN < 72 Z Z ( (|X(A)’]|8/3) < CA4
Gk=1

This implies /n \Ilgév 5 0. For the case m = 2 we use the fact that the variables gk =

N,j N,k
9(,7)g'(,") are J'-measurable and

1
(\IJ%\/)Q = Z ¢ kfj & I) kX(I) k

4
3,3k, =1
implying
1 N
n,N
E((3,)%) < w1 D Piikks ik = (lﬁj R B (XS XD )
J,3"k.k'=1

Since [¢F] < C(xN7)2xN'F we deduce that pjjk ks is smaller than CA,, if k = &k’ from (40) and
than CAY? if & # k' from (43). As a consequence, IE((\I!;LZI)VV) < C(1/n*? 4+ 1/nN), and thus
vy Lo, O

Proof of Lemma 12. Throughout we fix wy and argue under Pz ', under which the (JZ)pzl are
i.i.d. as j varies, with finite moments of all order. In particular, the sets P’, P’ depend on wq only, so
under P = they are non random. Since [g(z +y) —g(z) — ¢'(2)y| < Cy? and recalling the notation
(3), we see that for p € P’

N
_ _ o _ 1 o o _
90039 — g(6) + g (GI)BN,| < CEN2 |2 D0 g(d) =B, + w8 505 | < C@)2 (58)
j=1

Then with the notation U} = \/Ngﬁlp and UY = V/N(0Y, —6,,) and UN = \/N(gé\,”p —68gp), A

calculation (simple for YN below because 6}/ = 6] when p € P”, more involved for Y'V) yields

y"N — YN 4 f///N7 YN — 9 3 5(]71) UN VIN — ﬁ > (UZJ)V)Q
pEP” p677”
YN — VN L YN, YIN _ 9 27:) dgp (U{DV —P8g UM,
peEP’

YN < Cuy F+ ) (IUN P+ [OY P+ TN+ UN [+ [T+ TN ),
p

where C,,, is a “constant” depending on the fixed wq through d, ,(wo) and 4/ ,(wo). Observe that

VN 1N -21 &4, 8 =2 EZP 0g.p(9(00) = bgp — Vg »07)
Jj= P
YN — _1 N g//j g//j -9 5 5y — 5
N Z p g > gyp(g( p) g,p)'
j=1 pEP”
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Since g(8)) — 84, and ¢'(6}) — 84, and also &) when p € P’, are i.i.d. centered under Pz
with finite moments, by a classical result the variables U, Uy, U’ N and also U, N when p € P’, have
finite moments of all order, and it follows that Y’V Ly 0and YV o, Finally, under P , the
2-dimensional variables (5; , 6’g’j ) are i.i.d. centered, its two components being uncorrelated and with

respective variances V,(wo) and V;'(wo). Then, the claim follows from the usual CLT. O

Proof of Lemma 13. 1) For dealing with the two cases of P simultaneously, we set Ep = if

p € P and ¢, =0 if p € P”. With AVFW =W, — Wy, and A™W =W, — W, _1ja,, and

7fnp

recalling (45), the desired decompositions are obtained by setting

o o _ _ 4
y%N - 2\/?1 Z 6g7p59’7p(1 — wp)(A(T,l))_TAZ*W + )\(;)TA;+W)’ Y77>17N = 2\/5 Z Z ygfﬁ
peEP pepm=1
N

upr =00k X (0000, - = BpX0) = (1= )3y, 20 ) T A
+(9' (GO, = Bp)) = (1 - %)&J%’)TATW)

s =8 % 2 g OD(XVT — N =P XD )TAR W — (A — 9, A0 TAR W)

i=1
N
nN _ § S(N),j
v =80pk 2 (4/0)) q'(67)) XV
J:
N _ N gn.N QN - L % (5N,k) -3 _ 1 g: /(5N,j))?(/\),j
Ypa = Gp Hp™ s p _Nkzlg p g.p —Nj:19 D p -

2) Since the 7,’s are the jump times of a Poisson process independent of W, Proposition 4.4.10
in Jacod and Protter (2012) tells us that there are A'(0,1) variables Z, ! and Z} and [0, 1]-uniform
variables x, defined on an extension of the space (2, F,P), all mutually independent and also inde-

pendent of F, such that

1
VA,

and one easily checks that the variables

(AZ_I/V’ Ag-‘rW)le L‘—_; (\/@(Zp_J)lSlSKﬂ V 1- KP(Z;_J)ISISK)IJ21 ’

K
1), 1
7F = HA%H zz Nk 2t R 0
+

zE1 otherwise,
are again A (0, 1), mutually independent and independent of F and all k,. The joint stable conver-
gence (y;;;N,y;;;fV) £ == (Z'(g)T,Z"(g)T) is then obvious, because n ~ T/A,,.
3) The variables Y;;N Yﬁ,,N being clearly [J-measurable, it remains to prove f ny,. N _E0 for
eachp=1,...,P and m =1,...,4. First, by (38) the variables || & > jzlg "(63) (X rpi - prTpi) -
(1- Ep)Sgg,,XﬁyiH go to 0 in probability, and they are smaller than C’Yﬁ), whose moments are

bounded in N by (36). Hence, by C-S and E(||AZEW %) < A, we readily get \/ﬁygi" 0.
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Next, we have XM = A (X P, X V(M) In view of the definition of XN plus (36
p in,p P
and (iii) of (A-2) (with T} = 00), we have for some sequence ¢, ,, going to 0 as n — oo:

E(u?““ - w;p — P A ) TARW — (M, =9 A0 TARF W) 2)

2
< 20lPE( i ‘N Z M= [ ar)

Tp Tp+An
+4sup,, E(f(Tp_An)+ IME = A2t [ AF -0 2 dt) < CDpeny.

Since 6g pand g (63) have fourth moments bounded in j, we deduce /ny. ny, N .

Finally, since 6™/ = 6] — 4,6 1p and also porp = 0, we have 67 N 6{, uniformly. Therefore
sup; |9/ (0%7) —g/(87)] % 0 and GY % 0 (use (3) for this). Since E(|H>N)+E(|X$V7)) < CVA,
by (41) and C-S, we deduce /ny,;" n 250 for m = 3,4. O

Proof of Lemma 14. For shorter notation we write U; = h(A?XA):N:d) and V; = a(g)™",
and observe that since g,h € C (40) implies that both E",(U;) and E[™,(V;) are smaller than
CALE (x9)? + X)), for any J'-measurable index i. Then successive conditioning and Holder’s
inequality yield E(U;V;11) +E(U;+1V;) < CAZ/4, and of course E(U; +V;) < CA,,. This and Lemma
4 imply that

\/EUZ-—F\/HVZ-—F\/HU%H—kaZ-HV-i)O, VAANY 50,
59
where Y = ZUV—!—E( i1 Vi + U;Viq). (59)
=1

As in the proof of Lemma 10, in restriction to the set Q/, we have

o3 QT - L / Qb _ Qjbb v L Sbb _ Q7 v

ST}, = STy |+ ST, — SJy*| < pgl(zp +z,), STy —=SJY|< Y—i—pz::lzp, |SJTy = ST <Y
ZP = (Uin,pfl + Uin p+1) (V;n pil + V;n,erl)

2, = (Ui, -1 + Ui, ,+1)a(9)i,, + h(7 )(Vin,pﬂ + Vinpt1)-

Observing that the variables a(g);, = and h(?fn ,,) are bounded in probability, and upon using (59),

in,p

we deduce all claims in exactly the same way as in Lemma 10. (]

Proof of Lemma 15. The proof is exactly the same as for Lemma 11, up to replacing the weighted

1 N 1 N
sums WZ]-JC:I... by Nzk:]."" O

Proof of Lemma 16. We follow the proof of Lemma 12, arguing now under ]P’jwO for some fixed
wo. With By ={1,..., N}\{j}, we replace UN,Ui,V, fle)\f of that lemma by
1

p \F Z Ug:ﬁ Z (9(55)*59@)’ Z 5k ) =0y p)

keBN k€EBN €BnN
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Then (58) yields Y"NJ = Y"NJ 4 Y/'N.d  where
YN — Z h((;;)ﬁzlg\/7 YN — \/7 Z h( 5] ) gg’p)’
peP” peP”

and, after a more complicated calculation, Y'VJ = Y'N:J + y'N.d , Where

YN = 3 (MUY =0 (h(5))8g p + W (5)3,)UN) = F= 2 603
peP’ keBN
[Y'NI| < Cy, \/Lﬁp;m (|5{;|2 + |5g;|4 + |UIJ>V|2 + \U;V|2 + |U;N|2 + |U1§V‘4+ |U£f|4 + |U;N|4).

Furthermore, we can write

?’Nﬂ':ﬁ S 00, 0= X (h(83)(9(8%) = Bg) — VR(62)Dgr p0k — Db (83)8,.,0%)

k€EBn ’ pEP’
o i A _
Yl =1 3 SR o =S h(82) (9(6%) — By.p).
k Bn pEP”

The same arguments as in Lemma 12 imply Y’V 250 and YN 55 0. Moreover, under

Pz ., the 2-dimensional variables (6/93 f, 6;']};]“) are i.i.d. centered as k varies in By, and their two
Jo El E

. . . 15 15 .
components are uncorrelated and with respective variances ngh (wo) and V, 7 (wo), so the claim follows

from the usual CLT. O

Proof of Lemma 17. 1) We use the notation @p and AZiW of the proof of Lemma 13, and
define similarly the increments Agiwj for the Brownian motion W7. The desired decompositions

are obtained by setting the desired decompositions are obtained by setting

Vpt =i 5 (= T hl0h)8y = Bk (51)80.) (3, AW+ 35T A )
pPE
1 (859)3gp (AT AL W+AJTN+W+U ARW 4 o ATV

Yg N — Z yg;f,\f*j, where

peP m=1
i = 1) & (O, = BRI — (L= T8 ) AW
O —TAD) — (1= T8, A AW
yg,éN’j = h'(f%?}) Sg,p (A?n‘,,X(U)’j - UZP_A;FWJ‘ - UﬁpAZ+Wj)
ypa' = 1 (8)) By (X — (M- = A0 ) TARW — (M, — A1) T AR W)
A = HE) e 3 ) (R — (4 AT AW — (3, — 0T ag W)

yg”é\”j:h/((;z)g (X(A)J X)\)aJ AL X(U),j)

n 1 1 7 1N —
v = h8) 3 D0 (9 = g 0) IVF + W) XN (= g0~ ,)

. D
j=1 J=1
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N

N

" . 1 j

s = (RN~ h(52) 5 D0 g ORI 4 (W) — W () REDT < 37 (63,
k=1 k:

2) As in Lemma 13, there are N(0,1) variables Z, ! and Z*! (for [ = 1,..., K + 1 here) and
[0, 1]-uniform variables k, defined on an extension of the space (92, F,P), all mutually independent

and also independent of F, such that with the convention A"iWK 1= A”iI/VJ we have

= (A Whicicxs (AT Whicick+1) o,
L

= (VR(Zy s, V1= kp(Z) icici) oy

It easily follows that the pair (y;;’,NJ , gifv’j ) converges stably in law to (VT Z',v/T Z"), where

7= (VR Zy +\/1—kp Z}), Z" =% (VR Zy +\/1—r,Z37)
pEP’ pEP”
— . K o .
F =1 (03)0gp0) L ZEKT 4+ = (h'(af)(sgpvvli + (1 =903y — Vh' (80)34,) AL Z:5 l)

Z1E = 1(8))8, 500 L ZEKH 4 lzl (03085, \0 + h(6)3:, A(iy)zgc»l).

As in Lemma 13 again, one can write Zf and Z;’i as F;i,jbiji nd I‘gi’iZ;7 where all Z 2y
are standard normal variables mutually independent and also independent of F, Z, Z’ and all .

We then deduce the claimed stable convergence in law of (Vi"7, Vi),

3) The variables ?g,’N’j , ?g,’,N’j are clearly J-measurable, so it remains to prove \/ﬁy;}:ﬁ 0
for each p = 1,..., P and m = 1,...,7. By exactly the same arguments as in Lemma 13 (even
simpler in some cases), this holds for m = 1,2,3,4,6, 7.

Finally, for the case of m = 5 we use (41), which yields ]E(|)?,(,A)’j - )?,(,A)’j - X’,S")’j v) < CA,.
We also have E(|AfnypyN’(“)|2) < CA,,/N because the processes W’s are independent. Recalling
w < 2, we deduce JE(|)?]§A)J _XM A7 X)) < C(A, + (A, /N)¥/2). Since h'(5))d,,, has

finite moments of all orders and w > 1, by Hdélder’s inequality we deduce \/ﬁy;,v 2" . O

Proof of (a) of (52). Below we let f be either one of g, ¢’, h, b/, I, with g,h as in (52). In
restriction to the set 0/, of (46) and if p € {1,..., P}, we have with the notation (45):

i R NY 1 " ; 1 " ;
L= e+ X — B f(Ain‘p—1X(A)’N’J) ~3 FAT, i XEON),

in,p

Since |f(z+y)— f(x)] < Cly|(1+|=|+|y|), by (41) and 1/)(5 =% 0, plus the bound E(|05]7) < C, for
any ¢ > 0, one easily deduces that sup; E(|f/ = f(8})]7) = 0. Using further (3) and P(Q;,) — 1
plus a(f); = & Z;\le fij, it then follows that

E(|d(f)in, = 0sp)) =0, swp E(If] —f(6)|%) = 0. (60)

j>1
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Thus, if

N _ — .
2 LI B L) R
11% 1 Al ~1 ~ . 7Y 2
V N E c]’ Cj =4 Z 657P(g(5p) 6-‘7’p)
j=1 pEP” 5
v — Ck— v
V=g S W= (X ()~ Fep) — (T + 110,,)E))
keld, PEP’
v — 2
=gt S, = S (R - 5,,))
keLi, PEP”

we deduce from (60) that

E(|V) = V™[ + V) = V™| + |V, = V™| + [V = V™) = 0.
The variables ¢; and ¢} for j > 1, resp. Eka and ?:Jk’j for k € L7, are ii.d. under P; with means vy

and V', resp. Vg’]h and Vg”{b So the law of large numbers implies the claim. O

Proof of (b) and (c) of (52). 1) We focus on f;in‘p and f'g}fimp, the other cases being similar.

(60) implies a(f)s, , N Osp for f=g,¢" and ffﬂp N f(62) for f = h,h/. Thus, with U = 34,004 p
and V = 0 in the case of f;in_p and with U = (1 — ¢)dg ,h(67) and V = 5971,};’; in the case of

Sy

L%, upon comparing (23) and (28) with (31) and using T’ = nA,, it is clearly enough to show
that
! Ly > p )
nT xk nT xi ne o2 2§ 2
mpAp Z (UN];AZI X +VA’L' XJ) — HU)‘Tpf +V>\Tp7|| +V (0'71)7) .
ireM- -

nyin,p

In restriction to 2/, and with the short-hand notation i = 4, ,, the left hand side above is

My N
1 2 1 A), Tk A), Tk
s & (v AL XWTEAY X

N
UV L S AR XATRAR XTI | (AR X (AT )2).
k=1
Hence, since P(2,) — 1, it is enough to show that

#% 1 JZV: An X(A)’T’kAn X(A)’T’k/i}(b . ||X(1) HQ
Mo Ay, = N2 N i—1 i—l 1= o

My N . p _ .
mnlAn 121 % kZI A?le(A)’T’kA?sz(A)’T’j — &y = ()‘%)—)T Aip—

mn n . P . )
iy LA X T = @y i AP + (o7, )%

Then, an application of Lemma 6 shows us that this amounts to having

1 Mn P

AT S Dy — Dy for m = 1,2, 3, where
=1
TP = (AP Xk 4 AR Xk (A7 X 4 A7 X (@) (61)
N 1 N Tkk' N 1 X Td.k =z 9.7
Q1= 7= Z ‘1’17 , ‘Dl,zzﬁz\l’l’ , @l,gz\lllﬂ
k k=1 k=1
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2) By integration by parts \/I}f’k/ is the sum of the increment over the interval I(n,i —[) of a

martingale, plus the integral over I(n,i — 1) of (AF)TAF + (0F)2 Ligp=ky. Then (36) implies

E(JE 1 (FP) = (X, )TAE A, = (08, A0 Tgemry

Tp—

) < Apey,

for some sequence &, going to 0 and independent of k,k’. In turns, this and (iii) of (A2) (with

T) = oo)and (36) again yield, for another sequence &/, going to 0 and m = 1,2, 3:

o C
E(|E 1 (Prm) — PmAn]) < Ay (5; + ﬁ)

On the other hand, (41) implies ]E(|\f/fk,|2) < CAZ, hence E(|‘/I\)l,m|2) < CA2? as well. Then (61)
follows from a classical result on triangular arrays of variables. d
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