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Abstract
Cross-selling is becoming an increasingly prevalent practice in call centers, due, in part, to
its unique capability to allow firms to dynamically segment their callers and customize their
product offerings accordingly. This paper considers a call center with cross-selling capability
that serves a pool of customers that are differentiated in terms of their revenue potential and
delay sensitivity. It studies the operational decisions of staffing, call routing, and cross-selling
under various forms of customer segmentation. It derives near-optimal controls in each of the
settings analyzed, and characterizes the impact of a more refined customer segmentation on the
structure of these policies and the center’s profitability.
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Introduction

Many organizations consider their call centers as one of the most important channels of interaction
with their customers, acting both as a service center and a point of sales – an opportunity for the firm
to generate extra revenue by offering new or existing products to their customers. The significant
revenue potential of this cross-selling strategy is underscored by the nature of the interaction that
takes place in a call center and the wealth of information that is available through state-of-the-art
Customer Relationship Management (CRM) systems; Together, they enable firms to segment their
customer pools effectively and to tailor their product offerings to each such segment to increase
the likelihood of purchase and the associated expected revenue. A familiar and successful example
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of cross-selling practice is in the financial services industry, where customers that call for service,
such as account balance inquiries, are often offered new financial products.1
Alongside its potential benefits, cross-selling may substantially increase the total workload that
needs to be handled by the call center’s agents2 , which may degrade the system’s quality of service,
and, in turn, have an adverse effect on the overall customer experience, as well as the effectiveness
of cross-selling itself. It is important to carefully select which cross-selling opportunities to pursue
and when to do so, and to account for the impact of these decisions in determining the staffing
level of the call center. This paper considers a call center with cross-selling capabilities that serves
a heterogenous pool of customers, and studies the operational decisions of staffing, call routing,
and cross-selling under various forms of customer segmentation. It derives near-optimal controls in
each of the settings analyzed, and characterizes the impact of more refined customer segmentation
on the structure of these policies and the center’s profitability.
In more detail, we consider a call center with a single pool of fully flexible agents that first handle inbound call service requests, and subsequently decide whether or not to attempt to cross-sell to
some of these customers a certain product or service, whenever such an opportunity arises. Crossselling attempts are handled by the same agent that has served the customer’s original request,
upon completion of that task. Each cross-selling attempt is preceded by an instantaneous step
that captures the customer’s decision of whether or not to agree to listen to the cross-selling offer.
The processing times for the original service request and the cross-selling phase are exponentially
distributed with potentially different parameters. Finally, the heterogenous pool of potential customers comprises of a discrete set of types or segments (The terms ‘type’ and ‘segment’ are used in
this paper interchangeably). Types differ in terms of their delay sensitivity and revenue potential.
These are captured through the probability that a customer will agree to listen to a cross-selling
offer as a function of the waiting time that he encountered, and through a demand relation that
specifies the probability that a customer decides to buy the offered product as a function of the
quoted price and the waiting time.
The ability to segment the caller population allows the call center to customize the product
offered to each caller segment. In this paper we assume that the degree of segmentation is exogenously specified, for example, as the output of an upstream marketing analysis. Depending on the
1

A recent study by McKinsey & Co. [13] suggests that bank call centers can generate revenues that are equivalent
to 10% of the revenue generated through the retail branch channels.
2
In a recent study, a Purdue University research group [2] has estimated that call centers may attempt to cross-sell
to as many as 60% of all its callers.
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application setting at hand, product customization may involve charging a different price to different segments for the same product, or could involve changing the attributes as well as the price of
the product offered to each segment. In both settings the goal is to better exploit the preferences
of each caller segment so as to increase the expected profitability from cross-selling. The output of
this pricing and/or product attribute customization process is summarized by the segment-specific
expected revenue per cross-selling attempt. As we show, the latter is crucial in deciding who to
cross-sell to and how to staff the call center. For purposes of the analysis in this paper we consider
the simpler of the two settings mentioned above whereat the call center only customizes the price
of the product offered to each segment keeping all other characteristics of that product common
across segments. We acknowledge this fact by using the term price customization as opposed to
product customization, again keeping in mind that the essential consequence of the customization
capability is that it leads to different expected revenues per cross-selling attempt for each segment.
As an example of price customization, one may consider the pricing of CD (Certificate of
Deposit) products offered by banks to different customers. It is natural to think of the price of
the CD as its associated interest rate, while two important product attributes are the minimum
capital contribution and the length of the time over which the promised interest rate is guaranteed.
An increasingly important application of quantitative pricing and revenue management tools in
the financial services industry is in deciding the terms, and more importantly the interest rate,
of the CD product that is offered to existing customers to entice them to roll their expiring CD
contribution from one product to another. While pricing to initially attract customers that may
be ”shopping around” for such a product is quite competitive, the subsequent re-pricing decisions
tend to be less constrained and indeed an area of intense activity in that industry.
We study three variants of this model with an increasing availability of information regarding
of customer segmentation and, as a result, increasing flexibility in terms of the aforementioned
operational and pricing decisions. The simplest model is one where customers are not segmented,
or equivalently, where their types are not observable. In this case the manager is limited to make the
cross-selling decisions based solely on the aggregate load in the system and to charge all customers
the same price. The second model is one where types are observed sometime during their service,
and this information can therefore be used together with the actual waiting time experienced by
the customer in deciding whether to cross-sell to a customer, and if so, what price to charge. The
third model is one where customer types are observable upon arrival, in which case the manager
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can also decide how to route customers of different types to the available agents. For each of these
models, the call center manager’s problem is to select its staffing, routing, cross-selling and pricing
policies to maximize the center’s expected profit rate, given by its revenues minus the staffing cost
minus a linear waiting time cost that is experienced by all customers and is incurred by the center.
The controlled two-stage service sequence of each customer and the dependence of the crossselling phase on dynamic waiting time information makes an exact analysis of this model cumbersome and difficult, even if customers are treated as one segment. Our approach considers a
deterministic relaxation of this problem, which is solved in closed-form. Its solution suggests different staffing and cross-selling policies for each of the model variants listed above. In each case,
we show that our proposed policy is asymptotically optimal in systems with increasing call volume
and as such is appropriate for call centers with high demand volumes.
Our contribution is two-fold: From a practical viewpoint - we propose a concrete, simple and
provably near optimal solution for the complex problem of cross-selling in environments with multiple customer classes. Our solution will allow firms to extract the revenue potential embedded in
their CRM systems through smart operational management of their marketing interface. From a
managerial viewpoint - our tractable deterministic analysis and the asymptotic performance guarantees of the proposed policies lead to several insights. The first one is that the marketing decisions
of customer segmentation and price customization are effectively decoupled from the operational
decisions of staffing, routing and cross-selling. Specifically, once the set of customer segments
has been identified through an appropriate marketing and statistical analysis, and their respective characteristics have been identified using observed data3 , the firm can precompute its price
customization strategy ahead of time, instead of dynamically choosing the price to charged each
customer. In particular, the prices are static and are identical across customers of the same type.
These prices are then fed into the operational control problem that involves staffing, routing, and
cross-selling decisions.
The availability of information on customer segmentation has many important consequences,
which can also be easily seen from our deterministic relaxation. To start with, roughly speaking,
the center will only cross-sell to customers that generate an expected revenue that exceeds the
3

The first step involves the identification of appropriate attributes along which to segment the customer pool.
The accuracy of the estimation of the customer type characteristics will be greatly improved if the center can keep
track of data on customers that refused to listen to the cross-selling offer, and on those that listened but did not buy.
Finally, there is a tradeoff between the number of customer segments and the accuracy of this estimation procedure,
which may result into coarse segmentation as opposed to segmenting down to the level of each customer.
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capacity cost involved in pursuing this attempt; the expected revenue is equal to the quoted price
times the probability that this customer will buy the offered product provided that his waiting
time was 0. If the center can segment its customers, then it will only cross-sell to its profitable
types; if no segmentation capability is in place, then it will either cross-sell to all customers or
to none, depending again on the expected profitability of these cross-selling attempts. In each
case, the center will staff so as to handle all regular service requests plus the additional nominal
workload generated by its expected cross-selling activities. Since the cross-selling is controllable,
it can provide enough flexibility in the use of the center’s capacity, which eliminates the need to
add “safety staffing” like is typically done according to the “square-root” rule in order to stabilize
the system and guarantee moderate congestion. It is possible that even though it is profitable to
cross-sell in a system that segments its customers, this is not the case without segmentation. Our
analysis outlines such cases. Overall, customer segmentation increases the center’s profitability
in two ways: first, through a more efficient use of capacity achieved by reducing the volume of
cross-selling attempts that are unlikely to be profitable, and second by customizing the price for
each customer type so as to maximize the resulting expected revenue. Finally, we note that the
effect of observing the customer type upon arrival as opposed to after service has commenced is
small. This is explained by the fact that even when the system does not differentiate between types
in its routing decisions and handles all external calls through a common FCFS queue for all these
types, the resulting waiting times are small; these are moderated through the dynamic cross-selling
decisions of the call center and are reinforced by the customers’ delay averseness.
The structure of the remainder of the paper is as follows. This section concludes with a brief
literature survey. §2 describes the two models with observable types, emphasizing mostly the model
where customer type is revealed once his service starts. These two models are analyzed in §3. §4
shows how the pricing problem can be treated separately from all other decisions, which is then used
in §5 to analyze a model with no customer segmentation. §6 provides results from our numerical
experiments and some concluding remarks, while the Appendix presents all of our proofs.
Literature Review The literature on the operational aspects of call centers is extensive and
has grown rapidly over the last decade. A survey of this literature and a tutorial on the subject can
be found in [17]. Of particular relevance to our work is the literature on staffing of call centers. The
most commonly used staffing rule in the literature is the so-called Square-Root Safety Staffing rule,
√
according to which the number of servers required to handle an offered-load of size R is R + β R,
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for some constant β. The square-root safety staffing rule dates back to Erlang in his 1923 paper
(that appeared in [14]). This rule was formalized by Halfin and Whitt [21] who showed that this
square-root safety staffing rule guarantees very short delays in an appropriate asymptotic regime,
and was shown to be nearly-optimal for a pure service center that handles a homogeneous customer
population in Borst et. al. [9]. Square-root safety staffing has been observed to be fairly robust
with respect to changes in model assumptions to include features such as customer abandonment
[18, 23], multiple customer classes [7, 6, 20], multiple server pools [3] and non-stationary arrival
rates [15]. In contrast to the above set of papers, our work shows that the issue of safety staffing
is of lesser importance in call centers with significant cross-selling activity, since by adjusting the
latter the manager can also control congestion.
There is a small but growing portion of the recent literature on call centers that in broad terms
studies how to best manage the cross-selling capability of such systems. In more detail, the crossselling control problem, i.e., the question of when and to whom should the center try to cross-sell,
has been studied by several authors, including Akşin in a series of papers with Harker [1], Gunes [19]
and Örmeci [24], and by Byers and So in two papers [10] and [11]. These papers consider various
aspects of the above dynamic control problem under three assumptions: a) the staffing levels are
exogenously fixed; b) the products and prices offered to the various customers are homogeneous
even though the center may be able to segment its customer pool according to their preferences; and
c) a simplified model of the service system that treats customers that go through the cross-selling
phase as a separate class of service requests with longer service times as opposed to as a two-phase
service. This latter restriction implies that cross-selling decisions have to be made in the beginning
of the interaction with the customer and it cannot use updated state information that may be
available at the completion of a customer’s nominal service request. The service facility is either
modeled as a single server queue, a multi-server queue, or a multi-server loss system (i.e., customers
that do not find an idle server upon their arrival are lost). For the single-server model, Byers and
So [10] showed that the optimal cross-selling policy is of a threshold type; the center cross-sells
as long as the number of customers in the system is below a certain threshold. The optimality
of the threshold policy in the multi-server case has not been established. Despite the restrictive
assumptions listed above, these papers made significant contributions to the literature by being
the first to address the important motivating questions mentioned earlier, and by deriving insights
that seem to be fairly intuitive and to some extent robust. They also raised interesting questions:
Are these insights robust to more representative models of the service delivery process? What is
6

their impact on staffing decisions? In what way would the staffing decision affect the structure of
the cross-selling policy and the profitability of cross-selling? And, finally, what is the impact of
customer segmentation on all of the above?
Recently, Armony and Gurvich [4] proposed a more realistic stochastic model for the crossselling process, whereby the service time of each customer comprises of two distinct phases; the
first captures the handling of the customer’s nominal service request, and the second, which is
optional, captures the duration of the cross-selling attempt. The main analytical contribution of
[4] is to rigorously show that a threshold type cross-selling policy is asymptotically optimal for
this more complex service model as the nominal demand and the size of the call center grow large.
[4] also conducted a preliminary analysis of the joint staffing and cross-selling control problem for
the case where the entire pool of customers is either homogeneous in terms of its preferences, or
is treated as such by the system; the latter would correspond to settings where the customers are
heterogeneous but the system does not have segmentation capability.
Our paper applies the service model proposed in [4] to a setting with heterogeneous and delay sensitive customers to address the joint price customization, staffing and cross-selling control
problem. Our economic model is more general than those used in earlier papers, and the consideration of customer delay sensitivity is new. Our model allows for an insightful analysis of the joint
pricing, staffing and cross-selling problems, which emphasizes the tradeoffs among customer segmentation, price customization, staffing costs, and the system profitability. Our work reinforces the
insights derived in the various papers listed thus far. It also highlights that the ability to segment
the customer pool and customize the respective prices leads to significantly different staffing and
cross-selling policy recommendation from those derived in the papers mentioned above.
An important ingredient of our solution methodology hinges on the use of a deterministic
relaxation for the original joint pricing, staffing and cross-selling dynamic optimization problem,
which is motivated from the work of Maglaras and Zeevi [22]. Finally, the economic model that we
adopt and the notion of price discrimination that underlies our work are related to a vast literature
in economics, marketing, and revenue management. We refer the reader to the book by Talluri and
Van Ryzin [25] for an introduction to these subjects.

7

2

Model formulation

We consider a call center with a single pool of N fully flexible agents that serves a heterogeneous
customer population, comprising of K distinct segments, or types, or classes. We study three model
variants depending on the extent to which the customer types are observable by the system. These
are graphically depicted in Figure 1. Model (a) assumes that types are unobservable, or that the
call center does not segment its customers. In model (b), the type of a customer is observed when
s/he is being served, and this information is subsequently used in the center’s cross-selling decisions.
Finally, model (c) is one where the customer type is immediately observed upon arrival, e.g., by
requiring customers to enter an account number, and can therefore be used in routing as well as in
cross-selling decisions. We will focus on model (b), and treat model (c) as an extension and model
(a) as a one-segment special case of this multi-segment model.

(a)

(b)

(c)

Figure 1: Three Cross-Selling Models

Basic service: Type-i customers call the center according to a Poisson process, {Ai (t), t ≥ 0},
PK
PK
with rate λi . Let A(t) =
i=1 Ai (t) and define Λ =
i=1 λi to be the total arrival rate into

the system. All customers require the same type of service and the processing requirement is
exponentially distributed with rate µs , independent of the customer type. Under the assumption
that types are unobservable before service begins (model (b)), all customers join a single queue and
get processed in a First-Come-First-Served (FCFS) manner.
8

Cross-selling: Once regular service is completed, a customer either leaves the system or enters
a cross-selling phase that is handled by the same agent. A cross-selling attempt is preceded by an
instantaneous step whereat the customer is asked to listen to the actual offer. The length of time
required for the cross-selling attempt may depend on the customer segment and is assumed to be
exponentially distributed with rate µcs
i for type-i customers. All processing times (regular service
and cross-selling) and inter-arrival times are assumed to be independent.
The probability that a type i customer will agree to listen to the cross-selling offer, after
experiencing waiting-time w, is given by an arbitrary non-increasing continuous function qi (w) :
R+ 7→ [0, 1], with limw→∞ qi (w) = 0. We set qi := qi (0) and note that it is possible to have qi < 1.
This allows us to model cases where some customers may always decline to listen to the cross-selling
offer.
If a customer of class i agrees to listen to a cross-selling offer, he will be offered the product at
a certain price that might depend on both his class and his actual waiting time. Class i customers
have i.i.d valuations for this product, denoted by vi , drawn from a continuous distribution function
Fi (·). The perceived “cost” of the offered product may also depend on the waiting time s/he has
experienced. This dependence may arise in some practical settings, such as when signing up for
help desk services where the waiting acts as a proxy for the future quality of service. In other
applications the cost of the offered product should not depend on the waiting time and this is
also allowed by our model. Specifically, we assume that class-i customers have a delay-sensitivity
constant ci ≥ 0. Then, conditional on agreeing to listen to a cross-selling offer, a class i customer,
that has waited for w time units before starting her service will buy the product with probability
F̄i (pi , w) := F̄i (pi + ci w) = P {vi > pi + ci w}. Applications where the cost of the offered product is
independent of the waiting time are captured by setting ci = 0. The resulting conditional expected
revenue from a customer of class-i that waited w time units is given by ri (p, w) := pi F̄i (pi + ci w).
For simplicity of notation we let ri (p) := ri (p, 0) = limw↓0 ri (p, w). We will also assume that the
functions ri (pi ) are unimodal in the pi ’s for each i; this is satisfied by many commonly used demand
functions (see Talluri and van Ryzin [25]). For the first few sections we will assume a fixed vector
of prices p = (p1 , . . . , pK ). Hence, we will use the simplified notation ri (w) instead of ri (pi , w) and
the notation ri for ri (0). We will return to the more general notation in §4 in which we consider
the pricing problem.
Control decisions: The call center manager selects the number of agents N for the system
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and has discretion with respect to the cross-selling and pricing decisions. We will consider policies,
π, that decide whether to cross-sell to the j th type i customer and which price to charge him as a
function of all the information available up to the decision point. In particular, the cross-selling and
pricing decisions are dynamic and may depend on the customer’s type, the waiting time encountered
π , the number of customers in the queue
by this customer prior to his service, which we denote by wi,j

and the number of customers of each type i that are currently in service, denoted by Qπi (t) and
P
π
Ziπ (t), respectively. We let Qπ (t) = K
i=1 Qi (t) be the total queue length at time t under π. To
guarantee the existence of steady state or at least the existence of long run averages for various
quantities of interest we will restrict the set of admissible controls as follows.
cs
Definition 1 (Admissible Controls) Given a staffing level N , and parameters λ1 , ..., λK , µs , µcs
1 , . . . , µK ,

we say that π is an admissible policy if it is non-preemptive, non-anticipative and limt→∞ E[Qπ (t)]/t →
cs
0. We denote the family of admissible policies by A(λ1 , . . . , λK , µs , µcs
1 , . . . µK , N ).

cs
Loosely speaking, A(λ1 , . . . . λK , µs , µcs
1 , . . . µK , N ) is the set of stabilizing policies under the given

parameters. Definition 1 takes into account the fact that the set of admissible policies depends on
the parameters of the model through the stability conditions of the system. To simplify notation,
we will omit the parameters λ1 , ..., λK , µs and µcs
i , i = 1, . . . , K, whenever these are exogenously
fixed, and write A(N ) or simply A whenever the staffing level is clear from the context. Note that
the above definition implies that our system must be able to handle all of the nominal demand,
at least when no cross-selling is exercised; that is, the staffing choice must satisfy the constraint
N > R := Λ/µs .
Performance criterion: We first define two system quantities that will play an important
role in the call center’s cost and revenue terms, respectively. Observe that a steady state need not
exist for any π ∈ A(N ). With that in mind, for some π ∈ A(N ) and i = 1, . . . , K we define
EWiπ (∞)

:= lim sup
t→∞

PAi (t)
j=1

π
wi,j

Ai (t)

,

xi (π) := lim inf
t→∞

and
(ri xi )(π) := lim inf
t→∞

PAi (t)
j=1

π )xπ
ri (wi,j
i,j

Ai (t)

PAi (t)
j=1

xπi,j

Ai (t)

,

,

where xπi,j is an indicator that is set to 1 whenever the j th class i customer goes through a
cross-selling phase, and xπi,j equals zero otherwise. The performance measure (ri xi )(π) should
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be interpreted as the long-run average revenue per class-i customer under the policy π. When
a steady state exists, EWiπ (∞) and xi (π) coincide with the expected steady state waiting time
experienced by type i customers, and the steady state fraction of class-i customers that are asked
and agree to listen to a cross-selling offer under π, respectively. (ri xi )(π) will then coincide with
the steady-state revenue from class-i customers. Since customers are processed FCFS, it must be
that EWiπ (∞) = EWkπ (∞) for all i, k, which will also be denoted by EW π (∞).
The call center incurs linear staffing and waiting time costs per unit time, given by c · N and

ΛhEW π (∞), respectively. The latter assumes that the waiting time cost is type independent. The
waiting time cost can be thought of as a penalty that the system incurs in terms of lost goodwill
from the customers. The type independence of the waiting cost can be relaxed with no effect on
any of our results. Under a FCFS discipline it seems reasonable, however, to assign a common cost
to all customers. The call center manager’s optimization problem is the following:

sup
N ∈Z+ ,π∈A(N )

K
X
i=1

λi · (ri xi )(π) − cN − ΛhEW π (∞).

(1)

Note that while it is not guaranteed that there exists a control that actually achieves the optimal
profit rate, it is easy to establish the existence of an optimal N ∗ , since N is discrete, the profit rate
P
is bounded above by i λi ri − c · R, and it decreases to −∞ as N grows large.

An alternate formulation to (1) would replace the waiting time cost by an upper bound con-

straint on the expected waiting time, typically in the order of 30 seconds, and consider the following
problem:
sup
N ∈Z+ ,π∈A(N )

(K
X
i=1

π

λi · (ri xi )(π) − cN : EW (∞) ≤ W̄

)

.

(2)

Indeed, one can view (2) as a more natural starting point, and (1) as a “dualized” version of the
problem that is perhaps simpler to address. We will refer to (1) and (2) as the waiting cost and
constrained formulations, respectively. We will also make the following assumption:
Assumption 1 Types are labeled so that
cs
r1 − c/µcs
1 ≥ . . . ≥ rK − c/µK

and r1 − c/µcs
1 > 0.
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The labeling assumption is innocuous. The condition r1 − c/µcs
1 > 0 means that it is profitable to
cross-sell to at least type-1 customers. As will be shown later, r1 − c/µcs
1 is roughly the expected
revenue from cross-selling to a class-1 customer minus the marginal staffing costs associated with
it. In the absence of this assumption it makes sense not to invest in extra capacity for cross-selling
and to only attempt to cross-sell to a negligible fraction of the customers.

3

Observable types: analysis based on a deterministic relaxation

A direct analysis of the problems formulated above is very difficult due to their multi-class nature
and the dependence of the cross-selling success probability on state-dependent information. Our
approach looks at relaxations of the above problems, where in addition to the staffing and crossselling decisions, the manager can also select the waiting times experienced by its callers, which in
reality, are random variables that depend on the system dynamics. These relaxations are tractable,
deterministic optimization problems that have insightful solutions and give rise to near-optimal
heuristics. Focusing on model (b) (cf. Figure 1) first, §3.1 studies the waiting cost formulation of
(1). These results are extended to the constrained formulation of (2) in §3.2, while §3.3 extends our
work to model (c) where the customer types are observable upon arrival. All proofs are relegated
to the appendix.

3.1

The Waiting Cost Formulation

Throughout this section we focus on model (b) and the waiting cost formulation (1).
Deterministic relaxation: Starting with (1) we formulate the following linear program:
maximize
s.t.

PK

− c · R(1 + z) − h
PK λi xi
i=1 µcs ≤ Rz,

i=1 λi ri (wi )xi

xi ≤ qi (wi ),

i

PK

i=1 λi wi

(3)

z ≥ 0; xi ≥ 0, wi ≥ 0, for all i = 1, ..., K,
where xi is interpreted as the fraction of class i customers that are being asked and agree to listen
to a cross-selling offer; wi is the “fictitious” waiting time experienced by class i customers in this
formulation; and z is the excess (normalized) staffing level beyond the nominal requirement of
the offered load R (:= Λ/µs ) as a fraction of R. The condition z ≥ 0 implies that the staffing
level is sufficiently large to handle all basic service requests (i.e., N ≥ R). The name ‘deterministic
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relaxation’ comes with a slight abuse of terminology. As to whether or not this is indeed a relaxation
for (1) - the answer to this question depends on the actual form of the function qi (·) and more
specifically on its concavity or lack there of. Its a matter of a simple observation, however, that
any optimal solution to (3) will have wi = 0 for all i and, consequently, that an optimal solution
to (3) is necessarily an upper bound for any optimal solutions to (1) if such solutions exist. Hence,
we choose to refer to (3) as the deterministic relaxation.
Recall the labeling convention in Assumption 1. Denoting the optimal solution to the knapsack
problem in (3) with an overbar we have the following: set w̄i = 0 for all i = 1, . . . K,

 qi
x̄i =
 0

i ≤ k̄

and

otherwise

k̄
X
λi qi
z̄ =
,
Rµcs
i

(4)

i=1

cs
where k̄ = max{i : ri −c/µcs
i ≥ 0, qi (0) > 0}. In fact, we will assume throughout that rk̄ −c/µk̄ > 0,

which is equivalent to assuming that the deterministic relaxation has a unique solution. In the
presence of multiple solutions to the deterministic relaxation our approach might lead to multiple
asymptotically optimal solutions. By Assumption 1, z̄ is guaranteed to be strictly positive. The
P
resulting staffing level is R + k̄i=1 λi qi /µcs
i . Note that the structure of the deterministic relaxation

is such that as long as λi /Λ is known and is kept constant (which we will assume henceforth), the
normalized quantities x̄, z̄ do not change with Λ. Therefore, the relevant profit depends on the
entire vector λ1 , ..., λK through their sum Λ only. Specifically, the profit rate associated with the
solution (4) is

Π̄(Λ) = −cR +

k̄
X
i=1

λi qi (ri − c/µcs
i ) = −cR +

K
X
i=1

λi qi [(ri − c/µcs
i ) ∨ 0],

(5)

which is an upper bound for the optimal profit in (1). (Here and elsewhere x ∨ y = max{x, y})
A staffing and cross-selling proposal: The nested structure of (4) is intuitive: we cross-sell
to all types i for which their marginal revenue contribution, λi ri qi , exceeds the increase in staffing
cost, cλi qi /µcs
i , resulting from the additional cross-selling workload; this reduces to the condition
ri − c/µcs
i > 0. The solution to the deterministic relaxation suggests the following pair of policies
for the original stochastic system:
(S) Staffing: Staff with N = R(1 + z̄).
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(C) Cross-selling: Given a sequence of thresholds ηk̄ ≤ ηk̄−1 ≤ · · · ≤ η1 :
Cross-sell to a customer of type i ≤ k̄ that completes service at time t if and only if Q(t) < ηi .
The cross-selling policy (C) follows the solution of the deterministic relaxation when the queue
length is modest, and then starts to reduce the amount of cross-selling activity as the system gets
increasingly congested. The asymptotic performance analysis that will follow does not use the
precise values of the above thresholds, and in fact only makes use of the smallest threshold ηk̄ .
Consequently, one may prefer to use a simpler policy that uses only this smallest threshold ηk̄ .
This single-threshold policy always cross-sells to classes 1, . . . , k̄ − 1 and stops cross-selling to class
k̄ when the queue length exceeds the threshold. In our setting, in which the arrivals rates, λi , are
known and stationary, this single-threshold policy will be asymptotically equivalent to (C) in terms
of the profits it generates. Still, we choose to present the results for the more elaborate control (C).
We motivate the use of multiple thresholds in a non-stationary environment in §7.
Asymptotic optimality of (S)-(C): Despite its simple structure, (S)-(C) performs very well
in the stochastic system under consideration, and is, in fact, asymptotically optimal in large scale
systems, i.e., where Λ is large. As a starting point we will establish that the system is always stable
under (S)-(C) and that it admits a unique stationary distribution. We do that by showing the
stronger result that the system will be stable under (C) as long as N > R, even if N < R(1 + z̄).
Proposition 1 (Stability) Fix Λ and assume (C) is used for some set of thresholds: ηk̄ ≤ ηk̄−1 ≤
· · · ≤ η1 ≤ ∞. Then, N > R is a sufficient condition for stability. Moreover, for any N > R,
the underlying Markov process admits a unique stationary distribution which is also its limiting
distribution.
This proposition illustrates the self-stabilizing nature of the cross-selling system. Note that the
use of thresholds ηi is not necessary for this result to hold. Indeed, they may all be set equal to
∞; the stabilizing force stems from the delay sensitivity of the customers. Intuitively, when the
system is heavily loaded, the queue and the resulting waiting time will grow large. In turn, fewer
customers will agree to listen to cross-selling offers, thus reducing the load.
The remainder of this subsection will characterize the asymptotic performance of the original
stochastic call center system under (S)-(C) in settings with large call volumes, as measured by Λ.
One naturally expects that with a threshold policy, the best threshold values will be a function
of the system size and in particular of Λ, the overall arrival rate. Let ηk̄Λ , ...η1Λ , be the threshold
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values corresponding to a system with arrival rate Λ. Then, we will show in our subsequent results
that, indeed, there is a dependence of the threshold values on the system size and moreover that
asymptotically optimal performance implies that these threshold values scale according to
√
ηiΛ = η̂i Λ

for i = 1, . . . , k̄

(6)

and appropriate constants η̂k̄ ≤ . . . ≤ η̂1 . Let N ∗ (Λ), x∗i (Λ) and Π∗ (Λ) denote the (unknown)
optimal staffing level, realized long-run average cross-selling rates, and the corresponding profit
rate for (1), respectively, when the aggregate demand is Λ. Also, let Π̂(Λ) be the profit obtained
when using (S)-(C) in the stochastic system.
In the sequel we will make use of the following notation: For two positive sequences we say that
xΛ is o(y Λ ) if xΛ /y Λ → 0 as Λ → ∞.
Theorem 1 (Asymptotic Optimality) Let Λ grow large, keeping λi /Λ constant for all i. Then,
with thresholds satisfying (6), (S)-(C) is asymptotically optimal in the sense that
Π̂(Λ) = Π∗ (Λ) − o(Λ).

(7)

Alternatively, one could write (7) in the form Π̂(Λ)/Π∗ (Λ) → 1 as Λ → ∞. The proof of the above
result follows by showing the stronger result that Π̂(Λ) approaches Π̄(Λ), which itself is an upper
bound for Π∗ (Λ). Since Π∗ (Λ) is sandwiched between Π̂(Λ) and Π̄(Λ), it must also be close to Π̄(Λ).
This leads to a partial characterization of the unknown optimal policy in large scale systems.
Theorem 2 (Estimates of the optimal solution) Let Λ grow large, keeping λi /Λ constant for
all i. Then, (a) Π∗ (Λ) = Π̄(Λ) − o(Λ), (b) N ∗ (Λ) = R(1 + z̄) ± o(Λ), and (c) x∗i (Λ) = x̄i + o(1).
Theorems 1 and 2 together demonstrate how the solution of the deterministic relaxation captures
the first order behavior of the optimal policy for (1), both in terms of its staffing and cross-selling
decisions as well as its resulting profits. A key component of the asymptotic optimality proof is the
√
next lemma that shows that if the thresholds η are of order Λ (as in (6)), then the steady state
√
waiting times that characterize the system are of order 1/ Λ and in particular of order o(1); this
√
is the nominal time it takes an order Λ servers to clear a queue length of order Λ. Thresholds of
smaller magnitudes would result in even smaller waiting times.
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Lemma 1 Let Λ grow large, keeping λi /Λ constant for all i. Denote by E[W Λ ] the steady-state ex √ 
pected waiting time under policy (S)-(C). Then, with thresholds satisfying (6), E[W Λ ] = O 1/ Λ ,
√
or equivalently, lim supΛ→∞ ΛE[W Λ ] < ∞. In particular, E[W Λ ] → 0 as Λ → ∞.
The next lemma then shows that, actually, it would be always optimal to staff and cross-sell
so that the waiting times are very small. We denote by E[W Λ,∗ ] the expected steady state waiting
time under the optimal control (N ∗ (Λ), x∗ (Λ)).
Lemma 2 Let Λ grow large, keeping λi /Λ constant for all i. If an optimal policy (N ∗ (Λ), x∗ (Λ))
exists for all Λ large enough, then lim supΛ→∞ E[W Λ,∗ ] = 0.
Remark 1 (Strengthening the notion of asymptotic optimality) The main technical problem in proving Theorems 1 and 2 lies in the so-called limit interchange problem. Specifically, while it
might be relatively simple to get performance guarantees on finite time intervals, it is much harder
to characterize the asymptotic performance, as Λ → ∞, of the system’s steady state. The technical
arguments in that respect are quite complex as the appendix illustrates. The interested reader
is referred to the appendix for a further discussion of the underlying complexities. Consequently,
√
refining the performance bounds, by showing for example a O( Λ) deviation from optimality, is
complicated even in much simpler settings than the system we consider - especially when one wants
to establish convergence of moments.
Remark 2 (choosing the threshold values) For the cost formulation the values of the thresholds ηi can be selected via simulation. In most call centers, however, the constrained formulation
(considered in the next section) is more natural. Fortunately, for the constrained formulation we
have a very simple rule to determine the threshold value.

3.2

The Constrained Formulation

Lemmas 1 and 2 illustrate that the waiting times experienced in an optimally controlled call center
will be of order o(1). With that in mind, a waiting time constraint of the form E[W Λ ] ≤ W̄ will
become irrelevant as Λ grows large, since the actual waiting times will be much smaller than the
desired target W̄ . A more appropriate formulation that is meaningful as Λ grows large replaces
√
the upper bound constraint by a quantity that itself changes with Λ such as W̄ Λ = Ŵ / Λ for an
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appropriate choice of Ŵ .4 This would result in the following problem:

sup
N ∈Z+ ,π∈A(N )

(K
X
i=1

π

λi · (ri xi )(π) − cN : EW (∞) ≤ W̄

Λ

)

,

(8)

√
where W̄ Λ = Ŵ / Λ for an appropriate choice of Ŵ . Along the lines of (3) the following is a
deterministic relaxation of (8):
maximize
s.t.

PK

i=1 λi ri xi

PK

λi
i=1 Λ wi

− c · R(1 + z)

≤ W̄ Λ ,
PK
xi ≤ qi (wi ),
i=1

λi xi
µcs
i

(9)
≤ Rz,

xi ≥ 0, wi ≥ 0, for all i = 1, ..., K.

The linear program described above has the same optimal solution as (3), making our solution
insensitive to the precise articulation of the effect of customer waiting times. The resulting staffing
and cross-selling heuristics are again the ones described by (S)-(C) in the previous subsection. In
the case of the constrained formulation, one can also get a crude estimate for the threshold ηk̄ to
be ηk̄ := ΛW̄ Λ , which is consistent with (6). Intuitively, if the queue length is maintained below
that threshold, then by a heuristic application of Little’s law one would expect the waiting times
to be below W̄ Λ . The next theorem establishes this result in an asymptotic sense as Λ grows large.
With a slight abuse of notation we use Π̂(Λ) and Π∗ (Λ) to denote the profit rate for the constrained
formulation under (S)-(C) and the optimal policy, respectively.
Theorem 3 (asymptotic optimality) Let Λ grow large, keeping λi /Λ constant for all i. Then,
with thresholds satisfying (6) and such that ηk̄Λ = ΛW̄ Λ , (a) Π̂(Λ) = Π∗ (Λ) + o(Λ) and (b) E[W Λ ] ≤

W̄ Λ + o W̄ Λ .
Theorem 3 shows that the waiting time constraint will be violated only by a negligible amount
if one sets ηk̄ := ΛW̄ Λ . Of course, if one is interested in strict satisfaction of the threshold, one
may start with the recommended threshold and fine-tune it in real-time with small perturbations
around the recommended value.
4

For example,
if the problem of original interest has Λ′ = 100 and W̄ ′ = 20 seconds, then Ŵ is selected so that
√
′
W̄ = Ŵ / Λ , which in this case would give Ŵ = 200
√ seconds. One should then study an asymptotic version of (2)
as Λ grows large and W̄ is scaled according to 200/ Λ; note that the original formulation is recovered for Λ = 100.
′
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3.3

The value of customer type identification upon arrival

We complete the analysis of the model with observable types by comparing the model analyzed
thus far (model (b) in Figure 1)) with the one where the type of each customer is observed at the
time of his arrival to the system (model (c)). The latter could be achieved by requiring callers to
identify themselves through a pin or an account number.
Routing capability: Once the call center observes the type of each arriving customer, it can
maintain different (virtual) queues for customers of each type, and use that added flexibility in
routing calls to available agents. This will eventually tradeoff the delay sensitivity and waiting
time cost of each type against its potential revenue contribution. It is clear that this added element
of control can only improve the call center’s profitability. The question is by how much. The main
result of this section shows that the performance difference between FCFS routing (used when types
are unobservable upon arrival) and any other routing policy that makes use of the type information,
including the optimal one, is small and asymptotically negligible. The crude asymptotic analysis
of this subsection uses a sandwich argument, similar to the one applied in Theorem 2, and does
not need a detailed articulation of the set of admissible routing policies. We refer the reader to
Bassamboo et al.[8] for one possible definition of these controls.
We henceforth drop the distinction between the waiting cost and constrained formulations. The
results in the remainder of this section as well as those in §4 and §5 hold for both formulations.

Let Π∗∗ (Λ) be the optimal achievable profit for the system where customer types are observable
upon their arrival, and note that Π∗∗ (Λ) ≥ Π∗ (Λ). The key to our analysis is that the deterministic
relaxations for models (b) and (c) are identical. The routing capability of model (c) can only serve
to improve the vector of expected waiting times E[Wi ]. Since the relaxation treats these as free
optimization variables, denoted by wi , and sets them equal to zero, its solution will coincide with

that of (3). It follows that Π̄(Λ) ≥ Π∗∗ (Λ) ≥ Π∗ (Λ). From Theorem 2 we have that Π∗ (Λ) =
Π̄(Λ) − o(Λ), which leads to the following conclusion:
Proposition 2 Let Λ grow large, keeping λi /Λ constant for all i. Then Π∗∗ (Λ) − Π∗ (Λ) = o(Λ).
So, while routing control capability may improve the quality of service enjoyed by some types and
potentially simultaneously increase the revenue extracted from them, it will not lead to a significant
overall profit gain. Moreover, the asymptotically optimal staffing and cross-selling recommendations
that emerge from our analysis are insensitive (up to first order) to the use of this information.
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The question that arises is whether segmentation at the cross-selling stage leads to significantly different results in comparison to no segmentation at all. To address this question we first
study the issue of type-dependent price customization in §4, and then assess the value of customer
segmentation in §5.

4

The price customization problem

Customer segmentation in a call center setting allows firms to customize their products to better
match the characteristics of each customer type and extract higher revenues. In our model, the
product offered to all customers is assumed to be the same, but the firm can customize the price
quoted to each customer type. In this section we show that the optimal prices can be computed
separately from the operational decisions of staffing and cross-selling.
Towards this end, note that due to the dependence of the willingness to pay on the waiting
times of customers, one expects the true optimal pricing mechanism to be a dynamic one that
takes into account these realized waiting times. Hence, the pricing mechanism should be regarded
as a mapping from waiting times to prices. Specifically, we assume that prices may assume values
in the space P = P1 ⊗ P2 ⊗ ... ⊗ PK , where for i = 1, ..., K, Pi is assumed to be a compact
interval in R+ . The pricing mechanism is then a function p(·) = (p1 (·), . . . , pK (·)) : R+ 7→ P, we
let S be the space of these functions. Accordingly, we expand the notation used earlier on to let

Π∗ (Λ; p(·)) and N ∗ (Λ; p(·)) be the optimal profit rate and staffing level, respectively, for (1) for a
given Λ and pricing function p(w). We then redefine Π∗ (Λ) := supp(·)∈S Π∗ (Λ, p), to be the optimal
achievable profit rate when the call center is allowed to optimize over its price function over the
set S. Let p∗ (Λ) := p∗ (Λ)(·) be the optimal price function, which is assumed to exist, and N ∗ (Λ)
the corresponding staffing level. We also let Π̄(Λ, p) be the profit rate achieved in the deterministic
relaxation of (3) for a given constant value of p, Π̄(Λ) := maxp∈P Π̄(Λ, p), be the profit rate when
optimizing over the price, and let p̄ denote the corresponding optimizer, which will most likely be
different than the function p∗ (Λ). While identifying p∗ (Λ) is hard, the deterministic price vector p̄
is easy to characterize by rewriting the objective function as

Π̄(Λ, p) = −cR +

K
X
i=1

λi qi [(ri (pi ) − c/µcs
i ) ∨ 0],

(10)

where ri (pi ) = pi F̄i (pi , 0); this expression reflects the fact that the center only cross-sells to and
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receives revenue from types for which ri (pi ) ≥ c/µcs
i , and that it staffs accordingly. It follows that
the corresponding optimal price in (10) is static (waiting time independent) and satisfies
p̄i = argmax pi F̄i (pi , 0),

(11)

pi ∈Pi

and Π̄(Λ) = −cR +
R(1 + z̄(p̄)), where

PK

i=1 λi qi [(ri (p̄i )

z̄(p̄) =

− c/µcs
i ) ∨ 0] = Π̄(Λ, p̄). The corresponding staffing level is

k̄(p̄)
X
λi qi
Rµcs
i
i=1

and k̄(p̄) = max{i : ri (p̄i ) ≥ c/µcs
i };

(12)

the above expressions assume w.l.o.g that types are relabelled so that r1 (p̄1 ) ≥ . . . ≥ rK (p̄K ). We

cs
also assume that r1 (p̄1 ) > c/µcs
1 and that rk̄(p̄) (p̄k̄(p̄) ) > c/µk̄(p̄) , which guarantee, respectively, that

Assumption 1 holds and that the solution of the deterministic relaxation given p̄ is unique. It
is straightforward to show that p̄, z̄(p̄) and k̄(p̄) jointly characterize the optimal solution of the
deterministic relaxation, and that this solution does not change if one were to scale Λ large, while
keeping λi /Λ constant (this is the asymptotic setup adopted thus far). Note that although p̄ may
be different than p∗ (Λ), Π̄(Λ, p̄) is still an upper bound for Π∗ (Λ, p∗ (Λ)). Using the results of the
previous section we find the following:
Proposition 3 Define p̄, z̄(p̄) through (11) and (12), respectively. Let Λ grow large, keeping λi /Λ
constant for all i. Then: (a) Π∗ (Λ, p∗ ) = Π̄(Λ, p̄) − o(Λ), (b) N ∗ (Λ, p∗ ) = R(1 + z̄(p̄)) ± o(Λ), and
(c) p∗ (Λ)(0) = p̄ + o(1).

Consequently, we recommend adding the static price vector p̄ to the staffing and cross-selling
rules proposed in §3. By Theorem 1 and Proposition 3 above, the resulting joint pricing, staffing
and cross-selling solution is asymptotically optimal for the original stochastic system.

Decoupling of pricing and staffing:

An important consequence of the above result is that the

pricing decisions can be made independently of the operational ones of staffing and cross-selling.
This insight is valid in the system where types are observed upon arrival (model (c)), as well as
in settings where products are customized along other non-price attributes which do not involve
capacity and quality-of-service specifications. This decoupling trivially follows in settings where the
perceived cost of a product is independent of the waiting time encountered by the customer, but
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need not be true in the more general model considered in our paper. Moreover, since the waiting
time of the customer is known to the agent, the center may want to invoke a dynamic pricing policy
to optimize the expected revenue per customer. The fact that a static pricing policy is shown to
perform very close to optimal is an appealing characteristic of our solution that allows the system
manager to make the pricing and operational decision in a hierarchical sequence.

5

The effect of customer segmentation

This section compares the profitability and behavior of the system studied in §3 and §4 against
one that does not use a segmentation mechanism and instead treats its entire customer pool as one
segment. The latter is offered a common product, i.e., at the same price, and cross-selling decisions
are made without the customer type information; this is model (a) in Figure 1.
A system with no customer segmentation: The characteristics of this combined segment
are a single delay sensitivity function q(·) and a corresponding willingness-to-pay distribution F (·)
that are appropriate mixtures of the corresponding quantities for the various types. The delay
sensitivity function, q(w), is given by

q(w) :=

K
X
λi
i=1

Λ

qi (w).

The mean cross-selling time for the combined segment is estimated by
K

X
λi qi
1
1
=
· cs .
PK
cs
µ
µi
j=1 λj qj
i=1

This is a reasonably precise estimate assuming that the waiting times are small. Moreover, the
comparison result in Proposition 4 below holds when one uses a more precise estimate that takes into
account the waiting times. The combined willingness-to-pay distribution F is computed indirectly
as follows. Let F (p, w) be equal to the probability that the willingness-to-pay of a customer that
agreed to listen to the cross-selling offer after a waiting time of w time units is less than or equal
to p. Then q(w) and F̄ (p, w) satisfy the following intuitive relation

q(w)F̄ (p, w) =

K
X
λi
i=1

21

Λ

qi (w)F̄i (p, w),

from which we can solve for F (p, w).
The deterministic relaxation for the combined segment is now easy to solve by specializing the
results of §3 to a single segment with characteristics q(w) and F (p, w). Specifically, it is again
optimal to set w = 0, which together with (10) gives the following objective
Π̄a (Λ, p) := −cR + Λq(pF̄ (p, 0) − c/µcs ) ∨ 0,

(13)

where the superscript ‘a’ is meant to associate this expression to model (a), and

q :=

K
X
λi
i=1

Λ

qi

and

F̄ (p, 0) :=

K
X
i=1

λi qi
F̄i (p, 0).
PK
j=1 λj qj

(14)

As shown in §4, one can study this deterministic formulation by separately optimizing over the
price p, and then considering the resulting staffing and cross-selling problem at that price.
The pricing decision: The optimal price that the call center should use in this deterministic
relaxation is given by the solution to the following problem:
max pF̄ (p, 0),

(15)

p∈P̄

which we denote by p̄a , and let r a = p̄a F̄ (p̄a , 0) and P̄ = P1 ∩ P2 ∩ ... ∩ PK . Note that despite
our assumptions regarding the unimodality of pi F̄i (pi , 0), pF̄ (p, 0) need not be unimodal itself.
However, one can always find its optimizer through a single-parameter search (assuming that the
set P̄ is not empty).
The staffing and cross-selling decisions: Plugging p̄a into (13) and using the results of §3, the
solution of the deterministic relaxation can be divided into two cases:
i. If r a ≥ c/µcs : the call center cross-sells to all customers and staffs with Rmax := R(1 + z̄ a )
servers, where z̄ a = Λq/(Rµcs ).

ii. If r a < c/µcs : the call center will not cross-sell to any customer and staff with R servers.
Using (13) and (14), the resulting profit rate in the deterministic relaxation is given by

 −cR + PK λi qi (p̄a F̄i (p̄a , 0) − c/µcs ),
i
i=1
a
Π̄ (Λ) :=
 −cR
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if r a > c/µcs
otherwise

,

(16)

which is again an upper bound for the optimal profit rate of the stochastic call center system.
As in §3, the natural implementation of the above policies in case i. would be to cross-sell as
long as the queue is below an appropriate threshold that serves to limit excessive delays. In
case ii., the system may still elect to cross-sell, but only if either the queue is very small or
there are a sufficient number of agents that are idle. Moreover, in that case the staffing level
√
should be inflated to R + x R for an appropriate constant x, in order to provide moderate delays.
The asymptotic analysis of §3 does apply to the single-segment model when the solution of the
deterministic relaxation falls into case i., but it does not cover case ii., where the system exercises
negligible cross-selling. That case was studied in detail in Armony and Gurvich [4] and will not be
further reviewed here.
The effect of customer segmentation: The key differences between the two systems, with
and without segmentation, are best illustrated through their respective deterministic relaxations,
which are simple and accurate, in the sense that they capture the structure of the underlying
optimal policies and their resulting performance asymptotically.
1. Cross-selling (all-or-none vs. selected types): For both models, the call center will do
significant cross-selling only if the expected revenue from doing so exceeds the capacity cost involved
in that activity. With no segmentation capability in place, the system will either choose to crosssell to all of its callers if r a ≥ c/µcs , or to none. In the first case, this may involve cross-selling
to customer segments to which it is strictly unprofitable to do so, while in the second it involves
foregoing profitable cross-selling opportunities that cannot be singled out from the larger pool of
callers (the latter follows from Assumption 1). Using customer segmentation, the system will only
cross-sell to types i = 1, . . . , k̄ for which ri (p̄i ) ≥ c/µcs
i , i.e., for which cross-selling is profitable.
Finally, we note that although Assumption 1 guarantees that the call center will always choose to
cross-sell to some subset of the customer types, if these can be segmented out, it does not guarantee
that it is profitable to do so in a system with no segmentation capability.
√
2. Staffing: The model with no segmentation will either staff with Rmax = R(1+ z̄ a ) or R+x R
servers, depending on whether it will cross-sell or not. In contrast, the model with segmentation
will staff with R(1 + z̄) servers; z̄ < z a , unless it is profitable to cross-sell to all customer types.
3. Uniform vs. customized pricing & profitability: Most structural differences between the
two systems originate from the pricing policies adopted by the call center in each case, and the
corresponding expected revenue that they will generate per customer that agrees to enter the cross23

selling phase. As explained earlier, the system that segments its customers will customize its prices
p̄i for each type according to (11), while the system with no segmentation will use a uniform price,
p̄a defined through (15). An immediate consequence of the above is that
ra =

K
X
i=1

Pre-multiplying by
P
K

j=1 λj qj

PK



λi qi
PK

j=1 λj qj

j=1 λj qj

a

K
X

p̄a F̄i (p̄a , 0) ≤

i=1

λi qi
p̄i F̄i (p̄i , 0).
PK
λ
q
j
j
j=1

and subtracting out the corresponding capacity cost we find that

cs

(r − c/µ ) ≤

K
X
i=1

λi qi (ri (p̄i ) −

c/µcs
i )

≤

K
X
i=1

+
λi qi (ri (p̄i ) − c/µcs
i ) .

The right-hand-side (RHS) of the above expression is equal to the profit contribution due to crossselling in the system with segmentation, which is clearly non-negative. This allows us to strengthen
this inequality to the following
P
K

j=1 λj qj



a

cs +

(r − c/µ ) ≤

K
X
i=1

+
λi qi (ri (p̄i ) − c/µcs
i ) ,

(17)

where, in turn, the left-hand-side (LHS) of (17) is the profit contribution due to cross-selling in
the system with no segmentation. The above inequality is strict as long as there exists a type i for
which p̄a F̄i (p̄a , 0) < p̄i F̄i (p̄i ), which by the definition of p̄i and the unimodality of pF̄i (p, 0), reduces
to
∃ i ∈ {1, . . . , K} for which p̄i 6= p̄a ,

(18)

∃ i, j ∈ {1, . . . , K}, such that p̄i 6= p̄j .

(19)

or equivalently to

Unless customer types have trivial differences with respect to their willingness-to-pay, conditions
(18) or (19) are likely to be satisfied, in which case the ability to segment the customer pool would
lead to significant profit gains. For example, if the willingness-to-pay distributions for the various
types were exponential with parameters bi , then the above conditions would require that at least
two of these types had different parameters bi 6= bj . If the distributions were logistic with scale
parameters bi (these are commonly used in the literature in modelling different customer segments),
then again (18) would require that the parameters of at least two segments are different. A simple
extension of our previous results yields the following characterization of the potential value of
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customer segmentation in the underlying stochastic call center systems.
Proposition 4 Under Assumption 1, if (18) (or equivalently (19)) holds, then for all Λ, Π̄(Λ) −

Π̄a (Λ) = δΛ, where δ is the difference of the RHS and LHS of (17) normalized by Λ. Moreover, if
we let Λ grow large, keeping λi /Λ constant for all i, then
Π∗ (Λ) − Π∗,a (Λ) = δΛ + o(Λ),
where Π∗ (Λ), Π∗,a (Λ) are the optimal expected profit rates for the underlying stochastic systems with
and without segmentation, respectively.
The above proposition together with the results of Theorems 1 and 3 suggest that the staffing
and cross-selling policies proposed in this paper would realize most of the profit differential that
can be attributed to customer segmentation. Operationally, the latter also leads to more efficient
capacity utilization since call centers that do not segment their callers but try to cross-sell to them,
end up pursuing too many customer prospects that are unlikely to lead to a sale. Our stylized, yet
insightful, analysis can be used to assess the magnitude of this potential benefit, which is useful
in deciding the value proposition of an investment in technology and agent training that would be
needed to support a sophisticated customer segmentation and cross-selling strategy.

6

Numerical results

Our results are organized in three categories. The first offers a representative numerical illustration
of the accuracy of our asymptotic analysis. The second examines the quality of the proposed
policies, and in particular shows the sensitivity of the system performance to changes in staffing
and threshold levels that are used in the cross-selling decisions. The last one gives some examples of
the potential value of using customer segmentation in such a call center. For simplicity, we assume
cs
throughout this section that µcs
i = µ for all i.

The accuracy of large-scale asymptotics: We illustrate the accuracy of the proposed (S)(C) heuristic by experimenting on a system with 4 customer classes. The service rates are µs = 1
and µcs = 2; one may regard all subsequent parameters as normalized with respect to µs . The
arrival rates are λ1 = λ2 = 13 Λ and λ3 = λ4 = 16 Λ, while the aggregate arrival rate, Λ, will be varied
over a range of values in our experiment. The product prices are exogenously given and result in
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expected revenues per type i customer that goes through cross-selling given by r1 = 7, r2 = 5,
and r3 = r4 = 0.4, regardless of the realized waiting time.5 . For simplicity we assume that the
customers’ willingness-to-listen functions are common across types and given by the linear function
qi (w) = [1 − 0.1w]+ . The staffing cost is normalized to c = 1 and for concreteness we consider the
constrained formulation with an upper bound for the waiting time equal to 1/6; if the natural time
units are minutes, then this upper bound is 10 seconds. Under this choice of parameters we have
that z̄ =

1
3

> 0 and k̄ = 2, i.e., the center will cross-sell to types 1 and 2 only. These values of z̄

and k̄ and the above set of revenue and cost parameters give Π̄(Λ) = (2.67)Λ as an upper bound
on the system’s profit rate.
We have simulated the system behavior under three variants of the policy (S)-(C) for Λ ranging
from 40 to 200. The first variant is a direct translation of the solution of the deterministic relaxation,
with a threshold η2 = ⌈ 16 Λ⌉ chosen according to the recommendation in §3.2; recall that type 2
is the least profitable type that the system cross-sells to. (For simplicity we set η1 = ∞, i.e., the
system would always cross-sell to type 1 customers.) The other two policy variants had η2 and the
staffing level N further optimized via exhaustive simulation, i.e, by performing a search over all
possible values of N . The simulation code was written in c++. Each sample path contained 800, 000
customer arrivals from which we formed time averages of the queue length and of the fraction of
customers of each type that were cross-sold to. The length of each simulated path ensured that our
estimates were close to the actual steady state behavior.
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Figure 2: Performance of (S)-(C)

First, we note from Figure 2(a) that the absolute deviation between the profits achieved through
5

This is equivalent to assuming that in this case the willingness to pay is independent of the realized waiting time
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the three candidate policies as well as their difference against the deterministic upper bound increases with the scale of the system, as measured by the aggregate call volume Λ. However, Figure
2(b) illustrates that if normalized by Λ, which is the multiplicative factor by which the above
quantities are growing, then the respective difference decays to zero. In fact, this decay is of order
√
1/ Λ. The above findings are representative of many examples that we tested. Second, we observe
that as the size of the system increases, most of the profit gains from fine-tuning the cross-selling
threshold parameter and staffing level can be attributed to the former. This is practically appealing
as it makes the model more robust to forecasting errors, because adjustments can be made on-line.
The next set of results that we present study this issue in more detail, and also review the waiting
time constraint qualification.
Performance sensitivity with respect to the cross-selling threshold and the staffing
level: Figure 3 offers a more detailed look at the effect of these two parameters to the center’s
profitability and the steady-state expected waiting time experienced by its callers for the system
examined above for Λ = 120. The parameters extracted from the deterministic relaxation are
z̄ = 1/3 and k̄ = 2, which would translate to a nominal staffing of N = 160 servers, and a nominal
threshold of η2 = ΛW̄ Λ = 20; i.e., the center would stop cross-selling to type 2 customers when
there are more than 20 customers in queue. Specifically, Figure 3(a) shows the distance between
the realized profit and its upper bound for various values of η2 and N . Figure 3(b) depicts the
expected waiting time for each of these parameter combinations; the respective constraint requires
that this falls below 0.167.
It is worth noting that the center’s profitability is fairly insensitive to the staffing level around
its nominal value of 160 servers, since the effect of the latter can be compensated by appropriately
adjusting the cross-selling threshold. As expected the waiting time is decreasing in the staffing level,
and increasing in the value of the cross-selling threshold; i.e., more servers reduce the overall load,
while higher thresholds imply that the system is willing to tolerate longer waiting times. In fact, as
expected from an informal application of Little’s law, the expected waiting time increases almost
linearly as a function of the threshold. The effect of the threshold on the profit is less significant,
which is consistent with our asymptotic results that showed that (S)-(C) with practically any
threshold level performs very close to the upper bound in large systems. Taken together, the
above comments suggest that call centers of reasonably large size can use the nominal staffing level
extracted through the deterministic analysis, and subsequently select the cross-selling threshold to
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(a) Profit under (S)-(C)

(b) Waiting Time under (S)-(C)
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Figure 3: Performance as function of staffing and threshold levels

achieve constraint qualification and improve profits.
The value of market segmentation: We conclude this section through a set of numerical
experiments that strive to illustrate the potential value of market segmentation. The analysis here
is crude in the sense that it is limited to the deterministic relaxation. The asymptotic performance
guarantees and the numerical results presented above suggest that the profit gap between the
respective deterministic relaxations will persist in the stochastic systems as well. To facilitate the
presentation of our results we will mostly focus on a two type system, for which µs = 1, µcs = 2,
c = 1, Λ = 100, and λ1 = λ2 = 0.5Λ. The waiting cost d or the waiting time upper bound W̄ do
not play any role in the deterministic analysis, and hence there is no need to specify them.
It remains to specify the customer choice behavior. As in the previous examples, we assume
that the delay preferences of both types are the same with qi (w) = [1 − 0.1w]+ . Type i customers
are assumed to have a exponentially distributed willingness-to-pay with parameter bi for which
F̄i (pi ) = e−bi pi , i = 1, 2. We assume that prices can obtain values on the bounded interval [0, 20] in
each case. For the system that segments its customers, the optimal prices are given by p̄i =
(where x ∧ y = min{x, y}), for which ri (p̄i ) =

1
bi

1
bi

∧ 20

∧ 20e−(20bi ∧1) . Note that the optimal price 1/bi in

the absence of the price bound of $20 is equal to the average of the distribution Fi , and that ri (p̄i )
is linear in 1/bi as long as bi ≥ 0.05. The solution to the deterministic relaxation will cross-sell to

type i provided that ri (p̄i ) ≥ c/µcs , which in this model translates to bi ≤ 0.74(= 2/e) and that
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1/bi ≥ 1.36. The optimal price for the system that cannot segment the two customer types does
not admit a closed form solution, and is computed numerically using (14) and (15).
To test specific numerical system instances we have generated 250 independent realizations of the
pair (b1 , b2 ) by drawing each of the bi ’s independently from a uniform distribution on [0, 2]. For each
realization of (b1 , b2 ) we solved the deterministic relaxations with and without segmentation. This
involved computing the optimal prices, deciding to which types to cross-sell to, if any, calculating
the corresponding the staffing level, and finally the profit rate. Figure 4 displays the relative
increase in profits, (Π̄(Λ) − Π̄a (Λ))/Π̄a (Λ), versus the maximum of the average willingness-to-pay


among the two types, given by max b11 , b12 . The average profit increase through segmentation in
this two class experiment was around 24%. We have repeated this experiment several times and in
all of the experiments the average profit increase was above 20%.
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Figure 4: Profit comparison of systems with and without customer segmentation

Figure 4 is rather intuitive. There will be no profit gap between the two systems if b1 = b2
or if the bi ’s are different but are such that no system decides to cross-sell to any customer. In
settings where at least one type has a very large average willingness-to-pay, both systems will be
very profitable in their cross-selling activities, and the relative difference in profit will be small
(the RHS of the figure). In settings where both parameters 1/bi are small, then again the profit
differential will be small because cross-selling is barely compensating for the cost of capacity. The
difference between the two systems is more pronounced when
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1
b1

and

1
b2

are of moderate size, in

which case the relative added value from a) price customization and b) selective cross-selling (i.e.,
the capability to cross-sell to only one of the two types) is significant. For example, 20% of the
250 instances that we generated are such that the system with segmentation will choose to only
cross-sell to one type, whereas the system with no segmentation capability will not cross-sell at all.
Finally, as the number of customer types and the availability of information on potential segmentation increases, the overall profit contribution due to segmentation becomes more substantial.
In a set of experiments that we ran with four customer types the average relative profit increase was
40% (up from 24% for the system with 2 types). Also, as the number of types was increased, we
observed more instances where the cross-selling recommendations of the two systems would differ
significantly.

7

Concluding Remarks

To summarize, this paper proposes a tractable deterministic relaxation for studying the various
control problems that arise in call center systems with cross-selling capability, paying particular
attention to the effect of customer segmentation on the structure of the staffing, cross-selling, and
routing policies that the system may choose to adopt. The policies that are generated through this
analysis are simple to implement, intuitive, and achieve near-optimal performance.
Our analysis can be extended in several directions to better model the operational complexity
of modern call center systems, as well as that of customer behavior. In the former, this may include
systems that have multiple pools of agents with different processing capabilities, as well as more
complicated service requirements, that may need a sequence of steps to be handled by the same or
different agents. With respect to the latter, one could allow the customers decision of whether to
listen to the cross-selling offer to include information from the initial phase of service experienced
by the customer, such as his service time, whether his initial request was successfully resolved,
etc. Another extension would be to allow for customers to abandon the queue if their waiting
time is excessive. All of the above generalizations increase the complexity of the underlying system
substantially, but can be addressed using our approximate analysis with little additional effort.
Finally, an interesting extension would examine the staffing and control decisions in the face
of non-stationary arrival patterns or parameter estimation and forecasting errors. Our asymptotic
optimality results in this paper apply only to the stationary case with known arrival rates. For
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this setting, our asymptotic analysis and experience with numerical examples show that only the
smallest threshold, ηk̄ , has an important effect on the system performance. Still, the control (C) –
with its multiple thresholds – was designed with more general settings in mind. Indeed, it seems
plausible that in settings with non-stationarity and estimation errors these larger threshold will play
an important role by providing the system with a significant level of adaptability and robustness.
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A

Proofs

This section is dedicated to performance analysis of the (S)-(C) staffing and control rule. The
analysis, which consists of several components, will eventually lead to the asymptotic optimality
results of Theorems 1, 2 and 3. Some of the results proved below are based partially on auxiliary
results whose proof is involved and very lengthy. Hence, while we do give here the proofs for all
the main results of the paper, the proofs for some of the auxiliary results are relegated to an online
appendix [5].
Λ (t) is the number
The following notational conventions will be used throughout this appendix. Zi,1
P
Λ
of type-i customers receiving service (not cross-selling), at time t. We set Z1Λ (t) = K
i=1 Zi,1 (t).

Λ (t) be the number of class i
Recall that QΛ (t) is the overall queue length at time t. Also, let Zi,2
P
Λ
customers in the cross-selling phase at time t and Z2Λ (t) = K
i=1 Zi,2 (t) be the overall number of

customers in the cross-selling phase at time t. We assume that all processes and random variables

are defined on a common probability space (Ω, F, P ) on which we make later additional probabilistic

assumptions. For any finite dimensional random variable X, |X| is the L1 norm. For any finite
dimensional process {Y (t), t ≥ 0}, Ey [|Y (t)|] stands for the expected value of the normed process
at time t given that Y (0) = y.

Proof of Proposition 1:
First note that the delay sensitivity of the customers dictates that we need to keep track of
the individual customers’ waiting times to generate the sample path of the system. Hence, the
Λ (t), i = 1, ..., K; QΛ (t)) is not large enough for a Markovian
state descriptor S Λ (t) = (Z1Λ (t); Zi,2

characterization under (S)-(C). Instead, we use a larger state descriptor that contains additional
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workload information. Specifically, let vjΛ (t) be the residual handling time of the j th arriving
customer (service and cross-selling) at time t and let W Λ (t) be the virtual waiting time at time
t. Then, we construct the vector v Λ (t) = {vjΛ (t)}j≥1:vΛ (t)>0 , and consider the process ΞΛ (t) =
j

{v Λ (t), QΛ (t), W Λ (t)} so that for all t ≥ 0, ΞΛ (t) ∈ Ξ := R∞
+ × Z+ × R+ .

The sample paths of the process ΞΛ (t) are generated as follows: we generate an infinite sequence
of I.I.D uniform [0, 1] random variables and let customer j agree to cross-selling if Uj ≤ q(W (τj ))

where τj is the arrival time of customer j. We generate an infinite sequence {s1j , s2j }∞
j=1 of I.I.D

random variables, where for each j, s1j and s2j are independent exponentially distributed random
variables with respective rates µs and µcs . We let sj (wj ) be the handling time of customer j given
that he had to wait wj units of time. Then, if the agent decided to cross-sell to customer j, sj (wj )
will equal s1j + s2j with probability q(wj ) and it will equal s1j otherwise. Note, that under (S)-(C)
and with the given state descriptor one can calculate the waiting time (and in turn the actual
service time) of customer j immediately upon the customer’s arrival to the system. We maintain
the customers ordered in increasing order of their arrival times, so that if there are more than N
customers in the system (where N is the number of agents) the first N elements represent the
customers that are in service. Under these definitions ΞΛ (t) is a Markov process.
We are now ready to prove Proposition 1 which is more formally stated as follows: Fix Λ and
assume N > R. Then, the process ΞΛ (t) admits a unique stationary distribution, ν Λ , which is also
the limit distribution, that is
ΞΛ (t) ⇒ ΞΛ (∞), as t → ∞,
where ΞΛ (∞) has the distribution ν Λ , and the convergence holds regardless of the distribution of
ΞΛ (0). We actually prove a stronger result than mere stability under (S)-(C). That is, we prove
that the there exists a unique limit distribution for any policy that does not idle agents when there
are customer waiting in queue. The proof can then be easily adapted to cover (C) with finite
thresholds. Since Λ is fixed we omit it from the notation throughout the proof. What we need
to show to establish the statement of the proposition is that there exists δ0 and K so that for all
ξ ∈ Ξ with |ξ| > K we have that
Eξ [|Ξ(|ξ|(1 + δ0 ))|] ≤ 1/2|ξ|.

(20)

Assuming (20) holds one can follow the proof of Theorem 3.1 in Dai [12] to show positive Harris
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recurrence of Ξ(·). Positive Harris recurrence implies existence and uniqueness of a stationary
distribution. The stationary and limit distributions agree by the obvious non-lattice structure of
the time between consecutive visits to the origin (the 0 state of R∞
+ × Z+ ). The inequality (20)
is established easily by adapting the fluid limits argument of [12] to our model. For the sake of
completeness we give the detailed proof in the online appendix [5].



We now turn to prove the results regarding the performance analysis and asymptotic optimality
of (S)-(C). Here, the superscript Λ is used to denote parameters or processes related to the Λth
system. We omit the superscript when dealing with parameters that do not scale with Λ.
In the rest of this appendix we use a different sample path construction than the one we used
before and, in particular, one that relies on the Poisson nature of most of the processes involved.
A detailed description of the construction is given in the online appendix [5]. Throughout the rest
√
of the section we assume that the thresholds ηiΛ , i ≤ k̄ satisfy ηiΛ = η̂i Λ for some constants
∞ > η̂1 ≥ η̂2 . . . ≥ η̂k̄ .

Proof of Theorem 1: Since Π̄(Λ) ≥ Π∗ (Λ) ≥ Π̂(Λ), it suffices to prove that Π̂(Λ) = Π̄(Λ) −
o(Λ). Note that since (C) was proven to admit steady state we necessarily have that λi xi (Λ) =
Λ
µcs
i E[Zi,2 (∞)]. We now write,

E[(ri (W Λ (∞))xi (Λ)] = E[ri (0)xi (Λ)] + E[(ri (W Λ (∞) − ri (0))xi (Λ)].
As the function ri (·) is a bounded function with limw↓0 ri (w) = 0, we have by Lemma 1 that
E[ri (W Λ (∞))] → 0. Consequently,
λi E[(ri (W Λ (∞))xi (Λ)] = λi ri (0)xi (Λ) + o(Λ).

(21)

Hence, the profit function is given by

Π̂(Λ) =

k̄
X
i=1

Λ
Λ
ri µcs
i E[Zi,2 (∞)] − cR(1 + z̄) − hΛE[W (∞)] + o(1).

It follows that in order to show the result it suffices to prove that
Λ
E[Zi,2
(∞)] =

λi qi
− o(Λ), for all i ≤ k̄, and E[W Λ (∞)] = o(1).
µcs
i
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(22)

Indeed, given that (22) holds the proof is completed since

Π̄(Λ) − Π̂(Λ) =

k̄
X
i=1

Λ
Λ
ri (λi qi − µcs
i E[Zi,2 (∞)]) + hΛE[W (∞)] + o(Λ) = o(Λ).

(23)

Expression (22) is rather intuitive. The left hand side says that in steady-state the expected
number of type i customers that are in the system and are being cross-sold to is equal to λi qi /µcs
i ,
which is what the deterministic relaxation predicts, minus a small (second order) correction term.
Equivalently, the stochastic effects in the system result in small deviations around the deterministic
solution. Similarly, the right hand side, which is a consequence of Lemma 1 says that the expected
waiting times experienced by callers are of order o(1), which in turn are consistent with the second
order correction terms just mentioned. The proof of (22) is rather technical. The complexity
emanates from the fact that, while one may use simpler methods to prove convergence of the related
processes (see, e.g., [3]), proving the convergence of the steady state variables is rather involved
even if one can compute the steady state distribution explicitly - which is not the case in our
setting. Following Gamarnik and Zeevi [16], we use an appropriate Lyapunov function constructed
via a fluid model analysis together with some probabilistic bounds obtained using tools form Strong
Approximations. The details of this argument is relegated to the technical (online) appendix [5].

Proof of Theorem 2: Item (a) of the proposition was already proved within the proof of
Theorem 1. The rest of the result is proved by contradiction. Assume first that (b) does not hold.
That is that
lim inf
Λ→∞

|N ∗ (Λ) − R(1 + z̄)|
> 0.
Λ

(24)

Note that Π∗ (Λ) ≤ Π̄(N ∗ (Λ), Λ), where the latter stands for the solution of the deterministic relax-

ation when the staffing level is fixed to N ∗ (Λ). Π̄(N ∗ (Λ), Λ) is obtained by solving the corresponding

fractional Knapsack problem. Assume now that
lim inf
Λ→∞

N ∗ (Λ) − R(1 + z̄)
> 0.
Λ

(25)

That is, the staffing is higher than the one suggested by (S) (the proof for the other case is
essentially the same). Then, there exists a subsequence {Λj }j≥1 , such that for all j, the solution
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to the fractional knapsack problem is obtained by setting
j

xΛ
i = qi , ∀i ≤ k̄.
Set i0 = max{i :

Pi

cs
k=1 λk qk /µk

≤ N ∗ (Λj ) − R(1 + z̄)}. Since N ∗ (Λ) > R(1 + z̄) by (25), we
j

0
necessarily have that i0 ≥ k̄. If i0 > k̄ we also have that xΛ
i = qi for all k̄ < i ≤ i and we set
j
xΛ
i0 +1

=

N ∗ (Λj ) − R(1 + z̄) −
λji0

Pi0

cs
i=k̄+1 λi qi /µi

.

Λ

Finally, xi j = 0 for all i > i0 + 1. Consequently, we have that
∗

j

j

∗

j

j

j

∗

j

Π (Λ ) − Π̄(Λ ) ≤ Π̄(N (Λ ), Λ ) − Π̄(Λ ) = −c(N (Λ ) − R(1 + z̄)) +
i0

≤

X

i=k̄+1

K
X

λji ri xΛ
i

j

i=k̄+1

λi qi (ri − c/µcs
i )


0

 ∗ j
+ (µcs
i0 +1 ri0 +1 − c) N (Λ ) − R(1 + z̄) −

i
X

i=k̄+1



.
λi qi /µcs
i

(26)

Recalling that, by assumption, ri < c/µcs
i for all i > k̄, we must have that
lim sup
Λ→∞

Π∗ (Λ) − Π̄(Λ)
< 0.
Λ

But we have already shown that Π∗ (Λ) = Π̄(Λ) − o(1) leading to a contradiction.
The proof of (c) follows in essentially the same manner where we now assume, to reach a
contradiction, that for some i, xi = x̄i + f (Λ), with lim inf Λ→∞ |f (Λ)| > 0. More specifically, if
i ≤ k̄ we assume that xΛ
i = qi + f (Λ) with f (Λ) negative for all Λ, and if i ≥ k̄ we assume that

xi = f (Λ) with f (Λ) positive for all Λ. We then consider again the deterministic relaxation where,
instead of fixing the staffing level, we fix xΛ
i . The rest of the argument is now analogous to the
proof of (b).



Proof of Lemma 2: Let Π(N ∗ (Λ), x∗ (Λ)) be the resulting profit in a system with arrival rate
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Λ and equipped with the optimal policy. Then, it is trivial that,
Π(N ∗ (Λ), x∗ (Λ)) ≤ −cR +

K
X
i=1

+
Λ,∗
λi qi (ri − c/µcs
] = Π̄(Λ) − ΛhE[W Λ (N ∗ (Λ), x∗ (Λ))].
i ) − ΛhE[W

(27)

Assume, by contradiction, that
lim inf E[W Λ,∗ ] > 0.
Λ→∞

Let (N ′ (Λ), x′ (Λ)) the staffing level and fraction of cross-selling attempts resulting from (S)-(C)
and recall that we have established in Lemma 1 that with thresholds satisfying (6), we have that
Λ

E[W ] = O



1
√
Λ



, and Π̄(Λ) − ΠΛ (N ′ (Λ), x′ (Λ)) = o(1),

where W Λ is the steady state waiting time under (S) − (C). In particular,
lim sup
Λ→∞

Π̄(Λ) − Π(N ∗ (Λ), x∗ (Λ))
= ∞,
Π̄(Λ) − Π(N ′ (Λ), x′ (Λ))

contradicting the optimality of (N ∗ (Λ), x∗ (Λ)).

(28)
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