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Abstract

We study steady-state equilibria of a sequential learning game in which each agent
chooses between a safe action and a risky action of unknown profitability. Before choosing,
each agent observes how many of the last m agents adopted the risky action, but not
whether they were informed or what their adoption costs were. We show that uninformed
agents’ imitation decisions can be strategic complements: the more likely uninformed agents
are to join risky-action herds, the more informative those herds become about the action’s
profitability. When this complementarity gives rise to multiple equilibria, the one that
maximizes the probability of imitation by uninformed agents also maximizes agents’ welfare.
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1 Introduction

People sometimes imitate others’ choices without fully understanding the rationales behind them.
Diners tend to order popular dishes in restaurants without knowing how informed previous diners
were (Cai, Chen, and Fang, 2009). Investors are more likely to purchase financial assets that their
peers have bought, even without knowing how informed those peers were or what opportunity
costs they faced (Bursztyn, Ederer, Ferman, and Yuchtman, 2014). Similarly, music listeners
are influenced by the songs others have downloaded, even when they cannot observe the factors
underlying those choices (Salganik, Dodds, and Watts, 2006).

This paper studies a sequential learning model in which agents with heterogeneous adoption
costs and heterogeneous information decide whether to adopt a risky action of unknown prof-
itability. Before deciding, each agent observes the choices of his most recent predecessors, but not
their adoption costs or whether they were informed. We show that, even in the absence of payoft
externalities, herds can become more informative as uninformed agents become more likely to
join them, generating strategic complementarities in uninformed agents’ herding decisions.

We analyze steady-state equilibria of a doubly-infinite time horizon game with one active
agent in each period. Each agent chooses between a safe action with a known payoff and a
risky action, whose profitability, the state, is fixed over time and is either high or low. The
agent knows the state with some probability, observes his own cost of adopting the risky action,
which is either high or low, and how many of his last m € N predecessors took the risky action.'
Low-cost agents always prefer the risky action. High-cost agents prefer the risky action only if
their posterior of the high state exceeds some threshold, which we assume is above their prior.

A first observation is that in every equilibrium, uninformed high-cost agents will take the
risky action only if all of their last m predecessors did so, i.e., they observe a herd. To see why,
suppose they take the risky action without observing a herd. Then they would do so for sure
after observing a herd, making herds absorbing in the high state. Consequently, not observing a
herd would reveal the low state, contradicting agents’ incentives to take the risky action there.

Our main result is that as long as m > 2,2 the steady-state informativeness of herds increases

'In this baseline setting where agents have two possible costs, observing the exact sequence of the last m
actions yields the same set of equilibrium outcomes as observing only summary statistics (see Proposition 5).
2If m = 1, both in this baseline case and when agents are initially unaware of the risky action, the steady-state

informativeness of 1-agent herds is constant in the probability with which uninformed agents join them.



with the probability that uninformed agents join them. Hence, uninformed agents’ actions are
strategic complements, resulting in a multiplicity of equilibria for an open set of parameters.

The driving force behind our result is that agents cannot tell whether an observed herd is part
of a longer sequence of risky actions. Uninformed agents’ imitation lengthens such sequences
in expectation, making it more likely that an observed herd is part of a longer sequence. This
improves the informativeness of herds, because longer sequences of the risky action contain more
choices made by informed agents on average and are therefore more indicative of the high state.

We then analyze several variations of our model. First, suppose agents are initially unaware
of the risky action: they can take it either when at least one of their last m predecessors did so
or when they observe the state themselves.®> We show that when m > 2, whether uninformed
agents’ herding behaviors are complements or substitutes depends on the type distribution.

Intuitively, since uninformed low-cost agents cannot take the risky action when they are un-
aware of it, a risky action taken when none of the last m agents took it is more informative about
the state than a risky action taken elsewhere. Imitation may then lower the informativeness of
herds, since it raises the chance that uninformed agents are aware of the risky action, which
counteracts its effect of increasing the duration of herds. This “awareness” effect dominates
when (i) a majority of agents have low costs, so that a restart of the risky action is more likely
to develop into a herd than to terminate midway, and (ii) most agents are uninformed, in which
case uninformed agents can remain unaware of the risky action for a long time.

Next, suppose agents have three possible costs: the low-cost agents who always prefer the
risky action, the high-cost agents whose optimal action depends on the state, and the highest-cost
agents who always prefer the safe action. In this setting, uninformed high-cost agents sometimes
take the risky action when they observe herds with size less than m, since the lack of risky actions
can be partially attributed to some of their predecessors having the highest cost. Nevertheless,
herding behaviors remain strategic complements under some parameter configurations. We also
show that whenever such complementarities lead to multiple equilibria, the one that maximizes
uninformed high-cost agents’ imitation probability also maximizes agents’ welfare.

Our paper contributes to the social learning literature, in which most papers either assume
that players observe the entire sequence of past actions (e.g., Banerjee, 1992; Bikhchandani

et al., 1992; Smith and Sgrensen, 2000; Kartik et al., 2024), or that they observe a subset of

3Intuitively, since the state reveals the profitability of the risky action, it also reveals the action’s existence.



past actions while being able to attribute each observed action to the exact person who took it
(e.g., Acemoglu et al., 2011; Lobel and Sadler, 2015). Callander and Hérner (2009), Guarino,
Harmgart, and Huck (2011), and Acemoglu, Makhdoumi, Malekian, and Ozdaglar (2022) study
models where agents observe the summary statistics of all past actions. In contrast, the agents
in our model can only observe the summary statistics of the last m actions,* under which agents
who observe m-agent herds do not know how long these herds have lasted.

Monzén and Rapp (2014), Banerjee and Fudenberg (2004), and Dasaratha and He (2022)
study models where players observe only the number of times each action was taken among
a randomly sampled set of predecessors, under various sampling rules and sample sizes.” We
examine a different sampling rule: each agent observes the summary statistics of the actions
taken by their last m predecessors. Whereas these papers examine long-run learning outcomes,
our focus is on whether uninformed agents’ herding behaviors are complements or substitutes.

The closest related paper is Banerjee (1993), who studies several models in which agents learn
from rumors: Each agent observes one immediate predecessor’s action but not the predecessor’s
cost or whether the predecessor knew the state. In his models, agents know exactly when rumors
started, under which rational agents follow the rumors only when they receive them early enough.
We instead consider settings in which agents do not know when the learning process started.
Our steady-state framework fits situations where the risky action (e.g., a technology, a rumor)
has existed for a while, making it hard for people to track exactly when it started.

Our paper also relates to a burgeoning literature that analyzes steady-state equilibria of
dynamic games such as Clark, Fudenberg, and Wolitzky (2021) and Anti¢ and Pei (2026). Ace-
moglu and Wolitzky (2014) conduct a steady-state analysis of an overlapping-generations model
with payoff externalities and show that players’ actions are always substitutes. In contrast, we
study a model without payoff externalities in which agents’ actions are sometimes complements.

Several recent contributions analyze steady-state equilibria of social learning models. For

example, Kabos and Meyer (2021) assume that past agents’ actions are recorded with noise

4Pei (2024) studies a reputation model where each uninformed short-run player observes the number of times
an informed long-run player took each of his actions in the last m periods.

°In Ellison and Fudenberg (1993, 1995), each agent observes the summary statistics of the actions taken by a
random sample of other agents, and then instead of playing a best reply, chooses an action using some heuristics.
Wolitzky (2018) studies a social learning model similar to Banerjee and Fudenberg (2004)’s in which each agent

samples k of his predecessors, and observes the outcomes of sampled players but not their actions.



and examine whether agents put too much weight on their private signals or on others’ actions,
which differs from our research question. Dasaratha, Golub, and Hak (2023) and Levy, Peski,
and Vieille (2024) assume that agents have homogeneous preferences but that the state evolves

over time, which contrasts with our model where agents have heterogeneous preferences.®

2 Baseline Model

Consider a game with a doubly-infinite time horizon t € Z = {...,—1,0,1,...}, one active agent
in each period, and a constant state of the world # € © = {f,0} C R,. Let m, € (0,1) denote
the prior probability of the high state 0. In period t, agent ¢ chooses a; € {0, 1}, where a;, = 0
corresponds to taking a safe action and a; = 1 to adopting a risky action.

Before choosing a;, agent t observes (i) his own cost of adoption, ¢; € {c¢*, ¢} C Ry, with
¢ < ¢* (ii) the number n, == 3200 @, € {0,1,...,m} of his m immediate predecessors who
adopted, where m € Z,, is an exogenous parameter,” and (iii) with probability p € (0,1), the
realized state 0. The costs {¢;}ez are i.i.d. and are independent of 6. Let v € (0,1) denote
the probability that ¢, = ¢*, and let v = 1 — v denote the probability that ¢; = ¢. Following

Banerjee (1993), we consider the following two awareness cases, indexed by j € {a, u}:
1. Agents are aware of the risky action (i.e., 7 = a) and can always choose either action.

2. Agents are initially unaware of the risky action (i.e., j = u). They can adopt only if they

observe the state 6 or if at least one of their m immediate predecessors adopted.

