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Abstract:  Two common misstatements about bond prices and yields are: (1) if the yield to maturity equals the coupon rate, the bond price will be par value; and (2) the percentage change in price for a given change in yield is greater the longer the maturity.  The first statement needs the qualifying phrase “only on a coupon payment date” to be accurate because the calculation of accrued interest in practice neglects the time value of money.  The second statement needs the caveat “almost always” because long-term, deep-discount bonds can experience more price volatility the shorter the maturity.  

Two Common Textbook Misstatements about Bond Prices and Yields

Finance textbooks naturally emphasize the main principles of bond valuation.  For instance, a key learning outcome is that students understand why bonds trade at prices above (or below) par value when the coupon rate exceeds (or is less than) the yield to maturity.  Another is why the market value of a long-term bond is likely to be more volatile when market interest rates fluctuate than an otherwise comparable short-term bond.  Textbooks typically use numerical examples to illustrate these principles for individual bonds.  Moreover, the examples invariably set an integer number of years to maturity and an initial price at or near par value.  While those assumptions are obviously reasonable and make the calculations tractable, they can lead to the mistaken conclusion that the numerical results obtained apply to all bonds all the time.  


The objective of this note is to draw attention to two misstatements about bond prices and yields that often appear in finance textbooks.  The first is about the price of a fixed-income bond when the yield to maturity happens to equal the coupon rate.  The second is about price volatility as the maturity of otherwise comparable bonds is increased.  

Misstatement #1: If the yield to maturity equals the coupon rate on a fixed-income bond, the price of the bond will be par value.  


This statement needs to add the qualifying phrase “only on a coupon payment date” to be accurate.  On the rest of the days in the year the price will be slightly below par value whenever the yield to maturity is the same as the coupon rate.  The corollary is that, except for coupon dates, the yield to maturity will be slightly less than the coupon rate when the bond trades at par value.  An example will illustrate this point. 


Suppose that the 6.25% U.S. Treasury bond due May 15, 2030 is priced to yield exactly 6.25% for settlement on August 15, 2002.
  The bond’s price per $100 of par value will be $99.98798—a price admittedly very close to, but nonetheless below, par value.  Accrued interest of $1.56250 per $100 of par value is then added to get a total price of $101.55048.  That accrued interest is calculated as the fraction of the period gone by (92/184 using the “actual/actual” day count convention for Treasuries) times the coupon payment of $3.125 per $100 of par value.


This price can be confirmed by working through the bond math.  The total price of the bond, the sum of the quoted price (QP) and the accrued interest (AI), is equal to the present value of the future cash flows discounted at the yield to maturity.  A formula that summarizes this is the following:
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“PMT ”is the coupon payment per period; “i” is the yield to maturity per period; “N” is the number of periods to maturity as of the beginning of the current coupon period; “FV” is the face (or par) value of the bond; “t” is the number of days from the last coupon payment to the settlement date; and “T” is the number of days in the coupon period.  The “t/T” term is the fraction of the coupon period that has gone by since the last payment, so “1–t/T” is the fraction of the period remaining.  If “t/T” is zero, the expression collapses to the usual textbook formula for bond pricing that applies to coupon dates.


Equation (1) can be simplified by multiplying the numerator and denominator by (1+i)t/T and solving from the sum of the finite geometric series representing the coupon payments:
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The term in brackets in equation (2) is the present value of the future cash flows as of the beginning of the coupon period when there are N full periods until maturity.  Those cash flows are discounted at the yield per period, i.  That present value is then moved along a time-value-of-money trajectory out to the settlement date by multiplying by one plus the yield per period raised to the power of the fraction of the period gone by.  An alternative yet equivalent formulation would discount the future cash flows to the date of the next coupon payment and then move back along the trajectory for the fraction of the period remaining; see Taggart [1996].


For the Treasury bond in the example, let FV = 100 (so the price can be interpreted as a percentage of par value), PMT = 3.125 (the 6.25% coupons are paid semiannually), N = 56 (there are 56 semiannual periods between 5/15/02 and 5/15/30), and t/T = 92/184 (there are 92 days from 5/15/02 to 8/15/02 and 184 days to 11/15/02).  The quoted price is found by subtracting the accrued interest from the present value of the future cash flows:
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These numbers also can be confirmed using the bond pricing programs contained in many financial calculators (e.g., the popular Hewlett-Packard 12C and 17BII models) and in computer spreadsheets (e.g., Microsoft Excel).


The bond pricing formula for the special case when the coupon rate (PMT/FV) equals the yield to maturity (i) is the following:
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This expression is found by substituting PMT/FV = i and AI = t/T * PMT into equation (2) and rearranging terms.  Notice that only on coupon dates (when t/T = 0) will QP = FV.  Between coupon dates (when 0 < t/T < 1), QP < FV because (1+i)t/T < 1 + (t/T)*i.  


The intuition for why the quoted price is less then par value has to do with the way accrued interest is calculated in practice, in particular, that it neglects the time value of money.  In this example, the bond is half way through the coupon period.  If the bond were to be sold, the seller surely has claim to one half of the coupon payment when it is paid at the end of the period.  While it is market practice to add that accrued interest into the total sale price of the bond (except for bonds that are in default), it is not the only way in principle that the transaction could be settled.  In particular, suppose that the buyer and seller instruct the issuer to distribute the coupon payment proportionately to each.  If the issuer is unwilling to do this, the buyer could offer to pass on the seller’s share of the coupon payment when (and if) it is received.  But suppose the seller does not want to bear any further credit risk of the issuer (or of the buyer) and prefers instead to close out the position entirely.  The logical resolution would have the bond buyer compensate the seller with a payment for the present value of the seller’s share of the forthcoming coupon.  


Perhaps in a world more theoretically correct than ours, the payment of accrued interest would not neglect the time value of money.  Then the total purchase price of a bond would be decomposed into the present value of the accrued interest and the quoted price of the bond.  For the bond in the example, the total purchase price still would be $101.55048 per $100 of par value if the yield to maturity were 6.25%--that amount comes purely from the bond math.  The “theoretically correct” accrued interest and quoted price would be $1.55048 and $100, respectively.
  But in practice, the accrued interest is $1.56250 and the quoted price $99.98798.  Compared to the theoretical decomposition, accrued interest in the real world is slightly overstated and the quoted price is slightly understated.


Financial accountants must weigh theoretical correctness against materiality and practicality.  For relatively short periods of time and low interest rates, neglecting the time value of money is not a big deal.  Nevertheless, if the payment of accrued interest is not discounted, the other component of the total purchase price must compensate.  The result is that in general (i.e., other than on coupon payment dates), the price of a bond will not be exactly par value even though the yield to maturity is equal to the coupon rate.

Misstatement #2: Other things being equal, the percentage price change for a given change in the yield is greater the longer the maturity of a bond.

This statement needs the caveat “almost always” because there are exceptions to the rule.  These exceptions occur on long-term, deep-discount bonds.  Before examining the bond math properties at work, consider an example from a hypothetical emerging market where yields are quite high.  There are two bonds--both have a 6% coupon rate, make semiannual payments, and are priced at a deep discount to yield 20%.  The only difference is that one bond matures in precisely 20 years and the other in 30 years.  Which bond will appreciate more in price if the yields to maturity drop suddenly to 19%?  Conventional wisdom--and the guidance in many textbooks--is that “the longer the maturity, the greater the price volatility”, so the 30-year bond would be expected to appreciate more.


The prices (quoted as percentages of par value) and price changes on the 20-year and 30-year bonds can be easily obtained using a financial calculator or by substitution into equation (2) above.  







20-Year Bond

30-Year Bond


Price at 20% Yield

  31.546645

  30.229899



Price at 19% Yield

  33.392896

  31.874301



Price Change

    1.846251

    1.644402



Percentage Price Change
       5.85%

       5.44%

In contrast to the usual textbook statement, the longer-maturity bond appreciates less in value!


The exception to the rule is best understood in the context of the Macaulay duration statistics for the two bonds.  The 20-year bond actually has a higher Macaulay duration than the 30-year.  A bond’s duration is an estimator of the change in total price (the quoted price plus accrued interest) given a change in its yield to maturity.  The mathematical relationship between the percentage change in total price ((P/P), the Macaulay duration (DUR), and the change in the yield to maturity per period ((i) is:
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A general closed-form formula for the Macaulay duration statistic for a fixed-income bond is:
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As above, “i” is the yield to maturity per period; “N” is the number of periods to maturity as of the beginning of the current coupon period; “t/T” is the fraction of the coupon between gone by.  New notation is “c”, the coupon rate per period (PMT/FV).  


Some properties of the Macaulay duration statistic can be observed in equation (6).  For a constant yield to maturity, duration declines linearly during a coupon period.  The term in brackets would remain the same (since i, c, and N are set) as t/T smoothly increases.  For a zero-coupon bond (c = 0), the duration formula reduces to N – t/T.  For a perpetuity (N ( (), the second term in the brackets drops out and the duration is just (1 + i)/i – t/T.  For high-coupon bonds trading at a premium (c > i), the second term in the brackets is positive, so the duration is always less than that of the perpetuity.  For lengthening maturity, it approaches (1 + i)/i – t/T monotonically from below.  That is, longer terms to maturity imply higher duration statistics.  


This final property for the relationship between duration and maturity is key to the anomalous result for the 20-year and 30-year emerging market bonds.  For low-coupon bonds trading at a discount (c < i), the numerator in the second term in the brackets becomes negative if the number of periods to maturity and the difference between the coupon rate and the yield are large enough.  Therefore, at some maturity the duration of a discount bond exceeds that of the perpetuity having the same coupon rate and yield.  Ultimately, though, for longer and longer terms to maturity the duration must begin to approach that of the perpetuity from above.  The relationship between duration and maturity on premium and discount bonds is illustrated in Figure 1.


To get the Macaulay duration statistics of the 20-year and 30-year bonds, substitute i = .10, c = .03, and t/T = 0 into equation (6) for N = 40 and N = 60, respectively.

20-Year Bond: 
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30-Year Bond: 
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The duration of the 20-year bond exceeds that of the 30-year.
  That is why the 20-year bond appreciates more than the 30-year when the yields to maturity drop.  Duration, not maturity, is the link between changes in yield and price.  


In general, the longer the maturity of a bond, the higher is its Macaulay duration, and the greater is the percentage price change if its yield to maturity were to suddenly change.  But this typical pattern can be reversed on low-coupon, long-maturity bonds trading at a discount.  Until recently this circumstance, while mathematically feasible, was rarely if ever observed in practice. However, long-term, deep-discount emerging market debt securities, such as Brady Bonds, are now traded.  Investors will need to be cognizant of their unique characteristics.

Conclusions


In practice, bond prices are quoted “flat” in that the accrued interest is not included.  The idea is to not mislead investors by showing a smoothly rising price that suddenly drops when the coupon is paid.  But it is inaccurate to conclude that the quoted price will remain completely flat at par value even if the yield to maturity were to equal the coupon rate throughout the coupon period.  The confounding element is that the calculation of accrued interest in practice neglects the time value of money.  That neglect leads the price to be slightly below par value.  Therefore, while statements such as “a bond is priced at a premium (or discount) when the coupon rate is above (or below) the yield to maturity” are accurate, the companion statement that “a bond is priced at par value when the coupon rate is equal to the yield to maturity” is not generally correct.  It is a special case that holds only for coupon payment dates.


It is almost always true that longer-maturity bonds are more volatile in price than otherwise comparable shorter-maturity bonds.  The qualifying phrase “almost always” is not needed on bonds trading at a premium above par value.  But discount bonds can display the anomalous characteristic that the price of the shorter-maturity bond is more volatile than one with a longer maturity.  Fortunately, this is a rarity occurring only on long-term, deep-discount bonds.  


Finance textbooks, of course, need to focus on and illustrate by numerical examples the most customary relationships between bond prices and yields.  Complications arising from accrued interest and long-term, deep-discount bonds might seem to be at once too concrete and too obscure for finance students.  Yet overlooking these subtleties can lead to misstatements about the properties of fixed-income securities.  
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Note:  This figure does not display the linear decline in duration between coupon dates.

End-Notes

�.  The yield to maturity of 6.25% is stated on what is called “ISMA” convention (from the International Securities Market Association).  That means the coupon payments are assumed to occur with consistent frequency.  For example, they are assumed to be paid on May 15th and November 15th of each year without regard to weekends and bank holidays.  The yield to maturity is a nominal annual percentage rate in that the yield per semiannual period is annualized by multiplying by two periods in the year. 





�.  This example relates directly to U.S. Treasuries but applies to all bond markets that quote the price “flat” in that accrued interest is added to get the total price.  The “flat” price is also called the “clean” price; the total price is called the “dirty”, or “invoice”, price.  In the corporate bond market, accrued interest is calculated on the so-called “30/360” method.  Each calendar month is assumed to have exactly 30 days, so the year has 360 days.  





�.  In an HP12C, press 6.25 PMT, 6.25 i, 8.152002 ENTER, 5.152030, f PRICE.  In an HP17BII, use BOND, TYPE, A/A, SEMI, 8.152002 SETT, 5.152030 MAT, 6.25 CPN%, 100 CALL, 6.25 YLD%, PRICE.  In Microsoft Excel, try PRICE (“8/15/2002”, “5/15/2030”, 0.0625, 0.0625, 100, 2, 1).





�.  A formula for “theoretically correct” accrued interest is:


�EMBED Equation.3���


This is derived by imposing the condition that the quoted price must equal par value (QP = FV) whenever the coupon rate equals the yield to maturity (PMT/FV = i) in equation (2).  See Whitmore [1985] for different derivation of the same formula.  Notice that substituting i = .03125, t/T = 92/184, and PMT = 3.125 into this expression gives AI equal to 1.55048.





�.  See Smith [1998] for the derivation of this equation.  The formula is equivalent to getting the Macaulay duration as a weighted average of the cash flows, whereby the weights are the shares of total market value represented by each payment and the yield to maturity is used in the present value calculations.





�.  The durations calculated in equations (7) and (8) are stated in terms of semiannual periods.  These statistics are usually annualized when reported, as are coupon rates and yields to maturity.  The annualized Macaulay durations of the 20-year and 30-year bonds would be 6.095 and 5.670 years, respectively.  
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