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Preface

These lecture notes were written for AI Foundations for Managers – Strategy (AIML-

901ST), an introductory machine learning course for MBA students at the Kellogg School

of Management, Northwestern University. The course is designed for future general man-

agers, strategists, and entrepreneurs—people who will commission, evaluate, and govern

machine learning projects rather than build them from scratch.

These notes cover the four main branches of machine learning.

Part I introduces supervised learning: the problem of learning to make predictions

from labeled examples. It begins with the end-to-end workflow—data preprocessing,

model training, and evaluation—and then works through the major model families: lin-

ear and logistic regression, k-nearest neighbors, decision trees, ensemble methods (bag-

ging and boosting), support vector machines, and neural networks, including specialized

architectures for sequences and images. The part closes with model interpretability and

practical guidelines for model selection.

Part II covers unsupervised learning: discovering structure in data without labeled

outcomes. It treats clustering (K-means, hierarchical, and density-based methods), di-

mensionality reduction (PCA, UMAP, t-SNE), and autoencoders as tools for representa-

tion learning and anomaly detection.

Part III turns to reinforcement learning: the problem of learning what to do when ac-

tions today reshape the situations you face tomorrow. It develops the core concepts—

states, actions, rewards, value functions, and the Bellman principle—through business ex-

amples, illustrates Q-learning with a worked Blackjack example, and surveys how these

ideas scale to real-world applications in pricing, advertising, robotics, and operations.



Part IV covers natural language processing with large language models: the problem

of extracting insight from unstructured text at scale. It opens with LLM foundations—

tokenization, attention, embeddings, and prompt engineering—and then works through

the major application areas: text classification, information extraction, semantic search,

retrieval-augmented generation (RAG), and text clustering. The part closes with compli-

ance and risk detection, which ties the preceding capabilities together in a high-stakes,

human-in-the-loop setting.

The notes aim to strike a particular balance. They go deeper than a typical executive

overview: formulas, algorithms, and loss functions appear throughout, because under-

standing how models learn is essential to knowing when to trust them and when to be

skeptical. At the same time, they stay closer to intuition and business judgment than a

computer science textbook would. Mathematical notation is introduced only when it clar-

ifies the underlying logic, and methods are discussed not just in terms of how they work,

but in terms of when they are useful, what can go wrong, and what a decision-maker

should watch for. The goal is not to train data scientists, but to produce business lead-

ers who can collaborate with them effectively: people who can ask the right questions,

spot the right opportunities, and recognize when a model’s outputs should—or should

not—be trusted.

These notes are a work in progress. Sections continue to be revised, expanded, and reor-

ganized based on classroom experience. Suggestions and corrections are welcome.

George Georgiadis

March 2026
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Part I

Supervised Learning



1 Introduction to Supervised Learning

Supervised learning is the workhorse of modern machine learning. The idea is simple:

we use labeled data—past examples where the outcome is known—to learn a rule that

predicts outcomes for new, unseen cases.

Each labeled example consists of a set of input features, denoted x, which is informa-

tion we know at prediction time, and an outcome or label, denoted y, which is what we

want to predict.

A supervised learning algorithm uses many such examples to learn a function that

maps inputs to outputs. The end product is typically a score (e.g., a predicted probability

that a customer will default) or a forecast (e.g., next quarter sales), which can then be used

to support decisions.

Students seeking additional depth may consult James et al. (2023), Hastie, Tibshirani

and Friedman (2009), or Bishop (2006).

1.1 A Concrete Example: Customer Churn

To �x ideas, consider predicting customer churn—whether a customer will stop doing busi-

ness with a �rm. Many companies use supervised learning to identify at-risk customers

so they can intervene (e.g., retention outreach, targeted offers, service improvements).

Suppose we have historical data on past customers. For each customer we observe

features (demographics, usage patterns, billing method, tenure, etc.) and we also know

the outcome: did the customer churn? Table 1 shows an example of what such a labeled

dataset might look like.

A model trained on data like Table 1 learns patterns that historically preceded churn.

The goal is not to “explain churn” in a causal sense, but to predict churn well enough to

support action.
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Customer# Months w/ �rm Avg. Monthly Charge Autopay Churned?

1 2 $39.95 No Yes
2 12 $44.65 Yes No
3 5 $49.95 No Yes
4 36 $36.69 Yes No
5 24 $34.38 Yes No

Table 1: Example of a labeled dataset for customer churn prediction. Each row is one cus-
tomer with illustrative features x and a label y indicating whether they churned (Yes/No).

Prediction vs. Causation. Supervised learning is primarily about prediction: given what

we know now, what is likely to happen next? This differs from traditional econometric

modeling (e.g., regression analysis taught in DECS-431), which is often used for inference

and causal interpretation under explicit assumptions. Machine learning models can be

very accurate predictors, but high predictive accuracy does not automatically imply that

changing a feature will change the outcome. If the goal is to estimate the effect of an inter-

vention (e.g., “Will offering a discount reduce churn?”), we typically need experimental

or quasi-experimental methods in addition to prediction models (Breiman, 2001b).

1.2 From Predictions to Decisions

The model output is usually an input to a decision rule, not the �nal decision itself. For

example, a churn model might output a predicted probability that a customer with given

features will churn; i.e., Pr(churn j x i ). The �rm must then choose:

• a threshold (i.e., who to target), possibly different by segment;

• an intervention policy (i.e., what action to take for a given risk score); and

• a budget constraint (i.e., how many customers can be contacted and what offers are

affordable).

This is why evaluation should re�ect business costs and bene�ts, not just statistical �t.

12



1.3 Classi�cation vs. Regression Tasks

Supervised learning problems are commonly grouped by the type of outcome y:

• Classi�cation: y is a discrete category (e.g., churn Yes/No; risk tier A/B/C).

• Regression: y is a continuous number (e.g., price, revenue, demand, lifetime value).

The output type drives how we measure success. For classi�cation we often start

with accuracy, but in many settings classes are imbalanced and mistakes have different

costs (e.g., missing fraud vs. �agging a legitimate transaction). In such cases, metrics

like precision/recall, ROC/AUC, and cost-based thresholding are more appropriate. For

regression we care about how close predicted values are to true values, using metrics like

Mean Absolute Error (MAE) or Mean Squared Error (MSE).

Examples of classi�cation tasks: Approve vs. deny a loan (based on applicant data),

fraudulent vs. legitimate transactions, Customer churn (leave vs. stay), spam vs. not

spam, image labeling (e.g., object category).

Examples of regression tasks: House price prediction from property features, sales or

demand forecasting, customer lifetime value estimation, lead time or delivery time pre-

diction.

1.4 Running Examples

We will return to two examples as we introduce different supervised learning methods:

Classi�cation Example—Customer Churn. As discussed above, predicting customer

churn is a prime example of a classi�cation problem. Using a dataset like the one in

Table 1, a model's task is to classify each customer as either likely to churn or not. Churn

prediction is valuable because it helps companies identify customers who are at risk of
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leaving and then take proactive steps to retain them. We will revisit the churn example

to see how different algorithms (such as logistic regression, decision trees, and ensemble

methods) can be applied to improve churn predictions.

Regression Example—Real-estate Valuation. For a regression-oriented example, we

will consider predicting real estate prices. Here the model's job is to estimate a continu-

ous value: the selling price of a house given features such as the house's size, location,

age, and so on. This scenario will help illustrate how regression algorithms (like linear

regression, k-nearest neighbors, etc.) �t a function to predict numeric outcomes.

1.5 Notation

Throughout these notes we use a small set of notational conventions. Additional notation

(dot products, distance, loss minimization, and so on) will be introduced when it is �rst

needed.

Scalars, vectors, and matrices. Individual numerical values (scalars) are written in lower-

case, such as z, x, or y. When we collect several numbers into a single object—for example,

a list of features—we use boldface lower-case letters to denote a vector, such as z, x, or y. A

matrix (an array of numbers arranged in rows and columns) is denoted by an upper-case

letter, such as Z, X, or Y.

Features and outcomes. We write x (bold) to denote the vector of p features for an ob-

servation:

x = (x 1, x2, . . . , xp),

and y to denote the outcome we want to predict.
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Indexing observations. With N observations, we index observations by i = 1, . . . , N

and features by j = 1, . . . , p. Thus, xi is the feature vector for observation i, x i j is the value

of feature j in observation i, and y i is the outcome for observation i.

Predictions. A “hat” on top of a symbol indicates an estimate or prediction: ŷi is the

model's prediction for observation i, while y i is the true observed outcome.

1.6 A Typical Supervised Learning Work�ow

Most supervised learning projects follow a repeating work�ow:

i. De�ne the prediction target. What exactly is y (and over what horizon)? What is

the unit of prediction (customer, customer-month, transaction)?

ii. Assemble labeled data. Collect features that are available at prediction time and

reliable labels.

iii. Split the data. Create training/validation/test sets avoiding leakage.

iv. Preprocess and engineer features. Clean data, encode categories, scale where ap-

propriate, and build domain-informed features.

v. Train model(s) and tune hyperparameters. Fit candidate models on the training

set; choose settings using the validation set (sometimes via cross-validation).

vi. Evaluate. Use the test set for a �nal estimate of performance; translate metrics into

business impact.

vii. Deploy and monitor. Track performance over time and retrain when needed.

1.7 Data Preprocessing

Before any model can be trained, the raw data must be cleaned and transformed into

a structured, numeric format—a process called data preprocessing. This involves re-
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moving duplicates and correcting errors, handling missing values, converting categorical

variables (such as city names or contract types) into numbers, and scaling numeric fea-

tures so that no single variable dominates the model simply because of its units. Crucially,

the order in which these steps are carried out matters: the data must be split into training,

validation, and test sets before any transformation whose parameters are estimated from

data (such as computing a column average for imputation or a standard deviation for

scaling), so that the test set remains truly unseen. Section 2 covers each of these steps in

detail.

1.8 Training a Model

Training a supervised learning model means learning a mapping from inputs to outputs.

Conceptually, we assume there is some unknown relationship between input features and

outcomes, that is, there is an unknown true function f � such that

y = f � (x) + (random noise).

A supervised learning algorithm tries to learn a function f that approximates the true

function f � from the sample data (x 1, y1), . . . , (xN , yN ).

Different algorithms embody different inductive biases: built-in assumptions about

what kinds of relationships are likely. Linear regression assumes roughly additive lin-

ear effects; decision trees assume outcomes can be explained by a sequence of if-then

splits; neural networks allow highly �exible nonlinear functions.

Under�tting vs. Over�tting. A model that is too simple under�ts, that is, it misses real

structure. A model that is too �exible over�ts; i.e., it learns noise and quirks that do not

repeat. The goal is to �nd a model that captures stable patterns while ignoring random

noise (Geman, Bienenstock and Doursat, 1992).
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Figure 1.1 illustrates this tension in the context of default risk by credit score. Each

point shows, for given credit score, the fraction of borrowers who experienced a default.

The true relationship is S-shaped (and noisy). If we �t a simple model, say a linear one

(left panel), it will be too �at to follow the curvature of the data, resulting in large errors

(even on the training points). By contrast, a very �exible model (middle panel) will wiggle

to chase random noise in the training sample yielding low training error, but this comes

at a cost of poor predictions on new borrowers. The right panel strikes a middle ground:

it is �exible enough to capture the main curvature while ignoring noise.

Figure 1.1: A simple regression problem illustrating under�tting, over�tting, and a good
balance.

Hyperparameters and Cross-Validation. Most models have hyperparameters (settings

chosen outside the training procedure), such as tree depth, regularization strength, or k

in k nearest neighbors. We typically select hyperparameters using validation data, some-

times via cross-validation, and then report �nal performance on the test set.

For instance, in 5-fold cross-validation, the dataset is randomly divided into 5 equal

parts (folds). We train the model on 4 of the parts and test it on the remaining part,

and then repeat this process 5 times so that each part serves as the test set once. We

then average the performance across the 5 runs to obtain an overall evaluation score.

Cross-validation thus provides a more robust assessment by reducing the chance that our

evaluation is skewed by any particular choice of training/test split (Stone, 1974).
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High Dimensionality. When there are many features relative to observations, �exible

models can memorize the training data rather than learn a general pattern. In such situa-

tions, the model might perform extremely well on the training data but fail to generalize

to new data—a symptom of over�tting. Common techniques to mitigate over�tting in-

clude feature selection, regularization (which penalizes overly complex models), dimen-

sionality reduction (which involves combining features), and careful validation.

1.9 Evaluating a Model

Once we have trained a model, we must evaluate whether it will generalize (i.e., perform

well on new, unseen data) and whether it will improve decisions, and therefore create

value. In practice, this means looking beyond “Does it �t the training set?” and asking

“Will it hold up out-of-sample, and are the mistakes the model makes acceptable given

the business costs?”

A Baseline Matters. Any model should �rst be compared against a simple benchmark.

For classi�cation, a natural baseline is to always predict the majority class. For example,

in the customer churn setting, if 75% of customers do not churn, a model that always

predicts “no churn” will achieve 75% accuracy—without learning anything useful. For

forecasting, a common baseline is a “naive” rule such as predicting last quarter's sales

again. If a more sophisticated model only marginally improves on these benchmarks, it

may not be worth the added complexity, implementation effort, or operational risk.

Classi�cation Models. Binary classi�cation models (e.g., logistic regression for a yes/no

outcome) often output a score or probability bp(x) 2 [0, 1], interpreted as the predicted

probability that y = 1 given features x. To turn this score into an action, we choose a deci-

sion threshold. A common default is 0.5 (predict “positive” if bp(x) � 0.5), but in business

settings the best threshold typically depends on the relative costs of false positives versus
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false negatives.

A simple way to formalize this trade-off is to assign a cost c FP to a false positive (model

predicts 1 when the truth is 0) and a cost cFN to a false negative (model predicts 0 when

the truth is 1). The cost-minimizing rule is to predict “positive” whenever bp(x) � q,

where the threshold

q =
cFP

cFP + c FN
.

For example, in fraud detection, missing fraud is costly (say, c FN = $50) whereas investi-

gating an alert is relatively inexpensive (say, c FP = $5). Therefore, q = 5/(5 + 50) ' 0.09,

which means that a transaction should be �agged even if the model assigns only about a

9% chance of fraud, because missing fraud is far more costly than investigating an extra

case.

Performance is often summarized by a confusion matrix (Table 2), which tallies pre-

dictions vs. actual outcomes in terms of True Positives (TP), False Positives (FP), False

Negatives (FN), and True Negatives (TN):

Predicted: Positive Predicted: Negative
Actual: Positive TP (true positive) FN (false negative)
Actual: Negative FP (false positive) TN (true negative)

Table 2: Confusion matrix for binary classi�cation.

From these four counts, several useful metrics can be de�ned:

• Accuracy is the proportion of all examples correctly classi�ed:

Accuracy =
TP + TN

TP + FP + FN + TN
.

For example, if a classi�er labels 92 out of 100 instances correctly, its accuracy is

92%. Note however, accuracy can be misleading when classes are imbalanced; e.g.,

if 97% of transactions are legitimate, a model that achieves 98% accuracy is hardly

better than marking all transactions as legitimate.
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• Precision (positive predictive value) is:

P =
TP

TP + FP
.

Precision answers: “When the model �ags a case as positive, how often is it right?”

High precision means few false alarms.

• Recall (true positive rate, or sensitivity) is:

R =
TP

TP + FN
.

Recall answers: “Of all true positive cases, how many did we catch?” High recall

means few missed positives.

• F1-score is the harmonic mean of precision and recall:

F1 =
2PR

P + R
.

It is high only when both precision and recall are high, and is often used when posi-

tives are rare and both types of errors matter.

• ROC Curve plots the True Positive Rate (TPR, i.e., Recall) against the False Positive

Rate (FPR),

TPR =
TP

TP + FN
, FPR =

FP
FP + TN

,

as the classi�cation threshold q varies. Intuitively, q controls how willing we are to

call something “positive” given a model score bp(x). If we lower q, we label more

cases as positive. That typically increases both TP and FP: we catch more true posi-

tives (TPR rises), but we also generate more false alarms (FPR rises). At the extreme,

if q = 1 we almost never predict positive, so we get (FPR, TPR) = (0, 0). If q = 0

we predict everything as positive, so we end up at (1, 1). The ROC curve shows the
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entire trade-off between catching positives and triggering false alarms as we sweep

q.

A curve closer to the upper-left corner is better because the upper-left means high

TPR (we catch most true positives) while keeping low FPR (few false alarms). In

other words, the model separates positives from negatives well: we can choose a

threshold that captures many positives without paying too much in false positives.

Figure 1.2: Illustrative ROC curves for three classi�ers. The ROC curve plots the true
positive rate (TPR) against the false positive rate (FPR) as the decision threshold varies.
A stronger model bends toward the upper-left, indicating high TPR at low FPR (better
separation of positives from negatives), while random guessing lies near the 45-degree
line with AUC � 0.5.

AUC (Area Under the ROC Curve) is a single-number summary of the ROC curve.

In binary classi�cation, AUC = 0.5 corresponds to random guessing and AUC = 1

to perfect ranking. A useful interpretation is: AUC is the probability that the model

assigns a higher score to a randomly chosen positive instance than to a randomly

chosen negative instance. So higher AUC means the model does a better job ranking

cases (positives tend to receive higher scores than negatives), independent of any
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single threshold choice (Fawcett, 2006).

• Precision–Recall (PR) Curve plots precision against recall as the classi�cation thresh-

old q varies. When we lower q, we label more cases as positive: recall rises (we

catch more true positives), but precision typically falls (a larger share of our “posi-

tive” predictions turn out to be wrong). The PR curve traces this trade-off. A model

whose PR curve stays close to the upper-right corner—high precision and high recall

simultaneously—is performing well. Just as AUC summarizes the ROC curve, the

Average Precision (AP) score summarizes the PR curve in a single number; higher

is better.

PR curves and ROC curves both summarize classi�er performance across thresholds,

but they are not interchangeable. The key difference is how they behave under class

imbalance—when one class is far more common than the other. For example, in fraud

detection there are vastly more legitimate transactions than fraudulent ones. The ROC

curve's x-axis is the false positive rate, FPR = FP/(FP + TN). When TN is enormous,

even a large number of false positives translates into a small rate—so the ROC curve can

look reassuringly close to the upper-left corner even when the model generates many

false alarms in absolute terms. Precision, by contrast, is TP/(TP + FP): it is directly hurt

by every false positive, regardless of how many true negatives exist. A PR curve will

therefore reveal weaknesses that the ROC curve can mask. The rule of thumb is to use

ROC curves (and AUC) when the classes are roughly balanced, and to use PR curves (and

AP) when the positive class is rare and the business cost of false positives matters.

Regression Models. For models like linear regression that predict continuous outcomes,

we evaluate the magnitude of the prediction error:

• Mean Squared Error (MSE) averages squared errors:

MSE =
1
N

N

å
i=1

(byi � y i )
2 .
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Squaring penalizes large mistakes heavily, which can be desirable when big errors

are especially costly.

• Mean Absolute Error (MAE) averages absolute errors:

MAE =
1
N

N

å
i=1

jbyi � y i j .

Absolute value, written juj, measures magnitude without regard to sign.

MAE is often more robust to outliers because it does not disproportionately amplify

large errors. It can be read as “the typical absolute miss” in the units of y.

A related metric is the Mean Absolute Percentage Error (MAPE),

MAPE =
1
N

N

å
i=1

jbyi � y i j
jy i j

� 100%.

MAPE expresses the typical miss as a percentage of the true value rather than in

raw units, which makes it useful when stakeholders think in relative terms (“our

forecasts are off by about 8%”) or when comparing accuracy across items of very

different magnitudes—for example, forecasting demand for both a $5 accessory and

a $500 appliance. Its main limitation is that the denominator is the actual value y i ,

so MAPE becomes unstable when yi is near zero and is unde�ned when y i = 0. For

this reason, it is best used when the target is strictly positive and bounded away

from zero.

• R-squared (R 2) measures explained variance relative to predicting the mean:

R2 = 1 � å i (y i � byi )2

å i (y i � y)2 ,

where the “overbar” ȳ denotes the sample average:ȳ = (1/N) å N
i=1 yi .

An R2 of 0 means the model is no better than always predicting y; an R2 of 0.75
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means the model explains 75% of the variance in y. A high R2 does not by itself

guarantee a good model—we still need to check out-of-sample performance and

watch for over�tting.

In the following sections we catalog major supervised learning paradigms (regression,

decision trees, k nearest neighbors (kNN), support vector machines (SVMs), neural net-

works, and more). For each, we discuss how the method works, when it tends to perform

well, common pitfalls, and best practices.

1.10 Dealing with Class Imbalance

In many classi�cation problems that matter to businesses, the event of interest is rare.

Credit-card fraud affects under 1% of transactions. Customer churn in a healthy sub-

scription business might run 3–5% per month. Loan defaults may be 2–3% of the portfo-

lio. When one class vastly outnumbers the other, we say the dataset is class-imbalanced.

Why imbalance is a problem. As noted in Section 1.9, accuracy can be deeply mislead-

ing when classes are imbalanced. If only 1% of transactions are fraudulent, a model that

never �ags fraud achieves 99% accuracy—while catching zero fraud. The business cost of

that model is enormous. The core issue is that a standard training procedure optimizes

overall accuracy and may learn to ignore the minority class because doing so barely hurts

the overall error rate.

Strategies for handling imbalance. Four practical approaches are commonly used, of-

ten in combination:

1. Class-weighted loss functions. Instead of treating every prediction error equally,

we tell the model that errors on the minority class are more costly. Most ML libraries

allow you to set class weights: for example, giving the “fraud” class a weight of 50

and the “legitimate” class a weight of 1. This makes the training procedure pay
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50� more attention to missed fraud cases. Conceptually, this is similar to the cost-

based thresholding discussed in Section 1.9, but it operates during training rather

than after. Class weighting is the simplest and often most effective �rst step.

2. Oversampling the minority class. We duplicate (or create synthetic copies of) the

rare-class examples so that the training set is more balanced. The most widely used

technique is SMOTE (Synthetic Minority Over-sampling Technique), which creates

new minority-class examples by interpolating between existing ones rather than

simply duplicating them (Chawla et al., 2002). Oversampling is applied only to the

training set—never to the validation or test set, which must re�ect the real-world

class distribution.

3. Undersampling the majority class. We randomly remove some majority-class ex-

amples to reduce the imbalance. This is simple and fast, but it discards potentially

useful data. It works best when the majority class is very large and the model can

afford to lose examples.

4. Threshold tuning. Even without rebalancing the data, we can adjust the decision

threshold (Section 1.9) to re�ect the business costs of false positives versus false

negatives. For fraud detection, lowering the threshold so that we �ag transactions

with even a small probability of fraud is often the right approach.

Practical guidance. Start with class-weighted training (approach 1), because it requires no

data manipulation and is supported by virtually every ML library. If performance on the

minority class is still insuf�cient, add SMOTE or undersampling and compare results on

the validation set. Always evaluate using metrics that account for imbalance—precision,

recall, F1, and AUC—rather than raw accuracy. Finally, remember that resampling strate-

gies change the training set only; the validation and test sets should always mirror the true

class proportions so that evaluation re�ects real-world performance.
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1.11 A Preview: Interpretability and Model Selection

Before we turn to speci�c algorithms, it is worth �agging a theme that will recur through-

out these notes: not all models are equally easy to explain.

A linear regression model produces a set of coef�cients that can be read as “each extra

square foot adds $200.” A small decision tree can be printed as a �owchart and walked

through step by step. These are interpretable models: a manager, a regulator, or a cus-

tomer can understand why the model made a particular prediction.

Other models—large ensembles of hundreds of trees, or deep neural networks with

millions of parameters—can be substantially more accurate, but their reasoning is opaque.

They are sometimes called black-box models. You can see the inputs and the output, but

explaining exactly how the model combined hundreds of features to arrive at a particular

score is dif�cult.

This distinction matters for at least three reasons:

1. Managerial adoption. A model that cannot be explained is harder to trust and

harder to act on. If a churn model �ags a customer as high risk, the retention team

will want to know why—is it billing issues, support complaints, or contract type?

An interpretable model answers that question directly.

2. Regulatory and governance requirements. In domains such as lending, insurance,

and healthcare, regulations may require that decisions be explainable. A bank that

denies a loan application may be legally required to state the reasons.

3. Debugging and trust. When an interpretable model makes a surprising prediction,

you can inspect the reason and determine whether the model is using a sensible

signal or exploiting a data artifact. With a black-box model, this is harder.

Fortunately, the choice is not all-or-nothing. Interpretability tools such as SHAP val-

ues, partial-dependence plots, and counterfactual explanations can shed light on black-
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box models, making them more transparent without sacri�cing accuracy (Molnar, 2022).

We cover these tools in detail in Section 10.1.

As we introduce each supervised learning paradigm in the sections that follow, we

will note where it falls on the interpretability–�exibility spectrum: simpler models tend

to be more interpretable but less �exible, while more complex models can capture richer

patterns but are harder to explain. Choosing a model is ultimately about �nding the right

balance for the business context at hand.
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2 Data Preprocessing

Data preprocessing refers to the steps taken to convert raw, messy data into a clean, struc-

tured format that can be fed into a machine learning model. In practice, data quality is

often the limiting factor: training a sophisticated model on �awed data produces (sophis-

ticated) nonsense.

A critical principle governs the order in which these steps are carried out: any trans-

formation whose parameters are estimated from data—such as computing a column mean for

imputation, de�ning category mappings for encoding, or computing a min and max for

scaling—must be estimated from the training set only, after the data has been split. Estimating

these parameters on the full dataset (including the validation and test sets) is a form of

data leakage: information from the test set may quietly in�uence training, making the

model appear better than it will perform in practice. 1

Figure 2.1 illustrates the resulting two-phase pipeline. In the �rst phase, we perform

cleaning operations that do not require learning anything from the data (removing dupli-

cates, �xing errors, standardizing formats). We then split the data. In the second phase,

we �t all data-dependent transformations—imputation, encoding, and scaling—on the

training set and apply those �tted transformations to the validation and test sets without

re�tting.

2.1 Data Cleaning

The �rst step is typically data cleaning: detecting and correcting problems in the dataset.

The operations below do not require estimating statistics from the data, so they can safely

be performed before splitting.

• Duplicate records. If the same customer or transaction appears more than once, the

1Think of it this way: a model seeing the test data during training is like a student previewing exam
questions before they study—their preparation looks better than it really is, but they have not actually
learned more.
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Raw Data

Data Cleaning
remove duplicates, �x format inconsistencies, correct obvious errors

Train / Validation / Test Split

Impute Missing Values
�t imputation rule (e.g., column mean) on training set; apply to all sets

Encode Categorical Variables
�t encoding (e.g., one-hot mapping) on training set; apply to all sets

Feature Scaling
�t scaler (e.g., min-max or standardization) on training set; apply to all sets

Feature Engineering
create ratios, log transforms, interaction terms, cyclical encodings

Model-Ready Data

Phase 1
safe before

splitting

Phase 2
�t on training

set only

Figure 2.1: A data preprocessing pipeline. Phase 1 operations do not learn parameters
from the data and can be performed before splitting. The data is then split into train-
ing, validation, and test sets. Phase 2 operations involve estimating parameters from
data; these must be �t on the training set and then applied to the validation and test sets
without re�tting, to avoid data leakage. Feature engineering can occur at various points
depending on whether the transformation requires statistics from the data.
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duplicates should be identi�ed and removed so they do not arti�cially in�ate the

model's con�dence in those patterns.

• Inconsistent formats. Dates should all follow the same format, monetary values

should use the same currency and unit, and categories should be standardized—for

example, “NY” and “New York” should be mapped to the same label.

• Obvious errors. A recorded age of 900 years or a negative price is almost certainly

a data-entry mistake. Such values should be corrected (if the true value can be

determined) or removed.

2.2 Handling Outliers

Outliers are data points far outside the normal range; for example, a house price ten times

higher than the next most expensive house, or a loan amount recorded in cents instead of

dollars (making it 100� larger than intended). A few extreme values can distort models

that rely on averages or distances, pulling predictions toward the outlier. The appropriate

remedy depends on why the outlier exists:

• If the value is clearly a data-entry error (e.g., a $3,000 monthly charge for a $30 plan),

correct it if possible or remove the record. This can safely be done before splitting.

• If the value is real but extreme (e.g., a genuinely ultra-expensive property), consider

capping (also called winsorizing); i.e., replacing values beyond a chosen percentile

(say, the 99th) with the value at that percentile. Because computing percentiles re-

quires estimating statistics from data, capping should be �t on the training set and

applied to all sets.2

2In practice, many analysts cap before splitting when the percentile thresholds are obvious domain
knowledge (e.g., “no house costs more than $50M”). The strict rule is to �t on training data; the pragmatic
rule is to be aware of the risk and document the choice.
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• If extreme values are a natural feature of the domain (e.g., income distributions

are highly skewed), a log transformation of the variable can compress the range

and reduce the in�uence of large values. A log transform does not depend on the

data's statistics (it is the same function regardless of the dataset), so it is safe before

splitting.

2.3 Splitting Data for Training, Validation, and Testing

After basic cleaning, and before any transformation that requires learning from the data,

we split the dataset into three parts:

• a training set to �t model parameters and preprocessing rules;

• a validation set to choose models and hyperparameters; and

• a test set for a �nal, unbiased evaluation.

Typically, the training set receives the majority of the data (say, 60–70%), with the remain-

der divided between validation (15–20%) and test (15–20%). This practice helps us gauge

whether the model is truly learning general patterns or just memorizing the quirks of the

training data.

Why split before imputing, encoding, and scaling? Each of these steps requires com-

puting something from the data: a column mean (for imputation), a set of category labels

(for encoding), or a min/max or standard deviation (for scaling). If we compute these on

the full dataset, the training set implicitly “sees” information from the test set. This is data

leakage—it in�ates apparent performance during development but causes the model to

underperform in production.

Splitting by entity or by time. A random split is appropriate when observations are

independent. Two common exceptions require more care:
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1. Multiple records per entity. If the same customer, patient, or store appears in mul-

tiple rows, split by entity so that all records for a given customer land in the same

partition. Otherwise, the model can partly memorize entity-speci�c patterns and

appear to generalize when it has not.

2. Time-series data. If the task involves predicting the future, split by time: train on

earlier periods, validate and test on later periods. A random split would let the

model “peek” at future data.

2.4 Handling Missing Values

Missing data is extremely common. A loan application might lack a customer's income; a

house listing might omit the year built. Missing values can distort analysis and introduce

bias if not handled properly (and crash training if not handled at all). Because most

imputation methods require computing summary statistics (column means, medians, or

subgroup averages), imputation must be �t on the training set and applied to all sets.

Three standard approaches are:

1. Drop the record entirely, which is reasonable when few records are affected and the

missingness appears random. Dropping does not require �tting anything, so it can

be done before or after splitting.

2. Impute (�ll in) the missing value with a reasonable estimate, such as the column's

mean or median, or the mean within a subgroup (e.g., the average house age in the

same zip code). The mean or median must be computed from the training set, then

used to �ll missing values in the validation and test sets as well.

3. Add a “missing” indicator. Create a new binary feature that �ags whether the value

was originally missing, then impute as above. This lets the model learn whether

the fact that data was missing is itself informative; e.g., customers who decline to

provide income information may behave differently from those who do.
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A key concern is systematic missingness: if the data is missing for a reason related to

the outcome (e.g., high-risk borrowers are less likely to report income), naive imputation

can bias the model. When missingness may be systematic, it is especially important to

add a missing indicator and to inspect how model performance changes under different

imputation strategies.

2.5 Encoding Categorical Variables

Many datasets contain categorical variables: non-numeric information such as customer

location, product category, contract type, or industry sector. Most machine learning algo-

rithms require numeric inputs, so categories must be converted into numbers. Because

the encoding de�nes a mapping (which categories exist, and how they are numbered), the

mapping should be determined from the training set and then applied consistently to valida-

tion and test data.

One-hot encoding (dummy variables). The most common approach is one-hot encod-

ing: create a separate binary (0/1) column for each category. For example, if a house-

price dataset has a “Location” column with values “New York,” “San Francisco,” and

“Chicago,” one-hot encoding produces three new columns—one per city. A house in

New York has Location NewYork = 1 and the other two columns equal to zero.

When a categorical variable has many rare categories (e.g., hundreds of ZIP codes),

it is common to group infrequent values into an “Other” category to prevent the model

from seeing each rare category only once or twice. If a category appears in the test set but

was never seen during training, it is typically mapped to “Other” as well.

Ordinal encoding. If a categorical variable has a natural ordering (e.g., satisfaction rat-

ings Low / Medium / High), we can map the categories to integers (1, 2, 3) that respect

that order. This is appropriate only when the ordering is meaningful; it would be wrong
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to impose an order on, say, city names.

Text data. Free-form text (e.g., a real-estate listing description or a customer-service

note) requires a different treatment. Simpler methods include bag-of-words, which counts

how often each word appears. More modern methods use text embeddings: pre-trained

models that map a block of text into a numeric vector designed to capture meaning. 3

2.6 Feature Scaling

Feature scaling transforms numeric values onto a common scale. This matters because

raw features often have very different ranges. For example, a credit-risk dataset might

contain a borrower's age (18–90) alongside annual income ($20,000 to millions). Without

scaling, a model that relies on distances or weighted sums will be dominated by the fea-

ture with the largest numeric values—income would swamp age, even if age is equally

important.

Feature scaling is essential for models that use distances or gradient-based optimiza-

tion, including k-nearest neighbors, support vector machines, neural networks, and reg-

ularized linear models. It is less important for tree-based models (decision trees, random

forests, gradient boosting), which make decisions based on thresholds rather than nu-

meric magnitudes.

Common scaling methods. The two most widely used techniques are:

• Min–max normalization which rescales each feature to the range [0, 1]:

xscaled
ij =

xi j � min l fx l j g
maxl fx l j g � min l fx l j g

.

3Conceptually, text-embedding models try to ensure that two blocks of text that are semantically similar
are close to each other in vector space, and vice versa.
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For instance, if house sizes in the training set range from 800 to 5,000 square feet,

then 800 maps to 0.0 and 5,000 maps to 1.0.

• Standardization (also called z-score scaling) which centers each feature at 0 with a

standard deviation of 1:

xscaled
ij =

xi j � mean l fx l j g
stdl fx l j g

.

Standardization is the usual default because it handles outliers more gracefully than

min–max (a single extreme value does not compress the rest of the data into a nar-

row band).

In both formulas, the statistics (min, max, mean, std) are computed from the training set

only.

A critical operational point. The scaling rule is learned from the training data; e.g., the

training set's mean and standard deviation. When scoring new instances at prediction

time—whether on the validation set, the test set, or live production data—you must apply

the same transformation using the training set's parameters, not recalculate new ones.

Scaling the target variable. Everything above concerns scaling the input features. For

regression tasks, you may also choose to transform the target y—for instance, by taking

the logarithm of house prices to reduce skewness, or by standardizing revenue �gures.

If you do transform y before training, the model's raw output will be in the transformed

scale. To get predictions in original units (dollars, units sold, etc.), you must reverse the

transformation after prediction; e.g., exponentiate if you took the log. For classi�cation,

the target is already a category label (e.g., churn / no churn) and is not scaled.
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2.7 Feature Engineering

Feature engineering is the process of transforming and combining existing variables to cre-

ate new inputs that better capture the patterns in the data. A well-engineered feature can

dramatically improve a model's performance—not by making the algorithm more com-

plex, but by presenting the information in a form the algorithm can use more effectively.

Feature engineering is often the area where domain knowledge has the biggest payoff: un-

derstanding the business context helps you create features that re�ect how the world

actually works.

Ratios and relative measures. Raw numbers are sometimes less informative than the

ratios between them. In �nance, the debt-to-equity ratio or interest-coverage ratio is more

interpretable than raw balances; in operations, utilization (run hours divided by available

hours) and on-time delivery rate summarize ef�ciency better than the raw totals. In a

churn model, the ratio of support calls to months of tenure (“calls per month”) might be

more predictive than either variable alone, because a customer with 10 calls in 2 months

is very different from one with 10 calls in 5 years.

Interactions. Sometimes the effect of one variable depends on the value of another. For

example, a borrower's income and credit score together re�ect repayment capacity better

than either alone: a high income matters more if the credit score is also good. Creating

an interaction feature—e.g., income � credit score—lets the model capture this joint effect.

Similarly, in a house-price model, the value of additional living space may depend on the

lot size: an extra 500 square feet is worth more on a large lot than on a tiny one. Creating

the feature (lot sq.ft) � (house sq.ft) allows the model to learn this relationship.

In practice, it is better to add a small number of meaningful interactions suggested by

the business setting than to generate all possible pairs indiscriminately—the latter creates

a very large number of features and increases the risk of over�tting (Kuhn and Johnson,
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2019).

Nonlinear transformations. Many real-world relationships are not straight lines. For

instance, square footage may have a diminishing effect on the value of a home: an extra

500 sq ft has a larger effect on a 1,000 sq ft home than on a 5,000 sq ft home. Common

transformations include:

• log(x) — compresses large values and captures diminishing returns. Widely used

for prices, incomes, and other right-skewed variables.

•
p

x — a milder compression than the log; useful when the effect tapers but does not

�atten entirely.

• x 2 — captures accelerating effects; for example, the cost of delay might increase

quadratically with wait time.

After adding a transformed feature, the model remains linear in the transformed inputs

(e.g., a linear regression on log(sq ft) is still a linear model), which preserves the advan-

tages of simplicity and interpretability.

Temporal features. When outcomes evolve over time, features that summarize recent

history can be very powerful:

• Lags reuse prior values as features. For example, last month's sales, yesterday's

stock price, or the customer's balance 90 days ago. Lags allow the model to learn

from recent trends and shocks.

• Rolling windows summarize short-term patterns. A 7-day moving average of daily

sales smooths out day-to-day noise and reveals underlying trends; a 4-week rolling

standard deviation captures recent volatility. In a churn model, computing a cus-

tomer's average monthly bill over the past three months can reveal recent changes

in spending patterns.
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Cyclical features. Some time variables are cyclical: after 23:00 comes 00:00; after Decem-

ber comes January. Treating hours or months as ordinary integers is misleading because it

places the endpoints far apart numerically—hour 0 and hour 23 would be 23 units apart,

even though they are adjacent in time.

A simple �x is to represent each cyclical variable as a position on a circle, using a pair

of coordinates.4 Figure 2.2 illustrates this idea for hours of the day. The key intuition is

that after the mapping, times that are close on the clock are also close in feature space, regard-

less of whether they straddle midnight. Any standard software library can generate these

features automatically.

cos component

sin component

0:00

3:00

9:00

12:00

15:00

18:00

21:00

6:00

23:00 1:00

close!
Each hour maps to a point

on the circle. Hours that are
close in time (e.g., 23:00 and

1:00) are close in the (cos, sin)
space—even though their integer

values (23 vs. 1) are far apart.

Figure 2.2: Cyclical encoding of hour-of-day. Each hour is mapped to a point on the unit
circle using a pair of sine and cosine features. Times that are close on the clock face—such
as 23:00 and 1:00—are also close in the two-dimensional feature space, which is not the
case when hours are treated as plain integers.

Aggregations and group context. In settings with repeated observations per entity, ag-

gregating information at a higher level can create powerful features. For example:

• Customer-level summaries for a churn model: average purchase value, number of

transactions in the past 90 days, time since last purchase, trend in monthly spending.

4Mathematically, if t is the value and T is the period (e.g., T = 24 for hours), the two features are
sin(2pt/T) and cos(2pt/T). These trace a circle, so midnight and 11 PM end up right next to each other.
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• Contextual aggregates for a house-price model: neighborhood median price, school-

district rating, store-level foot traf�c.

These features let the model account for the environment each observation sits in and can

�lter out noise that is present in individual-transaction-level data.

Feature engineering is ultimately driven by domain knowledge. A good rule of thumb

is to add a small number of meaningful transformations suggested by the business set-

ting rather than to generate many indiscriminately—especially because adding too many

features increases the risk of over�tting.

2.8 Example: Preprocessing for House Price Prediction

To make the ideas in this section concrete, imagine we have obtained a dataset of roughly

20,000 residential home sales. For each sale, we observe the transaction price and a set

of property features: square footage of living space and lot, number of bedrooms and

bathrooms, year built, year last renovated (if any), zip code, a construction-quality grade,

and the date of sale. Our goal is to build a model that predicts sale price from these

features.

Before we can train any model, we need to work through the preprocessing pipeline.

Each step below corresponds to a stage in Figure 2.1.

Step 1: Data cleaning (pre-split). We begin with problems that can be identi�ed and

�xed without computing any statistics from the data.

• Exact duplicate rows. A quick check may reveal rows that are exact copies of an-

other row. These are removed.

• ID columns. The dataset includes a property identi�er. This should not be used as a

feature: it carries no predictive information about price and would cause the model

to memorize individual properties rather than learn general patterns.
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• Repeat sales. Some properties appear more than once (which can be inferred from

the property IDs) because they were sold multiple times during the sample period.

Unlike exact duplicates, these are legitimate records—but they have an important

implication for how we split the data later (see Step 2).

• Date format. Sale dates are stored as raw timestamps (e.g., 20141013T000000). We

convert each date into a continuous number—for example, 2014.78—that captures

both the year and the fraction of the year, which will make it easier to use in a model.

• Clear data-entry errors. A handful of records list a year built of 19,430 or similar—

clearly a misplaced digit. Dividing by 10 produces a plausible construction year, so

we apply that correction. Similarly, some cells contain the string "err" instead of a

number; we set these to missing so they can be handled during imputation.

• Structural zeros. Some houses are recorded as having zero bedrooms or zero bath-

rooms. These values may re�ect missing or miscoded data or non-residential struc-

tures (e.g., warehouses, garages, shacks, etc). We �ag them as missing so they can

be imputed after the split. We might also drop those rows from the dataset if there

are not too many of them.

• Suspect prices. The most expensive property in the dataset lists at $175 million. To

decide whether this (and a handful of other very high prices) re�ects a genuine sale

or an extra-zero typo, we compute a simple sanity check: price per square foot. If a

home's price per square foot is wildly above the 99th percentile, the record is sus-

picious. We remove or correct the clear errors, leaving genuinely expensive homes

in the data for now (we will revisit extreme values via capping or log-transforming

below).

Step 2: Train / validation / test split. We split the data into a training set (70%), valida-

tion set (15%), and test set (15%). Because some properties were sold more than once, we
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split by property ID: all sales of the same property go into the same partition. This prevents

the model from “memorizing” a property's price from an earlier sale in the training set

and then appearing to predict it well in the test set.

Step 3: Impute missing values (�t on training set). After cleaning, some records still

have missing entries: the zero-bedroom and zero-bathroom �ags from Step 1, the cells

that contained "err", and any other originally missing �elds. For numeric features we

might impute with the training-set median of that column (the median is more robust to

outliers than the mean). We also create a binary “missing” indicator for each imputed

column so that the model can learn whether the fact that data was missing is itself pre-

dictive. The same medians and indicators can then be applied to the validation and test

sets without recomputing.

Step 4: Encode categorical variables (�t on training set). The zip-code �eld is categor-

ical: it identi�es a neighborhood, but the numeric ZIP values have no meaningful order-

ing. We apply one-hot encoding, creating a binary column for each zip code observed in

the training set. If a zip code appears in the test set but was never seen during training, it

is mapped to an “Other” column.

The construction-quality grade (1–13) has a natural ordering—higher grades indicate

better construction—so we retain it as an ordinal integer rather than one-hot encoding it.

Step 5: Feature scaling (�t on training set). The numeric features span very different

ranges: square footage runs into the thousands, while the number of bathrooms rarely ex-

ceeds 5. We standardize each feature using the training-set mean and standard deviation,

so that all features are on a comparable scale. The same means and standard deviations

are applied to the validation and test sets.
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Step 6: Feature engineering. Domain knowledge suggests several useful transforma-

tions:

• Age instead of year built. Replacing “year built” with “age at time of sale” (sale

year minus year built) is more interpretable and avoids the model needing to learn

that a higher year means a newer home.

• Years since renovation. If a property was never renovated, the “year renovated”

�eld is zero—a value that would confuse most models. We replace it with “years

since last renovation,” coding never-renovated homes with the home's age or adding

a separate “never renovated” indicator.

• Log-transforming price and living area. Both sale price and living-space square

footage are heavily right-skewed: most values cluster at the low end, with a long

tail of expensive or large homes. Taking the logarithm compresses this tail and pro-

duces a more symmetric distribution. There is also an economic rationale: housing

markets are often well described by a relationship of the form Price = C � (sqft) b,

where C is a constant that depends on other features such as location and qual-

ity; taking the log of both sides yields log(Price) = log C + b log(sqft), which is

linear—exactly the form a linear regression can learn directly.

• Cyclical encoding of sale date. The fraction-of-year component of the sale date is

cyclical (late December and early January are adjacent in time but far apart numeri-

cally). We encode it using sine and cosine features as described in Section 2.7.

After all six steps, every column is numeric, consistently formatted, properly scaled,

and free of leakage—and the data is ready for modeling.
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3 Linear Regression

Linear regression is one of the simplest and most widely used supervised learning meth-

ods for predicting a continuous outcome (James et al., 2023) (Chapters 3 and 6). It assumes

that the relationship between the input features x = (x 1, x2, . . . , xp) and the outcome y is

approximately linear. In its basic form (a single-output linear model), it can be written as:

by = w 0 + w 1x1 + w 2x2 + . . . + w pxp = w 0 + w � x,

where w0 is the intercept (bias term) and w = (w 1, . . . , wp) is the vector of coef�cients

(weights) that determine how strongly each feature in�uences the prediction.

The notation w � x is a dot product: it means `multiply each weight by the corresponding

feature and add the results'; i.e., w � x = å
p
j=1 wj xj . This `weight-and-add' operation is

the basic building block of linear models.

3.1 Training the model

Assume our data comprises N observations: (x1, y1), . . . , (xN , yN ), where each xi is a vec-

tor comprising the p features for observation i, and y i is the corresponding outcome. The

coef�cients are estimated from the training data by minimizing a loss function—typically,

the mean squared error between the predicted and actual outcomes:

min
w0,w

1
N

N

å
i=1

(yi � byi )
2 , (1)

where byi = w 0 + å
p
j=1 wj xi j = w 0 + w � x i is the model's prediction for observation i

and yi is the ground truth. 5 This loss function can be quickly minimized using standard

methods; e.g., MS Excel, Stata, Python, Matlab, etc.

The symbol min w means `�nd the weights that make this expression as small as pos-

5Recall that xi j denotes the value of feature j in observation i.
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sible.' The related notation argmin w refers to the speci�c values of w that achieve that

minimum.

3.2 Example: Predicting house values

We return to the house-price dataset introduced in Section 2.8. After preprocessing, each

observation has numeric features. A simple linear regression model might be:

[Price = w 0 + w 1 � (sqft living) + w 2 � (sqft lot) + w 3 � (#bedrooms) + w 4 � (#bathrooms)

+ w 5 � (age) + w 6 � (grade).

(We omit zip-code indicators and other features for readability; they enter the model in

exactly the same way.) After estimating the coef�cients from the training data, we might

obtain:

w0 w1 w2 w3 w4 w5 w6

$100K $200 $2 �$50K $40K �$1K $29K

This means that, each home has a baseline predicted value of $100,000. Then, all else

equal, each additional square foot of living space is associated with a $200 increase in

price, each additional square foot of lot adds $2, each year of age reduces value by about

$1,000, and each one-point increase in construction grade is associated with a $29,000

premium. Linear regression is popular in part because of this interpretability: each coef-

�cient can be read as the marginal association of that feature with the outcome, holding

the other features �xed.

A negative coef�cient on bedrooms? Notice that the coef�cient on bedrooms is �$50K.

This does not mean that adding a bedroom lowers a home's value. Rather, it re�ects

the fact that bedrooms and living-space square footage are highly correlated: a larger

44



house typically has more bedrooms. Once we hold square footage �xed, a home with more

bedrooms is dividing the same space into smaller rooms, which the market prices lower.

The coef�cient answers a very speci�c question: “Among homes of the same size, same

lot, same grade, and same zip code, what is the price difference between those with one

additional bedroom?” This is a good reminder that coef�cients in a regression model are

conditional associations—their sign and magnitude can change depending on which other

features are in the model.

Prediction vs. causation. More broadly, in a predictive setting these coef�cients are as-

sociations conditional on the other features in the model; they should not be interpreted

as causal effects without additional assumptions or experimental/quasi-experimental de-

sign. The fact that grade carries a large positive coef�cient does not mean that renovating

a house to increase its grade will raise its price by exactly $29,000—the coef�cient may

partly re�ect other unobserved factors (e.g., af�uent neighborhoods tend to have higher-

grade homes).

Multicollinearity. The bedroom example above is a symptom of a broader issue called

multicollinearity: when two or more features are highly correlated with one another. In our

dataset, living-space square footage is strongly correlated with the number of bedrooms,

the number of bathrooms, and lot size. Bedrooms and bathrooms are correlated with each

other. Grade may be correlated with square footage and age.

Multicollinearity does not, by itself, bias predictions—the model's overall forecasts

can still be accurate. What it does is make individual coef�cients unstable: small changes in

the training data (adding or removing a few observations) can cause large swings in the

estimated weights. In the extreme, one correlated feature might get a very large positive

coef�cient while another gets a very large negative coef�cient, even though both features

are positively associated with price. The two coef�cients are “sharing credit” for the same

underlying signal, and the split between them is sensitive to noise.
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For a manager, the practical implications are:

1. Be cautious interpreting individual coef�cients when features are correlated. The

sign or magnitude of a single weight may not re�ect what you expect from domain

knowledge, as illustrated by the negative bedroom coef�cient.

2. Predictions are usually �ne. Even when individual coef�cients are unstable, the

weighted sum w � x often remains stable because the shifts in correlated coef�cients

tend to offset each other.

3. Regularization helps. As we discuss in the next subsection, Ridge and Lasso regres-

sion explicitly penalize large coef�cients, which stabilizes the estimates and reduces

the sensitivity to multicollinearity.

Encoding categorical features. Zip codes are categorical: the numeric ZIP values have

no meaningful ordering. As discussed during preprocessing (Section 2.5), we one-hot

encode them, creating an indicator variable for each zip code. With an intercept in the

model, we include K � 1 indicators to avoid perfect multicollinearity (one zip code serves

as the omitted baseline). Each zip-code coef�cient then captures the predicted price pre-

mium or discount relative to that baseline, holding the other features �xed. For instance,

if the baseline is zip code 98001 and the coef�cient on 98004 is +$250K, the model predicts

that a home in 98004 sells for $250,000 more than an otherwise identical home in 98001.

Log speci�cations. During preprocessing (Section 2.8), we noted that both price and

living-space square footage are heavily right-skewed, and that housing markets often

follow a relationship of the form Price = C � (sqft) b. Taking logarithms yields:

log(Price) = log C
| {z }

intercept

+b log(sqft living) + � � �
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which is linear in the transformed features—exactly what a linear regression can esti-

mate. In this “log–log” speci�cation, the coef�cient b has a convenient interpretation: a

1% increase in square footage is associated with roughly a b% increase in price. More

generally, when the target is log-transformed, all coef�cients are interpreted in percent-

age terms rather than dollar terms. This is often a better �t for housing data and is the

speci�cation we will use going forward.

Limitations: nonlinearity and interactions. Even with the log transformation, the model

assumes that each feature has a constant, additive effect on log(Price). If the true rela-

tionship involves effects that change depending on the value of another feature, a linear

model will miss them unless the user manually adds synthetic features.

For instance, the incremental value of additional living space may depend on the lot

size: an extra 500 square feet of living space is worth more on a large lot than on a tiny

one. To capture this, we could create an interaction feature log(sqft living) � sqft lot

with a new coef�cient w 7. Similarly, the premium for construction grade may be larger

in expensive zip codes than in cheaper ones. Each such interaction requires a deliberate

modeling choice.

The model remains linear in its expanded set of features (original and synthetic), so it

retains the advantages of simplicity and fast estimation. However, this approach creates

two dif�culties. First, it is up to the user to decide which interactions and transforma-

tions to include; the space of possibilities is vast. Second, adding many synthetic fea-

tures increases the total number of coef�cients, making the model prone to over�tting—

especially when features are already correlated with one another, compounding the mul-

ticollinearity problem. For example, in a model with p features, including all pairwise

interactions requires estimating p + p(p � 1)/2 coef�cients: with p = 6 core features, that

is already 21 weights; with the dozens of zip-code indicators included, the number grows

rapidly.
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One systematic way to manage this complexity is regularization, which we turn to next.

3.3 Regularization: Controlling model complexity

Regularization is a method for improving the generalization of regression models, partic-

ularly when the number of predictors is large or when those predictors are correlated, as

with multiplicative interactions. Regularization adds a penalty term to the regression's

objective function that discourages large coef�cient values; that is, instead of (1), we solve

min
w0,w

N

å
i=1

(y i � byi )
2 + l � R(w),

where l > 0 is a parameter that controls the strength of the penalty, and R(w) is the

penalty function.

The simplest and most common form of regularization is Ridge regression, also known

as L2 regularization, which assumes that

R(w) =
p

å
j=1

w2
j .

This term penalizes large weights, and the larger l is, the more the weights are forced

towards 0, reducing model complexity and multicollinearity effects, but potentially intro-

ducing more bias (Hoerl and Kennard, 1970).

A common alternative is Lasso regression, or L1 regularization, where

R(w) =
p

å
j=1

jw j j.

Unlike ridge, this penalty function may shrink some coef�cients to zero, effectively re-

moving those predictors from the model. This makes lasso particularly appealing when

we suspect that only a subset of features truly matter. In high-dimensional settings, lasso

can perform both regularization and feature selection simultaneously, yielding more in-
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terpretable models (Tibshirani, 1996).

Because penalties depend on coef�cient magnitudes, it is standard to scale features

(e.g., standardize each numeric feature to mean 0 and variance 1) before applying ridge

or lasso so that the penalty treats features comparably.

Cross-validation: Choosing l. Choosing the right value of the regularization parameter

l is crucial: when l = 0, the model reduces to ordinary least squares and risks over�tting,

while as l grows large, the coef�cients are heavily shrunk toward zero, which can lead

to under�tting. A similar issue arises in choosing the type of regularization method:

Ridge regression tends to perform well when many predictors contribute modestly to

the outcome and are correlated with each other, whereas Lasso regression forces some

coef�cients to zero, effectively performing feature selection. There is no formula that tells

us the optimal l or the ideal regularization method; they must be determined empirically.

Cross-validation provides a systematic way to address both of these choices. In k-fold

cross-validation, the data are divided into k subsets (folds). For a given regularization

method and value of l, the model is trained on k � 1 folds and evaluated on the remaining

fold; this process repeats k times so that each fold serves as a validation set once. The

average validation error across folds gives an estimate of how well that model generalizes

to new data. By repeating this process for a range of l values, we can plot the validation

error as a function of the regularization parameter. The l that minimizes this error is then

selected as the optimal penalty.

In practice, this approach not only identi�es the appropriate l but also helps deter-

mine which regularization method is best suited for the data. For instance, one might

perform cross-validation for ridge and lasso (or a combination of the two, a.k.a elastic net)

and compare their cross-validated errors. The model that yields the lowest error is then

chosen.
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4 Logistic Regression

Logistic regression is one of the most widely used methods for classi�cation problems

where the outcome is binary—for example, whether a borrower defaults on a loan, a cus-

tomer churns, or a patient has a disease; see, for example, James et al. (2023) (Chapter 4)

or Hastie, Tibshirani and Friedman (2009) (Chapter 4). The idea is to model the probabil-

ity that the outcome equals one (the “positive” class) as a smooth function of the input

features. Unlike linear regression, which can predict any real number, logistic regression

uses the logistic function to ensure that predicted probabilities always lie between 0 and

1. Concretely, for a feature vector x = (x 1, . . . , xp) and weights w = (w 1, . . . , wp) with

intercept w0, the model is

bp(x) := Pr(y = 1 j x) = s

 

w0 +
p

å
j=1

wj xj

!

, where s(z) =
1

1 + e�z (2)

is the sigmoid function—an S-shaped curve that smoothly maps any number to a value

between 0 and 1. Very negative inputs produce probabilities near 0; very positive inputs

produce probabilities near 1; and an input of zero produces 0.5. This makes it a natural

way to turn a linear score into a probability.

Equivalently, logistic regression is linear in the log-odds (the logit):

log
Pr(y = 1 j x)
Pr(y = 0 j x)

= w 0 +
p

å
j=1

wj xj .

Thus, increasing feature xj by one unit multiplies the odds by e wj , holding other features

�xed.

4.1 Training the model

The model learns from data by �nding the set of weights that make its predicted probabil-

ities match the observed outcomes as closely as possible. Instead of minimizing squared
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errors, as in linear regression, logistic regression maximizes the likelihood that the ob-

served data were generated by the model. This is equivalent to minimizing a function

called the logistic loss or cross-entropy loss, which penalizes con�dent but wrong predic-

tions much more than uncertain ones. Speci�cally, given training data (x 1, y1), . . . , (xN , yN )

with y i 2 f0, 1g, the model solves

min
w0,w

�
N

å
i=1

h
yi log s( bzi ) + (1 � y i ) log

�
1 � s( bzi )

� i
,

where the linear score bzi = w 0 + å
p
j=1 wj xi j can be interpreted as evidence for class 1.

Intuitively, the model adjusts its weights to push the predicted probabilities of outcomes

y = 1 close to one, and those of outcomes y = 0 close to zero. While more complex than

minimizing the least squares errors of a linear regression, this problem is well-behaved

and can be solved using standard computational methods.

From probabilities to decisions. Once trained, the model will output the probability

that a new observation belongs to the positive class using (2). For example, given the

features of a loan applicant, the model will output a number between 0 and 1 representing

the estimated probability of default. To make a decision, we usually apply a threshold,

classifying the observation as positive if the predicted probability exceeds the threshold

(see Section 1.9).

Example: Predicting customer churn. Suppose we want to build a model to predict

customer churn based on some of their usage patterns—speci�cally, their tenure (i.e.,

how long they have been a customer), their average monthly bill, whether they have a 1-

or 2-year contract (versus month-to-month service), whether they are enrolled in autopay,

whether they have internet service, and whether they use paperless billing. Here y = 1

indicates that the customer churned, and the model estimates Pr(y = 1 j x) for each
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customer. That is, we consider the following model;

Pr(churn = 1 j x) = s
�
w0 + w 1 � (tenure) + w 2 � (Monthly Bill) + w 3 � (1+yr Contract)

+w 4 � (Autopay) + w 5 � (Internet) + w 6 � (PaperlessBilling)
�

Estimating the coef�cients from the churn data yields:

w0 w1 w2 w3 w4 w5 w6

�1.87 �0.036 0.025 �1.23 �0.39 0.38 0.48

Thus, each additional month as a customer multiplies the odds Pr(churn)/ Pr(no churn)

by ew1 = e�0.036 � 0.965 (about a 3.5% reduction in the odds per month). Having a long-

term contract multiplies the odds by e w3 = e�1.23 � 0.29 (about a 71% reduction in the

odds), holding other features �xed.

Like linear regression, logistic regression assumes a linear relationship, but here it's

linear in the log-odds of the outcome. Logistic regression works best when the log-odds

of the outcome are approximately linear in the features. If the relationship is strongly

nonlinear, logistic regression will struggle. Though it can still output probabilities, its

accuracy will suffer unless we engineer synthetic features to capture interactions across

the features and nonlinear effects. As discussed in Section 3, however, this creates the risk

of over�tting, which can be mitigated using regularization techniques.

4.2 Use Cases of Logistic Regression

Logistic regression is a go-to method for binary classi�cation in many business domains:

churn prediction (predicting if a customer will leave), fraud detection (fraud vs legiti-

mate), marketing response modeling (will a customer respond to a campaign or not),

medical outcome prediction (disease vs no disease given patient stats), etc. It's favored

when a quick, interpretable model is needed. For instance, a marketing analyst might use

logistic regression to identify which customer attributes (age, income, engagement met-
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rics) drive the probability of response to a new offer. If the decision boundary is roughly

linear in the feature space (perhaps after some feature engineering), logistic regression

can perform very well.

4.3 Multinomial Regression

Sometimes the outcome variable can take on more than two categories—say, predicting

whether a consumer chooses product A, B, or C. The logistic regression framework can be

extended to handle multiple classes. This extension is called multinomial logistic regression.

Instead of estimating a single probability, the model estimates a probability for each class

in such a way that they all add up to one; speci�cally, it predicts

Pr(y = k j x) =
exp

�
wk0 + å

p
j=1 wkjxj

�

å K
`=1 exp

�
w`0 + å

p
j=1 w`j xj

� , k = 1, . . . , K.

Because adding the same constant to all class scores leaves the probabilities unchanged,

the parameters are not identi�ed without a normalization. A common choice is to pick

a reference class (say K) and set wK0 = 0 and w Kj = 0 for all j, so the other classes'

coef�cients are interpreted relative to that baseline.

The training principle is the same: it �nds the set of weights that maximize the like-

lihood that the observed data were generated by the model. Once we have trained the

model, given a set of input features, we predict that the outcome belongs to the class

with the largest probability. Multinomial regression is widely used in marketing and

economics to model discrete choices, as well as in machine learning tasks like text classi-

�cation and image recognition.
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5 k-Nearest Neighbors

The k-nearest neighbors (kNN) algorithm is a simple yet powerful supervised learning

method for both classi�cation and regression. The core intuition is that similar examples

tend to have similar outcomes. In other words, to predict the output for a new data point,

kNN looks at the k most similar data points in the training set (its “nearest neighbors”)

and bases its prediction on those neighbors (Cover and Hart, 1967).

This approach is often compared to how we make decisions by analogy. For example,

real estate appraisers estimate a house's value by comparing it to similar recent sales

(“comps”). kNN provides a clean quantitative version of this idea: given a database of

past transactions, a house's value can be predicted by �nding similar houses in terms of

location, size, and other characteristics, and averaging their sale prices.

5.1 How kNN works

Suppose we have historical data (x1, y1), . . . , (xN , yN ), where each xi = (x i1, . . . , xip) is a

vector of p features for observation i and y i is the outcome. In a house-price setting, xi

might include location, living area, lot size, number of bedrooms, sale date, etc., and y i

is the sale price. In a churn setting, xi might include tenure, billing history, and contract

type, and y i 2 f0, 1g indicates whether the customer churned.

Unlike linear or logistic regression, kNN does not �t a parametric equation with esti-

mated coef�cients. For this reason it is often called an instance-based or lazy learner: the

“model” is essentially the stored training data plus a de�nition of similarity. That said,

there is still important work done before prediction: preprocessing the data (scaling and

encoding), choosing a distance metric, and tuning hyperparameters. In practice, these

choices largely determine whether kNN succeeds or fails.

Step 1: De�ne (and compute) similarity via a distance function. Given a new query in-

stance with features xq (and unknown outcome), kNN compares x q to each training point
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xi using a distance function d(x q, xi ). The most common default is Euclidean distance:

d(xq, xi ) = kx q � x ik =

vu
u
t

p

å
j=1

(xqj � x i j )2. (3)

Euclidean distance is the `straight-line' distance between two points in feature space:

kxq � x ik =
q

å
p
j=1 (xqj � x i j )2. Each feature contributes one squared difference; summing

them and taking the square root gives the overall distance. Smaller distance means `more

similar.'

Step 2: Find the k nearest neighbors. Let N k(xq) denote the set of indices of the k train-

ing points closest to xq under the chosen distance:

N k(xq) =
�

i 2 f1, . . . , Ng : x i is among the k closest points to xq
	

.

For example, if x1, x4, and x9 are the 3 closest points to xq, then N k(xq) = f1, 4, 9g.

Step 3: Aggregate neighbors to produce a prediction. How we combine neighbor out-

comes depends on whether y is continuous (regression) or categorical (classi�cation).

Regression. The basic kNN regression prediction is the average of neighbor outcomes:

by(xq) =
1
k å

i2N k(xq)

yi .

In other words, we take the k closest “comps” and average them.

Classi�cation. For classi�cation, kNN can be viewed as producing a score or probability

estimate �rst, followed by a decision rule. For a binary label y 2 f0, 1g, a natural estimate

of the probability of the positive class is the fraction of neighbors labeled 1:

bp(xq) = Pr(y = 1 j x q) =
1
k å

i2N k(xq)

yi .
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A simple classi�er is then: predict by = 1 if bp(xq) exceeds a threshold and predict by = 0

otherwise. For multiclass outcomes, we can estimate a probability for each class by taking

the fraction of neighbors in that class and predict the class with the highest estimated

probability.

Distance-weighted kNN The basic version above treats all k neighbors equally. A com-

mon re�nement is to give closer neighbors more in�uence. One simple approach is to

assign each neighbor i a weight

wi (xq) =
1

�
d(xq, xi ) + #

� r ,

where # > 0 prevents division by zero and r > 0 controls how quickly in�uence decays

with distance. Then for a regression task, we take a weighted average of the k closest

samples:

by(xq) =
å i2N k(xq) wi (xq)

å i2N k(xq) wi (xq)
� y i .

For classi�cation, we can do a weighted vote using the same idea. Distance-weighting is

especially useful when the “closest few” neighbors are much more relevant than the rest.

Scaling and encoding matter (more than for many other models). Because kNN re-

lies directly on distances, it is extremely sensitive to the units and scales of the features.

If “house size” ranges from 500 to 5,000 while “# bedrooms” ranges from 1 to 5, raw

Euclidean distances will be driven almost entirely by square footage. Therefore, it is im-

portant to scale the features—typically by applying min-max normalization or standard-

ization.

Categorical variables require encoding before we can compute distances. One-hot

encoding (with 0-1 dummy variables) works well for low- and medium-cardinality cat-

egories (e.g., contract type), but for high-cardinality �elds (e.g., ZIP code, product ID) it

can produce very high-dimensional feature spaces. In such cases, more thoughtful fea-
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ture engineering is needed; e.g., grouping rare categories, using geographic coordinates

for location, using embeddings for text, and so on.

Hyperparameter tuning. Because kNN does not learn a set of coef�cients, its perfor-

mance depends heavily on design choices (hyperparameters). The main ones are the num-

ber of neighbors k, and whether we use distance-weighted aggregation.

If k = 1, predictions are extremely local: the model can �t noise and will often over�t.

If k is very large, predictions become overly smooth (e.g., approaching the overall average

for regression or the majority class for classi�cation), which can under�t. In binary clas-

si�cation it is also common to choose an odd k to reduce tie votes. There is no universal

best k, so in practice we try several values (and possibly several distance metrics) and use

a validation set or cross-validation to choose the option that performs best out-of-sample.

5.2 Feature Weighting and the Distance Function

There are two different (and easy to mix up) notions of “weighting” in kNN:

• Neighbor weighting: closer neighbors count more in the vote/average.

• Feature weighting: certain dimensions count more when deciding which points are

“close.”

We already covered neighbor weighting, now we focus on feature weighting. In the basic

version of kNN, all features are treated equally when computing distances. In many

problems, however, some attributes are clearly more informative than others. For exam-

ple, in real estate valuation, location and living area often matter much more than the

number of bathrooms. In such cases, it can make sense to give more important features

greater in�uence over the distance calculation.
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A simple way to do this is a weighted Euclidean distance:

da(xq, xi ) =

vu
u
t

p

å
j=1

aj (xqj � x i j )2, aj � 0, (4)

where a j is the importance weight on feature j. Larger a j means that differences in feature

j contribute more to “how far apart” two observations are. When all weights are equal (or

equal up to a constant factor), this reduces to the usual Euclidean distance and produces

the same neighbor rankings.

There are several approaches to choosing feature weights. The �rst is to set weights

based on an understanding of the setting/business; e.g., location gets high weight in real

estate. The second is to treat a small number of weight settings as hyperparameters and

choose what works best on the validation set or using cross-validation. Finally, there are

also more advanced techniques for learning distance functions from data such as Large

Margin Nearest Neighbor (LMNN) (Weinberger and Saul, 2009).

5.3 Strengths and Weaknesses of kNN

kNN's simplicity is one of its greatest strengths. It is easy to understand and implement,

and it is easy to explain a prediction in human terms: “This house is predicted to be worth

$300k because the most similar recent sales were around $300k.”

Because it predicts by interpolating from nearby training examples, kNN can capture

complex, nonlinear relationships without committing to an explicit functional form (un-

like linear regression or logistic regression, which build in linear structure). In that sense,

kNN is �exible “by default” when the data are dense enough and when the notion of

similarity is well-chosen. At the same time, the very features that make kNN intuitive

also create its main limitations:
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1. The distance function is the entire model. kNN assumes that the features we use

and the distance metric we choose truly capture what it means for two cases to be compa-

rable. If we include many irrelevant features, we dilute similarity: points that are actually

comparable may not look close in feature space. Conversely, if we omit critical features,

kNN may treat very different cases as “neighbors”.

2. Curse of dimensionality. As the number of features grows, distances become less

informative: the nearest neighbor is often not that much closer than the farthest neighbor.

This is why kNN typically performs best with a moderate number of features, and why

feature selection or dimensionality reduction can dramatically improve performance. See

Section 2.5 of Hastie, Tibshirani and Friedman (2009) for an accessible discussion of the

curse of dimensionality for kNN.

3. Computational and operational costs. kNN stores the training data and does sub-

stantial computation at prediction time. If we have millions of observations, a naive im-

plementation can be slow and memory-intensive. Indexing structures and approximate

nearest-neighbor search can help, but there is still a real scalability trade-off compared to

models that learn a compact set of parameters.

4. Limited extrapolation. For regression, basic kNN predictions are averages of ob-

served outcomes in the training data. This makes kNN excellent for interpolation (i.e.,

staying within the range of known cases), but weaker for extrapolation (i.e., predicting

what happens in truly new regimes, such as a structural break in a market).

5. Class imbalance. For classi�cation, kNN can struggle when one class heavily out-

weighs others. In such cases, the majority class may dominate most neighborhoods.

Common �xes include distance-weighted voting, choosing k carefully, or rebalancing the

training data.
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5.4 Use Cases of kNN

kNN's “look at nearby instances to decide” logic makes it a natural choice whenever

similarity can be de�ned in a meaningful way.

Real estate and valuation (“comps”). kNN is a sensible baseline for real estate valua-

tion: appraisers, mortgage issuers, and real estate agencies routinely benchmark a prop-

erty against similar recent sales. The key is to de�ne similarity in a way that matches

market reality (e.g., location, recency, size, and relevant amenities).

Recommendation systems. A classic recommendation strategy is to �nd customers with

similar purchase histories (“nearest neighbors” in preference space) and recommend prod-

ucts that those similar customers bought. Modern recommender systems often go be-

yond raw kNN, but neighbor-based methods remain a useful baseline and a highly inter-

pretable way to generate recommendations.

Customer analytics and marketing response. If we want to predict whether a new cus-

tomer will respond to an offer, we can look at the most similar past customers (based on

demographics and behavior) and see how they responded. This provides an intuitive,

example-based forecast that is easy to communicate to stakeholders.

Healthcare decision support (case-based retrieval). kNN-like approaches are some-

times used for diagnostic assistance by retrieving patients with similar clinical pro�les.

The model does not “discover biology”, but it can highlight relevant historical analogs

that support decision-making (paired with expert review).
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6 Decision Trees

A decision tree is a simple yet powerful model that asks a series of questions and follows a

set of if-then rules to form a decision or prediction. To build intuition, consider the classic

game of 20 questions. One person thinks of an item, and another asks yes/no questions

to �gure out what it is. The goal is to choose each question to maximally reduce uncer-

tainty about the item. Decision tree learning follows a similar strategy. For example, in

the 20 questions game, a good �rst question might be “Is it an animal?” because it divides

the space of possibilities roughly in half, yielding a lot of information. Starting with a

very speci�c question like “Is it a hippopotamus?” would be a poor choice because a “no”

answer doesn't eliminate many possibilities—at each step you want to narrow down the

possibilities as much as possible. This is exactly what decision trees do: they iteratively

�nd the most informative question to ask. Each question partitions the data into smaller

subsets that are more homogeneous in terms of the target outcome than before. The pro-

cess continues, asking further questions down each branch (contingent on the previous

answers) until a decision can be made (Quinlan, 1986). See also Chapter 8 of James et al.

(2023).

Decision trees in machine learning vs. decision analysis. Many students

have seen “decision trees” in decision analysis: a hand-built diagram of choices

and chance events, used to compute expected values. A machine learning deci-

sion tree is different. It is learned from historical data to predict an outcome y

from features x. Its branches are chosen to improve predictive accuracy, and

its “probabilities” (when it outputs them) are typically based on the fraction

of training examples that fall into each leaf.

One can think of a decision tree as a �owchart that an analyst might draw to make a

decision. For instance, imagine you want to predict whether a customer will churn. You

might �rst ask, “Is the customer on a month-to-month contract?” If yes, that strongly sug-
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gests a higher risk of churn (since customers with no long-term commitment might leave

easily). If no (meaning the customer is on a longer contract), you would ask a different

follow-up question like “Has the customer made multiple support calls recently?” Depending

on the answer, you reach a �nal prediction (e.g., likely to churn or not). Likewise, if you

want to estimate a house's value, a decision tree might start with the question “Where

is the house located?” as location often has the biggest impact on real estate prices. One

branch of the tree could be for houses in a city (which tend to be high-value), another for

suburban/urban houses. For a suburban house, the tree might then ask “How large is the

house?”, splitting into, say, “> 3, 000 sq.ft” vs. “< 3, 000 sq.ft”, each leading to a predicted

price range. Through this hierarchical questioning, the tree zeroes in on a value estimate

(perhaps on a per square foot basis). These examples illustrate the core idea of decision

trees: by asking a sequence of questions about the data's attributes, the tree gradually

splits the population into smaller groups that are increasingly uniform in terms of the

target outcome, until each group (leaf) is so homogeneous that a decision or value can be

assigned.

Importantly, decision trees can naturally handle complex decision boundaries and

combinations of conditions. For example, a churn prediction tree might discover that ei-

ther a short contract or a high number of support calls can independently lead to a churn

prediction. Each leaf could be seen as one scenario under which a customer churns. This

�exibility means decision trees can �t a wide range of problems — in fact, any function

mapping a �nite set of discrete attribute values to a decision can theoretically be repre-

sented by some decision tree. At the same time, the model remains interpretable: one

can follow a path and see why a particular decision was made (e.g., “the customer was

on a month-to-month plan and had many support issues, therefore they were predicted

to churn”). This interpretability and logical structure make decision trees especially ap-

pealing for applications where explaining the reasoning behind a prediction is often as

important as the prediction's accuracy.
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Month-to-month
contract?

Churn/No churn: [300, 700]

[240, 160]
p̂ = 0.60
Churn

Multiple recent
support calls?

[60, 540]

[48, 72]
p̂ = 0.40
Churn

[12, 468]
p̂ = 0.025
No churn

yes no

yes no

Figure 6.1: Example Decision Tree for Customer Churn (Classi�cation). The tree is trained
on historical labeled data and then used to score new customers. The root node asks
whether a customer is on a month-to-month contract. Each node reports the composi-
tion of the training customers that reach that point in the tree as [Churn, No churn]. For
example, the training set contains 300 churners and 700 non-churners. If the customer
is month-to-month (left branch), the training data in that segment have [240,160], cor-
responding to an empirical churn rate of p̂ = 240/(240 + 160) = 0.60. If the customer
is not month-to-month (right branch), the tree asks a second question about whether the
customer has made multiple recent support calls. Among those long-contract customers,
the subgroup with many support calls has [48,72] (so p̂ = 0.40), while the subgroup
with few support calls has [12,468] (so p̂ = 0.025). Each leaf then converts its estimated
probability into a decision using a threshold: here, the model predicts Churn if p̂ � 0.2
and No churn otherwise.

6.1 What a tree outputs: labels, probabilities, and numeric forecasts

Using the notation from the Introduction, we observe training data (x 1, y1), . . . , (xN , yN ),

where each xi = (x i1, . . . , xip) is a feature vector and y i is the outcome of interest. A deci-

sion tree partitions the feature space into regions (the leaves of the tree). Every observation

that lands in the same leaf receives the same prediction.

Classi�cation trees. In classi�cation (e.g., churn vs. no churn), a leaf can output either

(i) a class label or (ii) an estimated probability for each class. In binary classi�cation with

y 2 f0, 1g, the most natural probability estimate is the fraction of training examples in
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that leaf with y i = 1:

p̂(x) = Pr(y = 1 j x) =
1
n`

å
i: xi 2leaf `

yi ,

where n` is the number of training observations that fall into leaf `. Probabilities can then

be turned into decisions, for example, using the cost-based threshold q = cFP/(c FP+ cFN).

Regression trees. In regression (e.g., predicting house prices), each leaf outputs a nu-

meric forecast. The most common choice is the mean outcome among the training exam-

ples that land in that leaf:

ŷ(x) =
1
n`

å
i: xi 2leaf `

yi .

This makes regression-tree predictions piecewise constant: the tree divides the population

into segments, and each segment gets its own average prediction.

6.2 Training a Decision Tree

Training a decision tree means choosing (i) which questions to ask and (ii) in what order

to ask them, so that the data at the leaves becomes as homogeneous (“similar”) as pos-

sible with respect to the outcome. As in the previous sections, we learn from labeled

data (x1, y1), . . . , (xN , yN ), where x i is the vector of features for observation i and y i is the

corresponding outcome (a class label for classi�cation or a number for regression).

Greedy tree growth: building top-down. Most decision-tree algorithms grow the tree

top-down. They start at the root with all training observations, and at each node, they focus

on the subset of observations that has reached that node (i.e., the observations that satisfy

the conditions along that path). The algorithm then tries many candidate questions of the

form:

“Is feature x j � f?” or “Is feature x j 2 A?”

and chooses the question that most improves prediction quality in the two child nodes.
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This is a greedy procedure: the tree chooses the best split right now, at the current

node, without guaranteeing that the �nal tree is globally optimal. Greedy methods are

popular because they are fast and tend to work well in practice, but they can sometimes

make an early split that looks good locally yet is not ideal in hindsight.

The key idea: “impurity” At any node, imagine you had to make a prediction using only

the observations in that node. If the node contains almost all churners (or almost all non-

churners), then it is easy to predict: we say the node has low impurity. If the node contains

a roughly even mix of churners and non-churners, prediction is inherently harder: the

node has high impurity.6 One way to conceive the notion of impurity is to think in terms

of the majority rule:

If I predicted the majority outcome for everyone in this node, what fraction of cases

would I get wrong?

If a node is 90% “no churn” and 10% “churn”, then the majority rule would be wrong

about 10% of the time. That is a low-impurity node. If a node is 50/50, then even the best

“single-label” prediction will be wrong about half the time. That is a high-impurity node.

The splitting criterion: impurity reduction. Now suppose we are considering a can-

didate question at a node. That question splits the node into two child groups: a left

child and a right child. A good question is one that produces child nodes that are more

homogeneous than the parent. The core scoring idea is:

Impurity reduction = (impurity before split) - (weighted average impurity after split)

6Real implementations quantify impurity using the so-called Gini score or entropy. Gini impurity mea-
sures the probability that a randomly chosen item would be misclassi�ed if labeled according to the node's
class distribution. Entropy measures the amount of `surprise' or uncertainty in the distribution. Both reach
their minimum (zero) when a node is perfectly pure and their maximum when classes are evenly split.

Skipping the mathematical details, both of them reward splits that create child nodes that are more ho-
mogeneous than the parent.
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That is, impurity reduction captures the difference between the impurity of the par-

ent node and the size-weighted average impurity of the children nodes. Note that this

weighting matters: a split that makes a tiny group perfectly homogeneous but leaves the

vast majority mixed 50/50 is not very helpful.

Example (classi�cation): Suppose at the root we have 100 customers, and churn is roughly

50/50. That is a messy starting point: no simple rule will do well. Now consider two can-

didate questions:

• Split A: “Is the customer month-to-month?”

Imagine this produces two groups: month-to-month customers are mostly churners,

while long-contract customers are mostly non-churners. Then each child group is

relatively pure, so the split makes the problem much easier.

• Split B: “Is the monthly bill above $70?”

Imagine this produces two groups that are still mixed 50/50. Then we have not

really gained clarity; the split did not reduce impurity much.

The tree chooses Split A because it reduces impurity more: it creates segments where

churn behavior is more predictable.

Group # Churn # No Churn Churn rate
Month-to-month 45 15 75%
1+ year contract 5 35 12.5%

Table 3: After splitting on contract type, each subgroup is much more homogeneous than
the original mixed population. The tree prefers questions that create groups like these
because the outcomes become easier to predict.

Example (regression): For a regression tree, the outcome y is numeric (e.g., house price),

so a node is “pure” when the prices inside it are similar. At any node, if we were forced

to make one prediction for everyone in that node, the best single-number prediction is
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the node's average price ȳnode. The node's impurity is then measured by how far the

individual prices are from that average, i.e., the node's sum of squared errors,

SSE(node) = å
i2node

(y i � ȳnode)2.

A split is good if it creates two child nodes whose prices are each more tightly clustered

around their own averages, so the total SSE falls. The tree simply tries many candidate

questions (e.g., “Neighborhood A?”, “Living area � 3,000 sq.ft?”, etc) and chooses the

one that produces the largest drop in SSE.

To make this idea concrete, if a candidate split divides a parent node into Left (L) and

Right (R), the impurity reduction from that split is:

Impurity reduction = SSE(parent) �
�
SSE(L) + SSE(R)

�
.

For example, if the parent node contains homes from $200K to $2M, one average is

a blunt summary, so the SSE is large. If splitting by neighborhood separates a “starter-

home” area from a “luxury” area, then each child node has a much narrower price range,

each child average becomes a sensible summary, and SSE(L) + SSE(R) drops sharply,

making the impurity reduction large. If a proposed split does not create tighter groups

(prices remain just as scattered in both children), then the total SSE barely changes and

the impurity reduction is near zero, so the tree will look for a better question.

At the end of training, each leaf predicts the average price of the training homes that

landed there. The learning rule above therefore keeps splitting exactly when doing so

makes those leaf averages noticeably more accurate summaries of the data.
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Continuous vs. categorical features. For a continuous feature (e.g., tenure, bill amount,

number of support calls), the tree tries questions like:

“Is SupportCalls � f?”

for many plausible thresholds (e.g., f = 1, 2, 3, . . .). The best threshold is simply the one

that produces the largest impurity reduction.

For a categorical feature (e.g., contract type), the tree can ask membership questions

like:

“Is ContractType Month-to-month?”

Some implementations split into many branches (one per category), but many widely-

used libraries use binary splits (grouping categories into two sides – yes/no) because this

keeps the tree simpler and more stable.

Stopping conditions and hyperparameters. If we keep splitting until every leaf is per-

fectly pure, the tree can end up memorizing quirks of the training data (over�tting). In

practice we control tree complexity using hyperparameters such as:

• maximum depth (how many questions we allow in a row),

• minimum leaf size (how many observations a leaf must contain),

• minimum improvement (only split if impurity reduction is large enough).

We typically choose these settings using a validation set or cross-validation, then report

�nal performance on a held-out test set, consistent with the supervised learning work�ow

described in the Introduction.

The big picture is simple: the tree keeps asking questions as long as those questions

create meaningfully cleaner groups, and stops when additional complexity no longer pays

off out-of-sample.
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6.3 Combating Over�tting

A decision tree can represent extremely complex rules. That �exibility is valuable, but

it also means trees are prone to over�tting: they can learn patterns that look real in the

training data but do not repeat in new data. The core symptom of over�tting is a widening

gap between training performance and out-of-sample performance, and the remedy is to

control complexity using validation or cross-validation.

Why trees over�t so easily. Trees split the data into smaller and smaller groups. If we

keep training long enough, we can reach leaves containing only a handful of observations

(or even just one). At that point, the tree is essentially memorizing the training data; e.g.,

“If customer ID 18273 and tenure 17 months and charge $49.95, then churn.” Such rules

can achieve very high training accuracy while generalizing poorly.

Pre-pruning (early stopping). One approach is to prevent the tree from growing too

complex in the �rst place. Common pre-pruning controls include:

i. a maximum tree depth,

ii. a minimum number of observations required to split a node,

iii. a minimum number of observations required in each leaf, and

iv. a minimum impurity reduction required for a split.

These knobs re�ect an intuitive trade-off: we only want to create a new leaf if we have

enough data to support it and if it improves predictions meaningfully.

Post-pruning (grow �rst, then trim). An alternative is to grow a larger tree and then

prune back branches that appear to �t noise. Conceptually, pruning asks: “If we replace

this entire subtree with a single leaf (i.e., one simpler rule), does performance (on a held

out validation set) get substantially worse?” If not, we prune. Many implementations use

69



a version of cost-complexity pruning, which trades off �t (training loss) against tree size; i.e.

they minimize

Training loss + a � (# leaves),

where a � 0 is a complexity penalty chosen via validation or cross-validation. The bigger

the a, the more the tree will try to minimize the number of leaves.

Validation and cross-validation. Because the best depth/pruning level depends on the

dataset, we treat these as hyperparameters and select them using validation (often via

cross-validation), then report �nal performance on the test set.

A practical rule of thumb. Start with a shallow tree that produces a small number of in-

terpretable segments. Then increase depth gradually only if performance is improving on

the validation set. If performance is improving on the training set but not on the validation

set, then backtrack the tree's depth—the model is likely over�tting.

6.4 Strengths and Weaknesses of Decision Trees

The biggest advantage of decision trees is interpretability. A tree is a set of nested if–then

rules: you can follow a single path from the root to a leaf and explain the prediction

in plain language (e.g., “month-to-month contract ! many support calls ! high churn

risk”). In many applications, this transparency is often as important as raw accuracy

because it supports communication, governance, and stakeholder buy-in.

Decision trees also require less preprocessing than many other methods. In particular,

trees do not rely on distances or dot products, so feature scaling is usually unnecessary.

Another strength is that trees automatically capture nonlinearities and interactions. Be-

cause a tree can split on one feature and then split differently depending on that �rst

split, it naturally expresses conditional logic (“feature A matters mainly when feature

B is high”). This is exactly the kind of relationship that would require manual feature
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engineering in linear models.

Trees also perform a form of implicit feature selection. Features that do not help reduce

impurity are unlikely to appear near the top of the tree (or at all). For exploratory analysis,

a small tree can be a helpful way to identify which variables appear most predictive and

how they combine.

On the downside, trees have a strong tendency to over�t if allowed to grow deep. Deep

trees can create extremely narrow segments supported by very few observations. These

segments may look “perfect” in-sample but fail out-of-sample. This is why depth limits

and pruning are central to using trees effectively.

Relatedly, decision trees can be unstable: small changes in the training data can lead

to a different sequence of splits and therefore a different tree. This is a key reason why

tree-based ensembles (like random forests and gradient boosting, covered in the following

section) are so popular: by averaging many trees, ensembles produce more stable and

usually more accurate predictions.

Finally, for regression problems, trees produce piecewise-constant predictions. This is

useful when the goal is segmentation (different average outcomes for different groups),

but it can be a limitation when the true relationship is smooth (as in many forecasting

problems). Trees also generally do not extrapolate beyond the range of values seen in

training data: they predict averages of observed outcomes, not “trend lines”.

6.5 Applications: When to Use Decision Trees

Decision trees are a natural choice when the goal is to produce actionable segments rather

than a single opaque score. Each leaf can be interpreted as a customer segment, a risk tier,

or a pricing bucket, with a clear set of conditions de�ning membership. This makes trees

appealing in contexts where managers want to ask, “Which types of customers are most

at risk, and why?”

In customer churn and retention, trees are often used to identify high-risk subgroups
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and the conditions associated with churn. For example, a tree might reveal that churn

risk is especially high for month-to-month customers who also have recent support issues,

whereas long-contract customers only become risky under different conditions. This kind

of conditional story maps well to operational playbooks: different segments can receive

different outreach strategies, offers, or service interventions.

In credit and risk tiering, trees provide transparent rules that can be communicated to

stakeholders and (when appropriate) documented for governance. For instance, a simple

tree can produce a �rst-pass risk tier (approve/deny, or A/B/C) using a small set of

variables. A key caution, however, is that interpretability does not guarantee fairness or

causality: if a tree uses a variable that is a proxy for protected attributes (e.g., race or

gender), the resulting policy can be problematic. Trees make the rules visible, which is

good—but you still need to audit whether those rules are appropriate.

In operations and service triage, trees work well for routing and prioritization prob-

lems: which incoming tickets should be escalated, which shipments are likely to be de-

layed, or which cases should be manually reviewed. In these settings, the ability to trans-

late a prediction into a set of simple rules can reduce friction in implementation and im-

prove adoption by frontline teams.

Decision trees are also widely used as exploratory tools. Even when a more accurate

model will eventually be deployed (e.g., an ensemble), a small tree can help analysts

see which variables seem predictive, identify important interactions, and sanity-check

whether the model is using reasonable signals rather than leakage.

There are also settings where trees are typically a weaker choice. With very high-

dimensional sparse data (such as bag-of-words text features), trees often struggle. For smooth

forecasting problems where the outcome changes gradually with inputs, single trees can be

too “blocky” because they predict piecewise-constant averages. And when the dataset

is very small, deep trees can over�t easily unless pruning and validation are handled

carefully.
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7 Ensemble Methods

Ensemble methods are techniques that combine multiple models (often called learners)

to solve the same problem in order to achieve better predictive performance than a single

model. This is akin to the “wisdom of crowds”, where many opinions are aggregated

to yield a better decision. Indeed, even simple ensemble techniques can signi�cantly

improve performance. By using an ensemble, we can take relatively simple or “weak”

learners and merge them together to get a more complex model that often captures the

underlying patterns better.

The basic modus operandi of ensemble learning can be summarized in two steps:

First, learn multiple models by training on different subsets or aspects of the training

data (or in different ways), and second, combine these learned models' predictions into a

�nal decision/prediction. For example, in a spam email �ltering task, instead of trying to

learn one complicated rule to identify spam, one can learn many simple rules (e.g. “the

email contains the word `free”' or “the message is very short”) from different subsets of

emails — each rule might be only modestly predictive on its own, but when combined

they form a much more accurate spam classi�er. The combination can be as simple as a

majority vote or an average of the predictions.

Why do ensembles often work so well? Intuitively, different models may make dif-

ferent errors, so averaging their outputs can reduce variance in predictions. In fact, one

major reason ensembles improve generalization is that by training models on different

subsets of the data (or with different initialization), the models will see different “views”

of the problem; combining them tends to average out idiosyncrasies or noise from indi-

vidual models. This helps prevent any single outlier data point or noisy pattern from

skewing the learned hypothesis.

Ensemble methods come in several �avors. Below is a brief taxonomy of the major

types of ensemble learning techniques and their key characteristics:
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• Bagging entails training many copies of the same base learner on different bootstrap

resamples of the training data (i.e., datasets of the same size created by sampling

with replacement) and then aggregating their outputs, usually by averaging or ma-

jority vote (Breiman, 1996). Bagging mainly aims to reduce variance (over�tting) by

averaging out noise. A prime example is bagged decision trees: many trees trained on

bootstrap resamples whose predictions are then aggregated (e.g., majority vote /

averaged class probabilities for classi�cation, or an average for regression). A Ran-

dom Forest is bagged trees plus an additional source of diversity: at each split, the

algorithm considers only a random subset of features.

• Boosting is a sequential ensemble approach in which we train base learners one

after another, each time focusing on the training examples that previous learners

misclassi�ed. Each model is trained on a reweighted version of the data: exam-

ples that the current ensemble gets wrong are prioritized, so that the next learner is

forced to concentrate on those “hard” cases. After many rounds, the weak learners

are combined into a single strong predictor – typically by a weighted voting scheme

where each model's vote is weighted based on its accuracy.

• One can also form hybrid ensembles by combining different types of models trained

on the same data. For example, one might combine a decision tree, a neural network,

and a logistic regression and take a majority vote. A more sophisticated version,

called stacking, entails using a simple model to learn how to blend the predictions

of different classi�ers.

7.1 Bagging: Parallel Ensembles to Reduce Over�tting

Bagging (Bootstrap Aggregation) is one of the simplest ensemble techniques. In bagging

we train several models in parallel, each on a different bootstrap resample of the training

data and then aggregating their outputs, usually by averaging or majority vote. For exam-
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ple, if we have N training examples, bagging might generate (say) 100 new training sets,

each of size N sampled with replacement (bootstrapped) from the original data. 7 Then

100 models are trained (one per bootstrap set). For prediction, all 100 models are run on a

new instance and then combined: for regression we average the numeric predictions; for

classi�cation we typically take a majority vote (or average the predicted probabilities and

then pick the most likely class).

The primary bene�t of bagging is that it reduces over�tting by reducing the variance

of the model. Each individual model may over�t noise or particular quirks in its subset

of data, but averaging many such models tends to cancel out those random errors. The

intuition is that because each model is trained on a different bootstrap resample (with re-

peats and omissions), no single noisy instance will dominate every model's �t; when we

aggregate, these idiosyncratic errors tend to wash out. In practice, bagging is especially

effective for over�tting-prone learners like decision trees. A single deep decision tree can

over�t, but a Random Forest, which is basically bagging many deep trees (with some ex-

tra randomness), yields a much more stable predictor that usually outperforms a single

tree in accuracy. Ensembles of trees are so successful that random forests have become a

go-to method for many tasks. They excel in many applications (e.g., �nance, marketing

analytics, biology, etc.) because they handle large feature sets and complex interactions

automatically.

7.1.1 Training and evaluating a bagging ensemble

Bagging is straightforward to train — each base model is trained independently using

the same learning algorithm on its bootstrap dataset. For evaluation, we treat the entire

7De�nition: Bootstrapping is a simple way to create many different datasets from one original sample.
Imagine drawing balls from an urn with replacement: each time you draw a ball, you record its color and then
put it back before drawing again. Over many draws, some balls will be picked multiple times, while others
might not be picked at all. In the same way, each “bootstrap” dataset is formed by randomly resampling
the original data, so each contains repeats of some observations and omits others. This process lets us train
multiple models on slightly different versions of the data, giving us a sense of how stable and reliable our
predictions are.
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Figure 7.1: Bagging—Many models trained independently on resampled data.

ensemble as a single predictor: we can measure its performance on a validation or test set

just like any other model.

Over�tting and under�tting. Bagging primarily tackles over�tting (variance). By aver-

aging many hypotheses, it smooths out noisy �ts. It is less effective at reducing bias — if

the base learners are too simple to capture the true relationship, bagging many of them

will still under�t. In fact, if each model has a systematic bias, the average will share that

bias. Therefore, it's important to choose base models that have high variance (i.e., tend

to over�t) so that bagging can do its job of variance reduction. In many cases, bagging

a set of strong, deep decision trees yields an even stronger model—this is what random

forests do (Breiman, 2001a). But bagging a set of very weak models (say, linear models for

a highly nonlinear problem) won't magically make them nonlinear.

7.1.2 Strengths and weaknesses of bagging

The strengths of bagging are clear: it is simple, generally effective at improving accuracy,

and robust. By averaging, it stabilizes predictions and typically reduces the risk of large

errors. It's also parallelizable, making it computationally attractive for large datasets.

Bagging is agnostic to the underlying learner—you can bag anything (decision trees, neu-

ral nets, even simple models)—though in practice it's most bene�cial for high-variance

learners. Another strength is that bagging often reduces the need for heavy regulariza-
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tion because averaging stabilizes a high-variance learner. In practice, you may still apply

sensible constraints (e.g., minimum leaf size for trees) to keep each base model from chas-

ing noise.

On the �ip side, a major weakness of bagging (and ensembles in general) is the loss of

interpretability. Instead of one clear model, we now have, say, 100 models, so it's much

harder to explain why a bagged model made a particular prediction. For example, a single

decision tree can be visualized and interpreted, but a forest of 100 trees is cumbersome

to interpret directly. We do have some tools (like variable importance measures in random

forests) to get insight, but it's not as straightforward as a single model. Another weakness

is that bagging is not guaranteed to help if models are too correlated: if all base learners

end up learning the same patterns (e.g., if the dataset is small, bootstrap samples will

overlap a lot and trees might all look similar), then averaging doesn't bring much bene�t.

7.1.3 Use cases of bagging ensembles

Bagging (and random forests) works well whenever we have a suf�ciently large dataset

and want to improve predictive performance over a single model. It's very popular in tab-

ular data domains; for example, predicting customer churn, credit risk modeling, medi-

cal outcomes, where decision trees perform decently. A random forest often signi�cantly

boosts accuracy and robustness in these cases, with little tuning needed. Bagging is also

useful when we suspect the model is over�tting: it can stabilize high-variance models

like decision trees or certain neural networks. It's an ensemble method of choice in many

data mining competitions for its balance of accuracy and speed.

On the other hand, bagging may be a bad �t if model interpretability is paramount;

say, if we must provide simple explanations or abide by regulatory constraints. In such

cases, a single decision tree or linear model might be preferable despite lower accuracy.

It's also less attractive when data is very limited: although each model is trained on (N)

resampled rows, each bootstrap dataset contains fewer unique observations, so individual
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trees can become unstable and the ensemble may not improve much. Another situation

where bagging isn't helpful is if the base model is very low variance/high bias; e.g., linear

regression on a truly nonlinear problem: bagging many linear regressors won't capture

nonlinearity unless we add synthetic features or use a more complex model.

7.2 Boosting: Sequential Ensembles to Reduce Bias

Boosting takes a different approach from bagging: instead of training many models inde-

pendently and averaging them, boosting trains models sequentially, with each new model

speci�cally targeting the mistakes of the previous ones. The result is an ensemble that

gradually “learns from its errors”, building up a strong predictor from many simple ones.

The core idea is at each round, to identify where the current ensemble is performing

poorly, and train the next model to focus on those cases. Over many rounds, each new

model patches a different weakness, and the combined ensemble becomes much more

accurate than any individual model. Figure 7.2 illustrates this sequential process.

D
(training data)

weak
learner h1

weak
learner h2

weak
learner h3

focus on
h1 errors

focus on
h2 errors

focus on
h3 errors

�nal model
F(x) = å 3

i=1 aihi (x)

train reweight reweight

Figure 7.2: A boosting ensemble trains a sequence of simple models (weak learners) on
the same dataset. After each round, the training process identi�es which cases the current
ensemble gets wrong and directs the next learner to focus on those “hard” cases. The �nal
prediction combines all learners via a weighted sum, producing a strong model from
many simple ones.

To build intuition, consider a churn-prediction example. In the �rst round, we train a

very simple model—say, a decision tree with just one split—and it correctly identi�es that
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month-to-month customers churn at high rates but it misclassi�es many long-contract

customers who churn for other reasons (e.g., service complaints). In the second round, the

algorithm gives extra emphasis to those misclassi�ed long-contract churners, so the next

simple tree learns a rule about complaint frequency. In the third round, the remaining

errors might be customers who churn despite having long contracts and few complaints,

perhaps because of price sensitivity—and so the next tree picks up a pricing signal. After

many such rounds, the ensemble has accumulated a rich set of complementary rules, each

addressing a different slice of the problem.

7.2.1 How boosting works

The base learner in boosting is deliberately kept simple—typically a shallow decision tree

with just a few splits (sometimes called a stump when it has only one split). A single

shallow tree is a weak learner: it captures one or two patterns and is only slightly better

than random guessing. Boosting's power comes from combining hundreds of such weak

learners, each one correcting for the shortcomings of the ensemble built so far. At each

round, the algorithm:

1. Evaluates the current ensemble's errors on the training data.

2. Adjusts the training emphasis so that poorly predicted cases receive more attention.

3. Trains a new shallow tree on the reweighted (or residual) training data.

4. Adds the new tree to the ensemble with an appropriate weight.

The details of how the algorithm adjusts emphasis and assigns weights differ across boost-

ing variants, which we discuss next, but the high-level logic—sequentially correcting

errors—is shared by all of them.
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7.2.2 Major boosting algorithms

Several boosting algorithms have been developed over the years. They share the sequen-

tial error-correction logic but differ in the details.

AdaBoost (Adaptive Boosting). AdaBoost is the original boosting algorithm and the

simplest to understand (Freund and Schapire, 1997). It works by maintaining a set of

weights over the training examples. Initially, all examples are weighted equally. After each

round, examples that the current model misclassi�ed receive higher weights, so the next

model is forced to pay more attention to them. Examples that were classi�ed correctly

receive lower weights. The �nal prediction is a weighted vote of all the individual models,

where more accurate models get a larger say.

AdaBoost is historically important and works well on clean datasets, but it has a no-

table weakness: because it aggressively up-weights misclassi�ed cases, it is sensitive to

label noise and outliers; i.e., if some training examples are mislabeled, AdaBoost will keep

increasing their weight round after round, effectively forcing the ensemble to �t the noise.

Gradient Boosting. Gradient boosting generalizes the idea behind AdaBoost (Fried-

man, 2001). Instead of re-weighting examples, each new tree is trained to predict the resid-

ual errors of the current ensemble—that is, the gap between what the ensemble currently

predicts and the true outcome. In a house-price model, if the ensemble under-predicts a

home's price by $40,000, the next tree's job is to learn which features are associated with

that $40,000 shortfall and correct for it. Over many rounds, the residuals get smaller and

smaller, and the ensemble's predictions converge toward the true values. 8

XGBoost. XGBoost (“Extreme Gradient Boosting”) is an engineered implementation of

gradient boosting (Chen and Guestrin, 2016). It adds several practical improvements that

8The name “gradient boosting” comes from the mathematical optimization technique used to derive
this procedure. The technical details are not important for our purposes; what matters is the intuition of
sequentially correcting errors.
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make gradient boosting faster and more robust.

XGBoost was the breakout tool in applied machine learning: it dominated data-science

competitions (Kaggle) for years and has been widely adopted in industry for tasks like

credit scoring, fraud detection, pricing, and demand forecasting. For many structured

(tabular) data problems, XGBoost remains a strong default choice.

Two more recent implementations push the engineering further:

• LightGBM (Ke et al., 2017) uses a different tree-growing strategy that is signi�-

cantly faster than XGBoost on large datasets, often with comparable accuracy. It is a

common choice when training speed or dataset size is a constraint.

• CatBoost (Prokhorenkova et al., 2018) adds native support for categorical features:

instead of requiring one-hot encoding, CatBoost handles categories directly during

tree construction, which can improve performance on datasets with many categori-

cal variables (e.g., ZIP codes, product types).

Which algorithm to choose? For most applications involving tabular data, the practical

differences between XGBoost, LightGBM, and CatBoost are small. A reasonable starting

point is XGBoost as a general-purpose default as it is the most widely used and has the

largest community of users and tutorials. LightGBM is a good choice when the dataset is

very large or training speed matters, while CatBoost is commonly used when the data has

many high-cardinality categorical features (e.g., hundreds of product IDs or ZIP codes).

It is common practice to try two or three of these and pick whichever performs best on

validation data.

7.2.3 Training and evaluating a boosting ensemble

Training a boosted ensemble is inherently sequential: each model's training depends on

the results of the previous model. The main choices an analyst must make are how many
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rounds to run (i.e., how many trees to add), how deep each tree should be, and how

aggressively each new tree should correct the ensemble's errors.

The learning rate (shrinkage). The most important hyperparameter in boosting is the

learning rate, also called shrinkage. Rather than fully trusting each new tree, the learning

rate scales down its contribution—for example, a learning rate of 0.1 means each tree

contributes only 10% of its full correction. This forces the ensemble to make many small,

cautious adjustments rather than a few large ones, which generally leads to better gener-

alization. The trade-off is that a smaller learning rate requires more rounds (more trees) to

reach the same level of training accuracy, so training takes longer. In practice, a common

starting point is a learning rate between 0.01 and 0.1, combined with several hundred to

a few thousand trees, tuned via the validation set.

Early stopping. Rather than guessing the right number of rounds in advance, the stan-

dard approach is to use early stopping: set the maximum number of rounds high (e.g.,

2,000), monitor the validation error after each round, and stop training once the validation

error has not improved for a speci�ed number of consecutive rounds (e.g., 50). The model

saved at the best round is the one used for prediction. Early stopping is one of boosting's

most practically useful features—it automatically determines how many rounds a given

dataset needs, avoiding both under�tting (too few rounds) and over�tting (too many).

Tree depth and regularization. The trees in a boosting ensemble are typically kept

shallow—a depth of 3 to 6 splits is standard. Shallow trees are weak learners by de-

sign; boosting's power comes from combining many of them, not from making any single

tree complex. Deeper trees increase the ensemble's capacity but also the risk of over�t-

ting. XGBoost, LightGBM, and CatBoost also offer additional regularization knobs (e.g.,

minimum number of observations per leaf, penalties on leaf weights) that further guard

against over�tting. These are tuned using validation data alongside the learning rate.
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Over�tting and under�tting. Boosting's main over�tting risk comes from giving the

ensemble too much capacity—trees that are too deep, too many rounds, or too aggres-

sive a learning rate—especially when the data contains label noise or outliers. Because

boosting aggressively focuses on hard-to-predict cases, mislabeled examples or extreme

outliers will receive increasing attention round after round, potentially causing the en-

semble to �t noise rather than signal. The remedies are the ones just described: shallow

trees, a moderate learning rate, early stopping, and regularization.

Under�tting is rarely a concern. If the model is not powerful enough, adding more

rounds will drive training error down as long as the base learner is slightly better than

random. If performance plateaus, increasing tree depth or reducing the learning rate

(with more rounds) usually helps.

7.2.4 Strengths and weaknesses of boosting

Boosting algorithms (like AdaBoost, Gradient Boosting Machines, etc.) have proven to

be among the most powerful out-of-the-box classi�ers. The success of modern gradient

boosting libraries (XGBoost and LightGBM) in Kaggle competitions and real-world prob-

lems shows that boosting is a top performer for structured data.

Boosting often achieves lower error than bagging because it directly targets mistakes

and reduces bias, and generalizes well to unseen data. Moreover, it is quite �exible about

the choice of base learner—we can boost decision trees, regression models, even neural

networks. That said, boosting is most common and most effective with weak learners

(i.e., ones that are only slightly better than random) such as shallow decision trees.

Of course, boosting isn't without its limitations: First, it can be sensitive to noise and

outliers. If there are mislabeled examples or random errors, boosting will focus on them

and possibly model them, harming performance, whereas bagging might dilute their in-

�uence via averaging.

A boosted model might consist of, say, a hundred trees. Thus, like bagging, the �nal
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ensemble is complex and dif�cult to interpret. However, boosting can provide a ranking

of which features are used most, and one can use partial dependence plots to understand

which features matter most for predictions.

Lastly, boosting has several hyperparameters to tune (e.g., the number of iterations,

a learning rate, the complexity of weak learners, etc), which means careful validation is

necessary.

7.2.5 Use cases of boosting ensembles

Boosting is a great choice when we need a high-accuracy model and are willing to trade

some interpretability and possibly training time to get it. It's been used successfully in

classi�cation and regression tasks across many areas; for example, gradient boosting ma-

chines are widely used in �nance (credit scoring, forecasting), insurance, marketing, and

any domain involving structured/tabular data where the relationships can be complex.

These models often outperform linear models or single decision trees in terms of pure

predictive accuracy. In prediction competitions or when optimizing a business metric,

boosting is likely to be part of the toolkit. Boosting can also handle mixed types of data

and does automatic feature selection (as weak learners will tend to ignore useless fea-

tures).

On the �ip side, boosting might be a poor choice if the data is extremely noisy or if

each data point is very unreliable. In such cases, a regularized approach or bagging might

be safer. It's also not ideal if model transparency is needed, as mentioned.
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8 Support Vector Machines (SVMs)

Support Vector Machines (SVMs) are a family of supervised learning models used for

classi�cation, regression and outlier detection. They work by �nding a decision bound-

ary (for classi�cation) or a function (for regression) that maximizes the margin between

classes and relies on a few key training points called the support vectors (Cortes and

Vapnik, 1995).

For illustration purposes, consider a binary classi�cation problem for which we have

historical data for two features and a corresponding label y 2 f�1, 1g for each observa-

tion.9 In a linear SVM, the goal is to �nd a decision boundary (a line in two dimensions,

or a hyperplane in higher dimensions) that separates the two classes with the largest possi-

ble margin. The margin is essentially a safety buffer: it's the distance between the decision

boundary and the closest data points from each class (see Figure 8.1). SVM focuses on

maximizing this buffer zone, which generally leads to a more robust classi�er that can

generalize better to new data.

SVMs can be applied to both classi�cation (discrete outputs) and regression (contin-

uous outputs) problems. The underlying principles are similar, but the interpretation of

the margin and the goal of the model differ slightly between these two uses. We pro-

vide an intuitive explanation of each, highlighting their differences, their strengths, and

weaknesses.

8.1 SVM for Classi�cation

In classi�cation, the SVM's goal is to �nd a hyperplane that separates the classes with the

largest possible margin. In an SVM classi�er, the decision boundary is the hyperplane

f (x) = w � x + b = 0, where x is the vector of input features, w is a weight vector and b

is the intercept. A new point is classi�ed by the sign of f (x): > 0 indicates the positive

9Note that SVMs conventionally label classes as -1 and +1 (rather than 0 and 1) because the sign of the
classi�er ( f (x)) directly gives the predicted class.
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Figure 8.1: Illustration of the maximum-margin hyperplane dividing two classes. The
closest points on each side are the support vectors, lying on the margin boundaries.
By maximizing the margin (distance to support vectors), the SVM �nds the maximum-
margin decision boundary that doesn't cling too closely to any training points yet still
separates the classes.

class and < 0 the negative class. The SVM training process chooses the weights and

the intercept to achieve two goals: (a) ensure that all or most training points are on the

correct side of the boundary, and (b) the distance from the boundary to the nearest points

is maximized.

In practice, many datasets are not perfectly separable by a straight line. Soft-margin

SVM addresses this by allowing some �exibility in classi�cation: a few points can violate

the ideal margin or even be misclassi�ed. We introduce a parameter C to control the

trade-off between maximizing the margin and minimizing classi�cation errors. A large C

value means the model penalizes misclassi�cations heavily – it will try to classify every

training point correctly, even if that leads to a smaller margin. In contrast, a smaller C

makes the model more forgiving of misclassi�cations, allowing a wider margin around

the decision boundary. In essence, C acts like a knob for model �exibility: high C yields a

tight �t to the training data (less tolerance for errors), whereas low C prioritizes a wider
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margin and may ignore some outliers.

Not all classi�cation problems can be solved with a straight-line boundary. SVMs

tackle such nonlinear cases using the so-called kernel trick. The idea is to project or trans-

form the original data into a higher-dimensional feature space where a linear separa-

tor does exist, but without having to create synthetic features manually. This allows the

model to learn a nonlinear boundary in the original space as if it were linear in the trans-

formed space. For example, using a polynomial kernel is like giving the model extra

features that are polynomial combinations of the original features (resulting in curved

decision boundaries), and an RBF (Gaussian) kernel lets the model create more complex,

wiggly boundaries. The key point is that with kernels, SVMs can �t very complex re-

lationships while still using the same ef�cient algorithm; all the complexity is handled

inside the kernel function. Figure 8.2 illustrates the kernel trick, where data that is not lin-

early separable in its original feature space becomes separable after an implicit mapping

to a higher-dimensional space.

Figure 8.2: Using the kernel trick to achieve a non-linear decision boundary. Left: In the
original 2D feature space, the classes (blue vs. red points) are arranged in a ring pattern
that no single straight line can separate. Right: After a non-linear feature mapping, the
data in the transformed feature space become linearly separable. Rather than explicitly
computing this transformation for every point, SVMs use a kernel function to directly
work in the high-dimensional space implicitly.

The advantage of the kernel trick is twofold: it allows us to avoid the combinatorial
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explosion and over�tting risk that comes from generating a large numbers of synthetic

features, and it lets the SVM focus computation on the few training cases that de�ne the

support vectors. In practice, the choice of kernel should match the kinds of patterns one

expects, and the hyperparameters of the kernel can be chosen using validation.

8.2 Support Vector Regression

While SVMs are often introduced for classi�cation, the same maximum-margin principle

can be applied to regression problems through Support Vector Regression (SVR). In SVR,

instead of separating two classes, we try to �t a function (for example, a line) that pre-

dicts a continuous outcome. The twist is that we allow a certain tolerance, e, around this

function where predictions are considered “close enough” to the true values. Think of

an e-tube around the regression line: as long as a data point's actual value lies inside

this tube (within �e of the predicted value), we don't count that as an error. The SVR

model only pays a penalty when a prediction falls outside this tube by more than e. We

still aim to keep the model as simple (�at) as possible, which is analogous to maximizing

the margin. The parameter C again comes into play to balance complexity and errors: a

higher C forces the model to �t almost all points within the e-tube (lower error tolerance,

potentially at the cost of a more wiggly line), whereas a lower C allows more points to

lie outside the tube (higher tolerance for error) in exchange for a smoother, less complex

regression function.

The result of SVR is a curve that ignores small errors and is determined by those

points on or outside the e tube boundaries (which play a role similar to support vectors

in classi�cation). See, for example, Figure 8.3.

SVR models can capture nonlinear relationships among the features using kernels. As

before, the kernel trick lets SVMs exploit the bene�ts of synthetic features without actually

having to create them manually. Common kernels are the polynomial, the Gaussian, and

the RBF kernel.
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Figure 8.3: Support Vector Regression (SVR) with one feature. The solid curve is the SVR
prediction by = f (x). The dashed curves and shaded band show the e-insensitive tube,
f (x) � e, where deviations inside the tube are not penalized.

To make this concrete, consider the house valuation example from earlier: we want

to predict house values (a continuous output) from features like size, location, and so on.

We specify, say, e = $10, 000 as the tolerance, meaning that if the SVR predicts a price

within $10K of the actual price, we consider it “close enough” and do not count that as an

error.

The SVR optimization adjusts w and b to both �atten the function and also pass

through the data such that most houses' actual prices are within the �$10K band of the

predicted price. Houses whose prices fall outside that band (under-predicted or over-

predicted by more than $10K) will become support vectors in the regression context—

these are the points that de�ne the boundary of the tube. The objective balances making

the tube as wide as possible (�at function = smaller weights = less complexity) with keep-

ing all deviations within the tube if possible. In practice, just as with classi�cation, often

not all points can lie in the tube, so we allow some errors beyond e with a penalty param-

eter C controlling how much penalty we assign to errors versus model simplicity.

In the house price case, extremely overpriced or underpriced houses relative to the

general trend (perhaps due to unusual features or data noise) would end up as support
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vectors pushing the regression line up or down, while houses that fall nicely on the gen-

eral size-price trend have little effect individually.

8.3 Training, Evaluation, and Model Tuning

Training an SVM involves solving a constrained optimization problem. While mathe-

matically and conceptually complicated, software packages to solve these problems are

readily available; e.g., Python's scikit-learn library. The outcome of training is a model

speci�ed by w and b that we can then use for evaluation and prediction.

• To predict on a new instance x, for an SVM classi�er we compute f (x) = w � x + b.

If f (x) is positive, we predict the positive class; if negative, the negative class. 10

• For a new instance in SVR, the prediction is f (x) = w � x + b (plus kernel terms if

non-linear), which gives a real number as the estimated value.

Evaluation of SVM models is done in the same manner as other models. For classi�-

cation, one would typically measure accuracy on a test set, or use metrics like precision,

recall, AUC, or F1-score if the class distribution is uneven. The SVM's margin doesn't

directly give a probability of class membership, but one can calibrate SVM outputs (e.g.,

via Platt scaling) to get probability estimates if needed. For regression, we evaluate the

predictions using metrics such as Mean Squared Error (MSE) and Mean Absolute Error

(MAE), comparing the SVM's predicted continuous values to the actual values for a test

set. SVMs do not inherently provide con�dence intervals for predictions, but techniques

like cross-validation can be used to estimate the likely error.

Hyperparameter tuning is an important aspect of applying SVMs, although SVMs

generally have fewer hyperparameters than many other models. Key hyperparameters

include the kernel choice (e.g., Linear, Polynomial of some degree, RBF, etc), and any

10Ties (i.e., if f (x) = 0) can be broken arbitrarily.

90



kernel-speci�c parameters, the regularization parameter C which controls the margin-

error trade-off, and for SVR, the e parameter that sets the width of the no-penalty tube.

Hyperparameters are typically selected using techniques like grid search with cross-

validation. For example, one might try a range of C values and kernel parameters, train-

ing the SVM on a training set and evaluating it on a validation set (or via k-fold cross-

validation) to see which combination yields the best generalization performance. For-

tunately, SVM performance is often not excessively sensitive to small changes in hyper-

parameters; e.g., there is usually a broad plateau of good C values rather than a single

narrow optimum. If we choose a too complex kernel (very high-degree polynomial or

very small RBF length-scale), the SVM can over�t (i.e., it will wiggle through the train-

ing points achieving close to zero training error but likely high test error). On the other

hand, a too simplistic kernel might under�t. Thus, some tuning is needed, as with most

machine learning models.

Feature scaling is important when training SVMs because the algorithm relies on dis-

tance measures; without scaling, variables with large numeric ranges may dominate the

kernel or distance calculations, leading to suboptimal boundaries.

8.4 Strengths and Weaknesses of SVMs

SVMs are powerful, �exible models that often perform well even in high-dimensional

settings (i.e., when there are many features). They are effective at �nding complex de-

cision boundaries thanks to kernel methods, yet they tend to generalize well because

the margin maximization principle guards against over�tting. Another advantage is that

training an SVM is a convex optimization problem, which means that if a solution exists,

the algorithm will �nd the global optimum—there's no risk of getting stuck in a subop-

timal solution as can happen with neural networks. SVMs also rely only on a subset of

the training data (the support vectors) to de�ne the model, which can make the learned

model memory-ef�cient in deployment.
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However, SVMs come with some practical challenges. They can be computationally

intensive to train on very large datasets – the training time and memory usage tend

to scale more poorly than for simpler algorithms as the number of data points grows.

Choosing the right kernel and tuning its parameters (along with the parameter C) is criti-

cal; this hyperparameter tuning can be tricky and time-consuming, often requiring cross-

validation to get right. Moreover, the results from an SVM can be harder to interpret: if

a nonlinear kernel is used, the decision boundary is not easily described in terms of the

original features, and SVMs don't naturally provide probability estimates for their pre-

dictions (unlike logistic regression, for example). These factors mean that while SVMs

are very powerful, an analyst should weigh the added complexity against the model's

performance bene�ts for a given task.

8.5 Use Cases of SVMs

SVMs have been successfully applied to a wide range of practical problems, both classi�-

cation and regression. Financial institutions have used SVMs for credit scoring (deciding

if an applicant is a good credit risk or likely to default) as well as for stock trend predic-

tion. SVMs do well here especially when there are many indicators and possibly nonlin-

ear interactions indicating risk. The margin maximization helps in getting a classi�er that

doesn't over�t to one particular historical batch of borrowers but rather �nds a robust

boundary. For stock or market prediction, which is more of a regression or time-series

task, SVMs (and SVR) have been used to predict price movements or volatility.

SVMs have been widely used in text mining tasks such as categorizing news articles by

topic or classifying emails into “spam” vs “not spam”. In these problems, each document

is typically represented by a very high-dimensional feature vector (for instance, a “bag of

words” vector with thousands of dimensions, each indicating the presence or frequency

of a particular word). The sparseness and high dimensionality of text data make SVMs a

good choice, because as noted, they handle high-dimensional spaces well and the model
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complexity depends on the number of support vectors, not directly on the feature count.

A linear SVM often works surprisingly well for text (since a linear combination of word

occurrences is often enough to separate classes like spam/ham), and training it yields a

weight for each word that can be interpreted (words with large positive weight might be

spam indicators, etc.). Companies like email providers and search engines historically

leveraged SVMs for these tasks before the recent rise of deep learning, because SVMs

were state-of-the-art in classi�cation accuracy for many years.

In computer vision, SVMs paired with appropriate feature extraction were for a long

time a leading approach. SVMs have also been used for face detection, classifying image

regions as face vs non-face using kernels on image features.

In biological data analysis, SVMs are popular for tasks like classifying proteins (e.g.,

predict whether a protein belongs to a certain family) or diagnosing diseases from gene

expression data. These datasets often have the characteristic that the number of features is

huge (thousands of genes) while number of samples is limited, and there may be complex

nonlinear relationships. SVMs have achieved strong results in protein function prediction

and cancer classi�cation from microarray data.

In all these use cases, some common themes emerge: SVMs are chosen when we have

medium-sized datasets with potentially high-dimensional or complex feature spaces, and

when accuracy is important. They have been a go-to method in competitions and bench-

marks. For extremely large datasets or when interpretability is crucial, practitioners might

opt for simpler or more scalable models. But SVM remains a strong baseline and often a

top performer in structured data tasks.
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9 Arti�cial Neural Networks

Deep learning is a sub�eld of machine learning focused on arti�cial neural networks

(ANN). These networks learn complex patterns from data by adjusting internal param-

eters (weights) through training. The term “deep” refers to the use of many layers in

the network, which enable learning of hierarchical feature representations. In essence,

deep learning algorithms automatically discover the important features or factors in raw

data that are needed for tasks like prediction or classi�cation, without requiring explicit

manual feature engineering. This capability has led to breakthrough results in problems

previously considered very challenging for computers, such as image recognition and

natural language processing. Deep learning methods have rapidly become central in arti-

�cial intelligence, powering systems ranging from voice assistants to medical image anal-

ysis. Importantly, deep learning builds on the same basic principles as simpler machine

learning methods—learning from examples and generalizing, but uses large neural net-

works with much greater capacity to model complex relationships. Goodfellow, Bengio

and Courville (2016) is an essential companion for neural networks material.

Neural networks are computing systems inspired loosely by the brain's networks of

neurons. A neural network consists of many simple interconnected processing units

called neurons or nodes. Neurons are typically arranged in layers: an input layer (receiv-

ing the input features), one or more hidden layers, and an output layer that produces the

�nal prediction. Figure 9.1 illustrates a simple feedforward neural network—the most

common type of ANNs, with three input features (x 0
1, x0

2, x0
3), two hidden layers with 4

neurons each, and output (y1, y2).

Each neuron in the �rst hidden layer takes the values of the input features, computes

a weighted sum of these inputs, and produces an output value (x 1
1, . . . , x1

4) after apply-

ing a nonlinear activation function. Moving on to the second hidden layer, each neuron

takes the output values from the �rst hidden layer, computes a weighted sum, and ap-

plies a (possibly different) nonlinear activation function to generate another output value
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Figure 9.1: A simple feedforward neural network with three input features (x 0
1, x0

2, x0
3),

two hidden layers with 4 neurons (nodes) each, and two outputs (y 1, y2).

(x2
1, . . . , x2

4). The �nal prediction (y) is computed by taking a weighted sum of the output

values from the second hidden layer and applying yet another activation function.

By stacking multiple layers, a network can learn increasingly abstract and complex

features of the data. In fact, a famous result called the universal approximation theorem

(essentially) shows that a neural network with suf�cient structure can approximate any

function with near perfect accuracy (Cybenko, 1989).

A neural network learns its behavior from training data. Initially, the connection

weights that are used to compute each weighted sum (parameters) are set to random val-

ues. During training, the network processes the training data and its predicted outputs

are compared to the true targets (desired outputs). The difference (error) is used to adjust

the weights in a direction that reduces future errors. This learning process is typically

iterative and uses an algorithm called back-propagation (Rumelhart, Hinton and Williams,

1986) in conjunction with an optimization method (such as stochastic gradient descent)

to incrementally re�ne the weights. Over many examples, the network “tunes” its pa-

rameters to map inputs to correct outputs. In effect, the network automatically learns a

complicated function that links inputs to outputs. Once trained, the network should be
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able to generalize to new, unseen inputs and make accurate predictions. Deep neural net-

works often have millions of parameters and can represent extremely complex functions,

which is why they perform so well on tasks with high complexity, given suf�cient train-

ing data. Deep learning's power comes from this combination of large models (many lay-

ers/neurons) and learning from data, which enables computers to achieve super-human

performance on some tasks.

Deep learning enjoys a huge amount of research and engineering effort worldwide.

This means the tools are rapidly improving, and one can often �nd pre-trained models or

open-source implementations to get started on a task. There are also many success stories

and established best practices. This ecosystem strength means faster development and

the ability to solve problems that otherwise would be very hard to tackle with in-house

resources alone.

9.1 Feedforward Neural Networks

Feedforward neural networks are the foundational architecture of deep learning. In a

feedforward network, information �ows from the input layer through one or more hid-

den layers to the output layer, without cycling back. Each neuron in one layer is typically

connected to all neurons in the next layer.

As an example, consider the feedforward neural network depicted in Figure 9.1. Each

neuron in the �rst hidden layer computes

x1
i = g 1(w1,i

0 + w 1,i � x0),

where g1 is an activation function (discussed below), and (w1,i
0 , w1,i) are weights.11 Then

each neuron in the second hidden layer computes x2
i = g 2(w2,i

0 + w 2,i � x1), where g2 is

the activation function of the second layer and x 1 = fx 1
1, x1

2, x1
3, x1

4g are the values of the

11Recall that w1,i = (w 1,i
1 , . . . , w1,i

p ) is a vector and we write w 1,i � x as shorthand for å
p
j=1 w1,i

j xj .
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neurons of the �rst hidden layer. Finally, the output is computed as y = g 3
�
w3

0 + w 3 � x2
�
,

where g3 is yet another activation function.

Activation functions. These functions are design choices (hyperparameters), but in prac-

tice there are strong defaults. Their role is to introduce nonlinearity into the network, en-

abling it to capture complex relationships in the data. For the hidden layers (i.e., g 1 and

g2), the standard choice is the recti�ed linear unit (ReLU), de�ned as g(z) = maxf0, zg, be-

cause it is simple and helps avoid common training pathologies such as vanishing gradi-

ents. For the output layer (i.e., g3), the choice of activation function should be determined

by the nature of the prediction task. Table 4 provides common default choices for a range

of tasks.

Problem Type Default Output Activation Function
Regression Linear: g(z) = z
Binary classi�cation Sigmoid (interpreted as P(Y = 1 j X))
K-class classi�cation (K � 3) Softmax: p i = ezi / å K

j=1 ezj (probability of class i)

Table 4: Common activation functions for each prediction task.

In effect, the neural network implicitly de�nes a function f (x; w) that depends on the

weights (here we write w as shorthand for all the weights). When the network receives

an input, it is represented as a set of numerical features (x), and for given weights, it gen-

erates a prediction by = f (x; w). The goal of training is to �nd the weights that minimize a

loss function. A well-trained model will have learned general patterns that apply to both

the training data and new data (this property is generalization). The ability to generalize

is what makes neural networks powerful—they effectively build an internal model of the

data's structure that can be applied broadly, not just to the training samples. This learning

process, however, requires a lot of data and computational iterations, which is why deep

learning became practical only in recent years with big datasets and powerful processors.
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9.2 Data Preparation for Deep Learning

The preprocessing pipeline described in Section 2—cleaning, splitting, encoding, scaling,

and feature engineering—applies fully to deep learning. Two points deserve extra em-

phasis. First, neural networks are especially sensitive to feature scale: unscaled inputs

can cause training to diverge or converge very slowly, so standardization (or min–max

scaling) is virtually always necessary. Second, the validation set plays a particularly

important role in deep learning because it is used to decide when to stop training (early

stopping) and to tune architectural choices. The same leakage principles apply: �t all

preprocessing on the training set and apply those transformations to validation and test

data without re�tting.

9.3 Training Deep Networks and Hyperparameter Tuning

Once data is prepared and a neural network architecture is chosen (i.e., the number of

hidden layers, the number of neurons per layer, and the activation functions), the next

step is training the model. We will explain how the training process works in simple

terms, how we evaluate the model's performance, and how we go about tuning the var-

ious hyperparameters to improve results. The goal here is to demystify the training of a

deep learning model without delving into heavy mathematical detail.

9.3.1 Training

In this subsection, we outline the process of training a neural network.

1. Initialization: We start by initializing all the weights in the network to small ran-

dom numbers. At this point, the network is essentially guessing randomly when it

makes predictions.

2. Forward Pass: We feed a batch of training samples (input data) into the network and

produce outputs (predictions). For example, if we are training a network to predict
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house values based on their features, we might feed the features of 1,000 houses

whose value we know and the network produces a prediction for each house's

value.

3. Compute Loss (Error): We compare the network's output for each sample with the

true value for that sample. Using a prede�ned loss function, we quantify the er-

ror. For instance, for regression problems a common default is mean-squared error

which, for each sample, takes the actual value y and the predicted value by, com-

putes (y � by)2, and then takes the average over the batch of samples. For classi�ca-

tion problems, a common default is the cross-entropy loss, which measures how far

off the predicted probability distribution is from the empirical distribution of the

training samples.

4. Backward Pass & Weights Update: Now the magic of training happens. The train-

ing algorithm uses calculus to determine in which direction to change each weight

to make the output a bit more correct. 12

5. Weight Update: Once we have the gradients, we update each weight a little bit in

the direction that reduces the loss. The size of these updates is governed by a pa-

rameter called the learning rate. A higher learning rate means bigger steps (risking

instability if too high), and a lower rate means smaller steps (risking slow conver-

gence if too low).

6. Iteration: The above update process is one training iteration (for one batch of data).

The training proceeds by iterating over many batches. One pass through the en-

tire training dataset is called an epoch. We typically train for many epochs (tens,

12In mathematical terms, we use the back-propagation algorithm, which computes the gradient of the loss
with respect to each weight in the network. If increasing a particular weight would increase the loss, the
gradient for that weight is positive, indicating we should decrease that weight. If increasing the weight
would decrease the loss (i.e., it would have made the prediction closer to correct), then the gradient is neg-
ative and we should increase that weight. Computing these gradients ef�ciently is what back-propagation
does.
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hundreds, or even more), or until the model's performance stops improving on a

validation set (or reaches an acceptable level).

Over time, as the weights are updated, the network's predictions on the training data

should become more and more accurate (meaning the loss decreases). We say the model

is converging when additional training yields diminishing improvements.

Figure 9.2: Training error versus validation error over the course of training. In the early
iterations both curves fall together: the model is learning genuine patterns that generalize
to unseen data. After roughly 400–500 iterations the curves diverge—the training error
continues to decrease while the validation error levels off and then rises. This divergence
is the signature of over�tting: the model has begun memorizing noise and idiosyncrasies
in the training set rather than learning patterns that hold in new data. In practice, we
would stop training near the point where the validation error is lowest and use the model
saved at that point—a technique called early stopping.

9.3.2 Evaluation and Generalization

During training as well as after training is completed, we need to evaluate how well

the neural network has learned. It is relatively easy to make a network perform well
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on the data it was trained on. However, what we care about is how well it performs

on new, unseen data. A model is said to generalize well if it has similar performance on

the training and the validation/test data. A signi�cant gap between training and test

performance indicates over�tting.

Evaluation metrics. For classi�cation tasks, accuracy (% of correct predictions) is a com-

mon metric. For skewed datasets, we might use precision, recall, F1-score (especially in

problems where false negatives and false positives have different costs), or AUC. For re-

gression problems, we might look at the mean squared error or the mean absolute error.

In deep learning, often the same loss function used for training (e.g., cross-entropy loss)

is monitored on the validation/test datasets, but for interpretability we convert that to

accuracy or other domain-speci�c metrics.

Over�tting. If the model starts to over�t, the validation loss will begin to increase even

as training loss continues to decline. At that point, we may apply regularization techniques

such as dropout, which randomly “drops” some neurons during training to prevent re-

liance on any one feature, early stopping, which stops training after a certain number of

epochs without improvement, or weight decay which penalizes large weights. At the end

of training, the model with the best performance on the validation set is used.

When data is limited, cross-validation can be used to get a more reliable estimate of

performance. However, with very large datasets common in deep learning, a single hold-

out set often suf�ces, and cross-validation can be too time-consuming to perform with

deep networks.

9.3.3 Hyperparameter Tuning

Training a deep neural network involves not only learning the weights, but also choos-

ing a number of settings known as hyperparameters. Hyperparameters are not learned by

the model itself, but rather must be chosen by the user. These include the learning rate,
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the number of training epochs, the network architecture (i.e., the number of layers and

the number of neurons per layer), the choice of activation functions, the batch size (i.e.,

the number of samples we feed through the network before updating weights), regular-

ization (i.e., dropout rate, early stopping, and weight decay), and so on. Tuning these

hyperparameters is partly an art and partly a science, often involving experimentation

and observation. Here's how one can approach it:

• Start with reasonable defaults: Through practical experience in the deep learning

community, there are known good starting values for many hyperparameters. For

instance, one might start with a learning rate between 0.001 and 0.1, 1 or 2 hidden

layers, and choose the number of neurons based on the problem complexity and

data size.

• Tweak one (or few) at a time: A common strategy is to adjust one hyperparameter

and see how it affects validation performance, then adjust another. For example, we

might try learning rates 0.1, 0.01, 0.001 in separate training runs and pick the one

that yields the best validation accuracy. When restricting attention to a small set of

options, grid search (i.e., trying all combinations) can be effective. For large search

spaces, more advanced methods like Bayesian optimization can be used to optimize

the hyperparameters.

• Use of the validation set: For each candidate set of hyperparameters, we train the

model, and evaluate it on the validation set. The hyperparameters with the best val-

idation performance is chosen. It is important to not test on the true test set during

tuning to avoid biasing the model. Only after �nalizing the hyperparameters do we

evaluate the model on the test set to get an unbiased estimate of its performance.

• Examples of Hyperparameter Effects:

– Increasing the number of layers or neurons makes the model more powerful
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but also more prone to over�tting if data is limited. We might gradually in-

crease capacity until we see diminishing returns or signs of over�tting.

– A smaller batch size causes weights to be updated more frequently, making

training noisier and slower but sometimes generalize better, whereas larger

batches train faster but require more memory.

– If training performance is much better than validation performance, we might

increase dropout or strengthen regularization until the gap closes.

– If training loss isn't decreasing at all, the learning rate might be too high; if it's

decreasing but very slowly, we might need to increase it. Practioners often use

learning rate schedulers that reduce the learning rate as training progresses or

when validation metrics plateau, to �ne-tune convergence.

Finally, one should also consider diminishing returns and deployment constraints. A

slightly better set of hyperparameters might give only marginal improvement, and a more

complex model might improve accuracy but at the cost of more computation and slower

real-time predictions.

9.4 Specialized Neural Network Architectures

In this section, we discuss some specialized neural network architectures designed for

speci�c types of data and problems. In particular, we will cover recurrent neural net-

works, including transformers, which are designed to handle sequence and time-series

data, as well as convolutional neural networks which are especially useful for handling

images, videos, and audio.

9.4.1 Neural Networks for Sequences

Many real-world data come in sequences where order matters—sentences in text, se-

quences of customer actions over time, daily stock prices, or weekly sales �gures. Stan-
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dard feedforward neural networks treat their input as a �xed-size vector with no notion

of order, so they cannot naturally capture temporal patterns or long-range context. Spe-

cialized architectures have been developed to address this. We brie�y discuss Recurrent

Neural Networks (RNNs), then focus on Transformers, which have become the dominant

architecture for sequence data.

Recurrent Neural Networks (RNNs). An RNN processes a sequence one step at a time

while maintaining a hidden state—a vector that summarizes everything the network has

seen so far. At each time step t, the RNN takes the current input x t (e.g., this week's

sales, price, and promotion data) together with the previous hidden state h t�1 , and pro-

duces an updated hidden state h t . Think of the hidden state as a running summary: after

processing Monday through Thursday, h Thu encodes what the network considers impor-

tant from the �rst four days. On Friday, the network combines Friday's new data with

that summary to produce h Fri , and so on. At any point, the network can use the current

hidden state to produce a prediction y t—for example, tomorrow's expected demand.

Figure 9.3: A Recurrent Neural Network (RNN) unrolled across three time steps. At each
step the network reads the current input x t and the previous hidden state h t�1 , produces
an updated hidden state h t , and (optionally) outputs a prediction y t . The same weights
are reused at every step, allowing the network to process sequences of any length. Hor-
izontal arrows carry the hidden state forward in time; vertical arrows show inputs and
outputs.

The key strength of RNNs is their simplicity: a single small network is reused at ev-
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ery time step, so the model can handle sequences of varying length. The key weakness

is that older information fades. Because the hidden state is overwritten at every step, in-

formation from the distant past can be gradually diluted—a problem known as vanishing

memory. Variants such as Long Short-Term Memory (LSTM) networks add mechanisms that

help the network decide what to remember and what to forget, partially alleviating this

issue (Hochreiter and Schmidhuber, 1997). LSTMs were the standard approach for se-

quence tasks—from demand forecasting to machine translation—from roughly 2015 to

2020. They have since been largely supplanted by transformers, which we discuss next.

Transformers. The transformer architecture, introduced by Vaswani et al. (2017), has

become one of the most important developments in modern machine learning. It is the

engine behind large language models such as ChatGPT and Claude, as well as state-

of-the-art systems for translation, speech recognition, code generation, drug discovery,

as well as demand forecasting, dynamic pricing, and recommendation engines. Under-

standing the core idea behind transformers, even at a conceptual level, is increasingly

important for managers evaluating AI-powered tools and vendors.

Like an RNN, a transformer takes a sequence of inputs and produces predictions.

Unlike an RNN, a transformer does not process the sequence one step at a time. Instead,

it looks at the entire history at once and learns which parts of the past are most relevant to the

current prediction. This ability to selectively focus on different parts of the input is called

attention, and it is the central idea that makes transformers powerful.

Attention as a concept. To build intuition, suppose you are forecasting next week's sales

for a retail product. You have the last 52 weeks of data—each week described by price,

promotion status, inventory level, web traf�c, and calendar �ags (holiday, back-to-school,

etc.). Not all 52 weeks are equally useful. A promotion two weeks ago may still be driv-

ing demand; last year's same calendar week captures seasonal patterns; a week with a

stockout reveals what happens when inventory runs low. Meanwhile, a random mid-
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July week with no events may be largely irrelevant.

An RNN would process these 52 weeks in order, hoping that the hidden state retains

the important weeks. A transformer, by contrast, directly computes a relevance score between

the current situation and every past week, then forms a weighted average that emphasizes

the most relevant history. The weights are not hand-coded rules; they are learned from data

during training.

How attention works. The mechanism can be understood through a simple analogy.

Imagine you are in a library looking for information to write a report. You have a question

in mind (“What happened to sales during similar promotions?”). Each book on the shelf

has a title that summarizes what it contains, and content inside. To do research, you would:

1. Compare your question to the title of every book (to �nd relevant ones).

2. Give more weight to books whose titles closely match your question.

3. Read and combine the content from the most relevant books into a summary.

A transformer does exactly this, but in learned vector space. For each time step, it

creates three internal vectors from the data:

• A query—what the model is looking for right now (the “question”).

• A key for each past time step—what that past week “offers” as a match (the “title”).

• A value for each past time step—the actual information to carry forward if that

week is relevant (the “content”).

The model compares the query to every key to produce a relevance score, converts the

scores into weights that sum to one (so they behave like percentages), and then takes a

weighted average of the value vectors. The result is a relevance-weighted summary of

the past—a single vector that emphasizes exactly the historical information most useful

for the current prediction. Figure 9.4 illustrates this process.
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Past weeks

Week t�4
normal

Week t�3
promo

Week t�2
stockout

Week t�1
holiday

Current week t
promo + low inventory

Query

5% 55% 35% 5%

Weighted sum-
mary of past

(emphasizes promo
& stockout weeks)

Predict week
t+1 sales

Each past week has a
key (what it offers)
and a value (its data).

The current week's
query asks: “which
past weeks look like
my situation?”

Attention weights (the
percentages) are learned
from data, not hand-
coded.

Figure 9.4: How attention works in a transformer. The current week's query (“promo +
low inventory”) is compared to the key of every past week. Weeks with similar conditions
receive high attention weights (here, the earlier promo week gets 55% and the stockout
week gets 35%), while irrelevant weeks receive little weight (5% each). The model then
takes a weighted average of the past weeks' values to form a summary that emphasizes the
most relevant history. These weights are learned from data during training—the model
discovers which past patterns are informative for which current situations.

From attention to a full transformer. A complete transformer stacks several layers of

this attention mechanism, interleaved with small feedforward neural networks. Each

layer re�nes the representation further: the �rst layer might learn simple patterns (“last

week's sales were high”), while deeper layers can capture more complex interactions

(“promotions drive a two-week sales halo, but only when inventory is suf�cient”). Fig-

ure 9.5 summarizes the full pipeline from input to forecast.

Transformers in practice: scale and prevalence. The transformer architecture has proven

remarkably versatile and scalable. In natural language processing, it is the basis of every

major large language model: ChatGPT, Claude, Gemini, and Llama are all transformers

trained on massive text corpora. These models have demonstrated that scaling up trans-

former size and training data produces steady improvements in capability—a �nding that

has driven billions of dollars of investment in AI infrastructure.
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Past data window (last T weeks)
Each week is a feature vector: xt = (sales, price, promo, inventory, holiday �ag, . . . )
Model input: x t�T+1 , . . . , xt

Step 1: Turn each week into an internal representation
Apply the same learned mapping to every week: h t = f (x t )

Step 2: Attention = learned relevance weights over past weeks
For the current week, the model scores every past week by relevance and forms a
weighted summary (see Figure 9.4)

Step 3: Small neural network to re�ne the summary
Transforms the weighted summary into richer features; e.g., learns that promo effects
interact with inventory levels

Repeat steps 2–3 several times to build increasingly complex representations

Output: predict next week's sales
The �nal representation is converted into a sales forecast via a small output network

Figure 9.5: A transformer for sales forecasting. The model reads a rolling window of
weekly data, learns which past weeks are most relevant to the current situation (atten-
tion), re�nes that information through multiple layers, and outputs a forecast.

Beyond language, transformers have extensively been used in many business appli-

cations including time-series forecasting (e.g., Amazon's Chronos and Google's TimesFM

use transformers to forecast demand, revenue, and supply-chain quantities) and recom-

mendation systems (e.g., platforms such as YouTube, Spotify, and Amazon use transformer-

based models to predict which items a user is most likely to engage with, treating a user's

browsing or purchase history as a “sequence” the model attends over).

9.4.2 Neural Networks for Images and Audio

Convolutional Neural Networks (CNNs) are a specialized type of neural network partic-

ularly well-suited for data that can be represented in a grid-like structure. Many forms of

visual and audio information fall into this category: for instance, an image is essentially

a matrix of pixel values – an image can be viewed as 3 height � width matrices, one per
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color channel (red, green, blue) with each cell containing a numeric pixel intensity (often

stored as 0–255, and typically normalized to a scale [0,1] before training). See, for exam-

ple, Figure 9.6. A video can be seen as a sequence of image frames. An audio signal can be

transformed into a spectrogram, which is a 2-dimensional matrix of time vs. frequency

(effectively an “image” of sound). CNNs are designed to take advantage of the spatial

and/or temporal structure in such data. They do this by learning to detect local patterns

in the input: for example, edges, textures or objects in an image, or certain frequency pat-

terns in an audio spectrogram. Because the same type of features can appear anywhere in

the input (an object might be located in any part of a photo, or a particular sound could

occur at any time in a recording), CNNs share the same feature detectors across differ-

ent regions of the input. This weight-sharing and local connectivity make CNNs both

ef�cient and effective for high-dimensional data like images and audio.

CNNs have driven many breakthroughs in machine learning. They are the core of

most modern image recognition systems; for example, distinguishing faces in photographs

or detecting tumors in medical scans. CNNs are also widely used for audio processing:

by learning from spectrogram representations of sound, they achieve high performance

in tasks such as speech recognition and music genre classi�cation. Beyond vision and

audio, CNNs have been used to �nd patterns in time-series data (like stock price move-

ments), and in healthcare to analyze one-dimensional signals such as electrocardiogram

(ECG) readings to detect anomalies.

Conceptually, a CNN's architecture is composed of two stages: (i) a feature extraction

stage, and (ii) a feedforward neural network stage to make predictions. In the feature ex-

traction stage, the network's early layers (convolutional layers typically intermixed with

pooling layers) automatically learn to extract useful patterns from the input data. These

layers produce feature maps, which are like new representations of the input that high-

light the presence of various learned features (for example, a certain edge, shape, or tex-

ture in an image) at different locations. Next, in the feedforward stage, the �nal set of
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Figure 9.6: A pixel-grid representation of a sailboat at sunset: each cell is one pixel, out-
lined and labeled with its intensity (0–255) with brighter values tracing the sails and sky
and darker values capturing the ocean.

feature maps is fed into a feedforward neural network (as covered earlier in this section).

This second stage takes the distilled features and uses them to make the �nal prediction

(such as classifying the image or signal into a category). In essence, the �rst part of a CNN

learns what to look for in the data, and the second part decides based on those learned

features.

Training. CNNs are trained end-to-end, meaning the feature extraction �lters and the �-

nal classi�er are learned jointly. Using labeled examples (e.g., a set of images with known

labels), the training algorithm adjusts all the weights in the network, both in the convo-
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Figure 9.7: A Convolutional Neural Network. Source: developersbreach.com

lutional layers and in the fully-connected layers to minimize prediction error. Through

this process, the network automatically discovers which visual or temporal features are

most useful for the task, while simultaneously learning how to combine those features to

make accurate predictions. CNNs also come with several hyperparameters that must be

tuned. These include architectural choices such as the number of convolutional layers,

the number and size of �lters, the use of pooling, as well as training parameters like the

learning rate and number of training epochs. Selecting good hyperparameter values (of-

ten via experimentation or validation data) is important for getting the best performance

from a CNN on a given problem.

9.5 Strengths and Weaknesses of Deep Learning

Deep learning has achieved remarkable success in many �elds, but it is not a silver bullet.

Its value is highest when you have complex data (text, images, audio, high-dimensional

signals), enough examples (or the ability to leverage pre-trained models), and a business

problem where incremental accuracy creates real economic value.

A major strength is its ability to learn complex representations. Neural networks can
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capture highly nonlinear patterns and can often learn useful features directly from raw

inputs, reducing the need for manual feature engineering.

Deep learning can also deliver high predictive performance when paired with suf-

�cient data and compute. In many practical benchmarks and real products (recommen-

dations, ranking, language understanding), deep models have become the workhorse

approach because they can exploit large datasets and rich signals.

Another advantage is �exibility: with the right architecture, neural networks can be

used for regression, classi�cation, ranking, representation learning/dimensionality re-

duction, and so on. For organizations, this “common toolkit” can simplify talent develop-

ment and platform investment: the same training infrastructure and engineering patterns

often transfer across use cases.

Finally, prediction is usually fast after training. The expensive part is training; once

deployed, many models can score new cases quickly enough for real-time applications

(subject to model size, latency constraints, and hardware).

On the downside, deep learning often suffers from limited interpretability. Com-

pared to linear models or small decision trees, it can be hard to explain why a deep net-

work made a speci�c decision. This is a serious issue in regulated or high-stakes contexts

(e.g., credit, insurance, healthcare) where auditability, fairness, and accountability matter.

Deep learning is also data-hungry, especially if training from scratch. Large models

with many parameters can over�t small datasets. In many business problems with only

thousands (or fewer) labeled examples, simpler models may outperform deep learning in

both accuracy and reliability.

A third limitation is computational cost. Training can require GPUs/TPUs, signi�-

cant engineering time, and cloud spend. Large language models are extreme examples,

but even “medium” deep models can be expensive relative to classical methods. The

managerial trade-off is ROI: the accuracy gain must justify the operational complexity.

Deep networks can be sensitive to hyperparameters and distribution shift. They
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often require careful tuning and monitoring, and performance can degrade if the data

generating process changes (e.g., customer behavior, fraud patterns, product mix). This

makes monitoring, retraining, and governance a core part of making deep learning work

in production.

Finally, debugging is harder than with simpler models. When performance is poor,

the cause could be data leakage, label noise, architecture mismatch, optimization insta-

bility, or a subtle preprocessing bug. Diagnosing issues is often empirical and iterative,

which increases development time and creates execution risk unless teams have strong

experimentation discipline.

9.6 Use Cases of Deep Learning

Deep learning has found applications in virtually every �eld that deals with big data.

Here we highlight a range of use cases across different domains to illustrate the versatility

of deep learning.

Large Language Models: Based on the transformer architecture, they are able to gen-

erate surprisingly coherent text given a prompt, which can be used for drafting emails,

writing code snippets, or generating dialogue for video games. There are startups using

such models to generate marketing copy or personalized messages at scale.

Time Series Forecasting and Finance: Deep learning is often applied to sequential nu-

merical data for forecasting and anomaly detection.

• Financial Market Prediction: Hedge funds and trading �rms experiment with deep

learning (especially LSTM) models to predict stock movements or detect patterns in

high-frequency trading data. (Though the unpredictable nature of markets means

success is not guaranteed, it's a hot area.)
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• Credit Scoring and Fraud Detection: Given a history of transactions, a neural network

can learn to �ag unusual patterns that might indicate credit card fraud or identity

theft. Similarly, for loan applicants, beyond a simple credit score, a model can ana-

lyze a sequence of �nancial data to predict default risk.

• Demand Forecasting: Retailers and supply chain companies use deep learning to fore-

cast product demand, taking into account seasonal trends, promotions, and other

complex factors. RNNs or Temporal CNNs can often model these time-series better

than classical linear models, especially when there are many related series (e.g., hun-

dreds of products, where deep learning can �nd cross-product demand patterns).

Recommender Systems: When you see suggestions on Amazon (“Users who bought

X also bought Y”), Net�ix (“Top picks for you”), or Spotify's Discover Weekly playlist,

deep learning is increasingly behind these recommendations. These systems take user in-

teraction data and learn to embed users and items (products, movies, songs) into a com-

mon space where similarity means a good recommendation. For example, a model might

learn that User A's taste in movies is most similar to User B and C, so it should recom-

mend movies that B and C liked. Deep learning allows using very diverse features (text

descriptions, images, user behavior sequences) to make these recommendations more ac-

curate than older heuristic-based methods.

Computer Vision (Image & Video): One of the earliest big successes of deep learning—

speci�cally, convolutional neural network—was in computer vision (LeCun et al., 1998

and Krizhevsky, Sutskever and Hinton, 2012). Speci�c use cases include:

• Image Classi�cation. Identifying what objects or scenes are present in an image; e.g.,

classifying images of products for an online store. For instance, Facebook uses deep

learning to automatically tag friends in photos by recognizing faces.
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• Object Detection. Not just saying what is in an image, but where it is. This is used in

self-driving cars to detect pedestrians, other vehicles, traf�c signs, etc. It's also used

in security systems to detect intruders on camera feeds or retail to count people in a

store.

• Medical Imaging. Analyzing radiology scans (X-rays, MRIs, CT scans) to detect

anomalies like tumors or fractures. Deep networks can sometimes spot subtle pat-

terns that might be hard for the human eye, acting as a diagnostic assistant.

• Video Analysis. Understanding video in applications like surveillance (abnormal

event detection), entertainment (automatic highlight reel generation from sports

footage), or content moderation (�agging inappropriate content on social platforms).

Natural Language Processing (NLP): Deep learning has revolutionized NLP through

architectures like recurrent networks and transformers.

• Machine Translation. Systems like Google Translate shifted from phrase-based statis-

tical methods to deep learning, massively improving translation quality.

• Sentiment Analysis. Analyzing text like customer reviews, tweets, and comments to

determine sentiment or emotion. Businesses use this to gauge customer satisfaction

or brand perception automatically.

• Chatbots and Virtual Assistants. From Siri and Alexa to customer service chatbots

on websites, deep learning models interpret user queries and generate relevant re-

sponses.

• Document Processing. Extracting information from documents like forms, contracts,

or invoices. For example, a deep learning system might read a stack of invoices and

automatically pull out vendor name, date, total amount, etc.
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Speech and Audio Applications:

• Speech Recognition. Companies use deep learning models to convert spoken lan-

guage to text for transcribing calls, virtual meeting transcripts, voice command in-

terfaces, and more.

• Voice Assistants. Not only recognizing speech, but also generating it (text-to-speech)

with human-like intonation; e.g., WaveNet. This is used in smart speakers, language

learning apps (to pronounce words), accessibility tools for the visually impaired, etc.

• Audio Detection: Identifying sounds; e.g., detecting gunshots or glass breaking in

security systems, classifying music genres for recommendations, and in healthcare,

listening to coughs to predict illnesses.

Generative Modeling and Creativity: Deep learning models can create new content.

• Images. GANs (Generative Adversarial Networks) can generate photorealistic im-

ages of faces, objects, even imaginary creatures. These have been used to create art,

to imagine how a design (e.g., a car or fashion item) might look, or even to generate

synthetic training data.

• Music. There are deep learning models that compose music in different styles, or

that can continue a melody you provide.

• Deepfakes: Controversially, deep learning has been used to generate fake audio or

video; e.g., making someone appear to say something they never did. This exem-

pli�es that any powerful technology can be double-edged.

Healthcare and Life Sciences: Deep learning is also being applied to things like:

• Drug Discovery. Predicting how different molecules will behave or how they might

bind to targets (protein structures) to assist in �nding new pharmaceutical com-

pounds faster.
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• Genomics. Deep models are used to interpret DNA and protein sequences; e.g., by

predicting which gene mutations are likely pathogenic, or how genes are regulated

in a cell.

• Personalized Medicine. Using patient data to predict risks or recommend treatments.

For example, predicting which patients are at high risk of hospital readmission and

why, enabling preventative care.

Manufacturing & Agriculture: In factories, deep learning can analyze sensor data from

machines to predict maintenance needs. Visually, it can inspect products on an assembly

line for defects at high speed (using cameras and CNNs). In agriculture, deep learning

helps in tasks like identifying plant diseases from leaf images, or in precision farming

(e.g., analyzing drone footage to decide where to water or fertilize).

In summary, deep learning's ability to handle unstructured data (images, text, sound)

and �nd patterns at scale has enabled automation of tasks that were previously thought

to require human perception and intuition. It's also important to note that successful

application of deep learning requires not just the algorithm, but also the infrastructure

and strategy around data collection, model maintenance, and integration with business

processes.
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10 Interpretation and Model Selection

10.1 Interpreting Machine Learning Models

Modern machine-learning models like ensembles and neural networks often behave like

black boxes. Decision-makers need to understand what drives predictions and which

levers they might pull to change an outcome. There are two axes to keep in mind:

• Global methods summarize how a model behaves across the entire dataset—which

features matter most and how do they generally in�uence predictions?

• Local methods explain a single prediction—why did the model �ag this customer

as high risk?

We focus on model-agnostic techniques, which treat the model as a black box and work

with any algorithm, as opposed to model-speci�c techniques that take advantage of a par-

ticular model's structure.

SHapley Additive exPlanations (SHAP). SHAP values are the most widely used tool

for interpreting predictive models. They are grounded in Shapley values from cooperative

game theory (associated with Nobel Laureate Lloyd Shapley; Shapley, 1953) and answer

a simple question: for a given prediction, how much did each feature contribute—positively or

negatively—relative to a baseline?

The baseline is typically the model's average prediction across the training set. For a

given observation, each feature receives a SHAP value: positive values mean that feature

pushed the prediction above the baseline, negative values mean it pushed the prediction

below the baseline, and values near zero mean the feature had little effect. The SHAP

values for all features always sum to the difference between the observation's prediction

and the baseline, which ensures the contributions “add up.”

SHAP is powerful because it provides both local and global explanations using the

same underlying framework. Two visualizations are especially common:
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Figure 10.1: SHAP waterfall plot for a single house in a house price (per sq.ft) prediction
model. The plot starts at the baseline (the average prediction) and shows how each feature
pushes the prediction up (red) or down (blue), arriving at the �nal predicted price (per
sq.ft) for this house.

• SHAP waterfall plot (local explanation). For a single observation, the waterfall plot

starts at the baseline prediction and shows how each feature pushes the prediction

up or down, step by step, until reaching the model's �nal output. For example, Fig-

ure 10.1 illustrates a waterfall plot for our house-price example. 13 The baseline is

the average predicted price per square foot across all homes ($263). For this particu-

lar house, the latitude (a proxy for neighborhood desirability) pushes the prediction

up substantially, while the relatively small living-space square footage relative to

neighbors pulls it down. The individual contributions sum to the �nal prediction of

13The feature names in the plot re�ect the variable names used in the analysis code. Key mappings:
sqft living log is the log of living-space square footage; sqft living rel log is the log ratio of the
home's living space to its neighbors' (a relative-size measure); lat and long are latitude and longitude
(proxies for neighborhood); frac above is the fraction of living space above ground level; date continuous
is the sale date expressed as a continuous year fraction.
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$378 per square foot.

• SHAP summary plot (global explanation). The summary plot displays every obser-

vation's SHAP value for every feature on a single chart, typically as a scatter where

the x-axis is the SHAP value (how much the feature affected the prediction) and

the color indicates whether the feature's actual value was high or low. This reveals

both which features matter most (features with wide spreads of SHAP values) and

how they matter. For example, in Figure 10.2, latitude and log living-space square

footage have the widest spread, con�rming that location and size are the domi-

nant price drivers. For grade, the color pattern shows that high grade values (red

dots) consistently push the prediction up, while low grade values (blue dots) push

it down—exactly what we would expect.

Figure 10.2: SHAP summary plot for a house price (per square foot) prediction model.
Each dot is one observation; the x-axis shows the SHAP value (impact on prediction),
and color indicates whether the feature value was high (red) or low (blue). Features are
ranked by overall importance (top = most important).
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SHAP's main limitation is that it relies on approximating what the model would pre-

dict under different “coalitions” of features. When features are correlated, some of these

coalitions may represent unrealistic combinations of values (e.g., a 1,500 sq.ft house with

5 bedrooms), which can distort the explanations. Despite this caveat, SHAP remains a

standard tool for model interpretation in many applied settings.

Figure 10.3: Permutation feature importance for a house price (per square foot) prediction
model. Each bar shows the increase in validation error when that feature's values are
randomly shuf�ed. Longer bars indicate features the model relies on more heavily.

Permutation feature importance (PFI). Permutation feature importance measures how

much the model depends on a particular variable (Fisher, Rudin and Dominici, 2019). To

compute it, you �rst evaluate the model's prediction error on a validation set. Then, for

one feature at a time, you shuf�e (randomly permute) the values of that column across all

records—imagine randomly assigning each house's size or zip code to another house. You

then feed this perturbed dataset to the model and record how much the error increases.

If the error rises substantially, the model was relying on that feature; if the error barely
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changes, the feature was not contributing much. Repeating the shuf�e multiple times and

averaging the error change provides a more stable estimate.

This technique works with any model, does not require retraining, and automatically

incorporates interactions between variables (because shuf�ing a feature disrupts any in-

teraction it participates in). However, PFI only tells you how much a feature matters, not

how it affects the prediction; i.e., whether higher values increase or decrease the output.

It can also be misleading when features are highly correlated: shuf�ing one feature in a

correlated pair can understate its importance because the other feature tends to co-move

in the data.

Partial dependence plots (PDP). A partial dependence plot summarizes how changing

one (or two) features affects the model's prediction on average, holding everything else

constant (Friedman, 2001). To construct a PDP, you choose a feature and a grid of values to

explore. For each grid value, you create a hypothetical dataset by replacing that feature's

value in every observation with the chosen value, while leaving all other features at their

original observed values. You then have the model make predictions on this modi�ed

dataset and average the predictions across all records. Repeating this for each grid value

yields a curve showing how the average prediction changes as the feature varies.

Figure 10.4: Partial dependence plots showing how the predicted house price per sq.ft
changes as three features vary, averaging over all other features. Left: the predicted price
per sq.ft declines as the number of bedrooms increases—likely because, holding total
square footage �xed, more bedrooms means each room is smaller (see the multicollinear-
ity discussion in Section 3.2). Right: the predicted price rises steeply with log living-space
square footage, �attening at the high end, consistent with the diminishing-returns pattern
that motivated the log transformation in Section 2.8.
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PDPs are easy to interpret and reveal whether the model's learned relationship with a

variable is linear, monotonic, or more complex. However, they have two important limita-

tions. First, PDPs assume that the feature being varied is independent of all others; when

features are correlated, the plot averages over unrealistic combinations, which can bias

the curve. Second, the method shows only the average effect: heterogeneous responses

among different subpopulations can cancel out, producing a �at curve even when the

feature matters in opposite directions for different groups.

Individual conditional expectation (ICE) plots. ICE plots re�ne PDPs by displaying

one line per observation, showing how that individual's predicted outcome changes as a

feature varies (Goldstein et al., 2015). For each instance, you hold all other features �xed

at their actual values, replace the feature of interest with values from a grid, and record the

model's predictions. Plotting these lines together reveals heterogeneity: some customers

might show a steep increase in predicted churn risk when monthly charges rise, while

others barely change. When the ICE lines are roughly parallel, the PDP (which averages

them) is a good summary. When the lines cross or fan out, the feature's effect depends on

other characteristics—an interaction the PDP alone would hide.

ICE plots are intuitive and can uncover interactions, but they share PDP's limitation

when features are correlated: holding one feature at its actual value while varying another

can create implausible combinations.

Counterfactual explanations and recourse. Counterfactual explanations ask: “What is

the smallest change to this individual's characteristics that would lead the model to make

a different decision?” (Wachter, Mittelstadt and Russell, 2018) For example, if a loan ap-

plication was rejected, a counterfactual might say that raising annual income by $10,000

while reducing the number of existing credit lines by two would result in approval. In

practice, you de�ne a desired outcome (e.g., approval, or a probability threshold) and

then search for a modi�ed version of the instance that produces this outcome while being
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as close as possible to the original across all features.

Counterfactuals are attractive because they are actionable and intuitive: they tell decision-

subjects exactly which levers to pull, and they can be generated without access to the un-

derlying training data or model internals—only the prediction function is needed. They

are widely used in credit and hiring decisions, where applicants may have a right to

know what would change the outcome. However, counterfactuals come with challenges.

For a single instance there are often many possible counterfactuals, and choosing which

to present requires judgment. They may also suggest changes that are unrealistic (e.g.,

changing someone's age) unless the search is constrained to feasible and actionable fea-

tures.

Choosing and using interpretability tools. These methods are complementary rather

than mutually exclusive. A useful practice is to follow a layered approach:

1. Start with global explanations. Use permutation feature importance to identify

which features are most in�uential for predictive performance. Use SHAP sum-

mary plots to obtain a global view of feature importance together with the direc-

tion and distribution of feature effects across observations. Use partial dependence

plots (PDPs) to visualize how features are associated with predictions on average.

If predictors are strongly correlated, interpret these tools cautiously: permutation

importance may understate the importance of correlated variables, and PDPs may

average over unrealistic feature combinations.

2. Then examine local behavior and heterogeneity. Use SHAP waterfall plots to de-

compose an individual prediction into feature-level contributions relative to a base-

line. Use individual conditional expectation (ICE) curves to see how the prediction

for a particular observation changes as one feature varies, holding the remaining

features �xed. ICE curves are especially useful for detecting heterogeneity and in-

teractions that may be hidden by average PDP effects, although they are visually
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heavier and can be harder to read when many observations are plotted together.

3. Finally, provide recourse when relevant. If stakeholders need to know what changes

would lead to a different prediction, use counterfactual explanations. Such expla-

nations should be restricted to features that are actionable and feasible to change.

Throughout, it is important to remember that these tools explain model behavior, not

necessarily real-world causality. These tools describe patterns the model has learned from

the data; they don't establish that changing a feature would cause the outcome to change

in the real world. Answering causal questions requires a separate research design, such

as an experiment or a credible quasi-experimental strategy, in addition to a predictive

model. For a comprehensive discussion of interpretability tools for machine learning, see

Molnar (2022).

10.2 Guidelines for Model Selection

Selecting a supervised learning model begins by examining the data and the business

problem rather than picking a favorite algorithm.

Dataset size. The size of the training set matters a lot. With millions of examples, scal-

able methods like linear models, gradient-boosted trees, or neural networks handle the

volume well, whereas methods like k-nearest neighbors or SVMs with nonlinear kernels

can become prohibitively slow. In contrast, if you have only a few hundred or a few

thousand data points, �exible models such as large neural networks will over�t; simpler

algorithms or ones with strong regularization should be favored.

Data quality and complexity. Noisy data—records with measurement errors, misla-

beled examples, or heavy outlier contamination—calls for models that regularize aggres-

sively and avoid �tting the noise. Regularized linear models, soft-margin SVMs, and

bagged trees are robust choices. If you suspect nonlinear relationships or interactions
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among features, it makes sense to move beyond linear models: tree-based ensembles,

neural networks, or SVMs with nonlinear kernels.

Interpretability requirements. How interpretable the model must be depends on the

industry and stakeholders. In �nance, healthcare, and policy settings, regulators and end-

users may require explanations for individual decisions. Here, linear/logistic regression

and decision trees are natural choices, although more complex models can be interpreted

post hoc using the tools discussed in Section 10.1. In contexts where interpretability is less

critical—such as product recommendations or ad ranking—ensembles and deep neural

networks tend to be preferred for their higher accuracy.

Practical constraints. Training time, computational resources, and the deployment en-

vironment also in�uence the choice. Simpler algorithms train faster and are easier to

iterate on, making them ideal for rapid prototyping. If the model must run on a mobile

device or deliver results in real time, inference speed and model size become critical: k-

nearest neighbors can be slow at prediction time, and large ensembles or deep networks

may be too heavy. Pruned trees, small neural networks, or logistic regression are prefer-

able in latency-sensitive settings.

The value of ensembles. If initial models do not meet performance requirements, en-

sembles can boost accuracy. A random forest is a natural next step: it aggregates many

trees and often improves substantially over a single tree with little tuning. When random

forests under�t, gradient-boosted trees can provide more �exible �ts. Be mindful of di-

minishing returns: complex ensembles are harder to maintain and deploy, and a small

gain in accuracy may not justify the added complexity and monitoring overhead.

Rigorous evaluation and tuning. Regardless of which algorithm you choose, use cross-

validation to estimate out-of-sample performance and tune hyperparameters. Cross-
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validation reveals over�tting: if training performance far exceeds validation performance,

you likely need to simplify the model (prune a tree, add regularization, reduce network

size). Conversely, if a linear model consistently under�ts and leaves systematic patterns

in the residuals, you might apply feature transformations or switch to a more �exible

algorithm.

Flexibility
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Figure 10.5: The interpretability–�exibility trade-off. Linear and logistic regression sit in
the high-interpretability / low-�exibility region; decision trees are interpretable but be-
come more �exible (and harder to explain) as depth increases; k-nearest neighbors and
nonlinear SVMs are more �exible yet harder to interpret; ensemble methods such as ran-
dom forests and gradient boosting further increase �exibility at the cost of interpretability;
neural networks are typically the most �exible and least interpretable. The dashed line
indicates the general trend: gaining �exibility usually means sacri�cing interpretability—
although interpretability tools (Section 10.1) can partially close this gap for complex mod-
els.

Prefer simplicity. A good rule of thumb is to start simple. A model that meets your ac-

curacy requirements while being easy to implement, explain, and maintain is often better

than a marginally more accurate but complex alternative. If logistic regression delivers
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an acceptable performance for a marketing prediction, deploying a random forest that

improves the metric by one percentage point may not be warranted—complex models

are more sensitive to data drift and require more monitoring.

The interpretability–�exibility trade-off. Ultimately, model selection is about balanc-

ing interpretability and �exibility, bearing in mind that more �exible models generally

require larger datasets. Figure 10.5 illustrates how the methods we have covered stack

along these dimensions.

Start with simple methods to establish a baseline and build intuition, advance to more

�exible models if necessary, and combine or regularize them when complexity creates

problems. By understanding the strengths, weaknesses, and assumptions of different

approaches, you can make informed choices and avoid algorithms that are ill-suited to

your problem.
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Part II

Unsupervised Learning



Introduction to Unsupervised Learning

Unsupervised learning is a paradigm of machine learning when we have no explicit labels

or targets. The goal is to discover patterns, groupings, or structure inherent in the data.

For example, without knowing which customers belong to which segment (no labels like

“high-value” or “budget” customer given upfront), unsupervised algorithms can group

customers into segments based on purchasing behavior. These segments might then be

interpreted and given business meaning (e.g. “savvy bargain hunters” or “loyal heavy

spenders”). More generally, unsupervised methods seek to answer questions such as:

Are there natural clusters or segments in the data? Can we reduce data complexity while

losing minimal information? Are there unusual data points (i.e., anomalies) that deviate

from the norm?

We will focus on three main areas of unsupervised learning:

• Clustering: Automatically grouping data into clusters of similar characteristics.

• Dimensionality Reduction: Compressing or projecting data into a lower-dimensional

form, preserving key structure. Among other uses, this enables us to visualize

datasets with many features in two or three dimensions.

• Autoencoders (Representation Learning): Neural network-based approaches to

learn ef�cient codings of data.

We will discuss each of these and discuss use cases illustrating their value.

The data preprocessing steps discussed in Section 2—handling missing values, encod-

ing categorical variables, and especially feature scaling—apply to unsupervised learning

just as they do to supervised learning. Feature scaling is particularly important here: most

unsupervised methods rely on distances or variances, so a feature measured in dollars can

easily dominate one measured in units simply because of its scale, producing misleading

results.
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11 Clustering

Clustering is an unsupervised method for �nding useful groupings in data when you do

not have labels. The goal is to partition observations (e.g., customers, products, transac-

tions, documents, etc) into clusters so that items in the same cluster are more similar to

each other than to items in other clusters. This is often used for segmentation: “Which

customers behave similarly, and how should we treat them differently?”

Two warnings are due upfront. First, clustering does not discover a single ground-

truth answer; different algorithms (and even different runs of the same algorithm) can

produce different groupings. Second, clusters are only valuable if they lead to clearer

decisions; e.g., clusters that are interpretable and predict different outcomes (churn, con-

version, pro�tability) are more actionable than clusters that merely look separated on a

plot.

In this section we cover three common clustering approaches, K-means, Hierarchical

clustering, and DBSCAN. Each takes a different approach to de�ning what a “cluster” is:

• K-means assumes clusters are roughly spherical clouds of points in the feature

space and tries to �nd a set of K cluster centers and assign points to the nearest

center.

• Hierarchical clustering builds a tree of clusters, either agglomerating small clusters

into bigger ones or dividing big clusters into smaller ones, yielding a multilevel

hierarchy.

• Density-Based clustering de�nes clusters as regions of high density separated by

regions of low density; it can �nd clusters of arbitrary shape and identify outliers as

noise.

Each of these methods takes a different approach to de�ning what a “cluster” is, and

we will explain them in turn.
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How to judge whether a clustering is “good”? Because clustering is unsupervised, we

usually do not have a single correct answer to compare against. Instead, we combine

three checks:

i. Stability: Do we get similar clusters if we rerun the algorithm with different starting

points or on a different sample of the data? If the segments reshuf�e dramatically

each time, they are unlikely to re�ect real structure—they may be artifacts of the

algorithm's randomness or of noise in the data.

ii. Separation and cohesion: Are clusters reasonably distinct from one another and inter-

nally consistent? A useful quantitative tool here is the silhouette score, which mea-

sures, for each observation, how well it �ts its own cluster relative to the nearest al-

ternative cluster (Rousseeuw, 1987). Scores range from +1 (the point is �rmly inside

its cluster) to �1 (the point would �t better elsewhere). A high average silhouette

suggests well-separated clusters; a low or negative score suggests the boundaries

are blurry. We will also use the elbow plot, which shows how cluster tightness im-

proves as the number of clusters increases—a sharp bend (the “elbow”) signals the

point of diminishing returns. Both tools are demonstrated in the next section.

iii. Business usefulness: Can you assign a meaningful interpretation to each cluster, and

does that interpretation matter for the decision at hand? Clustering algorithms will

always produce groups, but the groups are only valuable if you can describe what

makes each one distinctive (e.g., “these customers have short tenure, high monthly

charges, and no add-on services”) and if those distinctions suggest different actions.

A cluster pro�le heatmap—showing the average value of each feature within each

cluster—is the main tool for this step. If you cannot name the clusters in terms that a

manager would recognize, or if the pro�les do not suggest different pricing, messag-

ing, or service decisions, the clustering may be technically valid but operationally

useless.
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In practice, the third check is often the most important: clusters are a means to better deci-

sions, not an end in themselves. The next sections introduce speci�c clustering algorithms

along with the visualization needed to apply these three checks.

11.1 K-Means Clustering

K-means is a classic clustering algorithm that aims to partition the dataset into K pre-

de�ned distinct clusters (Lloyd, 1982). ”K” is a number you choose in advance; e.g., seg-

menting customers into K = 3 groups. The ”means” refers to representing each cluster by

the mean of its points, also known as the cluster centroid. The algorithm works iteratively

to assign points and adjust the centroids:

• Initialization: Start by randomly choosing K initial cluster centers.

• Assignment step: Assign each data point to the nearest cluster center (in terms of

distance). This forms K clusters based on the current centers.

• Update step: For each cluster, recompute the center as the mean of all points as-

signed to that cluster.

• Iterate: Repeat the assignment and update steps until cluster assignments stop

changing or changes become very small.

This procedure is trying to make clusters internally tight: points assigned to the same

cluster should be close to their cluster's centroid. Formally, K-means is trying to minimize

the total within-cluster sum of squares: the sum, across all clusters, of the squared distances

between each point and its cluster's centroid. 14 In plain terms: the algorithm tries to make

each cluster as internally tight as possible—points in the same cluster should be close to

the cluster's center.
14Mathematically, K-means partitions data points x 1, . . . , xn into K sets S1, . . . , SK to minimize

å K
k=1 å i2Sk

kxi � m kk
2, where mk is the mean of points in cluster Sk.
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Intuitively, K-means searches for K representative ”centers” and assigns each point

to the nearest center, iterating, until the assignments stabilize. This procedure can some-

times get stuck in a suboptimal grouping (because the initial random centers might lead it

astray). Therefore, it is common to run K-means multiple times with different random ini-

tial centers and choose the best result (i.e., the one with the lowest sum-of-squares), or to

use smarter initialization methods (e.g., pick initial centers that are far apart) to improve

clustering quality.

Working Example: Customer Churn. To see K-means in action, we apply it to a cus-

tomer churn dataset. Each customer is described by features such as tenure (how long

they have been a customer), whether they subscribe to internet or phone service, which

add-ons they use (online security, tech support, streaming, etc.), contract type, and monthly

charges. All features were standardized before clustering so that no single variable dom-

inates the distance calculations (see Section 2.6).

Figure 11.1: K-means with K = 2 on the customer churn dataset. Left: each customer
plotted in two summary dimensions (produced by a technique called PCA, covered in
Section 12), colored by cluster assignment. Right: cluster pro�le heatmap showing the pro-
portion (for binary features) or mean (for numeric features) of each variable within each
cluster and overall. Darker shading indicates higher values.
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Figure 11.1 shows the result of K-means with K = 2. The left panel plots each customer

as a dot in two dimensions. Because the original data has many more than two features,

we use a visualization technique called Principal Component Analysis (PCA) to compress

the data into two summary axes for plotting—we will cover PCA in detail in Section 12.

For now, the key point is that the two axes are not individual features; they are summaries

that together capture about 42% of the variation in the data, so the picture is useful but

incomplete. Two clusters are visible: a large, diffuse group (Cluster 0) and a small, tight

group (Cluster 1).

The scatter plot tells us that two groups exist, but it does not tell us what makes them

different. For that, we turn to the right panel: the cluster pro�le heatmap. This is typically

the most useful output of a clustering analysis, because it shows what distinguishes each

cluster in terms of the original features.

The pro�le heatmap in Figure 11.1 identi�es two clusters:

• Cluster 1—the small, tight group on the right, which consists of customers with

no internet service and no phone service—the “no internet” columns are at 100%

and all internet add-on features (online security, streaming, device protection, etc.)

are at 0%. Their average monthly charge is about $21. These are minimal-service,

low-revenue customers.

• Cluster 0—the large, diffuse group, which contains everyone else: customers who

subscribe to internet service, often with various add-ons, and who pay substantially

higher monthly charges (nearly $77).

In short, K-means with K = 2 has split the customer base along its most prominent divid-

ing line: customers who use internet services versus those who do not.

Connecting clusters to outcomes. Clustering is unsupervised—we did not use the churn

label as an input. But we can still check whether the discovered segments differ in their
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churn behavior. In this case, the internet-service cluster (Cluster 0) contains 31.7% churn-

ers, while the low-revenue cluster (Cluster 1) contains only 7.2% churners. The gap is

striking: customers with internet service churn at over four times the rate of those with-

out it.

This illustrates an important principle: unsupervised learning can serve as a building

block for supervised learning. The segments found by clustering—without any knowl-

edge of churn—turn out to differ sharply in churn risk. A manager might use this to pri-

oritize retention efforts on the higher-risk segment, or a data scientist might use cluster

membership as an input feature in a downstream churn prediction model. More gener-

ally, when labeled data is scarce or expensive, clustering can surface structure that later

informs supervised learning.

Choosing K. K-means requires choosing the number of clusters in advance, which is

often the hardest part. Two common diagnostic tools can help.

• The elbow plot (left panel of Figure 11.2) shows the total within-cluster sum of

squares (WCSS) as a function of K. WCSS always decreases as K increases—with

enough clusters, every point can be its own cluster—so the question is where the

curve bends: the point after which adding more clusters brings diminishing returns.

In Figure 11.2, the sharpest bend occurs at K = 2: going from one cluster to two

produces a large drop in WCSS, but subsequent increases in K yield progressively

smaller improvements.

• The silhouette score (right panel) measures, for each observation, how similar it is

to its own cluster compared with the nearest other cluster. Values range from �1

(badly misclassi�ed) to +1 (�rmly inside its cluster). The average silhouette across

all points is plotted for each K; the peak suggests the K with the cleanest separation.

Here the peak is at K = 2, consistent with the elbow plot.
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Figure 11.2: Choosing K for the customer churn dataset. Left: the elbow plot shows
a sharp bend at K = 2, after which additional clusters bring diminishing reductions in
WCSS. Right: the silhouette score peaks at K = 2 and declines steadily, con�rming that
the strongest single split is into two groups.

In this dataset, both tools point to K = 2: the internet-service vs. no-internet split

we saw in Figure 11.1. But this does not mean that K = 2 is the “right answer” and all

other values are wrong. Elbow and silhouette plots identify the statistically most distinct

partition, which is not always the most managerially useful one. For instance, splitting the

internet-service customers further (e.g., into �ber vs. DSL users, or short-tenure vs. long-

tenure subscribers) might reveal segments that respond differently to retention offers,

even if those segments are not perfectly separated in feature space. In practice, the best

approach is to combine these diagnostic plots with business judgment: try several values

of K, pro�le each set of clusters, and ask “If I had these segments, would I actually change

pricing, messaging, or service levels?” If the answer is no, a different K or a different feature

set is usually more productive than a more complicated scoring rule.

Use Cases. Retailers often have massive databases of customer transactions, and clus-

tering can uncover distinct behavioral segments without any pre-labeled categories. A

typical setup is to represent each customer with features like purchase frequency, product

mix (categories), average basket size, discount sensitivity, and channel usage (online vs.

in-store), and then cluster customers into groups that behave similarly.
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A well-known example involves Target, the U.S. retailer, whose analysts discovered—

while mining purchase data for coupon targeting—that certain product combinations

(such as unscented lotion and speci�c vitamin supplements) reliably preceded purchases

of baby-related items (Hill, 2012; Duhigg, 2012). The pattern was not something any-

one set out to �nd; it fell out of a routine segmentation exercise, yet it was accurate

enough to �ag likely pregnancies before any explicitly baby-related products appeared

in a customer's cart. The episode illustrates two lessons. First, behavioral data can be

surprisingly revealing—clustering can surface patterns that no one anticipated. Second,

segmentation is not just a technical exercise: insights that touch on sensitive personal in-

formation can create reputational, legal, and regulatory risk if the practice is perceived as

invasive.

K-means has also been used in banking to cluster clients by behavior to detect groups

like “credit risk customers” vs “savvy investors”, and in healthcare to cluster patients by

symptoms or genetic pro�les.

Limitations. Because K-means uses means, it is sensitive to outliers—an outlier can

drag a centroid toward it. Also, if clusters have very different sizes or densities, K-means

can sometimes produce poor results; e.g., it might chop a large diffuse cluster into pieces

or ignore a tiny cluster. It also assumes Euclidean distance is meaningful for your fea-

tures; if features are on very different scales, proper normalization is needed (Section 2.6).

Despite these limitations, K-means often provides a quick and reasonable partition and is

easy to implement.

Gaussian Mixture Models: A Flexible Extension of K-Means. K-means assigns each

observation to exactly one cluster based on which centroid is closest. This “hard” as-

signment can be misleading when a data point sits near the boundary between two

segments—K-means puts them �rmly in one group even though they resemble both al-

most equally.
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Gaussian Mixture Models (GMMs) relax this assumption. Instead of representing each

cluster as a single point (the centroid), a GMM represents each cluster as a bell-curve-

shaped cloud with its own center, spread, and shape. The algorithm then estimates, for

each observation, the probability that it belongs to each cluster. A customer might be

assigned 70% probability of belonging to the “price-sensitive” segment and 30% prob-

ability of belonging to the “convenience-oriented” segment. This soft assignment pro-

vides a richer picture than a binary label and can be useful when segment boundaries

are blurry—as they often are in practice.

GMMs also handle cluster shapes that K-means cannot. Because each cloud has its

own spread and orientation, GMMs can capture elongated or elliptical clusters, whereas

K-means implicitly assumes all clusters are roughly spherical and similarly sized.

Like K-means, GMMs require choosing the number of clusters in advance. However,

GMMs are more computationally expensive and can be unstable when the dataset is small

relative to the number of features, because estimating the shape of each cloud requires

enough data to pin down its spread in every direction. They also assume that the data

within each cluster follows a roughly bell-curved distribution, which is not always the

case. For most egmentation problems, K-means is the practical starting point; GMMs are

worth considering when probabilistic segment membership is needed.

11.2 Hierarchical Clustering

Hierarchical clustering builds a multi-level hierarchy of clusters. The result is often visu-

alized as a tree diagram called a dendrogram, which shows how clusters merge or split at

different distance thresholds. The most common method is agglomerative (bottom-up) clus-

tering, which starts with each data point as its own cluster (e.g., n clusters for n points);

then, iteratively merges the two “closest” clusters until we end up with one big cluster
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containing everything. 15 The procedure for agglomerative clustering operates iteratively

as follows:

• Initialization: Each point starts as its own cluster.

• Compute distances between clusters: At each step, the algorithm quanti�es how

“close” two clusters are. At the initial step when each data point is its own cluster,

this is just the distance between pairs of points (e.g., Euclidean distance after stan-

dardizing features). After clusters start merging, we compute distances between

clusters using a linkage rule (described below).

• Merge clusters: Find the two clusters that are closest under the chosen linkage rule,

and merge them into a single larger cluster.

• Iterate: Continue the process of recomputing the distance matrix and merging the

closest pairs of clusters until all points are merged into one cluster.

The key choice in hierarchical clustering is the de�nition of inter-cluster distance—

how do we measure the distance between two clusters? Common linkage criteria are:

• Single linkage which takes the distance between two clusters to be the smallest

distance between any single point in one cluster and any point in the other cluster.

In other words, clusters are as close as their two most similar members. This tends

to produce long, “chain” clusters (due to a “friends-of-friends” effect).

• Complete linkage which takes the distance between two clusters to be the largest

distance between any point in one cluster and any point in the other. Clusters must

be close in the sense that all members are within some maximum bound. This tends

to produce more compact, spherical clusters.

15Another method is divisive (top-down) clustering which starts with all points in one cluster, and re-
cursively splits clusters into two until each point is alone. This is less commonly used, in part because it's
computationally more expensive.
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• Average linkage which takes the distance to be the average distance between all

pairs of points (one from each cluster).

• Ward linkage which merges the pair of clusters that causes the smallest increase

in within-cluster sum of squares (variance). This tends to produce compact, well-

separated clusters, especially for numeric data.

For most business applications with numeric data, Ward linkage is a sensible default be-

cause it tends to produce compact, similarly-sized clusters. Single linkage is worth trying

when you suspect clusters may be elongated or chain-like, but it is more sensitive to noise.

Unlike K-means, agglomerative clustering does not require specifying K upfront. In-

stead, one can “cut” the dendrogram at a chosen level to get a desired number of clusters.

This �exibility is a key advantage: you produce a whole hierarchy and can decide later

whether you want 2 clusters or 10, by choosing the appropriate cut level.

Working Example: Customer Churn (continued). We apply hierarchical clustering with

Ward linkage to the same customer churn dataset. Figure 11.3 shows the results for two

cut levels: K = 2 (top row) and K = 3 (bottom row).

With K = 2 (top row), the result is nearly identical to what K-means produced in

Figure 11.1: Cluster 1 is the small, tight no-internet group, and Cluster 0 is the broad

internet-service group. This is reassuring—when two different algorithms converge on

the same split, it suggests the structure is genuine rather than an artifact of one particular

method.

The K = 3 cut (bottom row) is where hierarchical clustering shows its value. The no-

internet cluster (Cluster 1) remains unchanged—it was already tight and homogeneous,

so the algorithm sees no reason to split it. Instead, the internet-service group is subdi-

vided into two segments. Reading the pro�le heatmap: Cluster 0 consists of customers

with high monthly charges (about $87 on average), a mix of add-on services, and longer

contracts, while Cluster 2 has lower monthly charges and fewer add-ons. This is the kind
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Figure 11.3: Hierarchical clustering (Ward linkage) on the customer churn dataset. Top
row: cutting the hierarchy at K = 2 produces essentially the same split as K-means—an
internet-service cluster and a no-internet cluster. Bottom row: cutting at K = 3 keeps the
no-internet cluster intact and subdivides the internet-service customers into two groups.
Left panels show cluster assignments projected onto two summary dimensions; right pan-
els show the cluster pro�le heatmap for each cut.

of progressive re�nement that hierarchical clustering is designed for: the �rst split cap-

tures the dominant divide in the data, and subsequent splits reveal �ner structure within

the larger group.

The dendrogram in Figure 11.4 visualizes the full merging history:

• Vertical axis (distance): Each horizontal line connecting two branches represents a

merge, and its height indicates the distance at which that merge occurred. Merges
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Figure 11.4: Dendrogram for the customer churn dataset (Ward linkage, truncated to
5 levels). Each leaf at the bottom represents a group of observations; the number in
parentheses is the group size. The vertical axis measures the distance (cost) at which two
groups were merged—higher merges mean the groups being joined were less similar. The
red dashed line shows the cut at distance � 60 that yields 3 clusters. The �nal merge (blue,
at distance � 148) joins the no-internet cluster (orange branches, left) with the internet-
service cluster (green branches, right). The large jump from � 60 to � 148 con�rms that
the 2-cluster split is the strongest structure in the data.

near the bottom of the tree join very similar groups; merges near the top join dis-

similar groups.

• Leaves and cluster sizes: The tree is truncated to 5 levels for readability. Each leaf

at the bottom represents a group of observations rather than an individual point;

the number in parentheses is the group size (e.g., “(943)” at the far right means a

sub-cluster of 943 customers).

• The red dashed line (K = 3 cut): Drawing a horizontal line at distance � 60 in-

tersects three branches, yielding three clusters. Everything below the line within a

single branch belongs to the same cluster. The orange branches on the left form one

cluster (the no-internet customers), and the green branches on the right form two

clusters (two types of internet-service customers).
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• The big jump: The most informative feature of a dendrogram is often a large gap

between successive merge heights. Here, the sub-clusters within each group merge

at distances below 60, but the �nal merge joining the two main branches (the blue

line) occurs at distance � 150—more than double. This large jump tells us that the 2-

cluster split is by far the dominant structure: the two groups are internally cohesive

but very different from each other. This is consistent with the elbow and silhouette

analysis from the K-means section.

The general rule for reading dendrograms is to look for large jumps in merge height. A

big jump suggests a “natural” boundary—clusters below that height are reasonably tight,

but merging them further requires bridging a large gap. Where there is no obvious jump

(the tree rises gradually), the data does not have a single clear-cut number of clusters, and

business judgment must guide the choice.

Use Cases. Hierarchical clustering is often used in genomics and bioinformatics to clus-

ter genes or patient samples. For instance, in gene expression analysis, dendrograms

can show how samples cluster (perhaps indicating subtypes of a disease) and how genes

cluster (perhaps indicating functional groups).

In marketing analytics, �rms use hierarchical clustering to �rst divide customers broadly

and then �nd subsegments; this is useful when a natural taxonomy is suspected. The

churn example above illustrates this: the �rst cut separates internet from non-internet

customers, and �ner cuts reveal sub-segments within the internet group that might war-

rant different retention strategies.

Computational Note: Hierarchical clustering is more computationally intensive than

K-means for large datasets. Very large datasets (millions of data points) may be infeasible

to cluster hierarchically without special techniques; K-means or other methods are often

preferred at large scale.
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Linkage Effects: Single linkage can sometimes yield one giant cluster and many single-

tons. Complete linkage is more stringent and often more balanced but can break large

natural clusters if there is even a single outlier far from the rest. Practitioners often exper-

iment with different linkage methods or use domain knowledge to choose one.

In summary, hierarchical clustering is especially useful when a nested hierarchy of

segments—a tree that can be cut at different levels—is desired.

11.3 Density-Based Clustering

Density-based clustering takes a fundamentally different approach. Instead of partition-

ing data into a pre-speci�ed number of groups, it de�nes clusters as regions where data

points are packed closely together, separated by sparser areas. Points in sparse regions

are labeled as noise and left unclustered (Ester et al., 1996).

This difference has three practical consequences. First, density-based methods do not

require you to choose the number of clusters in advance—the algorithm discovers how-

ever many dense groups the data naturally contains. Second, clusters can take on arbi-

trary shapes, not just the roughly spherical blobs that K-means tends to produce. Third—

and most important for many business applications—the algorithm explicitly identi�es

outliers rather than forcing every observation into a cluster. In fraud detection, for exam-

ple, those outlier points are the suspicious transactions—the object of interest.

Key Concepts. The ideas behind density-based clustering are best understood through

three types of points: A core point is a point that has at least some minimum number of

neighbors—dictated by a parameter of the model—within a speci�ed radius. These are

points in the “thick” of a cluster. A border point falls within the radius of a core point but

does not itself have enough neighbors to be a core point. It sits on the edge of a cluster. A

noise point is not within reach of any core point. It does not belong to any cluster.

Clusters are formed by linking core points that are neighbors of one another—if you
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can walk from one core point to another through a chain of nearby core points, they

belong to the same cluster. Border points are assigned to the cluster of the nearest core

point they touch. Noise points are left unassigned.

HDBSCAN

HDBSCAN (Hierarchical Density-Based Spatial Clustering of Applications with Noise) is

the most widely used density-based clustering algorithm in practice (Campello, Moulavi

and Sander, 2013). Its key idea is to examine the data at multiple scales of density simulta-

neously. Imagine slowly lowering the threshold for what counts as “dense”: at �rst, only

the very tightest pockets of points qualify as clusters; as the threshold relaxes, broader

groupings emerge and eventually everything merges into one mass. HDBSCAN builds

this entire hierarchy and then asks: which clusters are stable—that is, which groupings

persist over a wide range of density thresholds rather than appearing brie�y and dissolv-

ing? Stable clusters are retained; �eeting ones are discarded.

This multi-scale approach has two important consequences. First, it can �nd tight

clusters and diffuse clusters in the same dataset, because each cluster is evaluated at the

density scale where it is most coherent—there is no single threshold that must work for

all groups at once. Second, it discovers the number of clusters from the data rather than

requiring the analyst to specify it in advance. Points that do not belong to any stable

dense region at any scale are labeled as noise.

HDBSCAN also outputs a membership probability for each point, indicating how con�-

dently it belongs to its assigned cluster. A probability near 1 means the point sits �rmly

inside a dense region; a lower probability means it is near a cluster boundary. This is

useful when cluster edges are fuzzy—rather than a hard yes-or-no assignment, the algo-

rithm gives a measure of certainty that can inform downstream decisions (e.g., routing

borderline transactions to manual review).
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Preprocessing for HDBSCAN. Because HDBSCAN relies on distances between points

to determine density, preprocessing choices can substantially affect the results.

Feature scaling is essential—if one feature ranges from 0 to 100,000 (e.g., transaction

amount in cents) and another from 0 to 1 (e.g., a binary indicator for card-present), the

distance calculations will be dominated by the �rst feature.

Outlier handling requires a lighter touch than with K-means or hierarchical clustering.

With those methods, extreme outliers can drag centroids or warp dendrograms, so it is

common to winsorize or remove them before clustering. With HDBSCAN, outliers are

part of the point: the algorithm is designed to label them as noise rather than force them

into clusters. Aggressively removing outliers before running HDBSCAN risks discarding

precisely the observations the method is built to surface. That said, obvious data-entry

errors should still be corrected or removed, because they are not genuine anomalies—they

are corrupted data.

Dimensionality can also matter. HDBSCAN measures density in the full feature space,

and in high-dimensional spaces distances between points tend to become more uniform

(a phenomenon known as the curse of dimensionality), making it harder to distinguish

dense regions from sparse ones. If you have many features—especially many one-hot en-

coded categorical variables—consider reducing dimensionality �rst (e.g., via PCA, cov-

ered in Section 12) before running HDBSCAN.

Choosing parameters. HDBSCAN has one main parameter: min cluster size, which

is the smallest group of points that the algorithm will consider a “real” cluster rather than

noise. This choice should be driven from domain knowledge: for example, if you are

segmenting a customer base of 10,000, you might set mincluster size to 50 because a

segment of fewer than 50 customers is too small to act on.

A secondary parameter, min samples, controls how conservative the algorithm is about

labeling points as noise. Higher values require denser neighborhoods to qualify as core
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points, which means more points get classi�ed as noise. A practical starting point is to

set min samples to min cluster size or slightly smaller, and then adjust it downwards if

too many points are labeled as noise.

Parameter change Number of clusters # Noise points
min cluster size " Decreases: small groups no

longer qualify as clusters and
are reclassi�ed as noise

Increase: former small clus-
ters become noise

min samples # Tends to increase: looser den-
sity requirement allows more
clusters to form

Decreases: more points pass
the density test and are as-
signed to clusters

Table 5: How HDBSCAN's two main parameters affect the clustering output.

Working Example: Credit-Card Fraud Detection. To see HDBSCAN in action, we ap-

ply it to a synthetic credit card fraud dataset. Each transaction is described by features

such as merchant location, merchant risk score, distance from the cardholder's home,

whether the card was physically present, whether the transaction was cross-border, trans-

action amount, and short-run transaction velocity (how many transactions occurred in the

preceding 24 hours). The data contain three underlying patterns: a large mass of routine

transactions, a small dense burst of coordinated suspicious activity, and a scattering of

isolated fraud-like anomalies.

Figure 11.5 shows the results with min cluster size = 200 (the smallest group we con-

sider a real segment) and min samples = 15. HDBSCAN produces three groups, and each

tells a different story:

• Cluster 1 (n = 18,852) contains virtually all routine transactions. Its pro�le is

low-risk and local: merchant risk is below average, distance from home is low,

card-present transactions are common, cross-border transactions are rare, and both

amount and velocity are near the overall mean. This is a data-driven de�nition of

what typical spending looks like.
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Figure 11.5: HDBSCAN on credit card transaction data. Top left: each transaction plot-
ted in two PCA dimensions—noise points (gray) are scattered far from the main mass.
Top right: cluster pro�le heatmap showing the mean of each feature within each cluster
and the noise set. Bottom left: cluster sizes—one large normal cluster, one small suspi-
cious cluster, and 844 noise points. Bottom right: HDBSCAN membership probability
distribution—most clustered points have probability near 1, indicating high-con�dence
assignments.

• Cluster 0 (n = 304) is smaller but informative. Its pro�le is highly suspicious: mer-

chant risk is very high (89.0 vs. 23.5 overall), distance from home is far above av-

erage (45 vs. 12), card-present transactions are rare (18%), cross-border transactions

are frequent (66% vs. 8% overall), and transaction velocity is elevated. HDBSCAN

has extracted a compact pocket of coordinated abnormal activity as its own cluster.

• Noise (n = 844) consists of isolated or weakly connected observations that do not

belong to any stable dense region. These are not random failures of the algorithm—

their pro�le is even more extreme than Cluster 0 on some dimensions, especially

distance from home (110) and cross-border activity (56%). The correct interpreta-

tion is that HDBSCAN is distinguishing between two kinds of suspicious behav-

ior: a dense pocket regular enough to deserve cluster status, and a set of scattered

anomalies that warrant individual investigation.
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This three-way decomposition—stable normal core, compact suspicious cluster, and

irregular suspicious fringe—is precisely the kind of output that makes HDBSCAN valu-

able for fraud detection. The algorithm is not claiming that all noise points are fraudulent,

nor that all fraud must be noise. It is separating the data into dense behavioral regimes

and a set of observations unusual enough to warrant further attention. A manager re-

ceiving this output has two immediate actions: (i) use the dominant cluster's pro�le as

a baseline for monitoring (transactions that deviate from this pro�le merit a closer look),

and (ii) route the small cluster and the noise points to a fraud investigation team for re-

view.

Use Cases. Density-based clustering has proved most valuable in areas where auto-

matic cluster discovery, arbitrary cluster shapes, and built-in noise detection provide a

clear advantage over simpler methods.

Fraud and anomaly detection. The ability to label low-density points as noise makes

density-based methods a natural �t for fraud detection, where the goal is precisely to

�nd observations that do not belong to any normal pattern. Financial institutions use

these methods to cluster typical transaction behavior and �ag isolated, irregular transac-

tions as potential fraud. Databricks Labs built an open-source tool called GEOSCAN—a

DBSCAN variant designed for credit card fraud detection at scale—that clusters each

customer's normal transaction locations and �ags purchases outside those zones in near-

real-time (Databricks Labs, 2021). Morocco's central bank (Bank Al-Maghrib) deployed

an ensemble model including HDBSCAN to detect anomalies in �nancial statements sub-

mitted by regulated institutions—errors, fraud, or systemic risks that could distort mon-

etary policy decisions (Bank for International Settlements, 2024). In insurance, the ac-

tuarial �rm Milliman benchmarked several anomaly detection methods and found that

HDBSCAN achieved complete detection of all ground-truth anomalies on appropriately

sized datasets, though it noted that computational cost can be a constraint on very large
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datasets (Milliman, 2025).

Geospatial and logistics applications. Geographic data—GPS coordinates, delivery

addresses, store locations—clusters along streets, coastlines, and transit corridors rather

than in neat circles. K-means's assumption of spherical clusters produces poor results

in this setting, which is why major geospatial platforms (Google BigQuery GIS, PostGIS,

Esri's ArcGIS Pro) all include built-in density-based clustering functions.

Ride-hailing company Grab used DBSCAN with a 300-meter radius on booking coor-

dinates (pickup and dropoff locations) to assess the viability of its GrabShare ride-pooling

service across Southeast Asia. The analysis revealed that 35–46% of peak-hour bookings

fell into matchable clusters—enough to justify launching the service (Grab Engineering,

2018). GOGOX (formerly GoGoVan), a Hong Kong logistics platform, developed a re-

cursive variant of DBSCAN to solve delivery routing problems. A uniform radius failed

because dense urban areas like Tsim Sha Tsui might contain 1,000 orders within a 1 km

radius while suburban areas contained only a handful. Their recursive approach subdi-

vides dense clusters while grouping sparse ones, achieving a 61% decrease in route opti-

mization time compared to standard methods. The underlying algorithm is described in

(GOGOX Technology, 2022; Bujel, Lai and Szczerbicki, 2019).

Text analytics and customer feedback. A newer and rapidly growing application is

clustering unstructured text—customer reviews, support tickets, survey responses—after

converting text into numerical vectors using embedding models. 16 GitHub's Customer

Success team, for example, uses HDBSCAN to automatically categorize customer sup-

port tickets into topic clusters, surfacing emerging issues and feature requests that would

be invisible in manual review (GitHub Customer Success, 2024). DoorDash applied DB-

SCAN to �nancial variance analysis, where one discovered cluster of 216 journal entries

16Embedding models map a block of text into a numeric vector designed to capture meaning. Conceptu-
ally, text-embedding models try to ensure that two blocks of text that are semantically similar are close to
each other in vector space, and vice versa.
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all related to order cart adjustments—a pattern that was invisible to manual review (Do-

orDash, 2025).

Text data is particularly well-suited to density-based clustering because the number

of topics is unknown in advance, topic clusters are often irregularly shaped in the embed-

ding space, and some documents do not �t neatly into any topic (noise).

11.4 Comparison of Clustering Methods

Each clustering approach has strengths that match different problem characteristics.

K-means is the go-to method for a quick, interpretable partition of the data into a

prespeci�ed number of segments. Hierarchical clustering is suitable for exploring a hi-

erarchy of progressively �ner or nested segments. HDBSCAN is better suited if the data

contains clusters of irregular shape or meaningful outliers—especially if identifying those

outliers is key.

A key point to bear in mind is that these methods are complements: it is common

practice to run more than one and compare results, treating agreement across methods as

evidence that the structure is genuine.
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12 Dimensionality Reduction

In many datasets, we have a large number of features (dimensions). However, high-

dimensional data can be dif�cult to work with: It is hard to visualize (we can't directly

plot points beyond 3D), many features might be correlated or redundant, and the curse

of dimensionality (i.e., that high-dimensional spaces can be mostly empty) often makes

analysis computationally and statistically challenging.

Dimensionality reduction techniques address this by transforming data from a high-

dimensional space to a lower-dimensional space (e.g., compressing 100 features into 2

or 3 synthetic features) while trying to preserve as much important structure as possible.

This is analogous to �nding the “essence” of the data. It can be used for visualization (i.e.,

to reduce a high-dimensional dataset to 2D or 3D for plotting), as a pre-processing step to

reduce complexity for subsequent modeling (e.g., avoiding multicollinearity or speeding

up a supervised learning algorithm), as well as for noise reduction, data compression,

and others. We will focus on PCA as the main workhorse for dimensionality reduction

and interpretability, and we will brie�y discuss a visualization-�rst technique, t-SNE and

its modern cousin, UMAP.

12.1 Principal Component Analysis

PCA is a powerful tool for simplifying complex data. Its goal is to �nd a new set of

summary axes (called principal components) that capture the most variance in the data.

Simply put, PCA �nds a new set of axes for the data such that the �rst axis (principal

component 1) is the direction along which the data varies the most; the second axis is the

direction of next highest variance, subject to being uncorrelated with the �rst; the third

is the next highest variance uncorrelated with both prior directions, and so on. By pro-

jecting the data onto the �rst few principal components, PCA gives a lower-dimensional

representation that retains most of the information present in the original data (Jolliffe
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and Cadima, 2016).

A Toy Example

Consider data on two features, x1 and x2. If the two features are perfectly correlated (i.e.,

x2 is a linear function of x 1), then the data points lie on a straight line (Figure 12.1, left

panel). In this case, PCA identi�es the line as the �rst principal component (PC 1), which

captures all of the variation. The second component (PC2), perpendicular to the line,

carries zero information because the data does not vary in that direction. We started with

two variables, but one was redundant, and PCA discovered the redundancy.

Now suppose x1 and x2 are correlated but not perfectly; e.g., let x1 be units sold and x2

be revenue. The data points form an elongated cloud rather than an exact line (Figure 12.1,

right panel). PCA places PC1 along the long axis of the cloud (the direction of greatest

variability) and PC 2 perpendicular to it (the direction of least variability). If PC 1 captures

most of the variance, we can drop PC2 and approximate the data with a single summary

variable, effectively �ltering out the noise in the perpendicular direction while retaining

the main trend.

x1

x2

PC1

PC2

Perfect correlation

x1

x2

PC1 (Trend)

PC2 (Noise)

Correlated with noise

Figure 12.1: PCA on two variables. Left: when x 2 is a perfect linear function of x 1, all
points lie on a line. PC1 runs along the line and captures 100% of the variation; PC2 car-
ries zero. Right: when the variables are correlated but not perfectly, the data forms an
elongated cloud. PC1 captures the main trend; PC2 captures the smaller residual varia-
tion, which is often mostly noise.

This toy example illustrates the core idea: PCA rotates the axes to align with the di-

rections of greatest variation, allowing us to keep the most informative directions and
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discard the rest. The same logic extends to any number of features. With 50 features,

PCA might �nd that the �rst 5 principal components capture 80% of the total variation,

meaning the data, despite nominally living in a 50-dimensional space, has only about 5

truly independent dimensions of variation.

What PCA Is (and Isn't) Good For

Before diving into the technical details, it is worth understanding the main reasons prac-

titioners use PCA.

Visualization. With more than three features, data cannot be plotted directly. PCA

projects high-dimensional data onto two or three summary axes, producing a scatter

plot that reveals patterns, clusters, and outliers. These summary axes are not original

features—they are weighted combinations of all features—but they provide the most in-

formative low-dimensional picture possible (in the sense of preserving the most variance).

Compression and noise reduction. Many datasets contain features that are highly cor-

related with one another and thus partially redundant. PCA identi�es this redundancy

and replaces many correlated features with a smaller number of uncorrelated summary

variables. This can make downstream analyses faster, more stable, and less prone to over-

�tting.

Preprocessing for supervised learning. PCA is often used as a preliminary step before

training a predictive model. Instead of feeding 100 correlated features into a regression or

classi�cation algorithm, you can feed the �rst 10 principal components. This can improve

model stability and reduce over�tting. However, there is an important caveat: PCA se-

lects directions based on variance in the features, not on predictive power for the outcome. A

component that captures very little variance overall might still be highly predictive of the

target. Discarding it in the name of compression could hurt predictive performance. We

return to this point below.

What PCA is notgood for. PCA captures only linear relationships. If the meaningful
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structure in the data is curved or nonlinear, PCA may miss it entirely. Nonlinear alter-

natives such as t-SNE and UMAP, covered in Section 12.2, are better suited for those

situations. PCA also does not identify clusters or segments on its own—it simpli�es the

data, but you still need a clustering algorithm or visual inspection to �nd groups. Fi-

nally, PCA components are “abstract” axes that mix multiple original features together,

which can make them harder to interpret than the raw features themselves. We discuss

interpretation strategies below.

Preprocessing for PCA

PCA's results depend heavily on how the data are prepared. Three preprocessing deci-

sions deserve attention.

Feature scaling is essential. PCA works by �nding directions of maximum variance. If

one feature is measured in dollars (values in the millions) and another in units (values in

the single digits), the dollar feature will dominate the variance simply because of its scale,

and the �rst principal component will essentially replicate that one feature.

PCA is designed for continuous (numeric) variables. The linear algebra behind PCA as-

sumes that features are continuous and that the correlation structure among them is

meaningful. While it can handle binary (0/1) indicator variables, it works best when

most features are numeric.

Alternatives for categorical data. When the data is mostly or entirely categorical, two al-

ternatives are worth considering. Multiple Correspondence Analysis (MCA) is the categori-

cal analogue of PCA—it operates on frequency tables rather than correlation matrices and

is designed for categorical variables. For mixed data (some continuous, some categorical),

Factor Analysis of Mixed Data (FAMD) extends PCA to handle both types simultaneously

by applying PCA logic to the continuous features and MCA logic to the categorical ones.

In practice, if the data contains a handful of categorical variables among many nu-

meric ones, one-hot encoding followed by standard PCA is usually �ne. If the dataset is

156



predominantly categorical, MCA or FAMD is the better starting point.

PCA Output

Starting with features x 1, . . . , xp, PCA produces three outputs.

Loadings. Each principal component is de�ned by a set of loadings (also called weights)—

one per original feature—that describe how much each feature contributes to that com-

ponent. For example, PC1 might put a large positive loading on sqft living, a moderate

positive loading on bathrooms, and a negative loading on yrs sincerenovation. The sign

and magnitude of the loadings are what give the component its meaning: they tell you

what “mixture” of original features the component represents. Interpreting loadings is

the primary way to assign a meaningful label to a component (e.g., “this component rep-

resents overall house size and quality”).

Explained variance. PCA reports the fraction of total variance captured by each com-

ponent. PC1 always explains the most, PC2 the next most, and so on. A common visu-

alization is the scree plot (a bar chart of explained variance per component with a cumu-

lative line), which helps answer: “How many components do I need to retain most of

the information?” A common rule of thumb is to keep enough components to reach 80%

cumulative variance, though the right threshold depends on the application.

Scores. For each observation, PCA computes a score on each component—the observa-

tion's coordinate in the new PCA axis system. Each score is a weighted combination of

the original features:

zi = w i1 x1 + w i2 x2 + � � � + w ip xp.

Intuitively, z 1 says “where this observation sits along the main pattern in the data”, z 2

says “where it sits along the second-most important pattern”, and so on. These scores are

the new synthetic features that can be used for visualization (plot z 1 vs. z2), as inputs to a

supervised model, or for clustering.

Often, the �rst few principal components explain a large fraction of the overall vari-
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ance. Based on explained variance or other criteria, we typically keep the �rst k < p

principal components. The resulting scores (z1, . . . , zk) are uncorrelated with each other

(which simpli�es many downstream models), ordered by importance, and often much

fewer in number than the original p features while still capturing most of the variance.

Working Example: House Prices

We apply PCA to a subset of features from the house price dataset from earlier. The fea-

tures include square footage of living space, lot size, number of bedrooms and bathrooms,

construction grade, condition, view quality, year built, years since renovation, number of

�oors, fraction of area above ground, and a waterfront indicator. All features were scaled

before running PCA. Figure 12.2 shows four diagnostic panels.

Panel 1 — Scree plot (top left): “How many dimensions does this data really have?”

PC1 captures about 30% of the total variance, PC2 about 16%, PC3 about 10%, PC4 and

PC5 about 8% each. The cumulative line reaches roughly 46% after two components and

72% after �ve. This tells us that the housing data does not compress as neatly as some

datasets: there is no single dominant factor, and substantial information lives beyond

the �rst two dimensions. The orange dashed line marks the selection of �ve components,

which is where the individual bars �atten out and each additional component contributes

diminishing returns. The practical implication is that any 2D scatter plot of this data

captures less than half the variation—it is a useful but decidedly incomplete summary.

Panel 2 — Score plot (top right): “What does the 2D summary look like?” Each dot

is a house, plotted along PC1 (30.4% of variance) and PC2 (15.7%), colored by sale price.

The main mass of homes forms a single dense cloud of dark purple, because the raw price

scale is stretched by a handful of multi-million-dollar properties—nearly all homes fall in

a narrow price band relative to those outliers. The most visible pattern is a rightward tail

of extreme observations beyond PC1 � 5, where a few scattered teal and green dots indicate

158



Figure 12.2: PCA on the house price dataset. Top left: scree plot showing explained
variance per component and the cumulative total. Top right: each house plotted on the
�rst two components, colored by sale price. Bottom left: loadings heatmap showing how
each original feature contributes to each component. Bottom right: biplot overlaying
feature directions (red arrows) on the score scatter.

the most expensive properties. These are likely the largest, highest-grade luxury homes.

Within the main cloud (PC1 from roughly �7 to 3), price differences are not visually

distinguishable—the colors are nearly uniform. The vertical spread (PC2) does not track

price either: moving up or down in the plot produces no visible color shift, con�rming

that PC2 captures a dimension of variation largely independent of price.

Note that the data does not form distinct clusters—it is a single dense cloud with a

long right tail. PCA is serving here as a compression and interpretation tool, not as a

segmentation tool.
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Panel 3 — Loadings heatmap (bottom left): “What does each component mean?” This

is typically the most useful panel for interpretation. The heatmap shows �ve components

across 15 features. Reading column by column:

• PC1 — “Size and quality.” The strongest positive loadings are sqrt living log (0.46),

bathrooms (0.44), grade (0.40), bedrooms (0.33), and �oors (0.28). The strongest nega-

tive loadings are sqft living rel log (�0.32) and yrs sincerenovation (�0.30). A house

that scores high on PC1 is large in absolute terms, high-grade, has many bedrooms

and bathrooms, multiple �oors, was renovated recently, and neighbors even larger

homes. This is essentially a “how much house is this?” dimension, and it is why the

most expensive properties appear at the far right of the score plot.

• PC2 — “Building style and lot type.” The positive loadings are frac above (0.44) and

�oors (0.43); the negative loadings are condition (�0.38), yrs sincerenovation (�0.37),

and sqft lot log (�0.35). A house scoring high on PC2 is a multi-story, recently reno-

vated structure with most of its area above ground, sitting on a smaller lot.

• PC3 — “Lot size contrast.” This component is driven by a contrast between sqft lot log (0.59)

and sqft lot rel log (�0.59), with a secondary positive loading on frac above (0.41). It

captures the difference between absolute lot size and lot size relative to the neigh-

borhood. A high PC3 score indicates a property with a large lot in absolute terms

but small relative to its neighbors—or equivalently, a property in an area where lots

are generally large.

• PC4 — “View quality.” Dominated by view (0.83). This captures whether the prop-

erty has a view, largely independent of its size, age, or lot.

• PC5 — “Sale timing.” Dominated by date continuous (0.95). This component is

almost entirely about when the home was sold. It captures market-wide price trends

over the period covered by the dataset.
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Two features have near-zero loadings on all �ve components: waterfront 1 and spe-

cial structure 1. This does not mean these features are unimportant for predicting price—

it means they are too rare to drive overall variance. A waterfront property commands a

large premium, but waterfront properties are a tiny fraction of the dataset, so they con-

tribute almost nothing to total variance. This is a concrete example of the caveat discussed

earlier: the most varying directions—which is what PCA looks for—are not always the

most predictive directions.

Panel 4 — Biplot (bottom right): “Putting it all together.” The biplot overlays the fea-

ture loading arrows on the score scatter. Each red arrow represents a feature; its direction

shows which components the feature contributes to, and its length indicates how strongly.

Arrows pointing in similar directions correspond to positively correlated features; arrows

at right angles correspond to uncorrelated features; arrows pointing in opposite directions

correspond to negatively correlated features.

Reading the biplot: grade, bathrooms, and sqftliving log point rightward, con�rming

that they are the main drivers of PC1 (the size/quality axis). Bedrooms also points right

but tilts slightly downward. Yrs sincerenovation and condition point in nearly the same

direction, indicating they are positively correlated with each other and negatively corre-

lated with the size/quality features. This makes intuitive sense: older homes that have

not been renovated tend to be in worse condition. The remaining arrows are shorter,

indicating weaker contributions to the �rst two components.

What we lose by reducing dimensions. In this example, �ve principal components cap-

ture about 72% of the total variance. The remaining 28% includes variation in features that

do not load strongly on any of the top �ve components—most notably waterfront status,

which has essentially zero loading everywhere. If we used only these �ve components as

inputs to a predictive model, we would lose that information entirely. More broadly, the

scree plot shows that even at �ve components we fall short of the 80% threshold, meaning
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a nontrivial amount of signal is being left behind. Whenever you use PCA for compres-

sion, you are making an explicit trade-off: fewer features and less noise in exchange for

discarding some genuine signal. The scree plot and the loadings heatmap together tell

you whether that trade-off is favorable.

PCA as a Preprocessing Step for Supervised Learning. PCA is often used to prepare

data for a supervised learning model. Instead of feeding many correlated features (x 1, . . . , xp)

into a regression, classi�cation, or more complex algorithm, you can run PCA �rst, select

the top k components, and use the resulting scores (z1, . . . , zk) as input features.

This can have several bene�ts. The model works with fewer, uncorrelated inputs,

which can improve stability and reduce over�tting. Noise and redundancy in the original

features are reduced. And interpretation can sometimes be easier at the “factor” level:

instead of saying that churn depends separately on 20 correlated engagement metrics,

one might say it depends on two main engagement factors discovered by PCA.

Two practical cautions are important:

• PCA does not consider the target variable. It selects directions based solely on variance

in the features. As the housing example illustrated, a feature like waterfront status

may have very little variance overall but a large effect on price. PCA may place it in

a low-ranked component that gets discarded. When using PCA as a preprocessing

step, it is worth checking whether important predictors are well-represented in the

components you keep—and if not, consider including those features alongside the

PCA scores rather than replacing them entirely.

• Data leakage risk. When using PCA before a supervised model, PCA must be �t on

the training data only, and the same transformation (the same loadings) must then

be applied to the validation and test data. If PCA sees the test data during �tting,

information from the test set leaks into the preprocessing step.
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Use Cases. Customer analytics. Companies often track dozens of features per customer:

demographics, purchase history, website behavior, app engagement, support interac-

tions, and so on. Many of these features are correlated (customers who spend more

also visit more often, buy more categories, and generate more support tickets). PCA

can reduce this complexity by �nding a few underlying dimensions (e.g., “overall en-

gagement”, “price sensitivity”, or “channel preference”) that summarize customer differ-

ences. These components can then be used as inputs to segmentation (clustering on the

PCA scores) or predictive modeling (e.g., churn prediction using the top components as

features).

Finance and risk management. Stock returns are notoriously correlated: when the mar-

ket rises, most stocks tend to rise. PCA applied to a matrix of stock returns typically �nds

that the �rst component captures the overall “market factor” (the tendency of all stocks

to move together), accounting for 30–50% of total variance in a typical portfolio. Subse-

quent components capture sector-speci�c movements (e.g., technology stocks vs. energy

stocks) or style factors (e.g., growth vs. value). Asset managers use PCA-derived fac-

tors to decompose portfolio risk, understand what is driving returns, and hedge speci�c

exposures.17

Survey design and market research. Firms routinely survey consumers on dozens of

product attributes or brand perceptions. Rather than analyzing 50 separate preference

items, PCA can distill them into a handful of interpretable dimensions. A classic appli-

cation is brand perception mapping: plot brands on the �rst two principal components

of consumer ratings, and the resulting “perceptual map” shows which brands consumers

see as similar and which dimensions (e.g., “premium vs. affordable”) drive differentia-

tion.

Operational metrics and KPIs. Businesses track numerous performance metrics, and

17The use of PCA in �nance traces back to Chamberlain and Rothschild (1983) and is closely related
to Arbitrage Pricing Theory (APT). See also Avellaneda and Lee (2010), “Statistical Arbitrage in the U.S.
Equities Market,” Quantitative Finance, 10(7), 761–782, for a practical application using PCA to identify
mean-reverting trading strategies.
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PCA can reveal if several metrics are essentially measuring the same thing. Perhaps “pro-

duction rate,” “units produced per hour,” and “throughput” all boil down to a single

“factory output” factor. By recognizing correlated metrics, management can focus on a

few composite indicators that capture overall performance without redundancy.

Limitations & Caveats. Several limitations of PCA have already been �agged in context,

but they are worth collecting in one place.

Linearity. PCA captures only linear relationships. If the meaningful structure in the

data is curved, folded, or otherwise nonlinear, PCA will miss it. Nonlinear methods such

as t-SNE and UMAP (Section 12.2) or autoencoders (Section 13) can capture more complex

structure, at the cost of interpretability.

Interpretability. Each principal component is a weighted mix of all original features,

and the resulting “abstract axis” does not always come with a clean label. Sometimes

the loadings tell a clear story (as with PC1 = “size and quality” in the housing example).

Other times the mix is not intuitive, and the component resists simple naming. When

this happens, PCA is still useful for compression and visualization, but the components

should not be over-interpreted.

Information loss. Dimensionality reduction always discards something. The aim is to

discard only noise and redundancy, but as the housing example showed, features that

drive little overall variance (waterfront, view) may still matter greatly for a speci�c pre-

diction task. The scree plot makes the cost of compression visible: if the �rst k components

capture only 60% of the variance, 40% of the information is lost.

Sensitivity to outliers. Because PCA is based on variance, a few extreme observations

can disproportionately in�uence the principal components. In the housing score plot,

the luxury homes in the right tail stretch PC1, effectively “pulling” the axis toward the

most extreme properties. When outliers are a concern, it is worth checking whether the

components change materially when the most extreme observations are excluded.

164



12.2 UMAP and t-SNE (Visualization Tools)

When datasets have many features, analysts often want a picture that shows whether the

data contains natural groupings, gradients, or outliers. PCA can provide such a picture,

but because it is limited to linear projections, it sometimes compresses genuinely different

observations on top of each other, producing a blurry cloud where distinct pockets of sim-

ilarity are invisible. UMAP (Uniform Manifold Approximation and Projection) is a non-

linear visualization method that often reveals structure PCA misses. An older method,

t-SNE, serves a similar purpose and is brie�y discussed at the end of this section.

The Core Idea

UMAP works from a simple intuition: points that are similar in the original high-dimensional

space should be placed near each other in a 2D plot, and points that are dissimilar should be placed

far apart. More speci�cally, the algorithm �rst measures the similarity between every pair

of observations in the original feature space, focusing especially on each point's nearest

neighbors. It then arranges points on a 2D canvas, iteratively adjusting positions until the

neighborhood relationships in 2D match those in the original space as closely as possible

(McInnes, Healy and Melville, 2018).

The key difference from PCA is that UMAP is nonlinear: it does not have to map the

data onto a �at plane through the cloud. It can “unfold” curved or twisted structures that

PCA would collapse. The trade-off is that the resulting axes have no inherent meaning—

they are just coordinates on the 2D canvas; thus, you cannot interpret them the way you

might interpret PC1 as “size and quality”.

Preprocessing for UMAP

Like all distance-based methods, UMAP's output depends on how the data are prepro-

cessed. The overriding principle is simple: no single variable should dominate the geometry

just because of its scale or encoding.
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Feature scaling. UMAP computes distances between observations, so a feature mea-

sured in dollars (values in the millions) will swamp a feature measured in years (values

in the tens) unless both are rescaled. Standardization is a reasonable default. If the data

contains extreme outliers, a robust scaler (which uses the median and interquartile range)

is more stable because a handful of extreme values will not distort the scale for everyone

else.

Parameters

UMAP has two main settings that control the character of the output:

n neighbors controls how many nearby points the algorithm considers when de�ning

each observation's local neighborhood. Small values (e.g., 5) make the algorithm focus

on very �ne-grained local detail, producing many small, tightly packed clumps. Large

values (e.g., 50) make it consider broader neighborhoods, producing fewer, larger, more

connected regions. The default is typically 15.

min dist controls how tightly points are packed in the output. A small value (e.g.,

0.0) allows points to cluster very tightly, producing dense clumps with clear separation

between groups. A larger value (e.g., 0.5) forces points to spread out, producing a more

uniform layout where group boundaries are less sharp. The default is typically 0.1.

Because different parameter values can produce different-looking plots from the same

data, it is important to check whether patterns are robust to parameter changes. We illus-

trate this in the example below.

Working Example: House Prices

We apply UMAP to the same house price dataset used in the PCA section, varying the

n neighbors parameter to see how it affects the layout. Figure 12.3 shows the result at

three settings, with each home colored by price.

Reading the �gure from left to right: at n neighbors = 5, the layout is fragmented into
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