Agent t’s payoff is (0 — ¢;) - a;. Hence, his payoff from taking the safe action is normalized to

0 and his payoff from adopting the risky action equals # minus his cost ¢;. We assume that
c<f and 7l + (1 —m)d <c* <0, (2.1)

Thus, cost-c agents strictly prefer to adopt in both states, and cost-c¢* agents prefer to adopt

only when their belief that § = 6 is more than 7, := %, where 7, € (m,1) by (2.1).

6Qur finding that uninformed agents’ imitation improves the informativeness of herds continues to hold when
the state is changing over time but is sufficiently persistent.
“In the baseline model, agents cannot observe the exact sequence of their last m predecessors’ actions. In

Section 5, we will comment on the robustness of our result when agents can observe the exact sequence.



Our solution concept is steady-state equilibrium (or equilibrium). In any steady state, the
distribution of n; is independent of ¢, so we let n denote, for a generic agent, the number of people
who adopted among his m immediate predecessors. An equilibrium consists of (i) a strategy o
that maps an agent’s realized cost, whether and, if so, which state he observes, and the value of n,
into his adoption probability;® (ii) two distributions 7z, © € A({0,1}™) over the ordered sequences
of m actions conditional on # and 6, respectively; and (iii) a belief map 7 : {0,...,m} — [0, 1]
that specifies an agent’s belief after observing n but not 6. These components satisfy (i) o is
optimal given 7; (ii) 7 is derived from 7z and p according to Bayes’ rule; and (iii) 7z and p are
the steady-state distributions induced by & conditional on 8 and 6, respectively.

Since agents who observe 6 or have cost ¢ have strictly dominant actions, it is without loss to
focus on the component of & for uninformed high-cost agents, denoted by ¢ : {0,...,m} — [0, 1].

We refer to n € {0,...,m} as their history and o(n) as their adoption probability at history n.

3 Analysis

We first show that, in every equilibrium, uninformed high-cost agents take the risky action only
when n = m, i.e., all of their m immediate predecessors have taken the risky action. We refer

to this situation as observing an m-agent herd, and throughout this section, simply a herd.
Lemma 1. Every equilibrium strategy o satisfies o(n) =0 for all n < m.

The proof is in Appendix A. Intuitively, n = m is more indicative of the high state than
any n < m. Hence, if uninformed high-cost agents adopted with positive probability at some
n < m, then they would adopt for sure when n = m. Then in the high state, n = m will become
absorbing so it will occur almost surely. This implies that observing any n < m would reveal
the low state, contradicting uninformed high-cost agents’ willingness to adopt there.

Lemma 1 implies that uninformed high-cost agents’ equilibrium behavior depends only on
the comparison between the likelihood ratio of a herd, which measures its informativeness, and

_ m/(1—m) ~
R, = —71'0/(1 ) € (1, 00). (3.1)

8When agents are automatically aware of action 1, all strategies are feasible. When agents are initially unaware

of action 1, a strategy is feasible if and only if uninformed agents of all costs can only take action 0 when n = 0.



Let LJ (x) denote the likelihood ratio of a herd in awareness case j € {a,u} when uninformed

high-cost agents take action 1 with probability = € [0, 1] upon observing a herd. This gives

wip_ (L= =py\" 1-(-pe[l-(1-7"]

Li( )—( T ) e [l—(—(=p)] (3.2)
wipy _ (L= =p\" A —p e ="+ 1= (- pa]p+ (1 —pn"]

L )_( 11— ) pr(l—1=py)"+ 1 —-2)p+ 1 —-p)m1—y)ym] (33)

We derive equations (3.2) and (3.3) in Appendix B. We now state our main result.
Theorem 1. When m = 1, L](z) is constant in x for every j € {a,u}. For every m > 2,
1. L% (x) is strictly increasing in x.

2. Lt (x) is strictly increasing in x if and only if v > 1/2 or v < 1/2 and p is above some

threshold py, () € (0,1). If v < 1/2 and p < pu(7y), LY (x) is strictly decreasing in x.°

The proof is in Appendix B. Together with Lemma 1, Theorem 1 leads to a characterization

of all equilibria. We state it as Corollary 1, which follows directly from our theorem.

Corollary 1. In each awareness case j € {a,u}, o(m) =1 is an equilibrium strategy if and
only if R, < L7 (1), and a(m) = 0 is an equilibrium strategy if and only if R, > LJ (0). There

is an equilibrium where o(m) € (0,1) if and only if

1. either min{L? (0), L7 (1)} < R. < max{L? (0), L (1)}, under which there is exactly one

equilibrium that satisfies o(m) € (0,1),
2. or L1 (0) = LJ (1) = R., in which case every o(m) € [0,1] is an equilibrium strategy.

We illustrate Theorem 1 and Corollary 1 in Figure 1. Theorem 1 implies that, unlike in the
case where each agent observes only one predecessor’s action, when each agent observes two or
more actions (i.e., m > 2), the informativeness of herds generically varies with the probability
that other uninformed agents join them. This in turn makes uninformed agents’ actions strategic
complements or substitutes, even though there is no payoff externality between agents.

In particular, Theorem 1 implies that herds can become strictly more informative when
uninformed agents are more likely to imitate them. This is always the case when agents are

automatically aware of action 1, as well as when they are initially unaware of action 1 but v or p is

Tf 4 < 1/2, then in the knife-edge case where p = p,,,(7), L% () is constant in z.
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Figure 1: Panel (a) illustrates the three equilibria in each awareness case, with filled markers
denoting pure and open markers mixed equilibria. Panel (b) shades the region where imitation

raises herd informativeness for each displayed m, with darker shading indicating overlap.

large. In these situations, uninformed agents’ actions are strategic complements, as each of them
benefits more from joining a herd when other uninformed agents join with higher probability.
Due to this strategic complementarity, there are multiple equilibria when L7 (0) < R, < LJ (1):
if L7 (0) < R, < L7 (1), there are two pure-strategy equilibria and a non-trivial mixed-strategy
equilibrium, and if R, € {L7 (0), L? (1)}, there are two pure-strategy equilibria.

If agents are initially unaware of action 1 and L% (0) > L (1), herds become less informative
when uninformed agents join them with higher probability. Uninformed agents’ actions are then
strategic substitutes. There is always a unique equilibrium, in which agents play o(m) = 0 if
R, > L¥(0), play o(m) = 1 if R, < L% (1), and mix non-trivially between actions 0 and 1 if
R. € (LY (1), L% (0)) with the mixing probability pinned down by agents’ indifference condition.

Intuitively, uninformed high-cost agents’ imitation can affect the informativeness of herds
through three channels. First, it affects their immediate successors’ observations and actions.
This is the only channel present when m = 1. Through this channel, more imitation does not
affect the informativeness of herds in the steady state, because it raises the adoption probability
at a herd by the same amount in both states. To see this, suppose m = 1. The difference between

the adoption probabilities at n = 1 and at n = 0 comes entirely from uninformed agents, so this



difference, denoted by [, is independent of the state. The steady-state balancing equation is
po(1) = pe(0)Pr(a=1|n=0,0) 4+ ug(l)| Pr(a=1|n=0,0)+ 3|,

which implies that (1) = Pr(a=1|n=0,60)/(1 — /). Hence, # does not affect pz(1)/pa(1).

Second, when m > 2, an uninformed agent’s imitation also affects whether agents after his
immediate successor observe a herd. For example, if m = 2, then unless agent ¢ takes action 1,
agent t + 2 will not observe a herd regardless of agent ¢ + 1’s action. Since each agent can only
observe the last m actions, the herd he observes might be part of a longer sequence of adoptions.
Imitation increases the informativeness of herds because it raises the expected length of such
sequences, and longer sequences of adoptions contain more informed choices on average.

Third, when m > 2 and agents are initially unaware of the risky action, an uninformed
agent’s imitation also affects whether agents after his immediate successor are aware of the risky
action. Since uninformed low-cost agents cannot adopt when they are unaware, only informed
agents adopt at n = 0, which makes an adoption at n = 0 more informative about the state

than an adoption at n > 1. In fact, because of this awareness effect, we have
Ly (x) > L% (x) for every m € Z,y,p,v € (0,1), and = € [0, 1]. (3.4)

We establish (3.4) in Appendix B. Intuitively, the above inequality says that, holding the pa-
rameters and uninformed high-cost agents’ strategy fixed, herds are strictly more informative
when agents are initially unaware of the risky action than when they are automatically aware of
it.

Uninformed high-cost agents’ imitation increases the probability that other uninformed agents
are aware of action 1 and, through this channel, lowers the informativeness of herds. This neg-
ative effect is more pronounced (i) when most agents have low costs (i.e., v is low), so that a
restart at n = 0 is likely to develop into a herd rather than to terminate midway, and (ii) when
most agents are uninformed (i.e., p is low), in which case n = 0 persists for a long time once
it occurs. Uninformed agents’ actions are strategic substitutes when the negative effect from
raising awareness dominates the positive effect of the second channel.

Next, we compare agents’ welfare across equilibria when strategic complementarity in unin-
formed agents’ decisions leads to multiple equilibria. We show that the highest equilibrium, the

one that maximizes uninformed high-cost agents’ probability of imitation, maximizes welfare.



Proposition 1. Fiz j € {a,u} and suppose L} (0) < R, < LJ (1). The equilibrium where
o(m) =1 leads to weakly higher payoffs for all types of agents compared to any other equilibrium,
and the uninformed high-cost agents’ welfare is strictly higher if and only if L7 (0) < R, < LJ (1).

We provide a short proof below. The lesson from this result will be generalized in Section 4.

Proof. 1f L7 (0) < R, < L7 (1), any uninformed high-cost agent’s payoff is 0 in any equilibrium
where o(m) < 1, since choosing action 0 is always a best reply. When R, < L7 (1), his payoff is
strictly positive in an equilibrium where o(m) = 1 and is 0 in other equilibria. When R, = L (1),
uninformed high-cost agents’ payoff is 0 in both pure-strategy equilibria. When agents are
initially unaware of action 1, uninformed low-cost agents’ welfare is also increasing in o(m) since

an increase in o(m) increases the probability with which they become aware of action 1. O

Our next two results examine how the informativeness of herds in the highest equilibrium,
measured by their likelihood ratio, changes with the fraction of high-cost agents ~, the fraction

of informed agents p, and the number of predecessors’ actions each agent can observe m.

Proposition 2. Suppose agents are initially aware of action 1. Herds in the highest equilib-

rium are strictly more informative as vy, p, or m increases.
Proposition 3. Suppose agents are initially unaware of action 1.

1. If R, < L% (1) and LY (x) is strictly increasing in x, then herds in the highest equilibrium

are strictly more informative as v, p, or m increases.

2. If either R, > L% (1) or L% (x) is strictly decreasing in x, then herds in the highest equilib-
rium are weakly more informative as vy increases. But an increase in p or m may strictly

decrease the informativeness of herds in the highest equilibrium.

The proofs are in Appendix C. The more interesting comparative statics arise when agents
are initially unaware of the risky action and either (i) uninformed agents’ actions are substi-
tutes, or (ii) their actions are complements but R, is so large that taking the safe action is
always optimal for uninformed high-cost agents. Figure 2 illustrates how initial unawareness
can reverse the comparative statics under automatic awareness. In panel (a), increasing p from
0.01 to 0.05 moves the highest equilibrium from partial imitation to no imitation and lowers
herd informativeness. In panel (b), increasing m from 3 to 4 lowers informativeness even though

the highest equilibrium continues to prescribe no imitation.
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Figure 2: Herd informativeness in the highest equilibrium, with v = 0.3 and R, = 1.3. Under
automatic awareness (i.e., j = a), informativeness increases in p (panel (a)) and m (panel (b));

under initial unawareness (i.e., 7 = u), it can decrease in p and m when both p and m are small.

The countervailing force is that, when agents are initially unaware of the risky action, an
increase in p makes n = 0 less persistent, since adoption will start sooner when more agents are
informed, and an increase in m makes n = 0 harder to reach, since it requires m consecutive
agents to take the safe action. Both changes reduce the informativeness of herds, because a risky
action taken at n = 0 is more informative about the state than one taken at n > 1.

This countervailing force dominates when awareness matters more for the informativeness of
herds. This is the case, for example, when uninformed agents’ actions are substitutes, so that
the negative effect of imitation (i.e., preserving awareness) is stronger than its positive effect
(i.e., lengthening sequences of adoptions). It is also the case when uninformed high-cost agents
have no incentive to take the risky action (i.e., when R, is large), so that herds are usually

short-lived, and their informativeness depends mostly on the restart of adoption at n = 0.

4 Agents Who Never Take the Risky Action

This section extends the baseline model by introducing agents who never take action 1. Suppose
¢; is drawn from {c,c*,c} C Ry, with v € (0,1) the probability that ¢, = ¢, ¥ € (0,1) the
probability that ¢; = ¢, and v := 1 —7% — v > 0 the probability that ¢; = ¢*. Recall that

e = %*:QQ and R, = %, and by (2.1), R, € (1,00). We assume that ¢ > 6, so cost-¢ agents

10



never take action 1.1° As in the baseline model, before agent ¢ € Z chooses a; € {0, 1} in period

t, he observes ¢;, n; := f{;_m ar € {0,1,...,m}, and with probability p € (0,1), the state 6.
We focus on the behavior of uninformed cost-c¢* agents since others have strictly dominant

actions. Let o(n) denote the probability that those agents take action 1 at n. We introduce

cutoff strategies, each of which is characterized by a marginal history k € {1,...,m} and a

probability z € [0, 1] such that

0, n<k,
Oka(n) =qz, n=k, (4.1)
1, n>k.

Cutoft strategies are totally ordered by the probability that agents take action 1. Formally, oy ,
is weakly higher than oy, if and only if & —x <[ —y. In this order, o, is the lowest strategy,
01,1 1s the highest strategy,!! and strategies oo and oj411 are equivalent. Lemma 2 shows that

focusing on this class of strategies is without loss of generality.
Lemma 2. Fvery equilibrium strateqy is a cutoff strategy.

The proof is in Appendix A. Unlike in the baseline model, uninformed cost-c¢* agents may
adopt even when some of their last m predecessors took action 0. This is because when 7 > 0,
agents will partially attribute the observation n < m to some of their predecessors having cost
¢, rather than to unfavorable information about the state.

By Lemma 2, characterizing equilibria requires comparing, for each cutoft strategy oy ,, the
likelihood ratio of a k-agent herd, denoted by L7 (k,x), with R, defined in (3.1). To facilitate
this comparison, we then examine how the informativeness of a k-agent herd changes with
the probability x with which uninformed cost-c* agents take action 1 upon observing it. This

dependence also determines whether agents’ actions are strategic complements or substitutes.
Lemma 3. Fir any (m,p,7,7), j € {a,u}, and k € {1,...,m}.
1. The derivative AL (k,x)/0x has the same sign for all x € [0, 1].

2. If L7 (k, x) is weakly increasing in x, then LI (k,x) # 1 for all x € [0, 1].

10When only costs ¢* and ¢ occur with positive probability, the equilibrium is trivial: upon observing any of
their last m predecessors taking action 1, uninformed cost-c* agents learn with certainty that the state is 6.
"Since R, > 1 and n = 0 is always a negative signal about the state, uninformed high-cost agents will never

take action 1 when n = 0. This is why it is without loss of generality to set 1,1 to be the highest strategy.

11



3. Ifk>2, L (k,0)> L (k—1,0).

The proof is in Appendix D. Hence, for each marginal history k, imitation either increases
informativeness for all x € [0,1] or decreases it for all . That is, uninformed cost-c¢* agents’
actions are either always complements, or always substitutes. When their actions are comple-
ments, the likelihood ratio remains on the same side of 1 for every imitation probability = € [0, 1].
Moreover, once we focus on pure cutoff strategies the likelihood ratios are increasing in k.

Theorem 2 partially extends Theorem 1:
Theorem 2. Fiz (p,7,7).

1. If m =1, then for every j € {a,u} and in every equilibrium, the marginal history k is 1

and L7 (1,z) is constant in x.

2. If m > 2, then for every j € {a,u}, there exists k¥ € {1,2,...,m} such that L? (k,z) is

strictly increasing in x while L7 (k,0) > 1 if and only if k > k7. Furthermore, k* < m.

The proof is in Appendix E. By Theorem 2, when uninformed agents can only observe one
predecessor’s action, their actions have no impact on the informativeness of herds, which extends
our finding in the baseline model.

When agents can observe at least two actions, their actions are complements only if the
marginal history k exceeds some threshold k7.'2 When agents are automatically aware of action
1, i.e., 7 = a, the threshold k% is always strictly less than m, which implies that uninformed
agents’ actions are always complements when the marginal history is m. This will happen in
equilibrium when R, € [L% (m,0), L% (m,1)]. When agents are initially unaware of action 1,
i.e., 7 = u, the threshold £" might be m, in which case uninformed agents’ actions are strategic
substitutes. This is similar to the baseline model where the informativeness of m-agent herds in
the unawareness case can decrease with the probability of imitation. When the threshold £" is
less than m, uninformed agents’ actions are strategic complements under an open set of R,.

Intuitively, when the marginal history £ is strictly less than m, increasing the probability

of imitation has an additional effect on the informativeness of the marginal history, beyond the

12Statement 2 of Theorem 2 focuses on k such that L7 (k,0) > 1. This is because R, > 1, so in equilibrium, the
likelihood ratio of the marginal history must exceed 1. Furthermore, Lemma 3 implies that when 0L, (k, z)/0z >
0, L7, (k,x) never equals 1, which together with the continuity of LJ, (k,z) with respect to = implies that when

Li (k,0) < 1, we will have L7 (k,z) < 1 for every x € [0, 1], i.e., k cannot be the marginal history in equilibrium.
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three effects discussed in the baseline model: it raises the chance that a k-agent herd grows into
a larger herd, e.g., one that contains k + 1 risky actions. Since such growth is more likely in the
high state, observing a k-agent herd rather than one with more adoptions is bad news about the
state, and it is worse news when herds with more adoptions are expected to occur with higher
probability, i.e., when uninformed agents take the risky action with higher probability.
Theorem 2 implies that in awareness case j € {a, u}, there will be multiple equilibria when

m

R.e | [Lg;l(k,O),Lg;l(k,1). (4.2)
k=ki+1

We then derive an analog of Proposition 1, that when there are multiple equilibria, the one that

maximizes uninformed cost-c* agents’ probability of imitation maximizes agents’ welfare.

Proposition 4. Fiv any j € {a,u} and (7,7, p, R, m) such that there are multiple equilibria.
The highest equilibrium gives uninformed cost-c* agents a weakly higher payoff relative to other

equilibria, and a strictly higher payoff unless oy, 1 is the highest equilibrium and R. = L7 (m,1).

The proof is in Appendix F. Proposition 4 implies that the highest equilibrium also maximizes
the expected payoff of every type of agent: (i) the expected payoffs of informed agents and of
cost-¢ agents do not depend on uninformed cost-c* agents’ strategy, and (ii) the expected payoff of
uninformed cost-c agents is weakly higher when uninformed cost-c* agents use a higher strategy,
because a higher strategy raises the probability that those agents are aware of action 1.

Before elaborating on the intuition, we first point out two caveats that distinguish this welfare
result from that in the baseline model. First, different equilibria may have different marginal
histories, unlike in the baseline model where the marginal history must be m. Second, when
the marginal history £ is less than m, an increase in the imitation probability at k£ may increase

the likelihood ratio of k while decreasing those of herds with sizes more than k. In fact, for any

i€{k+1,...,m}, an increase in the imitation probability at k increases the likelihood ratio of
i if and only if the rate with which L? (k,z) increases, measured by %, exceeds

p(1—p)y?
(y+ @ =phyz)(y+py+ (1 —p)yz)

(4.3)

Hence, if % is between 0 and (4.3), an increase in agents’ imitation probability will
benefit those who observe the marginal history while, on average, hurting those who observe

larger herds, making it unclear whether a higher equilibrium will result in higher overall welfare.
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To understand this welfare result, let us compare uninformed cost-c¢* agents’ welfare (i) in
a higher equilibrium where they take action 1 if and only if n > m — 1, and (ii) in a lower
equilibrium where they take action 1 if and only if n = m. The general case follows similarly.

In the higher equilibrium, history m occurs with higher probability, although its likelihood
ratio may be lower. Nevertheless, because uninformed cost-¢* agents have an incentive to take
action 1 after observing n = m — 1 in the higher equilibrium, and a herd of size m has a strictly
higher likelihood ratio than a herd of size m — 1, those agents will have a strict incentive to
take action 1 after observing n = m. This remains true even though they know that, if others
were to play according to the lower equilibrium, they would not have observed an m-agent herd.
Thus, the higher equilibrium always yields weakly higher expected welfare for uninformed cost-c*
agents. This welfare comparison is strict except in the knife-edge case where uninformed cost-c*

agents are indifferent after observing an m-agent herd when others follow strategy o, ;.

5 Concluding Remarks

This paper studies a social learning model where agents learn from the actions of a limited
number of predecessors without knowing the circumstances under which those actions were taken.
Because agents cannot observe how long a herd has lasted, there can be a positive informational
externality among uninformed agents: herds become more informative when uninformed agents
join those herds with higher probability. This informational externality, in turn, generates
strategic complementarity in uninformed agents’ strategies, giving rise to multiple steady-state
equilibria for a non-degenerate set of parameter values. We conclude this article by discussing

some of our modeling assumptions as well as the robustness of our findings.

Observing the Exact Sequence of Actions: Our baseline model assumes that each agent
t can only observe ZTZI a;_, but not the exact sequence (a;_,,...,a;—1). We now consider an
extension in which agents can observe the exact sequence of the last m actions.

A first observation is that for every equilibrium in the game where agents cannot observe the
sequence of actions, there exists an outcome equivalent equilibrium in the game where agents
can observe the exact sequence. This is a consequence of something we show in Appendix A:
When each agent ¢’s behavior depends on (@¢_n, ..., a;—1) only through >~ | a;_,, the likelihood

ratios of (a;_m,...,at—1) and (a,_,,, ...,a,_,) are the same as long as Y " @, =y ' a;_..
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Next, we show that when agents’ costs are drawn from {c,c*}, as in the baseline model,
regardless of the parameters (m,p,~, R,) and in both awareness cases, the set of equilibrium
outcomes remains unchanged even when agents can observe the exact sequence of the last m

actions. This conclusion will be implied by the following proposition:

Proposition 5. For any m € Z, . and any awareness case j € {a,u}, in any equilibrium,

uninformed cost-¢* agents will not take action 1 unless all of their last m predecessors did so.

The proof is in Appendix G. Lastly, when agents’ cost is ¢ with positive probability, allowing
them to observe the exact sequence of the last m actions can lead to additional equilibria. For
example, suppose agents are automatically aware of action 1. Let m =4, p =1/2, v=75=1/4,
To=1/2,0=1,0=2¢c=1/2, ¢ =31/17, and ¢ = 3. These parameters give R, = 14/3. The

following strategy for uninformed cost-c¢* agents is part of an equilibrium:

1 ifhe{(0,1,1,1),(1,0,1,1),(1,1,1,0),(1,1,1,1)},

0 otherwise.

It is straightforward to check that o is a steady-state equilibrium. However, ¢(0,1,1,1) = 1
whereas ¢(1,1,0,1) = 0, even though both histories contain three predecessors who adopted.
This equilibrium therefore cannot be represented by a strategy that depends only on the sum of
the m predecessors’ actions. If agents are not aware of the risky action, the same strategy is an

equilibrium if we take ¢* = 13/7, so that R. = 6, and keep all other parameters unchanged.

Imperfectly Informed Types: Our baseline model assumes that each informed agent per-
fectly learns the state. We now focus on the case where ¢; € {c,¢*} and assume that each agent
t is informed with probability p, and if informed, receives a binary private signal s; € {+, —}
with Pr(s; = — | §) = Pr(s; = + | §) = ¢ for some € € (0,1/2). Intuitively, signals are “correct”
with probability 1 — . We assume that agents’ private signals are independent of agents’ costs,

and different informed agents’ private signals are independent conditional on 6.

Proposition 6. In awareness case j € {a,u}, for all sufficiently small € > 0, informed

high-cost agents strictly follow their signals in every equilibrium if R, < Ej, where

ﬁa:(1—p)m—1[p+(1—p)(1_7)m]7 }_{u2< I

(L=~ +py)™ 1—7—+m> [P+ (1 =p)((1=7)"+")].
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The proof is in Appendix H. Proposition 6 implies that when informed agents receive noisy
but sufficiently precise signals, the qualitative features of the equilibria remain unchanged when
the required likelihood ratio R, is not too high. Under our sufficient conditions, one can show that
in every equilibrium, informed high-cost agents take action 1 if and only if their private signal
is +, and uninformed high-cost agents take action 1 only if all of their last m predecessors did
so. Furthermore, because R, > 1, the requirement that }_%j > R, also imposes some restrictions
on p and 7. In fact, one can also show that as long as m > 2 and R; > R, > 1, an increase
in the probability that uninformed high-cost agents imitate m-agent herds strictly increases the
informativeness of herds.

In contrast, when R, is too high, informed high-cost agents may have an incentive to take
action 0 even upon receiving signal +. This can happen, for example, when they observe all
of their last m predecessors took action 0. In fact, a higher o(m) can make n = 0 stronger
evidence that the state is low, reducing informed high-cost agents’ incentives to take action 1.

Understanding this additional strategic effect is left for future research.
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A  Proofs of Lemmas 1 and 2

We provide a unified proof for Lemmas 1 and 2. Throughout, v := 1 —7% —~ > 0. The case
7 = 0 is the baseline model (Lemma 1), and 7 > 0 is the three-cost extension (Lemma 2). Let

l[(n) denote the likelihood ratio of the event that n of the last m agents took action 1.

Lemma 4. For any feasible strategy o : {0,1,...,m} — [0,1], and conditional on any state
0, there exists a unique steady-state distribution ug € A({0,1}™). The likelihood ratios induced
by 1 and p satisfy 1(0) < 1 < I(m) and l(n) < I(n+ 1) for every n < m, with strict inequality
whenever [(n +1) > 0. If 5 >0, both i and p have full support, so 1(0) <I(1) < ... <lI(m).

Proof of Lemma /4. Let H := {0,1}"™ and let gyp(n) := Pr(a; = 1| ny = n,0). When agents are
automatically aware of action 1, g(n) = y+~[p+ (1 —p)o(n)], and g(n) = v+ (1 — p)yo(n) for
every n € {0,1,...,m}. When agents are initially unaware, the above applies for every n > 1,
while g(0) = p(y +v) = p(1 — %) and ¢(0) = py. Since gg(n) > py > 0 for every n and 0, state
1:=(1,1,...,1) € H can be reached with positive probability in m steps starting from any
history, conditional on either state. By Theorem 11.2 in Stokey and Lucas (1989), the Markov
chain on H has a unique invariant distribution for every feasible strategy o and state 6.

Let p19 € A(H) denote the invariant distribution in state 6. Write p := uy and i := pz. For
any finite binary sequence h, let || denote its number of ones and let pg(n) == 3 )c o, jpj=n Ho(h).
Since 0 < ¢g(n) < 1 for every n, any history can be reached from any other by a sequence of m
actions in the low state. Hence u(h) > 0 for every h € H, and u(n) > 0 for every n < m. If

5 > 0, then 0 < g(n) < 1—7% < 1 for every n, and by the same argument 7z(n) > 0 for all n < m.

m—1 1—qg(r+1)
r=n_ gqg(r)

We next show that p4(h) depends only on |h|. For any n < m, let go(n) := go(m) [ ]
and choose gg(m) > 0 so that >, (™) ge(n) = 1. By construction,

go(n)go(n) = go(n + 1)[1 — go(n +1)] for every n=0,...,m — 1. (A.1)

If g(m) = 1, the construction gives gz(m) =1 and ggz(n) = 0 for every n < m.

We now verify that assigning probability gs(|h|) to each history h € H gives an invariant
distribution. Let Ov denote the concatenation of action 0 with the action sequence v, and
the same applies to 1v, v0, and v1. For any v € {0,1}™ ', the histories Ov and lv are the
only possible predecessors of v0 and v1. The proposed distribution assigns these predecessors

probabilities go(|v|) and go(|v| + 1), respectively. Letting n = |v| in (A.1) gives go(|v|)qo(|v]) =
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go(Jv| + 1)[1 — go(|v| + 1)]. Therefore, the total probability of reaching v0 from either Ov or 1v is

9o(|[vD)[1 = go([v])] + ga([v] + D)[1 = go(|v] + 1)] = go(|v])[1 — go(|v])] + ga(|v])aa(|v]) = go(|v]).

The same identity implies that the total probability of reaching vl from either Ov or 1lv is
go([v] +1). Every h € H equals v0 or vl for some v € {0,1}™ !, so go(|h]) is invariant.
Uniqueness of the invariant distribution therefore implies pg(h) = go(|h|) for every h € H.

Since pg(n) = (™)ge(n), our notation is well-defined. Applying (A.1) in the two states gives

fi(n) _4(n) 1-g(n+1)
I(n) = == . I(n+1) for every n < m. A2
(n) an) ~ 7)) T—gn+1) (n+1) y (A.2)
All denominators are strictly positive. Since g(n) = g(n) + pvy for every n, the coefficient

multiplying I(n + 1) belongs to [0,1). Thus I(n) < I(n + 1), with strict inequality whenever
[(n +1) > 0. The construction gives gz(m) > 0, so I[(m) > 0 and hence l(n) <I(m — 1) < I(m)
for every n < m. If ¥ > 0, then {(n + 1) > 0 for every n < m since both distributions have full
support, which implies that [(0) < (1) < --- <I(m).

Finally, 1 = Y7 (7i(n) = > 7" l(n)u(n). Since p(n) > 0 for every n < m, monotonicity
and [(m — 1) < I(m) imply that 1 is strictly between [(0) and {(m), i.e., I(0) <1 < I(m). O

Fix an equilibrium strategy o. By Lemma 4, [(0) < 1 < R,, so o(0) = 0 if agents are
automatically aware of action 1. If they are initially unaware, o(0) = 0 follows from feasibility.

First suppose 7y > 0. If uninformed agents with cost ¢* never take action 1, o = 0y,0.
Otherwise, let k be the smallest n for which o(n) > 0. Agents’ equilibrium incentives imply
I(k) > R, > 0. By Lemma 4, we have I(n) > (k) > R, for every n > k, so o(n) = 1 at every
such n. Hence o = oy, with = = o(k) € [0, 1]. This proves Lemma 2.

Now suppose 7 = 0. Assume by way of contradiction that o(n) > 0 for some n < m. Since
o(n) > 0, we must have [(n) > R, as otherwise an uninformed high-cost agent would not take
action 1. Thus [(m) > l(n) > R, so o(m) = 1. But 7 = 0 implies that g(m) = 1, so history 1 is
absorbing in the high state. Uniqueness of the steady-state distribution implies that z(m) = 1,

so l(n) = 0 < R,. This contradicts our earlier conclusion that [(n) > R,. This proves Lemma 1.

Responses to imitation at a cutoff. For later use, we now derive how the probability of
imitation at a cutoff affects the steady-state distribution and the likelihood ratio of the marginal
history k. Fix j € {a,u} and m > 1, and write L(k,z) for L? (k,x). We consider every

ke {l,...,m} when % > 0, and only ¥ = m when 7 = 0.
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Let n = 0 when agents are aware of action 1, and = (1 — p)y when they are initially
unaware. Let gpx(n;x) denote the adoption probability after a history of n adoptions under
strategy oy ., conditional on state 6, and let ppx(n; ) denote the corresponding steady-state
probability of a history of n adoptions. When the cutoff k£ is fixed, we suppress it and write
qo(n; ) and pig(n; ).

Under strategy o0, ¢(0;0) =~ —n and q(0;0) = v + py — 7, while

q6(0;0) + 1, 1<n<k
qo(n;0) =
3%(0;0) +n+ (1 —p)y, k<n<m.
Relative to oy, the strategy oy, only changes the adoption probability at the marginal history
k. Therefore go(n;x) = go(n;0) for every n # k, while go(k; ) = qo(k;0) + (1 — p)ya.

Define -
S te(n;0) >0 He(n;0)

Oy — _
AT 4o(k: 0)
[terating (A.1) gives
)
(1—p)ya
- —7 < k?
1 — qo(k;0)
po(n; )  po(n;0)
= 1, n==k, A3
no(kim) g3 0) (A.3)
(1 —p)yx
R LA
(- a(k;0)
Summing over n, using > " po(n;x) = 1, and rearranging yields
po(k; ) — po(k; 0) = (1 — p)ywpe(k; 2)Co. (A.4)

Since (1 — p)yzuge(k;x) is the steady-state probability of imitation by an uninformed cost-c*
agent at the cutoff, Cp; measures the net change in the probability of observing k adoptions
relative to this probability of added imitation. The reference strategy oy o already prescribes full
imitation above k. When k£ < m, additional imitation at k& makes histories above k& more likely
and can reduce the steady-state probability of exactly k£ adoptions. Thus, Cyj can be negative.

Since pg(k;x) > 0 and pp(k;0) > 0, (A.4) implies 1 — (1 — p)yzCyi = po(k;0)/pg(k; ) > 0,
and hence pg(k; x) = pg(k;0)/[1 — (1 — p)yzCyy). Taking the ratio across states gives

1 — (1 —p)yzCoyy
1-(1 _P)ché,k.

L(k,z) = L(k,0) (A.5)
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For every n > k, combining equation (A.3) with the expression for pg(k;z) above gives

L+ (1 —p)yz/qe(k; 0)'

n;x) = pe(n; 0 A.6
palins) = s 0) = - 2T (A0
Under strategy oy, (A.1) gives, for every n > k,

. m . _ n—k—1

qo(Kk; 0)pig(k;0) () [L = go(k;0) — (1 — p)yJn=*"

The right-hand side is strictly larger in the high state because g(k;0) > g(k;0).

B Proof of Theorem 1

We use the notation and identities of Appendix A with k =m, so L’ (z) = L(m,z). Recall that
under strategy om0, ¢o(n;0) = go(m;0) = gp(0;0) + n for every 1 < n < m. Because ¥ = 0 in
the baseline model, ¢(m;0) =1 — v and g(m;0) =1 -~ + py.

Under oy, the definition of go(n) in Appendix A and the identity z9(n;0) = (") go(n) give

m 1 —gp(m; 0)]™ (M L= ap(m: 0))\ ™"
1= Zue(n; 0) = pg(m;0) [%EOQ O)Ci]a((WQ 0))]m—1 + ; (n) (q@(+,0))) ]

n=0

_ He(m;0)
go(m; 0)™

{1 " %(g; 0) [ = ao(m 0)]’”} :

where the last equality uses the binomial theorem and gg(m; 0) = ¢¢(0;0)+17. Rearranging yields

9(0;0)gg(m;0)™
6(0;0) + [l — gg(m; 0)]™

At k = m, the definition of Cp becomes

po(m;0) =

1 — pg(m; 0)

Com = )
6, 1 — qp(m;0)

(B.1)

Substituting the preceding expression and rearranging gives

i ae(m; 0)™ 1 — go(m; 0)
o = 2 00000 G:0) % T = g O

Substituting these expressions into (A.5) gives (3.2) when n = 0 and (3.3) whenn = (1—p)(1—7).
Since Cp,,, does not depend on z, differentiating (A.5) at k = m yields

dLi(z) (1 =p)vL,(0)[Cq,, — Coml
de 1= (1—p)yaCy,,)?
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Thus, the sign of the derivative is the sign of Cj,, — Cym.

When m = 1, the expressions above give Cy; = 1/(1 — 1), independently of §. Hence L?(x)
is constant in z in either awareness case.

Suppose m > 2 and agents are automatically aware of action 1. Then n = 0, so

m—1

Com — Com =Y _ [(L=7+py) = (1—7)] >0.

i=1
Therefore, L% (x) is strictly increasing in z.

Suppose m > 2 and agents are initially unaware. Then n = (1 —p)(1 —7), so

Co = L1 - p( =)™ 1 L pl=(—py"

EELSAEn— 5, =
Ty p+(1—p)7’"} % (1—p)y p+ (1 —p)™t (1 —y)ym

Subtracting and collecting terms gives

pIIEt gipt(1 — p)tt
Y[p+ (1 =p)y™][p + (1 — p)™ (1 — y)y™]

Cgm — Com =

,m )

where gy, . . ., gm+1 depend on m and 7, but not on p. Now go = v (1 —7)[y™ 1 — (1 — )™ !]
has the sign of v — 1/2. We also have g; = 7"[2 — v — m(1l —y)™ 1 — (1 — )] and g1 =
ST — (1 —9)] > 0. For 2 < i < m, the remaining coefficients satisfy

(lgf) - mZ__Z i L= (=) = (L= )" (L= )™ 7 L= 252 (1= )™

> "= (1 =)™+

m—1+1

A e B (R )

2

The first inequality follows from 1 — (1 —4)i=" < (i — 1)y, 1 — (1 — )2 = 4 71 — )
and 37 (1 =) — (1 —~)™ 1 > (m—i+1)(m —i+2)y(1 —+)™ /2. The second inequality
uses 7™ < % <i(i — 1)y%/2. Thus, g; > 0 for every 2 < i <m + 1.

If v > 1/2, then gy > 0. Moreover, m(1 — )™t < m2=™ <1 gives g1 > y™[(1 —~) — (1 —
7)™ > 0. Hence Cj,, — Cgm > 0, so L, (x) is strictly increasing in x for every p € (0,1).

If v < 1/2, then gy < 0. In the above expression for Cj,, — Cynm, everything apart from
S gipt (1 — p)™+1= is positive. Dividing this sum by p(1 — p)™ > 0 gives

m—+1 i—1
o(5)

This expression is strictly increasing in p: the first term is strictly increasing as gg < 0, the second

is constant, and every term in the sum is strictly increasing because g; > 0. This expression
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tends to —oo as p — 0 and to +o0 as p — 1. By continuity, the intermediate value theorem gives

a zero p,(7) € (0,1), which is unique by strict monotonicity. Hence LY (x) is strictly decreasing

in x when p < p,,(7), strictly increasing when p > p,,,(7), and constant when p = p,, (7).
Finally, when m = 2, (B.1) gives Cyo = (1 + ¢9(0;0) — 1)/(1 — 21 4+ n[qge(0; 0) + n]). Since

G(0;0)—¢q(0;0) = py, we obtain C5,—Cpa = [1777(11?7()1“71@7(71(17?(?7[))7)]. The denominator is positive,
so the sign is determined by 1 —27. In the unawareness case, n = (1 —p)(1—+). Thus, imitation

makes a herd more informative precisely when uninformed low-cost agents constitute a minority.

Comparing the two awareness cases. We now show that L% (z) > L% (x) for every m > 1,
p,v € (0,1), and = € [0,1]. Let N,(z), Dy(z) and N,(z), D,(z) denote the numerator and

denominator of the second factor in (3.2) and (3.3), respectively. Rearranging gives

Nu(x) = p No(z) + (1 = p)y™ [1 —(1 _p)$]a
Dy(x) = pDo(x) + (1 = p)" (1 =)y (1 - 2).

All four quantities are strictly positive, so LY (z) > L% () if and only if N, (2)D,(z) > D, (x)Ny(z).
Substituting the two identities and dividing by (1 — p)y" Ny (z)D,(z) > 0, this is equivalent to

1—(1—-px 1—x
——— > (1=—p)"(1 — . B.2
o (== s (B.2)
For t € [0,1] and a € (0,1), let ¢(t, ) := 1_;% Then ¢ is nonnegative, weakly decreasing

in «, and strictly decreasing in ¢, since 9¢/0t = —a™/(1 — t + ta™)? < 0. By the definitions of
N, and D, the left-hand side of (B.2) equals gb((l —p)z, 1 — 7) and the right-hand side equals
(I—=p)™(1—7)¢(z, 1 = (1 —p)y). Since (1 —p)z < zand 1 —y < 1 — (1 — p)y, we have
¢((1 —p)x,1 — Py) > gb(:z:, 1—(1- p)’y) > 0, and ¢((1 —p)z,1 — 'y) > 0 because (1 —p)z < 1.

Since (1 — p)™(1 — ) < 1, inequality (B.2) follows.
C Proofs of Propositions 2 and 3
By Corollary 1, the likelihood ratio of a herd in the highest equilibrium is

L, (), if R, < L, (1),

(L, 0), Ly (1) = ,
min{R,, L7 (0)}, if R. > L7 (1).
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Since ¢ is weakly increasing in each argument, it suffices to examine how L7 (0) and L7 (1) vary

with v, p, and m. Equations (3.2) and (3.3) give

Lo - (1+72) " L8.(1) =1+ p[(1 - 7)™ — 1],
wimy _ L= (@ =pn]" p+ (1 —ph" w1 p+(1—ph"
L@ === sra gy e =0-p+

Lemma 5. (a) L% (0) and L% (1) are strictly increasing in v, p, and m.
(b) L% (0) and LY (1) are strictly increasing in 7.
(c) If m > 2, then L% (1) is strictly increasing in p.
(d) If L% (1) > L% (0), then p > (1 — p)y™ (1 — 2v) and LY _,(1) > L (1).

Proof. For (a), note that 14+pvy/(1—~) > 1 is strictly increasing in p and ~y, while (1—7)™™—1 > 0
is strictly increasing in v and m. The claims follow from the expressions for L% (1) and L¢,(0).

For (b), L¥ (1) is strictly increasing in y because p+(1—p)y™ increases and (1—+)™ decreases.
The first factor in L¥ (0) equals L% (0) and is strictly increasing in v by part (a). The second
factor can be written as 1+ (1 —p)[1 — (1 —p)™(1 —~)]/[py™™ + (1 — p)™ (1 — ~)]. The added
term has a positive numerator that is strictly increasing in v and a positive denominator that is
strictly decreasing. Thus, L (0) is also strictly increasing in ~.

For (c), 8L§Lp(1) = 1_(11__%;_“’”1 >0 foreverym>2,as (1 —7)" +4" <[(1—7)+7" =1

For part (d), L% (1) > L (0) implies m > 2 by Theorem 1. Direct computation gives

py— (1 —=p)y™(1 —2v)
(1 =)t ’ (©2)

which is positive if vy > 1/2. Consider the case in which 7 < 1/2. Assume by way of contradiction
that p < (1 — p)y™ (1 — 27). Then p+ (1 — p)y™ < (1 — p)(1 — v)y™ !, and hence

Ly (1) = L, (1) =

ptA=py"+(1=-p)A=)"<A-pA-yy" " +1-p)A-7"  (C3)
Since L2,(1) > LY (0) if and only if
A= [p+H(1=p)"  (1=7)y"] [p+(1=p)y"+(1=p)(1=7)"] = (1~ (1=p)7)" [p+(1=p)y"] > 0,
it suffices to show A < 0. Let

J=p+(1-pA—-—y)"-[1-1—-pH"= Z <m>7i(1 - p—p),

23



where the equality follows by expanding p = p[(1—~)+~]™ and [1— (1 —p)7]™ = [(1 =) +p7y]|™.
In particular, 0 < J < p[l — (1 — )™ — mvy(1 — 7)™ !]. Direct substitution gives

A=Jp+L=py"+A=p)" A=)y [p+ (A —p)y" + (1 —p)(1=7)"] = (1—p)*(1—7)"y",

and applying (C.3) to the first two terms yields A < (1 —p)(1 —y)y™ 1 (J — K), where

K= (1 =phy |1 =" (1= 0 =p)"(1 =) = (L =p)" (=307,

We show J < K. If m = 2, then J = p(1 — p)7* < p(1 — p)(1 —7)v(2 — p) = K because
7 <1—r,sincey<1/2. If m >3, using 1 — (1 —p)"(1 —7) >~ and (1 —p)™ <1 gives

K>1=p) A=) [(1=9)"2=4"2] > (m=2)1—p)(1=y)y" ' (1=27) = p(m—2)(1—7),

where the last inequality uses the contradiction assumption p < (1 — p)y™ (1 — 2v). On
the other hand, J < p[1 — (1 —7)™ —my(1 — )™ !. For m = 3, the bracketed term equals
VB —-2y) <y <1l—7=(m—2)(1—7). For m >4, it is less than 1 < (m — 2)(1 — ~). Thus,
J < K, and hence A < 0. This contradicts L% (1) > L% (0) and proves p > (1 —p)y™ (1 — 27).
Equation (C.2) then implies L (1) > Ly (1). O

Proof of Proposition 2. By Lemma 5(a), both L% (0) and L% (1) strictly increase when -,
p, or m increases. By Theorem 1, L% (1) > L% (0). Thus, (C.1) equals L% (1) if R, < L% (1) and
L2 (0) otherwise. The increase is therefore strict in either case. If L$ (1) rises from below R, to

at least R,, the likelihood ratio increases from L% (0) < R, to a value of at least R,.

Proof of Proposition 3, part 1. Since LY (z) is strictly increasing in z, Theorem 1 gives
m > 2 and L (1) > L¥*(0). As R, < L (1), Corollary 1 implies that the highest equilibrium
is 0,1, with likelihood ratio L (1). By Lemma 5(b)—(d), L¥ (1) strictly increases when v, p,
or m increases; the bound on p in (d) persists at larger m, so (C.2) remains positive at every
subsequent step. Thus, R, < L (1) continues to hold, and (C.1) implies that the likelihood

ratio in the highest equilibrium strictly increases.

Proof of Proposition 3, part 2. By Lemma 5(b), L% (0) and L¥ (1) strictly increase in .
Since ¢ is weakly increasing in each argument, the likelihood ratio in the highest equilibrium

weakly increases in v. For p and m, consider the following examples with v = 0.3 and R, = 1.3,

24



as in Figure 2:

(p,m)  Ly(1)  L3(0) (p,m)  Ly,(1)  L3(0)
(0.01,3) 1.0971 1.3214 (0.05,3) 1.1706 1.2328
(0.05,3) 1.1706 1.2328 (0.05,4) 1.1903 1.1547

In the left table, LY () is strictly decreasing in x. Take (p,m) = (0.01,3), so R, = 1.3 €
(L%(1), L%(0)). After p increases to 0.05, the likelihood ratio in the highest equilibrium decreases
from 1.3 to L§(0) ~ 1.2328.

In the right table, R, = 1.3 > max{L%(0), L% (1)} in every row. Hence the likelihood ratio
in the highest equilibrium equals L% (0). It falls from 1.2328 to 1.1547 when m increases from 3
to 4, holding p = 0.05 fixed.

D Proof of Lemma 3

Fix j € {a,u} and m > 1, and use the notation and identities of Appendix A, writing L(k,z) for
L7 (k,x). Throughout this appendix, 7 > 0, so both steady-state distributions have full support
by Lemma 4. When the cutoff & is fixed, we suppress it in ggx(n; ) and ugr(n; x).

For Part 1, differentiating (A.5) gives

OL(k,x) _ (1= p)yL(E,0)[Cs) — Conl
dr 1= (1—p)yaCy,J?

The sign of this derivative is independent of z, proving Part 1.
For Part 2, the definition of gs(n) in Appendix A, the identity p(n;0) = (7")go(n) under
01,0, and the definition of Cy, give

(m) Cek §< )qH (n; 0) ﬁ %_nél (7:)1—%}(”;0) ﬁ 130511;((330)'

n= 1=n-+1 i=k+1

Since q(n;0) > q(n;0) for every n, each term in the first sum is strictly smaller in the high state,

and each term in the second is strictly larger. The first sum is nonempty, so

C@,k Cg k
pg(k; 0) = 119 (K; 0) (D.1)
By (A.4)
L(k,x) 1 11 ] 1 & ¢
Hy(ks ) (kix)  pglk; ) (k;0)  ug(k;0) (1=p)y=z 50 ki 0)



By (D.1), the right-hand side is strictly decreasing in «. Thus, if L(k, z¢) = 1 for some x( € [0, 1],
then L(k,z) > 1 for x < zo and L(k,z) < 1 for x > xy. Hence L(k,-) cannot be weakly
increasing, proving the contrapositive of Part 2.

For Part 3, fix 2 < k < m. We compare L(k — 1,0) and L(k,0) by relating both to L(k,1).
The strategies 0,1 and o041 are equivalent. Under this strategy, the adoption probabilities at
histories k — 1 and k are gg(k;0) and gp(k; 1), respectively. Thus, (A.2) gives

(k;0)[1 — q(k; 1)]
(k;0)[1 —gq(k; 1)]

L(k, 1)
L(k—1,0)

q
q

Furthermore, equation (A.5) implies

q(k; 1)
2 1)) (B-2)

1—q(k; 1) Pl

1 — go(k;0)

1—(1=p)vCoy =

The coefficients multiplying pg(n;0) are weakly increasing in n. By Lemma 4, 7i(n; 0)/u(n; 0) is

strictly increasing in n, hence 7i(+; 0) first-order stochastically dominates p(-;0). Thus

—q(k; k—1 k: m
L= (1= e < 2SS los0) + 700) + ST S o)

Each coefficient in this bound is strictly smaller than L(k,1)/L(k — 1,0) times its counterpart
in the expression for 1 — (1 — p)yCj,, since q(k;z) > q(k;z). For n < k, this is equivalent
to q(k; 0)[1 —q(k;0)] < G(k;0)[1 — q(k;0)]. For n > k, it is equivalent to q(k; 1)[1 —q(k; 1)] <
q(k; 1)[1—q(k; 1)]. At n = k, the comparison follows from L(k,1)/L(k—1,0) > 1. Consequently,

Lk, 1)

1- (1 _p)’YCQ,k < m

[1—(1—p)Cyyl-

Dividing by 1 — (1 — p)vCj,, = pg(k; 0)/pg(k; 1) > 0 proves (D.2) and hence Part 3.
The same argument applies when & = 1, replacing L(k,1)/L(k — 1,0) in the coefficient com-
parisons by q(1;0)[1 — ¢(1;1)]/{q(1;0)[1 —g(1;1)]}. Thus, (D.2) holds for every k € {1,...,m}.
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For k < m, the strategies o9 and o411 coincide. Moreover, the adoption probability at the
cutoff does not depend on which cutoff is used: ggx(k;z) = qor+1(k + 1;2) for every = € [0, 1].
Thus, (A.2), (A.5), and (D.2) imply

} ) (D.3)

Lk+1,1)  qgu(k;0)[1 — gor(k;1)] - s {1
L(k,0)  qor(k;0)[1 — g5, (k; 1)] ’

In particular, L(k, 1) is strictly increasing in k.

E Proof of Theorem 2

We use the notation and identities of Appendices A and D. Recall that gy(k;0) = go(0;0) + 7.
Suppose that m = 1. Since {(0) < 1 < R,, uninformed cost-c* agents choose action 0 after
observing n = 0, so every equilibrium is represented by oy ,. Appendix B gives Cy; =1/(1 —1n)
for all A, and this computation does not require 7 = 0. By equation (A.5), L](1,z) is constant
in x. This proves Part 1.
For Part 2, suppose that m > 2. Let K denote the set of k € {1,...,m} such that L(k,-) is

strictly increasing and L(k,0) > 1.

Lemma 6. For any k € K and x € [0,1], we have L(k,z) > 1, 0 < Gy, < Cg,,, and

Cox Co.k

ok 0) ~ ug(i0)
Proof. Fix k € K. By definition, L(k,-) is strictly increasing and L(k,0) > 1. Lemma 3(2) rules
out L(k,0) = 1. Therefore, L(k,x) > L(k,0) > 1 for every z € [0, 1].

By definition of K, L(k,1) > L(k,0). Together with (A.5) at z = 1, this implies Cyy < Cj,..
Equation (D.1) gives Cj,/ug(k;0) < Cyr/pe(k;0), or equivalently Cp, < L(k,0)Cpy. Hence

0<

Cox < Cgy, < L(k,0)Cyy. Since L(k,0) > 1, this implies Cyx > 0, proving both inequalities. [J

It suffices to show that (i) 1 ¢ C; (ii) k € K and k < m imply k+1 € ; (iii)) m € L if j = a.

To prove (i), assume by way of contradiction that 1 € K. By Lemma 6, Cj, > Cy; > 0.
Equation (A.7) implies that > . 1a(n;0)/[ge(1; 0)pe(1;0)] is strictly larger in the high state.

By definition, Cp1 = p(0;0)/[1—qo(1;0)] —=>""", po(n;0)/qe(1;0). Using (A.1) at n = 0 and
to(n;0) = (™) ge(n) yields Cp1 = pg(1;0)/[mgs(0; 0)]— >, 119(r; 0) /qo(1; 0). Because p(-;0) is
a probability distribution, 1 = >  19(n;0) = pe(1;0) [1 + m] — qp(1;0)Cy1. Combining
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this with the preceding expression for Cp yields

Sy tg(n;0) 1 —[1—n+ (m—1)ge(0;0)]Cos

qo(1;0)p1a(1;0) mqy(0; 0)[1 + go(1;0)C,1]

By Lemma 6, Cy; > 0, so the denominator is positive in every state. The numerators are also
positive because the left-hand side is positive. Since (5, > Cp1 > 0 and both g4(0;0) and
q9(1;0) are larger in the high state, the right-hand side is strictly smaller in the high state. This
contradicts (A.7), proving statement (i).

For statement (ii), fix £ € K with & < m. We now write the cutoff index in gy x(n; ) and
pox(n; ). Since gpr(0;0) does not depend on k, we continue to write it as g(0;0). Thus,
Q0.5 (k;0) = gor+1(k+1;0) = ¢(0; 0) + 1. Applying the expression for (Tg) Cox/ 1o (k; 0) derived
in Appendix D at cutoffs k and k + 1, and rearranging, gives

Q0x(k;0)Coppr  k+1 Co, E+1  1—qoi(k;0)

= 1-— k; 0 +
porr1(k+1;0)  m— k’[ @l )]Me,k(k‘; 0) m—k 1—qu(k;1)

(-p ¥ <m) o, (J; 1)—H=2

n)[1—qar(k; 1)+

(E.1)
_|_

() 5
By Lemma 6, Cyp, > 0, so the right-hand side is strictly positive and Cjy 41 > 0 for every 6.

Divide (E.1) by [1 — gpx(k;1)] Cox/por(k;0) > 0, which is strictly smaller in the high state
by (D.1) and g, (k;1) > ggr(k;1). The first term on the right-hand side is o i:g;:—:g:ﬁ;. Its
second factor equals 1 + (1 — p)v/[1 — gox(k; 1)], which is strictly larger in the high state. The
other terms of (E.1) are positive and weakly larger in the high state: (k+1)/(m —k) is constant,
[1—qor(k;0)]/[1 —qor(k;1)] is strictly larger as just shown, and each term in the sum is strictly
increasing in gy x(k; 1). Dividing them by the strictly smaller divisor makes each strictly larger
in the high state as well. So,

G51(k;0)  Cgppr/Hgp41(k+150) q0.5(k;0)  Chry1/por+1(k +1;0)
L—qgi(k; 1) G/ (k;0) 1—qor(k; 1) Cok/panr(k;0)

Combining this with (D.3) yields
C@,k+1/:“’§,k+1(k +1;0) Cé,k//@,k(k%O) _ C@,k o1
Co i1/ o1 (k +1;0) Coi/1o,e(k;0)  Coyp

In particular, the left-hand side is greater than 1. Using (A.5), L(k + 1,0) = pg, ,(k +

L(k+1,1)

> L(k,0)

1;0)/per+1(k+1;0), and 1 — (1 — p)yCpry1 > 0 by (A.4), this inequality simplifies to Cg,,, >
Cor+1- By (A.5), L(k+1,-) is strictly increasing, and Lemma 3(3) gives L(k+1,0) > L(k,0) > 1.
Hence k + 1 € K, proving statement (ii).
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For statement (iii), let j = a, so n = 0. The calculation in Appendix B under o, gives
f19.m(m;0) = p(0;0)™ and Gy, = 75" ¢o(0;0)". Hence L(m,0) = [q(0; 0)/q(0;0)]™ > 1.
Moreover, Cp, is strictly increasing in go(0;0) since m > 2. Thus Cj,, > Cp,n, and (A.5)
implies that L(m,x) is strictly increasing in z. Hence m € K, proving statement (iii).

Finally, define ¥/ = m if K = () and ¥/ = min K — 1 otherwise. Statements (i)—(iii) give
Ke{l,....m}, K={ke{l,...,m}:k >k}, and k* < m, proving Part 2 of the theorem.

F Proof of Proposition 4

Fix j € {a,u} and m > 1. Since 7 > 0, both steady-state distributions have full support and
the likelihood ratio is strictly increasing in n by Lemma 4. Part 3 of Lemma 3 and (D.3) also
imply that both L(k,0) and L(k, 1) are strictly increasing in k.

For any strategy o, let 1, and I8 denote its steady-state distributions in the high and low
states, respectively, and write z,(n) :=7i,(n) — R.p_(n). By the definition of R,, the expected
payoff of an uninformed cost-c* agent is (o) = m(6 — ¢*) > o(n)z,(n). In equilibrium,

2,(n) > 0 whenever o(n) > 0, with equality whenever 0 < o(n) < 1.

Ordering the equilibria. The equilibrium set is compact and, by Lemma 2, totally ordered,
so it has a highest element o = 0 ,. Any lower equilibrium o’ = o4/, with z > 0 and y < 1,
has k' > k, with y < x if ¥ = k. Agents’ equilibrium incentives imply L(k,z) > R, > L(K',y).

We claim that © = 1. Assume by way of contradiction that 0 < z < 1, so L(k,z) = R..
If L(k,-) is weakly increasing, then L(k,1) > R.. When k > 2, Lemma 3 part 3 also gives
L(k —1,0) < L(k,0) < R,. When k = 1, action 0 at n = 0 is optimal because [(0) < 1 < R,.
Thus o0} is an equilibrium, contradicting that oy, , is the highest equilibrium.

If, instead, L(k,-) is strictly decreasing, then L(k,0) > L(k,z) = R,. If ¥ =k, then y < x
gives L(k',y) > R.. If ¥’ > k, Lemma 3 part 3 and (D.3) imply L(%k’,0) > L(k,0) > R, and
L(K',1) > L(K' — 1,0) > L(k,0) > R,. Monotonicity therefore gives L(k’,y) > R. in this case
as well, contradicting agents’ incentives to choose action 0 with positive probability at &’ under
o'. Hence ol = gy, ;.

Moreover, L(k',1) > L(k,1) > R, > L(kK',y). Since y < 1, L(K,-) cannot be strictly
decreasing, so L(k’,0) < L(K',y) < R.. As both L(4,0) and L(7, 1) are increasing in i, we have

L(i,0) < R, < L(i,1)  for every i € {k,...,k'}. (F.1)
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Payoffs above the cutoff. For i < m satisfying (F.1), we show that, for every x € [0, 1),
Zg, () > 24, (1) for every n > i. (F.2)

By (F.1) and Lemma 3(1), L(4,-) is nondecreasing. Since L(i,1) > R, > 1, continuity of
L(i,-) and Lemma 3 part 2 imply L(,0) > 1. Equations (A.5) and (D.1) give Cyp; < (5, <
L(i,0)Cy,;. These inequalities imply

0< CQJ < C@,i' (F3)

To establish (F.2), we compare across states the increase in the probability of observing
each n > i when imitation at the cutoff i rises from z to 1. For n > i, define Ay(n;x) =
fo.i(n; 1) — poi(n; ). Subtracting (A.6) at = from (A.6) at 1 gives

Ag(n;z) = (1 ‘—P)’V(l — ) 1,i(n; 0)[1 + gp,i(i; 0)Co,i]

G0.i(6;0)[1 — (1 = p)yCh,][1 — (1 — p)yCl,]

The denominator is strictly positive by (A.4) for every 6. Taking the ratio and using (A.5) yields
Aglnia) _ (0 0)/a0, (6 O 0] 1+ a3, (50)Co; L)
Ap(n; ) pgi(1;0)/[g0.i(7; 0)pg.i(5; 0)] - 14 qoi(4;0)Cos — L(G,0)

The first factor exceeds 1 by (A.7). The second exceeds 1 as gz,(4;0) > gp.:(é;0) and (F.3) holds.

Moreover, L(i,x)/L(i,0) > 1 and L(i,1) > R,. So, 24, ,(n) — 25, ,(n) = Ag(n; ) — R, Ag(n; ) >

> 0. (F.4)

L(i,1) > R..  (F.5)

0, proving (F.2). Thus full imitation at 7 raises the payoff contribution of every history n > 1.

Comparing equilibrium payoffs. Since y < 1, either y = 0 or agents are indifferent at the

marginal history £’ in ¢’. Thus I1(¢”) = m(6 —c¢*) >

nei+1 Zo'(n). In the highest equilibrium, all

histories at which agents adopt give nonnegative payoff, so Il(c¥) > m(6 — ¢*) >0, .| 2,1 (n).

If k' < m, start from o' = o}/, and compare it to oy 1. If &' > k, observe that o4 1 = o _1
and compare it to oy _; 1. Repeat until reaching o = 0 ;. Equation (F.1) ensures that (F.2)
applies at each step. Since every n > k' lies above every cutoff encountered, each step strictly
increases its payoff contribution. Hence z,m(n) > z,(n) for every n > k’. Since the sum over
n > k' is nonempty, II(c?) > TI(o).

If ¥ = m, II(¢/) = 0 by definition. Strict monotonicity of the likelihood ratios implies
(o) > 0 unless k = m and L(m,1) = R,, in which case every equilibrium gives zero payoff.

This proves the proposition.
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G Proof of Proposition 5

We establish the proposition using two lemmas. We let 0 = (0,0,...,0) and 1 = (1,1,...,1).
Definea=1—v,@a=1—(1-p)y, and § = (1 —p)y. Since p,y € (0,1), we have 0 < a < @ < 1.
Let gg(h) be the probability of action 1 after history h, conditional on state §. When agents are

automatically aware, for every h € H
qo(h) = g + o (h). (G.1)

When agents are initially unaware, (G.1) holds for i # 0, while ¢(0) = p(1 — ), g(0) = p, and
o(0) = 0. For any feasible strategy and its steady-state distributions, write z(h) = fi(h)—R.u(h).

In equilibrium, at every history apart from 0, agents behave optimally if and only if

o(h)z(h) > 0, [1—o(h)]z(h) <0. (G.2)

In particular, at such histories, o(h) > 0 implies z(h) > 0, and z(h) > 0 implies o(h) = 1.

Lemma 7. For any feasible strategy, pn and @i are unique, with p(h) > 0 for every h € H.

In every equilibrium, o(h) = 0 at every history ending in zero.

Proof. In either awareness case, 0 < g(h) < 1 for every h. Any ordered history can therefore
be reached from any other by a sequence of m actions in the low state. The low-state Markov
chain has a unique steady-state distribution, with p(h) > 0 for every h € H. In the high state,
q(h) > 0 everywhere, so 1 is reachable from every history. Since the Markov chain is finite, this
implies that its steady-state distribution is unique (Stokey and Lucas, 1989, Theorem 11.2).

Fix an equilibrium . