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1. Introduction

We describe and provide axiomatic foundations for a subjective version of the recursive expected
utility model. In a seminal paper, Kreps and Porteus [12] provide an axiomatic analysis of prefer-
ences in a dynamic framework that delivers recursive expected utility with exogenously specified
probabilities. The Kreps-Porteus framework has been tremendously influential in the exploration
of recursive preference models and it or its extensions have been successfully applied to finance,
macroeconomics, game theory and behavioral economics!. Recursive expected utility allows for
a number of features not present in the standard discounted expected utility model including
discount factors that may vary with payoffs, the separation of intertemporal substitution from
intratemporal risk aversion, and preferences for the timing of the resolution of uncertainty. It
does all this while retaining tractability, especially the ability to use dynamic programming and
optimization.

Extending recursive expected utility to subjective domains is important for a number of rea-
sons. First, issues of learning, updating beliefs and information acquisition cannot be effectively
addressed in a solely objective framework. Second, many applications and real-world problems
do not come with probabilities pre-specified. Moreover, in atemporal models of decision-making
under risk, the importance of providing foundations for models with subjective beliefs has been
well-recognized. For example, subjective analogues to the objective probability expected utility
foundations of von Neumann and Morgenstern were provided by (among others) Savage [15] and
Anscombe and Aumann [1].

The main body of the paper is organized as follows. In Section 2.1 we develop an appropriate
space of objects of choice: the space of temporal acts. In the Kreps-Porteus framework, pref-
erences are defined over objects called temporal lotteries that are essentially probability trees.
Risk is modelled through exogenously specified objective probabilities. Our temporal acts gen-
eralize temporal lotteries by introducing a state space and temporal resolution of uncertainty
about the state in addition to the temporal risk structure of Kreps-Porteus. In section 2.2, we
formally define a subjective recursive expected utility (SREU) representation of preferences over
temporal acts. In section 3, we lay out the set of preference axioms that, in section 4.1, we show
characterizes SREU for subsets of temporal acts restricted to a given filtration specifying how
information is revealed over time. In addition to standard weak order and continuity axioms, we
introduce four axioms: a temporal sure-thing principle, a temporal substitution axiom, and two
axioms which together yield state independence of preferences at each time. In section 4.2, we
give examples in which there is more than one filtration, and show that without further assump-
tions, direct information effects may interact with preference for the timing of the resolution of
uncertainty. Such interaction is not allowed by overall (i.e., cross-filtration) SREU preferences.
This motivates two additional axioms that, in section 4.3, we show are necessary and sufficient to
extend these within filtration representations to a single SREU representation across filtrations
(and thus covering the whole domain of temporal acts). The first of these axioms says that how
information is revealed does not matter if the prize received does not depend on the state of
the world. This axiom added to the earlier ones characterizes an SREU representation across
filtrations where only the prior distribution on the state space may vary with the filtration. The
second axiom requires consistency across filtrations in the way that bets on one event conditional

! To name just a few sece Dumas, Uppal and Wang [5], Duffie, Schroder and Skiadas [4], Epstein and
Zin [8], Chew and Epstein [3], Epstein and Zin [7], Caplin and Leahy [2], Grant, Kajii and Polak [9] .



on another are evaluated relative to lotteries. With this final axiom added to the others, full
SREU obtains. The prior distribution no longer may vary with the filtration. Section 5 discusses
related literature, including previous foundations for subjective recursive representations devel-
oped by Skiadas [18], Wang [19] and Hayashi [10]. Proofs and some mathematical descriptions
are contained in an Appendix.

2. The Model
2.1. The objects of choice

In this section we present a model where the objects of choice are temporal acts — acts that encode
an explicit timing structure for the resolution of uncertainty. We do this in an Anscombe-Aumann
(lottery acts) framework, thus acts pay off in terms of lotteries. Specifically, our temporal acts are
a generalization of Anscombe-Aumann style acts in the same sense that Kreps-Porteus temporal
lotteries are a generalization of standard lotteries. In the following, for an arbitrary set X we
denote the set of all lotteries with finite support on X by A(X). For a lottery | € A(X),
we denote the probability that [ assigns to outcome z € X by [(z). A lottery that assigns
probability p; to outcome z; € X with Y1, p; = 1 may be written (21, p1;...; Tn, pn) -

The state space that represents all subjective uncertainty is denoted by a finite set (2. Let F
be an algebra on 2. Events in this formulation are elements of F. Suppose time is indexed by
t €{0,...,T}. Let Z; be the set of possible time ¢ prizes. We assume that each Z; is a compact
Polish (i.e., complete separable metric) space.

Let I = {Fr0,Fr1,-.-Frr} be a filtration, i.e., each Fr, is an algebra on 2 and F;, C
Fri+v1 € -+ € Frr = F. Denote the set of all filtrations by Z. Note that there is a unique
partition that generates the algebra Fr ;. Denote this partition by P;, and let Pr; (w) denote
the element of this partition that contains w € (2. The interpretation is that, just after time ¢
(i.e., after any time ¢ uncertainty/risk is resolved), the decision maker will know that the state
lies in Py (w).

Let F_; be the trivial algebra, that is F_1 = {0, 2}, and let Fr_; = F_; forall I € T.
Therefore Py _1 = {2} and Pr 1 (w) = 2 for all w and all I.

Fixing I € 7, we define the set of all temporal acts with respect to the filtration I recursively:

The set of time T-temporal acts, where the information thus far revealed is given by A €
Pror—1, is denoted by Frr 4. An element, f, of the set Frr 4 is a function f : A — A(Zp)
measurable with respect to Fr 1. Thus the set of all time T-temporal acts given filtration I is
simply Frr = Uaep, »_,Fr.r,a. For f € Frr, we write f(w,2) to denote the probability of
receiving the prize z in state w.

The set of time t-temporal acts, where the information thus far revealed is given by A €
Pr -1, is denoted by Fr ¢ 4. An element, f, of the set Fr; 4 is a function f : A — A(Zy, Fr41),
measurable with respect to Fr;, with the property that if for any w € A, (z,g) € supp f (w)
then g € Fr1.p,,(w)- We write f (w, z, g) to denote the probability of receiving the prize/t + 1-
temporal act pair, (z,g), at state w. We write f (w,z) to denote the marginal probability of
receiving the prize z at state w. The set of all time ¢-temporal acts with respect to filtration I
is Fry =Uaep,, Frt,A-



Since Pr,_1 = {2} notice that the set of all time 0-temporal acts with respect to filtration
I, Fro = Fr0,0. We sometimes denote this set by simply Fr 2

Definition 1 (Temporal Acts) The set of all temporal acts is Urez Fr o and is denoted F.

Figure 1 illustrates a temporal act where there are three states, two time periods 0 and
1, and the partitions that generate the filtration are given by Pro = {{w1,w2},{ws}} and
Pra = {{w1},{w2},{ws}}. The oval nodes are "uncertainty" nodes, depicting the evolution
of information about the state. The triangular nodes are "risk" nodes, depicting lotteries. The
figure also illustrates time 1-temporal acts.

Insert figure 1 about here

2.2. Subjective Recursive Expected Utility

We now write down formally what is meant by a SREU representation of preferences over
temporal acts:

Notation 1. F,, denotes the expectation operator with respect to the measure m. (Similarly,
E,,)a denotes the expectation with respect to the measure m conditional on the event A.)

Definition 2 (SREU Representation) A preference relation, =, over temporal acts has a subjec-
tive recursive expected utility (SREU) representation if there exists a probability measure p on
the state space, a continuous utility function U : Zp — R and continuous aggregator functions
U1 Zy XR =R fort =0,...,T—1 that combine current outcomes with continuation values such
that (i) each uy is strictly increasing in the continuation value, (ii) if we define Up : Zr — R by

Ur (zr) = U (2r) and recursively U, : Zy X UrezFri41 — R by,

Us (21, f) = we (20, Epa [Ep(woyUsir (2041, 1)]) (1)

where A is the domain of f, then the following holds:
For any temporal acts f,g € F,
fr9g=

Ey [Ef)Uo (20, 1)] = B [EgyUo (20, )] - (2)

Observe that equation (1) is what makes the representation recursive, while equation (2)
makes it recursive expected utility. It is subjective because the probability measure p is sub-
jective. Thus the name subjective recursive expected utility. This representation is related to a
number of historically prominent recursive utility representations. Koopmans [11] is the first, to
our knowledge, to provide foundations for a recursive utility representation. His objects of choice

2 In general, Frr,aNFror 4 # 0, so the same function may be a time T-temporal act with respect to
several filtrations. The same will be true for times ¢ > 0, but at time 0, we have FroN Fp o = 0 for all
I' # I. This last fact is true because since the filtrations differ, there must exist a time t* < T and a
state w* such that Pr = (w*) # P 4+ (w*). So, at time t* + 1, the continuation acts at state w* will be
different because under filtration I they will have domain Pr ¢+ (w*) while under filtration I’ they will
have domain Py 4= (w™).



are infinite-horizon consumption streams and his model does not consider risk or uncertainty.
Epstein [6] generalizes Koopmans’ approach in order to incorporate (objective) risk and con-
siders choice among lotteries over consumption streams. He provides foundations for expected
utility representations over such lotteries where the utility function is recursive with aggregators
of particular forms. Most directly related to the representation above, Kreps and Porteus [12]
model choice among temporal lotteries and provide foundations for the special case of SREU in
which it is as if there is only a single state of the world, and so p plays no role.? In Kreps and
Porteus, as here, the timing of the resolution of lotteries (i.e., objective risk) may matter. SREU
brings subjective uncertainty into the model and similarly allows the timing of the resolution of
such uncertainty to matter.

2.3. Further notation and definitions

This subsection collects some definitions and notation used in the axiomatization and analysis
that follows.

We define mixtures over elements of Fr; 4 (t-temporal acts with common domain A and
common filtration I).

Definition 3 (a-Mizture) Let f,g € Fr .4 where A € Pry_1. We denote the a-mizture of f and
gbyaf+(1—a)g€ Fria where o € [0,1] and the mizture is taken statewise, over probability
distributions (as in Anscombe and Aumann [1]).

To conserve on notation and so as to treat time 7' together with times ¢ < T, we will
sometimes write as if an element of Fy r has range in A (Zp X Frry1). Since Fr pyq is formally
undefined, read Zy X Fr 1y as Zr.

It will often be useful to be able to refer to time s-temporal acts that are, in a natural sense,
continuations of time t-temporal acts where s > t. Loosely, a time s continuation should tell
everything that may happen from time s onward. Since what may happen may depend on the
state, we will want to talk about continuations at a given state. Furthermore, since even given
the state, past randomizations may affect what may happen from s onward, it is important to
note that there may be many such continuations. Formally:

Definition 4 (1-Step Continuation) For f € Fry, say that g is a 1-step continuation of f in
state w if there exists a prize z; such that (z,g) € supp f (w).

Definition 5 (Continuation) For f € Fr4, say that g is a continuation of f at time s in state
w if either (i) s=t and g = f or (ii)) s=t+ 1 and g is a 1-step continuation of f in state w
or (ii1) s > t+ 2 and there exist hiy1,...,hs—1 such that hyiy is a 1-step continuation of f in
state w, hiy; is a 1-step continuation of hii;—1 in state w fori=2,...,s —t—1, and g is a
1-step continuation of hs_1 in state w.

3 In its most general form, the Kreps and Porteus representation also allows utilities and aggregators
to depend on the history of realized outcomes. We do not consider such history dependence here mainly
because it simply adds to already heavy notation without adding much conceptual insight. If one
wished (so as to capture habit formation for example), history dependence could be easily incorporated
by adding the realized history as an additional argument of the functions above. Furthermore, the
axiomatic foundations that we provide later in the paper could be similarly modified.



We also refer to any continuation of f at time s as a time s continuation of f. Of special
interest will be continuations that are “constant” in the sense that they do not depend on the
state.

Definition 6 (Constant Continuation) For f € Fr, a, say that f is constant if there exists
U=l ligr, - lr) € AZy X AZypyy X -+ X AZp such that, for all times s > t and for all states
w € A, for any g that is a continuation of f at time s in state w, g (w,-) =I5 (-). We say that f
is associated with [.

Denote the set of all constant elements of Fy ;. 4 by F I*)t’ 4 and the set of all constant elements
of Fy+ by Fy,. Notationally, we write | € AZy x AZyyq X -+ X AZp to stand for a constant t-
temporal act associated with [ where the domain A will be clear from the context. For example, if
fe FI*,t)P“_l(w) is associated with m € AZ; x AZ; 1 x---x AZp,and g € Fr ;1 p;,_,(w), When
we write g (w, z¢—1,m) we mean g (w, z;—1, f). Note that this association makes sense because

there is a bijection between F7, Pras(w) and elements of AZy X AZ;1q X -+ X AZp. Similarly, if

all elements in the support of g (w) are in A (Zt,l X Ffyp, t_l(w)) we may refer to g (w) as an

element of A(Z;_1 x AZ; x --- x AZy) without any confusion resulting. Thus g (w, z;—1,1) is
the probability of receiving (z¢—1,1) € Zy_1 X AZy x - - - x AZp in state w. Similarly, if g (w) yields
(24, 1;) with probability p; for i = 1, ..., n, then we may write g (w) = ((21,11) , 215 -} (Zny ln) , D) -

Definition 7 (Constant Act) A temporal act f is a constant act if f is constant. We use Iy to
denote the associated vector of lotteries.

Denote the set of all constant acts by F™*.

Next we define some additional subsets of temporal acts, specifically those where all lotteries
are degenerate up to (but not including) time ¢. For a fixed filtration I we denote the set of
such temporal acts by F}. We call this set F} the temporal acts degenerate up to time t (with
respect to filtration I).* Any element of this set, given a time s < t and a state w, has a unique
continuation at time s in state w denoted by f5. To lighten the notation, whenever it is clear
from the context, we refer to the time ¢ continuation of an act f € F} in state w by f,. When
two acts in F} agree on the immediate prizes that they give at all states and times up to (but
not including) time ¢, we say that they share the same prize history. Clearly, two acts that share
the same prize history may have different continuations at time t. Also note that F? = FJ g, i.e.,
the set of all temporal acts degenerate up to time 0 is nothing but the set of all temporal acts.

Figure 2 illustrates, f € F?, a temporal act degenerate up to time 2. There are four states,
three time periods 0, 1 and 2, and the partitions that generate the filtration I are given by Py o =
{{w1, w2, w3t {wat}, Pro = {{wr,wa}, {ws}, {wa}} and Pro = {{wi}, {wa} {ws}, {wa}t}. At
times 0 and 1, the act gives prizes 5 and 7 respectively at all states. The figure also illustrates,

L the unique time 1 continuation in state wy, and, f,,, = f2,, the unique time 2 continuation

wi? wyq?
in state wy.

Insert figure 2 about here

4 Formally, f € F} if, for all w and s < t, each time s continuation of f in state w assigns probability
1 to some element of its range, Zs x Frs41,P7 4 (w)-



3. Preference axioms

Our primitive is =, a binary relation over the temporal acts, F. The following axioms will be
imposed on >:

Axiom 1. (Weak Order) > is complete and transitive.

Axiom 2. (Continuity) = is continuous. That is, for any f € F, the sets,

M(f)={9€Flg=f}
and

W(f)={9€FI|f=g}
are closed.

The weak order and continuity axioms are standard axioms in the literature and ensure the
existence of a continuous real-valued representation of preferences. To understand our next ax-
iom, consider two acts that are identical except on event A € Pr;_; and contain only degenerate
lotteries before time t. The Temporal Sure-Thing Principle says that preference between such
acts is preserved under any common change occurring in any part of the tree other than the
continuation following event A. This axiom implies (i) separability from past prizes, and (ii)
separability from unrealized events. Figures 3 and 4 provide an illustration of the axiom.

Axiom 3. (Temporal Sure-thing pr1nc1ple) Fix a filtration I and time t. Let A € Pr ;1. Sup-
pose f g,f, g€ F! are such that, f and § share the same prize history, f and § share the same
prize history, and

Foo = for G = G for allw € A,
fuo = Gws fu = Gu otherwise,

then f = § if and only if f = §

Insert figures 3 and 4 about here

Using the Temporal Sure-Thing Principle, we may extend > from temporal acts to “contin-
uation acts” (i.e., t-temporal acts) by filling in the rest of the tree in a common way as long as
no risk resolves (i.e., only degenerate triangular nodes in the figures) before time t:

Definition 8 (Conditional Preference) For any f,g € Fry a4 where A € Py _1 we say that f = g
if there exist temporal acts, f,§ € F}, degenerate up to t and sharing the same prize history,
such that f = g, fo=f, §w =g for allw € A,and f, = g, otherwise.

Note that we use > to indicate both the overall preference relation on F; and the induced
preference relation on continuation acts in F7; 4. This should create no confusion. The next
lemma proves that the preference relation induced on conditional acts by the definition of con-
ditional preferences (Definition 8) is indeed a continuous weak order.

> The metric on F is defined in the appendix.



Lemma 1 For any time t, filtration I and event A € Pry_1, = on Fr A is a continuous weak
order.

In what follows, we sometimes refer to the preference relation on Fj ; 4, rather than the overall
preference relation on Fy. This is done just for notational convenience. Any statement involving
the preference relation on Fr ¢ 4 may easily be restated in terms of the overall preference relation
on Fr, by plugging the continuation acts into an overall reference act in Ff. The temporal sure-
thing principle would then make sure that it does not matter which reference act is used in these
comparisons.

Next we formulate a temporal substitution axiom for > on continuation acts. This axiom
generalizes the temporal substitution axiom of Kreps and Porteus to our framework with sub-
jective uncertainty. When there is only one state of the world, our axiom reduces to theirs. Just
as in a static framework, substitution is crucial in characterizing an expected utility treatment
of risk. The temporal aspect of the axiom is that the risk in question is limited to that occurring
at a given time and event. This temporal aspect makes the axiom weaker than the well-known
atemporal substitution/independence axiom to the extent that the decision maker is not indif-
ferent to the timing of the resolution of uncertainty and risk (see e.g., the discussion on this
point in Kreps and Porteus [12]).

Axiom 4. (Temporal Substitution) Fix any filtration I and time t. Suppose « € [0,1] and
A€ Pry_q. For any f,g,h € Fry a.

frgifandonly ifaf+(1—a)h=ag+ (1 —a)h.

Figures 5-7 illustrate axiom 4.

Insert figures 5-7 about here

In an atemporal Anscombe-Aumann style model, in addition to the basic weak order, con-
tinuity and substitution axioms, one needs an axiom implying state independence of preference
over lotteries to deliver expected utility. The following monotonicity axiom is a temporal version
of such state independence. Like temporal substitution, it is weaker than its atemporal counter-
part. Specifically it requires state independence only within a given time, event and filtration.
It does this by imposing monotonicity of preference with respect to dominance in constant
continuations at a given time, event and filtration.

Axiom 5. (Monotonicity) Fix any filtration I and time t. Given A € Pj,_1, suppose that
fy9 € Fri.a and that all time t + 1 continuations of f and of g are constant®. Define, for each
weA, f¥g¥ e Frya as follows: For all w' € A,

and,
9° (W) =g(Ww).
If f¥ »= g¥ for all w € A then f »= g. Moreover if f¥ > g* for some w € A then f > g.

b Recall that this implies f (w), g (w) € A(Zy X AZpy1 X -+ x AZ7) for each w € A.



Our next axiom, Event Independence, is also a form of state independence. It works across
events, while still requiring a common time and filtration. One reason why we write Monotonicity
and Event Independence as separate axioms is that they play distinct roles in proving the main
representation theorem. The first intermediate result in the proof is to show that the axioms up
to Monotonicity deliver a set of expected utility representations, one for each time, event and
filtration. When Event Independence is additionally imposed, we show that the utilities in such
representations may be taken to be event independent in the sense that they assign the same
value to any given (prize, constant continuation) pair irrespective of the event on which it is
realized.

Axiom 6. (Event Independence) Fix any filtration I and time t. Given A, A’ € Py ,_1, suppose
that f,g € Fri.a and f', g’ € Fy 4 4 have all time t+ 1 continuations constant. Further suppose
that for allw € A,w’ € A’,

and,

Then f = g if and only if f' = ¢'.

Finally, as is standard, to rule out the case where all acts are indifferent and deliver appro-
priate uniqueness of the representation a non-degeneracy axiom is needed. The version below
is stronger than usual as it requires some strict preference at each event, time and filtration,
thus implicitly ruling out events that are assigned zero weight by the preferences. This is done
primarily for convenience, as dealing with null-events can be involved and is not the focus of our
analysis.

Axiom 7. (Non-degeneracy) For every filtration I, time ¢, and event A € Pr,_; there exist
f.9 € Fry a for which all time t + 1 continuations are constant and such that f > g.

4. Representation results
4.1. Representation for a fixed filtration

Observe that except for continuity and weak order, all axioms so far concern only comparisons
of temporal acts within the same filtration. We prove that the first six axioms yield a SREU
representation within each filtration. Below we state the result and give a brief sketch of the
main steps in the argument. The proof itself is contained in the Appendix.

Definition 9 (Within-Filtration SREU Representation) A SREU representation within a filtra-
tion I is a SREU representation where the domain of the representation is restricted to temporal
acts in Fy, the functions u, U, and us in the representation are subscripted by I, and the domain
of the derived Uy is Zy X Fr 41 rather than Zy X UrezFr41-



Proposition 1 (Characterization of Within-Filtration SREU) Suppose preference = satisfies
axioms weak order and continuity. Then > satisfies axioms temporal sure-thing principle, tem-
poral substitution, monotonicity and event independence if and only if, for each filtration I, the
restriction of >= to Fy has a SREU representation within I.

Furthermore, the following uniqueness properties hold. If (/117 Uy, {u“}z:ol) and (u’l, Uy, {u’Lt}tT:_Ol>
both yield SREU representations of = restricted to Fy, then, for each t, the derived U}’t must

be a positive affine transformation of the derived Uy .. If non-degeneracy holds, jy is strictly
positive on its domain and py must equal fi;.

Remark 1 The weak order and continuity axioms are stronger than necessary for the proposition
above because the conclusion does not refer to any cross-filtration comparisons. If we had used
versions of weak order and continuity that apply only within each F7, the six axioms would
together be necessary and sufficient for SREU within each I. We do not do so here because the
stronger versions are needed for the overall SREU representation.

The proof works by first showing the SREU representation restricted to ¢t-temporal acts for
which all £ 4+ 1 continuations are constant. Then this is extended to cover all temporal acts.
To begin, we apply mixture space techniques (as in Anscombe-Aumann style theories) to show
that, together with weak order and continuity, the next three axioms characterize continuous
expected utility on the subset of F7; 4 having all £ + 1 continuations constant. This gives a set
of subjective expected utility representations with the utilities and beliefs indexed by I,¢, A.

Next, fixing I, we construct a measure p; over the whole state space such that for any event
A known coming in to time ¢ (i.e., A € Pr;—1), the measure y;, 4 is the conditional p;[A.

Then, we show that adding the axiom event independence is equivalent to being able to
replace all the Uj; 4 with a common Ur; that assigns the same value to any given pair of
immediate prize and continuation stream of lotteries irrespective of the event on which the
continuation is realized.

Next we show that there is a recursive relationship between U;; and Uy ;41 that holds
when evaluating constant continuations. The proof works by exploiting the nested structure of
temporal acts degenerate up to ¢t + 1 with constant time ¢ + 1 continuations (nested since they
are also temporal acts degenerate up to ¢ with constant time ¢ 4 1 continuations). Consider two
such temporal acts differing only in their time ¢ + 1 continuation on some event B € Pr; and
let A be the event in P;;_; containing B. By the temporal sure-thing principle these may be
compared either by comparing their time ¢ + 1 continuations on B or by comparing their time
t continuations on A and, furthermore, these comparisons must come out the same. Applying
the subjective expected utility representations derived above to these two pairs of continuations
then yields the relation between the time ¢ and ¢ + 1 utilities on event B. As described in the
preceding step, event independence ensures that this holds across events as well. This relation
across time is what determines the aggregator functions wuy .

Finally, we show that the representations that apply in the constant continuation case may
be extended to cover all temporal acts for a fixed filtration. In broad strokes, the argument uses
continuity together with temporal substitution to show that “constant act equivalents” exist and
that replacing continuations by their constant equivalents preserves the representations derived
in the earlier steps.
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4.2. Filtration-dependence and timing attitudes

Kreps and Porteus [12] show that the curvature of an aggregator like uy,, characterizes attitude
towards timing of the resolution of risk. Specifically, if the aggregator is convex (resp. concave) in
its second argument then the decision maker prefers early (resp. late) resolution of risk. In their
model, risk (through lotteries) is the only source of uncertainty, whereas our model contains
states of the world in addition to lotteries. This leads to at least two differences regarding
attitude towards timing.

First, attitude towards timing of the resolution of (lottery) risk may vary with the timing
of the resolution of uncertainty about the state of the world (i.e., with the filtration). In our
model, this will occur when the aggregators depend on the filtration.

Second, even when the aggregators do not depend on the filtration, attitude towards timing of
the resolution of (lottery) risk may be distinct from attitude towards the timing of the resolution
of uncertainty about the state of the world. The latter is influenced not only by the aggregators,
but also by the way beliefs, p;, may vary with the filtration.

The next example illustrates the first difference mentioned above. In it, the aggregator is
convex for one filtration and concave for the other filtration. Using temporal acts for each
filtration that do not depend on the state (analogues in our setting of Kreps-Porteus temporal
lotteries) the example shows that the decision maker prefers early resolution of risk in the first
filtration, but late resolution of risk in the other filtration.

Ezample 1 Suppose there are two states of the world, i.e.,, 2 = {w1,w2} and two time pe-
riods, i.e., T' = 1. Let filtration I describe a situation where the decision maker learns the
true state of the world coming out of time 0. Thus, I can be generated by the partitions
Pro = Pr1 = {{w1},{w2}}. In contrast, let filtration I’ describe a situation where the de-
cision maker does not learn the true state until the end. Thus, I’ is generated by the partitions
Pro = {{wi,wa2}} and Pr 1 = {{w1}, {wa}}.

We define two pairs of temporal acts, one pair on filtration I and the other on I’. All four
temporal acts ultimately result in the payoff stream (0,0) with probability % and (0,9) with
probability % Within each pair, the first temporal act resolves this risk only at time 1 while
the second resolves it at time 0. For all four acts, the resolution and timing of this risk does not
depend on the state of the world. Yet, we will see that the timing of the resolution of information
about the state of the world will affect preference.

Recall that (z1,p1;. .- ; 2n, Pn) denotes a lottery and f(w, z, (21, p1; - - - ; 2n, Pn)) denotes the prob-
ability that, in state w, temporal act f yields time 0 prize z followed by the constant continuation
that yields the lottery (z1,p1;...;2n,pn) at time 1. In reading the following definitions it may
be helpful to look at Figures 8 and 9.

Let h € F} be defined by
1 1 1 1
Z.9 = —1= Z.9 =
h(w1707(0a27972)> h<w2705(07279a2)>7
and b/ € F be defined by

B (w1,0,(0,1)) = ' (wr,0,(9,1)) = % = 1 (w2,0,(0,1)) = & (ws,0,(9,1)).
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Similarly, let & € F» be defined by
1 1 1 1
2.9 ) =1=% 2.9 =
k(wlyov(0a27972)> <w2a05(07279a2)>7
and k' € Fr be defined by

K ("'Jl? 0, (07 1)) =k (wla 0, (97 1)) = % =k (w27 0, (07 1)) =k (wQa 0, (97 ]-)) .

Suppose that Uy (z) = Up (2) = 2, uro(2,7) = z+7* and up o (2,7) = z + /7. Applying
Proposition 1, we see that b’ = h but k = k’since

2
1 1 11
40.5 = §(O+92) + 5(0+02) > (04 <29+ 20) ) =20.25

and

1.5= %(0+ V) + %(0+ V0) < (0+ <;9+ ;0)) ~ 2.121.

So, with filtration I the decision maker prefers early resolution of risk, while with filtration I’
late resolution of risk is preferred.

Insert Figures 8 and 9 about here.

One of the things we do in the next section is provide an additional axiom that rules out
dependence of attitude toward the timing of the resolution of (lottery) risk on the filtration. This
is an important step in characterizing an SREU representation that applies across filtrations.

4.3. Representations across filtrations

Having obtained a representation for preference over temporal acts that share the same filtra-
tion, we now turn to comparisons of temporal acts across different filtrations. Such comparisons
are crucial in many economically relevant choices. For example, any problems involving costly
information acquisition — where an important decision is whether to bear a cost to learn in-
formation about the state of the world versus having the information revealed only later — are
inherently comparisons between temporal acts defined on different filtrations. So far, the only
axioms restricting cross-filtration preferences are weak order and continuity. They alone only
guarantee an ordinal representation. To allow the recursive forms derived above to apply across
filtrations as well, two invariance properties are required.

The first concerns acts that give a deterministic sequence of prizes up to time ¢ and then
give a lottery over time ¢ prize/constant continuation pairs. For such acts, even though some
information about the state of the world may be learned over time, this information has no
consequences for the lotteries over prizes that the decision maker will receive. In theory, one
could imagine that a decision maker might have some preference over the way information
about the true state w € 2 unfolds even when the state is utterly payoff irrelevant in this way.
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Or one might imagine that the way that information unfolds might somehow interact with the
tastes (e.g., attitude toward timing of the resolution of risk (as in Example 1) or attitude toward
risk) of the decision maker causing them to change with the filtration — a kind of dynamic state
dependence. We wish to rule out such “pure information effect” behaviors, so that we may focus
on the treatment of information in terms of what it conveys about outcomes and when it conveys
it. This is done through the following axiom.

Axiom 8. (Invariance to Irrelevant Information) For any ILI't and
0 € A(Zy x AZyyy X -+~ x AZy), if f € F! and g € F}, give the same deterministic stream
of prizes up to time t and f,, (w) = g, (w) = £ for all w then f ~ g.

This axiom says that preference over acts giving a fixed stream of prizes followed by a lottery
over prize/constant continuation pairs depends only on the identity of the stream of prizes and
lottery, and in particular is independent of the filtration on which the acts are defined.

The next proposition shows that adding this axiom to the others is equivalent to SREU over
all temporal acts with the modification that the beliefs may depend on the filtration.

Proposition 2 (Characterization of SREU with Filtration-Dependent Beliefs) Preferences

satisfy axioms weak order, continuity, temporal sure-thing principle, temporal substitution, monotonic-

ity, event independence, and invariance to irrelevant information if and only if = has an SREU
representation with the modification that instead of a single probability measure 1 there is a

collection of probability measures {1} ;o7 such that measure pu; is used in evaluating temporal

acts in Fr.

Furthermore, the following uniqueness properties hold. If ({MI}IEI U, {ut}z:ol) and ({M/I}IGI U, {ug}?:_ol>

both yield such an SREU representation of = then, for each t, the derived U, must be a positive
affine transformation of the derived Uy. If non-degeneracy holds, each py is strictly positive and
each py must equal the corresponding fi;.

Consider the state space and filtrations in Example 1. We define two temporal acts, one on
filtration I and the other on I’. Let f € F; be defined by f (w1,0,(9,1)) = 1 and f (w2, 0,(0,1)) =
1. Let g € F1s be defined by g (w1,0,91) = g (w2,0,¢1) = 1 where g1 (w1,9) = g1 (w2,0) = 1.

Note that f and g both give a payoff of 0 at time 0 regardless of the state of the world, and
at time 1 they both give 9 if the state is w; and 0 if the state is ws. Yet, they differ in terms of
when the payoff uncertainty is resolved. For f the resolution is immediate, whereas for g it is
delayed.

Ezample 2 Suppose that U (2) = 22, ug (z,7) = 2z + 2, and j; (w1) = 0.5 and g (wy) = 0.8.
Applying Proposition 2, we see that f < g, since

2 2 2
0.5 (0 +(912) ) +0.5 (0 +(0'2) ) <0+ (0.8(912) +0.2(012))".
In example 2, the decision maker’s beliefs are filtration dependent, and in particular, he

assigns higher probability to w; when the information is revealed later. Since these acts give a
much better payoff in state wy, the decision maker prefers later resolution of uncertainty when
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comparing these two acts. This occurs even though these preferences reflect a preference for
early resolution of (lottery) risk (since the aggregator, ug, is convex in the continuation value).

We now turn to a second invariance property. This requires that uncertainty generated
through the state space is calibrated with uncertainty generated through lotteries in the same
way across filtrations.

Notation 2. Let I¢ € T be the filtration where all information is learned at the earliest possible
time, i.e., coming out of time 0. Formally, Fre o = F.

Axiom 9. (Consistent Beliefs) Fix any time t, filtration I, o € [0,1], event A € P, prizes
w,x € Zy and y, z € Z; and streams of lotteries ,m € AZ1 X -+ x AZp andl',m' € AZ; 1 X
-+ X AZp. Denote by B the unique event such that B € P;;_; and B 2 A. Consider temporal
acts f,g,h,k € Fre and f',g',h', k' € F} where the latter share the same deterministic stream
of prizes up to time t. Further suppose’ :

h(w) = ((w,l),1) and k (w) = ((x,m),1) for all w,
R, (w) = ((y,I'),1) and k., (w) = ((2,m’),1) for all w,

(w,1),1) ifwe A
fw) = {((m,m),l) ifud A
(w,1), 05 (z,m),(1 — ) ifw e B
(w) ifw¢ B

vy ((@1),1) fwe A
fw (UJ) = {((Zz{m/),l) ifw ¢ A and
{ (), 1), a; (z,m), (1 — @) ifw € B
IL (W) ifw¢ B’
Then
h~kandh' ~ K

=
frg = f~g.

As long as the decision maker cares which prize/continuation pair she gets (so as to rule out
the trivial cases where, for example, f ~ g no matter what « is), the axiom says that the lottery
odds judged equivalent to betting on event A conditional on B are the same under any filtration.®
To see this, note that given the representation from Proposition 2, f ~ g <= pu;. (A|B) =«

" Recall that ((w,1),1) is a lottery yielding (w,l) with probability 1. Similarly,
(w, 1), (x,m), (1 —a)) is a lottery yielding (w,l) with probability a and (z,m) with probabil-
ity (1 — ).

8 This axiom is related to the "Horse/Roulette Replacement Axiom" of Machina and Schmeidler [13]
that they use as the main driver in characterizing probabilistically sophisticated beliefs in an Anscombe-
Aumann setting and shares the same flavor of calibrating beliefs using lotteries to impose consistency.
In their case consistency is across outcomes while in our case it is across filtrations.
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and f' ~ ¢ < pu;(A|B) = a. Therefore this axiom allows us to show that beliefs over the
state space do not depend on the filtration, ruling out examples such as example 2.

With the addition of this axiom we can now state our main result, the SREU representation
theorem:

Theorem 1 (Characterization of SREU) Preferences = satisfy axioms weak order, continuity,
temporal sure-thing principle, temporal substitution, monotonicity, event independence, invari-
ance to irrelevant information and consistent beliefs if and only if = has an SREU representation.

Furthermore, the following uniqueness properties hold. If (,u, U, {ut}tT:_Ol) and (//, U, {ug}tT:_(;)
both yield SREU representations of > then, for each t, the derived U, must be a positive affine
transformation of the derived U;. If non-degeneracy holds, u is strictly positive and p’ must equal
L

5. Discussion of Related Literature

To our knowledge, there are three previous papers that have provided foundations for subjective
recursive classes of preferences that include recursive expected utility. These papers are Skiadas
[18] (see also the related Skiadas [17]), Wang [19] and Hayashi [10].

We first discuss the Skiadas [18] paper that, in a highly innovative framework, develops
axioms describing a very general recursive form. Theorem 3 of Skiadas [18] derives an SREU
representation as a special case and, to our knowledge, is the first SREU result in the literature.
There are substantial differences from our development in both the nature of the framework
and the axioms. The whole flavor of the approach is quite different. For example, a crucial
axiom for Skiadas’s approach is Event Coherence. To state it, a little notation is required. In
his framework, an act is a mapping from states and times into consumption together with a
filtration that it is adapted to. Skiadas takes as primitive conditional preference relations over
acts at any given time ¢ and event E and denotes such preference by =F. Event Coherence says
that for any disjoint events F' and G and acts f and g where the associated filtrations have F’
and G as events in their respective time t algebras, if f = g and f = g then f =I'Y¢ g (and
a similar version with all preferences strict). In our framework, we do not refer to objects like
=FUGas we condition only on elements of partitions rather than general events in the algebras
generated by the partitions (in terms of our trees, we condition only on oval nodes, not sets of
oval nodes at a given time). Thus, the parts of the preferences considered in the axioms are quite
distinct in the two theories. One consequence is that the two approaches make connections with
other theories more or less apparent. One thing that we feel is attractive about our approach is
(as elaborated below) that it becomes quite easy to compare with the objective formulation of
Kreps and Porteus and with standard timeless Anscombe-Aumann style models.

We next discuss the Wang and Hayashi papers. Each successfully integrates the treatment of
ambiguity with that of timing of the resolution of uncertainty. To do so they axiomatize recursive
forms including representations involving multiple priors. The relevant points of comparison with
our work are those aspects of their results that do not involve ambiguity.

Both Wang and Hayashi work in infinite horizon environments and impose stationarity on
preferences, while we work in a finite horizon setting. A key axiom for both Wang and Hayashi is
a version of dynamic consistency. The essence of dynamic consistency is that if one continuation
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is preferred to another by tomorrow’s preference no matter what is learned between today and
tomorrow then a current outcome followed by the preferred continuation should be preferred
according to today’s preference to the same current outcome followed by the other continuation.
Thus, dynamic consistency ties together conditional preference at different times. We don’t
assume dynamic consistency in our approach (though it is clearly satisfied by SREU). In fact,
none of our axioms make explicit comparisons of conditional preferences (as derived in our
Definition 8) across time. In contrast, the key axiom of our approach is temporal substitution at
each time and event. Additionally, as we describe below, neither Wang nor Hayashi characterizes
a full SREU representation.

The representation in Wang’s Theorem 4.1 can be specialized to a representation like SREU
by taking his "state-aggregator" u to be conditional subjective expected utility. However, the
conditions under which p takes this form are not fully investigated by Wang. The most closely
related result in his paper (Theorem 5.2) yields an expected utility form for p with a conditional
measure that varies with the filtration, but this is obtained through two assumptions — timing
indifference and future independence — that are not generally satisfied by SREU. Conditions
connecting beliefs across filtrations are also not investigated.

Hayashi’s paper works with a fixed filtration. He describes how to specialize his main repre-
sentation theorem to a SREU representation theorem within that fixed filtration. There are no
developments comparable to the representations across filtrations described in our Section 4.3.

Compared to all of the above papers, the foundations we provide are more directly related
to axioms familiar from timeless models of decision making under uncertainty. In particular,
our approach emphasizes a temporal version of the usual substitution/independence axiom. We
hope that this connection with timeless models allows more of the intuition and understanding
built up there to be profitably exploited in the dynamic setting.

We think that the perspective offered by our development is especially useful in clarifying
the distinction between an objective recursive expected utility model as in Kreps and Porteus
[12] and SREU. In particular, Theorem 2 in Kreps and Porteus shows that (with the addition
of history independence) weak order, continuity and temporal substitution defined over their
temporal lotteries are equivalent to (objective) recursive expected utility. Our framework and
axioms are constructed in such a way that it is easy to see exactly how temporal substitution
should be generalized and what other requirements are needed to obtain a version including
subjective probabilities. Of special note is that our analysis makes clear what is needed in going
from a representation that applies within a single filtration to an across filtration representation.

6. Appendix
6.1. Topology on the space of temporal acts
Let (S, d) be a metric space. For € > 0 let

A* ={ye S|d(z,y) <e for some z € A}.

The Prohorov metric p on the set of Borel probability measures is defined as follows. For any
two Borel probability measures p; and py on S let

p(py, o) = inf {& > 0pq (A) < py (A7) + € for all Borel sets A} .
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Suppose (Z;,d;) is a metric space for each ¢t € {0,...,T}. As in Kreps and Porteus [12], let
A (Zr) be endowed with the Prohorov metric. For any I and any A € Py p_1, let 6774 be a
metric on Fr 1 4, defined by,

drralf,g) = sggp(f (W), 9 (w)).

Iteratively, for any A € P, define the metric on Z; X Fyty1,4 to be the product metric
Dr.t,A, specifically,

1 di(2, 2y) 1 0rev1,4 (f, 1)
21+ di(ze,21) 41+ 0r41,4(f, )

Drt,A ((Zta f)? (Z;, f/)) =

and take the metric on A (Z; X Fr441,4) to be, PrtA the Prohorov metric with respect to pr ¢ 4.
Then, for any I and any A € Pr;_1, let 67+ 4 be a metric on Fj; 4, defined by,

S14.4(f9) = SUP P1,6.P1 1 () (f (W), g (W)).

Iterating, we now have a metric on Fr g o for any given I. Finally, define a metric on F', by

5(f.g) = 3100 (f,g)if 31 € T such that f,g € Fr
9) = 1 otherwise

Observe that this is indeed a metric since the fact that d79 o is bounded above by 1 for any I
(because any Prohorov metric is) ensures that § satisfies the triangle inequality.

6.2. Proof of Lemma 1

Weak order follows immediately from the weak order and temporal sure-thing principle axioms.
To show that > on Fr: 4 is continuous we need to prove that for any f € Fr.a the sets
{9€ Frialg>= f}and {g € Fral|f = g} are closed.

To show that the former set is closed, fix an f € Fr; 4 and a sequence g™ € Fj; 4 such that
g™ > f for each n. Suppose ¢" — ¢ (i.e., dr+,.4(9,9") — 0). We now show g > f. Construct
fe F!and g" € F! for each n sharing the same prize history (zo,...z:—1) as follows. Let fo =T,
g = g" for all w € A and for all n. For each n, let g/} = fw for all w ¢ A. Also construct g € Ff
having prize history (2o, ...2:—1) so that g, = g for all w € Ajand g, = f., otherwise.
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Next, let A C Ao C A3 C--- C Ay C 2 with A; € Pr s denote the unique path to the
event A in filtration I. Let @ € A and observe that?

6(9,9") = 6r,002(3,:9")
= Slelp P1,0,Pro(w) (9 (W), 3" (w))

= Pr,0,4, (0 (@),9" (@)

= P1,0,A0 ((Zo, 95) (Zo’ggJ))
1 011,4 (Qwﬁﬁ 1)

o, (660"

S 61,1,.40 (gwagt’g 1)

<Orua (95,950
=0d14,4(9,9")-

Since 07,4 (g,9™) — 0 by assumption, the above shows that § (g, §™) — 0 as well.

By the temporal sure thing principle axiom, §" = f for each n. Since g™ — g, the continuity
axiom implies g > f By the construction of § and f and the definition of = on Fr4 4, g = f.
This proves that {g € Fy:.alg = f} is closed. The analogous arguments may be used to show
closure for {g € Fralf = g}.

6.3. Proof of Proposition 1

The proof works by first showing the SREU representation restricted to t-temporal acts for
which all £ 4+ 1 continuations are constant. Then this is extended to cover all temporal acts.
To begin, we apply mixture space techniques (as in Anscombe-Aumann style theories) to show
that, together with weak order and continuity, the next three axioms are sufficient for continuous
expected utility on the subset of F7; 4 having all £ 4+ 1 continuations constant. This gives a set
of subjective expected utility representations with the utilities and beliefs indexed by I,¢, A.

Proposition 3 Suppose preference = satisfies axioms weak order, continuity, temporal sure-
thing principle, temporal substitution, and monotonicity. Then there exists, for eacht € {0,...,T}
and for each A € Pri_1 a function Ury 4 @ Zp X UWGAFI*,HLPI,t(w) — R, continuous in both
arguments, and a probability measure iy, o on the restriction of Fr to A such that if all time

ATsS

% Recall that, for g € F¥, g5 denotes the unique continuation of g in state w at time s < t. So, §2'° is
the unique time s continuation of g™ in state @.
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t+ 1 continuations of f,g € Fr+ 4 are constant then,

fmg&

/ Z f(w,2e,h) Urga(ze,h) dpp g 4

(z¢,h)€supp f(w)

/ S (@2 B Uroa (k) g s

(2¢,k)€Esupp g(w)

with Ur ¢4 (ze,h) = Uryga (2, k) if b and k are constant and associated with the same vector
of lotteries. Moreover, each Uy 4 is unique up to positive affine transformations and if non-
degeneracy holds each pp, 4 is unique and strictly positive on its domain.

Proof Fix I € T. Fix an event A € Pr r_;. Elements of F7 1 4 are functions from A to AZz. Ob-
serve that these are "Anscombe-Aumann"-style acts. By Lemma 1 > on Fr 1 4 induced from >
on temporal acts via the temporal sure-thing principle satisfy weak order and continuity on that
domain. Together with axioms Temporal Substitution and Monotonicity this allows us to apply
a known Anscombe-Aumann-style expected utility representation theorem (see e.g., Schmeidler
[16]) to deliver Ur r a and ju; 1 4 satisfying the Proposition. Continuity ensures that Uy 4 is
continuous. Given non-degeneracy, Ur 7, 4 is unique up to positive affine transformations. The
uniqueness of gy 1 4 follows from nondegeneracy in the usual way. The strict positivity of p; 7 4
follows from the strict part of monotonicity.

Next, fix a timet =0,...,7—1 and an event A € Py ;_;. Elements of F ; 4 where all time t+1
continuations are constant are functions from A to A(Z; XUy FF [441,P10(w) ) Since each element
of UwGAF;,tH,PM(w) has an associated element of AZ; 1 x -+ X AZT, these functions may be
taken to be maps from A to A(Z; x AZtH x -+ xX AZp). As above, taking the state space to be A
and the outcome set to be Z; x AZ; 1 X - -+ X AZp we are in an Anscombe-Aumann setting. As
there is a bijection relating F' [441,Pr () and AZ; 1% -x AZp for each w € A, the Monotonicity
axiom applied to the functions from A to A(Z; x UweAFI 1P )) yields the monotonicity in
e.g., Schmeidler [16] applied to the functions from A to A(Z; x AZH_l X -+ X AZr). Noting that
the subset of Fr; 4 where all time ¢ + 1 continuations are constant is closed under the mixture
operations in the Temporal Substitution axiom, the other Anscombe-Aumann properties follow
just as for the T case yielding an expected utility representation where the outcomes are elements
of Zy x AZy1q x -+ x AZyp. Denoting by Vi 4 a (z,1) the utility function in this representation
and setting Uy 4 (21, h) = Vi a (z,1) if his constant and associated with the the vector of
lotteries [ then the representation holds. Uniqueness follows as usual. m

Remark 2 Since the above Proposition shows that Ury a (2, h) = Ury a (2, k) if h and k are
constant and associated with the same vector of lotteries, we may write Ur s a (2,1), for [ €

AZiy1 x -+ X AZp, to mean Uy 4 4 (2, h) for any h associated with .

Next we show that, fixing I, the i, 4 are the conditionals of a single p1; defined over the
whole state space.
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Proposition 4 There exists a probability measure ju; (unique given py, o’s) on F such that,
forallt €{0,...,T} and A € Pr4_1,

_ _Mr
prlA = 1 (A) = Hrt4 (3)

on the domain of py 4 4-

Proof For C € F, set

nr (C)
:/ / / [m,nm,m(m (€NPrra (w))]

2 Pro(w) Pr,r—2(w)
Apr 1Py o a(w) - L1, Pr o (w) AT 0,0-

It is straightforward to check that this is a probability measure and that u; [A = p; 4, 4 (on the
domain of ji;; 4) for any A € Pr;—1. To show uniqueness given the i, , 4’s, suppose that vy is
another such measure satisfying (3). Applying equation 3 to v; and plugging into the definition
of p; (C) gives

ﬂl(c) o
=[] ] e

2 Pro(w) Prr—2(w)
vy vy
d| ————— | ...d| ————— | dv
<u1<7>1,T_2<w>>) <V1(7’1,0(w))> !

= / / e / i (C|Prr-1(w))]dvi|Prr—2 (W) ...dvi|Pro(w) dvy

2 Pro(w) Prr—2(w)
=vr(C)

forany C € F. m

The next result shows that adding the axiom event independence is equivalent to being able
to replace all the Uy 4 with a common U;; that assigns the same value to any given pair
of immediate prize and continuation stream of lotteries irrespective of the event on which the
continuation is realized.

Proposition 5 Given the representation in Proposition 3, Event Independence holds if and only
if, fort € {0,..., T}, there exist Ury : Zy X Ff ;. — R such that, for all A € Pry—1,B € Pry,
and BC Aiff e Fiii1p thenUry (26, f) =Urs,a (2, f) and Ur g (2, f) = Ur ¢ (24, g) whenever
f and g are associated with the same vector of lotteries. Such Ur;’s are unique up to positive
affine transformations.

Proof (=) Fix I, tand {1,0y € A(Zy x AZy1q X -+ X AZyp). Given A, A’ € Pr;_1, suppose
that f,g € Fri.a and f', ¢’ € Fr 4 have all time ¢ + 1 continuations constant and that, for all
weAuw eA,



and,
gw) =g () =1t

By Event Independence, f = g if and only if f’ = ¢’. By the representation in Proposition 3,

— / fw,ze,h) Urga (26, h) dpip g 4
(zt,h)esuppf w)

2/ S gz h) Una (21, h) dptg g s
A
(2t,h)€supp g(w)

— S bz Unialze )= > bz, ) Ursa(al).

(zt,l)Esupp €1 (z¢,l)Esupp L2

Similarly,

— / F (@s 2 ) Upar (20 1) sy 1 o

(z¢ 7}L)Esupp f(w)

> [ f@ah U k) dug

’
A" (2¢,h)€supp ¢’ (w)

— Z 0y (24,1) Ury,a (2,1) > Z lo (24,1) Ury,a (2e,1)

(z¢,l)Esupp €1 (z¢,l)Esupp €2

Since the above holds for any ¢ and {3, Uj;a and Urga  order
A(Zy x AZypq X -+ x AZyp) identically. Therefore, any Uy 4 4 must be a positive affine transfor-
mation of any Uy ;4. Normalize all the Uy 4 4’s so that they are equal on A (Zy x AZy1q X -+ x AZp)
and call this common normalization Uy ;. By Remark 2, specifying Uy ; 4 on A(Zy X AZyyq X --- X AZyp)
determines it everywhere, and thus we have determined a common Ur; with the property that
Uri (2, f) = Ur (21, 9) whenever f and g are associated with the same vector of lotteries. Since
any choice of normalization works, the Ur ; are unique only up to positive affine transformations.
(<=) Follows immediately from substituting the Uy ; in the representation of Proposition 3.
]

Next we show that there is a recursive relationship between Uy, and Ur:41 that holds
when evaluating constant continuations. The proof works by exploiting the nested structure of
temporal acts degenerate up to ¢t + 1 with constant time ¢ + 1 continuations (nested since they
are also temporal acts degenerate up to ¢ with constant time ¢ + 1 continuations).

Proposition 6 Suppose preference = satisfies axioms weak order, continuity, temporal sure-
thing principle, temporal substitution, monotonicity and event independence. Then for each
I € I, there exist continuous functions Uy : Zp — R, and for t = 0,...,T — 1 functions
urt : Zy xR — R continuous in both arguments and a measure p; on F such that (i) each ur, is

strictly increasing in its second argument, (ii) if we define Uy p : Zp — R by U (27) = Uy (27),
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and Ury: Zy X Ff g = R fort =0,...,T — 1 recursively by

Ur (26, f) = g | 2, > f (W, 2041, h) U g (2041, h) | (4)

(z¢+1,h)€Esupp f(w)

where f € Ff, .15, B € Prt and w € B then the representations in Proposition 3 hold using

these Uy y. Moreover, if another collection (U},U},t, u’I) satisfies the above, then the derived Uy ,

must be positive affine transformations of the corresponding Ur ;. If non-degeneracy holds, pi; is
;0,10 11

unique.,

Proof From Propositions 3, 4, and 5, obtain Urr : Zy — R, and for ¢t = 0,...,7 =1, Uy :
Zy X Fi 4y — R, and a measure p; on F. Fix these Uy ¢’s and p; and use them to define the
ur+ through equation (4). Observe that this will define the u;, only for values of its second
argument that correspond to continuation utilities that may be attained using constant acts.
Denote the set of such continuation values by R}, i.e.,

r=JxeR Z f (W, ze41,h) U i1 (20401, h) = @ for some f € FT,
(2t+1,h)€supp f(w)

We now show that such u;:’s are indeed functions on Z; x R} and, given the Ur.’s and
{1, are unique. Specifically, we show that the value of u; ; is completely determined by its two
arguments. We then show the continuity of uy, in its first argument. The proof that wur: is
continuous in its second argument will be delayed until the proof of Proposition 1. Given that
continuity, uy ; may be continuously extended to Z; x R yielding the functions in the statement
of the proposition.

Fixt=0,...,7—1and B € Pry. Let f,g € F[, | p- Suppose f,g € FIH'1 are two temporal
acts degenerate up to t + 1 with the same prize history up to time ¢ + 1. Note that both f and
g are also therefore temporal acts degenerate up to ¢t with the same prize history up to time
t. Suppose that for each w ¢ B, fw and g, are constant and fw = §.,. Further suppose that
wa = fand g, = ¢ for each w € B. That is, f and ¢ have constant time ¢ + 1 continuations that
are identical on B¢ and equal to f and g respectively on B. By Propositions 3, 4, and 5, the

10 For the case t =T — 1 the h arguments in equation 4 are superfluous and should be ignored.
"' Since f is constant, by Proposition 3 and Proposition 5 the value of the second argument of uy ; is
the same no matter which w € B is considered.
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temporal sure-thing principle and the definition of = applied to F7,; g,

f = g=f=yg

= / > fw, 2041, 0) Ui (2041, h) | dpy | B
B\ (z¢41.h)€supp f(w)
> / > 9w, 2041, h) Urigr (241, h) | dpg |B ()
B\ (ze41,n)€supp g(w)
= > f(w,ze41,0) Up g4 (241, h)
(2t41,h)€supp f(w)
> Z 9 (W, ze41, ) Ureq1 (241, 1),

(2t41,h)Esupp g(w)

where the last equivalence follows from the constancy of f and g.

Let A be the unique element in Pr ;1 such that A O B. Observe that f and g have unique
time ¢ continuations on the event A. Denote these by h,j € Fr; a respectively and note that all
time ¢ + 1 continuations of h and j are constant and the lotteries given at time ¢ by h and j are
degenerate. Also recall that f and ¢ agree outside of A by construction. Applying the definition
of conditional preferences (Definition 8) and the temporal sure thing principle yields,

frge=hr=j

Applying Propositions 3, 4, and 5,

= g=h=j
= [ Ona (o) dig 14 = [ U g g4 (6
A A
= [ Ure (e ) dur|A = [ Ure ) dur |4
B B
= Urt (2, f) > Ut (2, 9)

where the third equivalence follows because f and ¢ agree on B¢, and the fourth because fw =f
and g, = g when w € B € Py ;. Equations 5, 6 together imply that,

Ur (zt, ) > Ur (2t,9) <

> f (W, 241, ) Uraga (2041, h) (7
(2e+41,h)€Esupp f(w)
> > 9 (W, ze41,h) Ur 41 (2641, h) -

(2t+1,h)€supp g(w)

The above shows equation (7) holds when both f and g are in Fy, ; p. Next, we show this
continues to hold when f € Fy,., 5 and ¢' € F},,, p, for any B, B’ € Pr;. Fix such f and
g'and let £ = g’ (w'). Define g € F7,,, g by g(w) = £. Since g and g’ are associated with the
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same vector of lotteries it follows (by Proposition 5) that Ur; (2¢,9) = Ut (21, ¢"). For the same
reason,

Z g (W; 241, h) Uri+1 (Zt+17 h)

(2t+1,h)€supp g(w)

= Z C(2e41,0) Ur i1 (2641, 1)

(2t+41,1)€supp £

= Z 9/ (w/, 241, h) Urt+1 (Zt+17 h) .

(2t+1,h)€supp g’ (w’)

Therefore equation (7) continues to hold when f € F},,, g and ¢’ € F},,, p/ for any B, B’ €
PI,t~

This shows that the u;,’s are uniquely defined on Z; x R} (given the U; ;’s) through equation
(4) and are strictly increasing in the second argument. Continuity of uy, in its first argument
follows directly from the continuity of Uy ; in its first argument. The proof that uy ; is continuous
in its second argument will be delayed until the proof of Proposition 1. Given that continuity,
ur: may be continuously extended to Z; x R yielding the functions in the statement of the
proposition. The uniqueness result in the Proposition follows from uniqueness of the U;; and
17 shown in Propositions 3, 4, and 5. =

Finally, we show that the representations that apply in the constant continuation case may
be extended to cover all temporal acts for a fixed filtration. In broad strokes, the argument uses
continuity together with temporal substitution to show that “constant act equivalents” exist and
that replacing continuations by their constant equivalents preserves the representations derived
in the earlier steps. We make use of four intermediate lemmas, stated and proved below, before
proving the main result of this section, Proposition 1.

Lemma 2 Under the assumptions of Proposition 6, for any I € I, there exists 2,2, € Z; for
t e {0, ,T} SUCh that U[’t (ét, 2t+1, ey 2’]‘) 2 Ul,t (Zt7 f) 2 U[,t (fét,2t+17 ey 2’]‘) fO’f' any t,
2t € Zy and f € Ff .

Proof We will prove the existence of the 2;’s. Existence of the Z;’s follows from similar arguments.
Fix I and U;,’s from Proposition 5 and define the corresponding u; ;s using equation 4. Since
Ur,r is continuous and Zp is compact we can find 2y € Zp such that Uy r (27) > Ur p (27) for
all zp € Zp.

Now, suppose that for some ¢ < T we have 2, for s > ¢ such that Ur (3, 2141, .., 21) >
Urs (2, f) for any z, € Z; and f € Ff ;1. We will show that there exists 2,1 such that
Ul,t—l (2t—1,;2t72t+1a .. .,éT) > U[7t_1 (Zt—laf) for any z;_1 € Z;_1 and f € FI*,t' To this end,
let @, = Ury (2, 2¢41,...,27). Since ur4—1 is continuous in its first argument and Z;_; is
compact there exists 2; 1 € Z;_1 such that

Ur,t—1 (5&1»{%) > Urt—1 (thlvﬁt)-

By Proposition 6,

Uri—1 (Zt=1, 20, 2141, - - 27) = up -1 (2e—1, Q)
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for all z,_y € Z;_1. For f € Fr, (with associated with vector of lotteries | = (I;,m) where
m & AZt+1 X X AZT)7

Uri—1 (21,26, Zeq1, -+ 0 21) = U1 (Be—1, )

> uri—1 (ze—1, W)

>uri—1 | 2e—1, Z le (z¢) Ure (2, m)

z¢€supp Iy
=Urs—1(z-1, f).

The first equality is direct from the recursive representation, the first inequality follows from
the definition of Z;_1, the second inequality follows from the definition of 4; and the fact that
ur¢—1 is strictly increasing in its second argument and the final equality from the recursive
representation and the definition of f. m

Lemma 3 Fiz I,t. Let A€ Pr—1 and A = Uf(lej where Bj € Pry. Let f;,g§ € Fr 11,8, for
ie{l,..,N;},je{l,..,K} satisfy f;f = g; If f,g € Fr 44 are such that for w € Bj,

£ = () adis (27,5 al)
9) = (o)) ks (2%,60) 0
then f = g.

Proof First we prove the result when N; = 1 for j € {1,...,K}. Fix jl,g} € Fr 41,8, for
j €{1,.., K} satisfying f} > g;. Define f,g € Fr; 4 as in the lemma. Let § € FI™ be such that
gt, = g for w € A. Since f! = gi, by the definition of = on Fj+y1,5,, g1 = g where §; € F}H
shares the same prize history with § and is equal to f{ on B; and to § on Bf. This argument
may be continued using §; in place of § and creating go by substituting fi on Bs. Since fi = g3,
by the definition of > on Fy ;41 B,, G2 = §1. Continuing in this way until all of A is covered, we
find that g = gx—1 = -+ = g1 = §. Since gi is equal to f on A, g is equal to g on A, and both
are equal on A, by the definition of = on Fr: 4, f = g.
Next, we prove the result for the case where Ny > 1 and N; = 1 for j € {2,..., K}. Fix
1gi € Frypp, fori e {1,..,N;}, j € {1,..., K} with N; = 1 for j € {2,..., K} satisfying
f]’ = g; Define f,g € Fr.4 as in the lemma. Let h; € Fr4a, ¢ € {1,..., N1}, be such that for

w € Bl, o
and h; (w) = f (w) otherwise. Similarly, Let k; € Fr; 4,4 € {1,..., N1}, be such that for w € By,

and k; (w) = g (w) otherwise. Note that f = alh; +---+al'hy, and g = alk; 4+ - + o ky,.
Moreover, since fi = g and f71 > gjl» for j € {2,..., K}, by the earlier case, h; > k;. This holds
for all i € {1,..., N1} . Applying temporal independence then implies that f = g.

The rest of the proof will be by induction. Fix r > 2. Suppose the lemma holds for the case
where N; > 1 for j € {1,...,7 — 1} and N; =1 for j € {r,..., K}. We will show that then the
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lemma must hold for the case where N; > 1for j € {1,...,r} and N;=1forje{r+1,..,K}.
(Note that »r = K corresponds to the statement in the lemma.) Fix ]’f,g; € Frit1,B; for
i€ {l,...,N;},j€{l,..,K} with N; =1 for j € {r+1,..., K} satisfying fi = g; Define
f,9 € Fry 4 asin the lemma. Let h; € Fy 4 4,1 € {1,..., N}, be such that for w € B,,

hi (@) = ((27, £7) ;1)
and h; (w) = f (w) otherwise. Similarly, Let k; € Fr¢ 4,4 € {1,..., N;-}, be such that for w € B,,
) = (290) 1)
and k; (w) = g (w) otherwise. Note that f = alhy + - +al"hy, and g = atk; + -+ ol ky,.
Moreover, since fi = g% for i € {1,.,N;}, j € {1,..,r =1}, fi = g/ and fj = gj for
j € {r+1,...,K}, by the induction hypothesis, h; = k;. This holds for all ¢ € {1,...,N,}.

Applying temporal independence then implies that f > ¢. This completes the proof of the
lemma. m

Lemma 4 For any I,t,A € Pry_1, FJ, 4 is connected.

Proof Fix f,g € Ff, 4. Define r (o) = af + (1 —a)g, a € [0,1]. Note that r is continuous in
the topology generated by the metric 7+ 4 and connects f and g within Fy, 4. Thus F7, 4 is
path-connected. Any path connected set is connected (e.g., Munkres [14], p. 155). m

Lemma 5 For any I,t and f € Frt 4, where A € Pry_1 there exists an f* € Fr, a such that
fr~r
Proof Let M (f) be the set of all g* € Ff, 4 such that g* = f. Similarly let W (f) be the set of

all g* € Iy, 4 such that f = g*. We first show that M (f) is non-empty.
Fix f € Fr 1,4, where A € Prr_;. Note that by Lemma 2,

Urnr (¢r) =2 Z f(w,z0) Urr (2r) dur |A

A resupp f(w)

which in turn implies by Proposition 3 that 27 = f.

Inductively, assume that (2, Z¢41,...,2p) = f for all f € Fryp where B € Pr;_1. We
now show that (2.1, %, Zt41,...,%7) = f for all f € Fr 1 4 where A € P;,_o. Fix some
f€Fri—1,a. Let f € Fr+—1,4 be such that

f(w, Z Zial, s 27) = f(w,) forall w € A.
By the induction hypothesis, g € Fr ¢ 5, (2, 2141, - - ., 2r) = g. Therefore any time ¢ continuation
of f is better than any time ¢ continuation of f, and so, by Lemma 3, f = f. By Lemma 2,
Ul,t—l (2t—17 étv 2t+17 sy éT) 2 / UI,t—l(Zt—17 étv 215—‘,—17 ey ET)d/u‘I |A 9
A

which in turn implies by Proposition 3 that (2;_1, 2¢, Zt41,. .., 21) = f and thus, by the previous
sentence, (2t—1, 2t, 2¢41, ..., 27) = f. This proves the induction argument and shows that M (f)
is non-empty.
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A similar argument using (Z;—1, Z¢, Z¢41,. .., 2r) shows that W (f) is non-empty. Axiom 2
(Continuity) and Lemma 1 implies that these sets are closed. Fy, 4 is connected by Lemma
4. Since, by Lemma 1, M (f) UW (f) = F7 4, there must exist f* € M (f) N W (f) ,which
completes the proof. m

Proposition 1 (Characterization of Within-Filtration SREU) Suppose preference = sat-
isfies axioms weak order and continuity. Then = satisfies axioms temporal sure-thing principle,
temporal substitution, monotonicity and event independence if and only if, for each filtration I,

the restriction of = to F1 has an SREU representation within I.

Furthermore, the following uniqueness properties hold. If (,uj, Uy, {uLt}tT:_Ol) and (u}, Uy, {u’”}z:ol)
both yield SREU representations of = restricted to Fy, then, for each t, the derived U}7t must

be a positive affine transformation of the derived Up:. If non-degeneracy holds, j1; is strictly
positive on its domain and p; must equal py.

Proof (Proof of Proposition 1) We need to prove that, for each filtration I, there exists a proba-
bility measure p; on the state space, a continuous utility function Uy : Zr — R and continuous
aggregator functions ur; : Z; x R — R for ¢t = 0,...,7 — 1 that combine current outcomes with
continuation values such that (i) each uy; is strictly increasing in the continuation value, (ii) if
we define Ur 1 : Zr — R by Urr (2r) = Ur (2r) and recursively Uy, : Z; X Fr 441 — R by,

Uri (26, ) = urs (26, Epya [Ep)Ur g (ze41, B)]) (8)

where A is the domain of f, then the following holds:
For any temporal acts f,g € F7,
fr9g=

By, [Ep)Uro (20,0)] > By, [Eg(w)Uro (20, k)] - 9)

To begin, for any t € {0,...,7} and I obtain Ur,’s and p; from Proposition 6. For any
zt € Zt, Ae PI,t and h € FLH’LA let,

Ul,t (Zt, h) = Ul,t (Zta h*)

where h ~ h* and h* € F}, ., 4. We know that such an h* exists by Lemma 5. From Lemma 3
and Proposition 6, if k* € F7 1.4 and kK ~ h*, then Up, (zt, k") = Ur i (24, h*) so Ur g (24, ) is
well-defined.

For any f,g € Fr4 4, define fg€ Fry.a as follows. For each (z;,h) € supp f (w), choose
some h* ~ h, h* € F;,t+17PI,t(W) and let,

f(w zt, h*) = f (w, zt, h) .
)

Similarly, for all (z;, k) € supp g (w), choose some k* ~ k, k* € Fliip, (@) and let,

g (w,ze, k%) = g (w, 2, k) .

Now note that,
fzgefzyg
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s [ X Fn ) Un (e ) duy A
A R
(z¢,h*)€supp f(w)

> [ k) U k) dig A
A

(z¢,k*)€supp g(w)

s X remh U bl

A (z24,h)€supp f(w)

> / Z g(waztyk) ULt (Ztvk) d:u’I |A 5
A

(z¢,k)€supp g(w)

where the first equivalence follows from Lemma 3, the second equivalence follows from the
representation in Proposition 6, and the third equivalence follows from the construction of f, §
and Ur; as above.

Using these U ,’s and pg, define the uy; through equation (8). We now show that such uy 4’s
are indeed functions and, given the Ur.’s and p;, are unique. We need to show that for any
f € Frip1,p and g € Fy 1,50 where B, B" € Pry, Ury (21, f) > Ur (2, g) if and only if

f(w, 2601, R) Ur py1 (2041, h) duy | B (11)
B (z¢41,h)€Esupp f(w)

> / > 9w, 241, 1) Ur g1 (2041, 1) dpg | B
B

’
(2t+1,h)€supp g(w)

Find g* € F},,, p such that g* ~ g. Define £ = g* (w) . By (10),

/ Z 9 (W, ze41,h) Ur 1 (241, h) dpg | B (12)
B/
(zt41,h)Esupp g(w)

= Z 14 (Zt+17 l) UI,t+1 (Zt+17 l) .

(2t+1,l)€supp ¢

For A’ D B', A’ € Pry_1, let §,G € Fr 4 be identical outside of B’ and on B’, § gives
(zt,9) and g gives (zt,g*). Since g* ~ g, by Lemma 3, § ~ g. From (10), § ~ g if and only if
Uri(z1,9) = Urt (21,9%). Let g** € Ff,. | p be associated with the same vector of lotteries as
g*. By Proposition 5, Uz (z¢, g**) = Ur ¢ (2¢,9%). So, Urs (26, 9) = Urs (2, 96™) .

For AD B, A€ Pri_q, let f,ge€ Fr+ 4 be identical outside of B and on B, f gives (zt, f)
and § gives (2, 9*). By (10), f = g if and only if Ury (2, f) > Uy (2, 9*). By Lemma 3, f=g
if and only if f = g**.
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So, Ury (21, f) > Ur i (20, 9**) = Uy (21, g) if and only if f = ¢** if and only if

f(w, 2601, R) Ur ey1 (2641, h) dug | B
B (z141,h)€supp f(w)

> Z C(2t41,1) Urtq1 (2641, 1)

(2¢+1,l)Esupp £

= / > 9 (W, ze41,7) Uresr (2041, h) dpy | B
B

’
(2t+1,h)€supp g(w)

This shows that the u;,’s are uniquely defined (given the U;,’s) through equation (8) and
are strictly increasing in the second argument. Continuity of u . in its first argument follows
directly from the continuity of Uy, in its first argument. By Lemma 5, the set of attainable
continuation utilities is exactly R; (defined in the proof of Proposition 6). To show continuity
in the second argument, fix z € Rj. By definition there exists f* € Fy, . such that

Z I (W>Zt+1,h) UI,t+1 (Zt+1,h) =&
(zt41,h)Esupp f*(w)

From our earlier arguments, there exist B € Py, and f,i € F1t41, such that f=f = f
(with at least one preference strict). B
Suppose that we can find f and f with f = f* > f. Then we can find a, € (0,1) such that

T = %/ > f (@, 2041, 0) Ur g1 (2641, h) dpg | B
B (2¢41,h)Esupp f(w)
+(1- %)/ > f(wsze41,h) Urpyr (241, h) dpg | B

B (2zt+1,h)€Esupp f(w)

Now, consider a sequence z" € Ry, such that 2™ — z. For each n large enough, there exists a
corresponding a,» € (0,1) such that

" = agn / Z F (W, 201, 0) Ur 411 (2041, h) dpy | B
B (z¢+1,h)€supp f(w)
+(1 —awn)/ Z i(w,zﬂ_l,h) U[,t+1 (Zt+1,h) d,ul |B .

B (2¢+1,h)€Esupp f(w)
By equation (8) and the above,
Ul,t (Zt7a$"f+ (1 - az")i) =Ur,t (zt7$n) )

and similarly, -
Urs (2,00 f + (1 — o) f) = ury (20, 2).

Since azn f + (1 — agn) f converges to oy f + (1 — o) f (in the Prohorov metric),

Uy ¢ (Zt, l‘n) — ULt (Zn x) .
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Now suppose that there do not exist f and f such that f=f - f. The remaining two cases

(i.e., either f ~ f* = for f=f~ f) can be proved analogously, taking into account that
in these cases x can be approached only from one direction. This completes the argument for
continuity of the u;; in their second arguments on Rj. Finally, continuously extend the u;; to

Z; X R preserving monotonicity in the second argument. Uniqueness follows from uniqueness in
Proposition 6.

Necessity is all that remains to be shown.

Necessrcy of Temporal Sure-thing prmmple Fix a filtration I and time ¢. Let A € Pr;_;.
Suppose f g,f,G¢ F! are such that, f and § share the same prize history (2o, 21, ..., 2t—1), and
f and ¢ share the same prize history (zo, LA Zt71)~ Moreover suppose that,

fo = fur G = g forall w € A,
f = Ju» f w = §., otherwise.

Using the representation,

Z Uro (207f8) pr (W) > Z Uro (ZO’gg) pr (W)

wes? we

By construction fg = g2 for all w € A¢, so

I\/il\Y

f
Urpo (Zo, ) (20, 90r)
€

for some w’ € A. Iterating this argument wi that,

find
f=39

=
Uri—1 (Zt—hfw) > Urg—1(2-1,Gur)

for some w’ € A. By the representation,

Uri—1 (%—hﬂ/) =Uri—1 (Zt—1,Eu,|A [Efw,(w)UI,t (Zuh)D

and
Uri-1 (2t-1, §wr) = ur4-1 (2e-1, By, 14 [Eg, (@) Ure (2, h)]) .
Thus,

f=
o
U -1 (thhEmA [Efw,(w)UI,t (Zuh)D > uri-1 (2-1, Buyja By ) Ure (20, h)])
&
>

Euia [Ej @) Urt (2, )]



where the second equivalence follows since w1 is increasing in its second argument. By the
same argument we can show that,

f=3
=
>

Eyuja |Ef U (Ztahﬂ By [y @)Ut (2, )]

But note that f., = f. and g = G since w’ € A. Thus,
f=g& =g

This proves that the representation implies the temporal sure thing principle.
Necessity of Temporal Substitution: Fix any filtration I and time ¢. Suppose a € [0,1] and
A€ ,PI,t71~ For any fagvh S FI,t,Av

fzy
& Byjja [Ep)Urs (26,5)] 2 By [Eg)Ure (21, %))
S aBy,a [BroUne (26, k)] + (1= ) By ja [Bre)Ure (20, k)]
> aByy 4 [Eg)Ure (20, k)] + (1= ) By ja [BngoyUre (21, k)]
& B, a [aEf W Urt (20,k) + (1 = @) EpyUrt (2, )]
> E, |a [aEg(w)UI ¢ (26, k) + (1 — @) By Ure (2, )]
& Buja [Baj)+-ayne)Ure (26,5)] 2 By jja [Eago)+-apn)Ure (2, )]
saf+(l-—a)h=ag+ (1—a)h.
Necessity of Monotonicity: Fix any filtration I and time ¢. Given A € Pr;_1, suppose that

fi9 € Friaand fY, g% € Fry 4 for each w € A. Further suppose that all time ¢+ 1 continuations
of f and of g are constant. Define f“,g“ as follows: For all w’ € A,

and,
9° (W) =g (w).

Suppose f¢ = ¢g¥ for all w € A. This implies that,

/A Z Ure (ze,0) dpg |A (w / Z Uri (ze,0) dpy |A (W)

(2¢,1)€supp f«(w’) (z¢,1)€supp g« (w’)

where (z;,1) denotes an immediate consumption/constant continuation pair. (Note that the
representation implies that evaluation of the pair (z,1) does not depend on the state that it
occurs, and it is for this reason that Ur ¢ (2¢,1) is well-defined.) The previous inequality implies
by the construction of f¢ and ¢g* that

Z Ul,t (Zt,l) 2 Z UI,t (Zt,l).

(z¢,1)€supp f(w) (z¢,1)€supp g(w)
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Finally the previous inequality holds for all w € A so,

/ Z Ure (ze,0) dpg |A (w / Z Ul,t (zt,1) dpy |A (W)

(z¢,1)Esupp f(w) (z¢,l)Esupp g(w
< fzy.

The strict part of monotonicity follows from similar arguments and by noticing that p;|A is
strictly positive for all w € A.
Necessity of Event Independence: Shown in Proposition 5. This completes the proof. m

6.4. Proof of Proposition 2 (Characterization of SREU with Filtration-Dependent
Beliefs)

We need to prove that there exists a probability measure p; on the state space for each filtration
1, a continuous utility function U : Zp — R and continuous aggregator functions u; : Z; xR — R
fort =0,...,7—1 that combine current outcomes with continuation values such that (i) each v,
is strictly increasing in the continuation value, (ii) if we define Ur : Zgp — R by Ur (27) = U (27)
and recursively Uy : Z; X UrezFr 41 — R by,

Ui (2, f) = ue (26, By, ja [Ep) Ui (241, h))) (13)

where A is the domain of f, then the following holds:
For any temporal acts f € F; and g € Fp/,

f=g=

By, [Er@)Uo (20,h)] > By [Eg(w)Uo (20, k)] - (14)

To begin, from the characterization of within-filtration SREU (Proposition 1) for each I € 7
obtain Ur and for ¢t =0, ..., — 1 functions u;; and a probability measure p; on F.

Next fix some I,I';t and £,0' € A(Zy x AZy1q x -+ x AZrp). Suppose f,g € Ff and f',¢' €
F!, give the same deterministic stream of prizes, zo,21, " ,2i—1, up to time ¢ and f, (w) =
fl(w)="4and g, (w) = g, (w) = ¢ for all w. By the Invariance to Irrelevant Information axiom
f~fand g~ ¢g. Thus f > gif and only if f' > ¢’. Applying Proposition 1 and recalling that
the ur+’s are increasing in their second arguments,

f=g
==

uro | zo,ur1 | 21 ure—1 | ze—1, E Ury (2t,0)
(z¢,0)€Esupp £

>uro | zosur1 | 210 ure—1 | ze—1, E Urt (2,0)
(z¢,1)Esupp £/
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=

Z U]7t (Zt,l) Z Z ULt (Zt,l).

(z¢,1)€supp £ (z¢,1)Esupp &/

Similarly,

"=y
==

urro | zo,ury | 210 ur -1 | 2e—1, Ur i (2,1)
zt,l)Ebuppé

>upo | zo,ura | 21 ur -1 | ze-1, Urr g (2,1)
zt,l)Ebuppé’

<

>

Z Up i (2,1) Z Up s (2,1) .

(z¢,l)Esupp £ (z¢,l)Esupp ¢/

Thus, elements of A (Z; X AZy1q X -+ X AZy) are ranked identically by taking expectations
over Ur; and Uy ;. By the standard uniqueness properties for expected utility, Ur: and Ups ¢
must be related by a positive affine transformation. The above reasoning holds for any I’ so
without loss of generality we may normalize all the Uy +’s to a common Uy. This may be done
for each t € {0, ..., T}.'? Given these U,’s, the u;’s are uniquely defined through equation (13)
as before. Proposition 1 and the fact that the U;’s are simply renormalizations guarantee that
(14) holds whenever f and g share the same filtration. Next, we show that the same is true when
f and g are temporal acts with different filtrations.

Fix f € Fy and g € Fp. Let f* € F}f and g* € F}, be such that f* ~ f and ¢g* ~ g (these
exist by Lemma 5). Let §* € F} be such that [5« = [,-. By Invariance to Irrelevant Information,

g* ~ g*. Denoting s~ by (lo,m) where lyg € AZy and m € AZ; x --- x AZp and lg~ by (Zo,m>
where ZO € AZyand m € AZy x --- X AZr,

f-g&
f* t A~k PN
Z lo (Zo) Uo (Zo, m) d/i[ > Z le (ZO) Uo (ZO, m) d/iz
zo€supp lo 20Esupp lo
=
/ Z f(w,20,h)Ug (20, h) dpuy > / Z g (w, 20, k) Ug (20, k) dpsy.

@ (z0,h)€supp f(w) (20,k)Esupp g(w)

12 For t = 0, the middle step in the above displayed inequalities is not necessary, as no ur:’s are
involved.
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where the second equivalence follows from the representation applied within filtration I and
the third equivalence follows from the construction of f*, ¢* and ¢* and the within filtration
representations. This proves that (14) holds.

The uniqueness and strict positivity and continuity statements follow directly from the cor-
responding results in our earlier representations. Necessity follows from the characterization
of within-filtration SREU (Proposition 1) and the obvious necessity of invariance to irrelevant
information, weak order and continuity.

6.5. Proof of Theorem 1 (Characterization of SREU)

We begin with a trivial case. Suppose that for all h and k£ as constructed in the consistent
beliefs axiom, h ~ k. By (14), this implies Uy is constant on Zy x AZy X «-+ x AZp, and, since
any continuation is indifferent to some constant continuation, is thus constant overall. By (13),
this implies all the U,’s are constant as well. In this case beliefs are irrelevant and the theorem
follows straight from the characterization of SREU with filtration-dependent beliefs (Proposition
2). From here on we assume there does exist some h ~ k. Define y = p;. from Proposition 2. The
strict part of the Monotonicity axiom together with h ~ k imply that u is everywhere strictly
positive.

Fix some such h »~ k. We will show that for any filtration I, x; may be set equal to u. Fix
any I and time ¢. If A’ ~ k' for all A’ and k' as constructed in the consistent beliefs axiom then,
by similar reasoning as in the previous paragraph, the only beliefs that may matter for filtration
I are those over events in F7,_; and conditional probabilities over finer events in F may be
freely set to those in p. Otherwise fix an b’ « k’. Take any A € Py, and B € Py, with BD A
and construct temporal acts f,g, f' and ¢’ as in Axiom Consistent Beliefs. By (14) and some
manipulation,

fo~ g
= p(A)Uo (w, 1) + (1 = p(A)) Uo (z,m)

= w(B) (o (w,1) + (1 = a)Uo (z,m)) + (1 — u(B)) Uo (,m)
= W(AIB)Uo (w,1) + (1~ p(A|B)) U (,m)
= alUy(w, )+ (1 —a)Uy(xz,m)
<~ u(A|B) =«a.
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Next, let B C By_9 C B;_3 C --- C By C {2 with By € Py s denote the unique path to the event
B in filtration I. By (13) and (14),

o~ d
> uo(20, 7 (Bo |92)ui (21, py (B |Be—2 Jur—1(2e—1, (A B)Us (y, 1)
+ (1= p(AIB) Ui (z,m)) + (1 — py (B[ By—2))u—1 (26-1, U (2,m')) - - )
+(1 = py(Bo|92))ua (21, w1 (201, Uy (2,m])) -+ +))
= wo(20, r(Bo [2)ur (21, - py (B |Bi—2 )us—1(21-1, U (y, 1)
+ (1= a) U (z,m)) + (1 = py(B|By—2))ug—1 (26-1, U (2,m')) - - )
+(1 = pr(Bo [92))ur (21, - - w1 (26-1, Ut (2,m))) -+ )
= p(A|1B)U (y,1') + (1 — p; (A|B)) Uy (2,m))
= alU;(y,l')+ (1 —a)Us (z,m))
<~ u;(A|B) =a.

As the above argument may be made for any «, f ~ g <= [’ ~ ¢’ from Axiom Consistent
Beliefs delivers

nr(A|B) = pu(A|B)

for all A € Py, and B € Py,_; with B O A. The argument may be repeated to show this
equality for any ¢, and so p; may be replaced with p in Proposition 2. The same holds for
all I, and so the theorem is proved. Necessity follows as in the characterization of SREU with
filtration-dependent beliefs (Proposition 2) with the equality of conditional beliefs implying the
consistent beliefs axiom.
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Fig. 1 A temporal act in a two period world with some time 1 continuations indicated
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Fig. 2 f € F}
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Fig. 3 f >~ ¢
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Fig. 5 f, g and h.
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Fig. 6 f=g
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Fig. 7 af+(1—a)h=ag+(1—a)h

43



Fig. 8 h < I’

Fig. 9 k = K’

44



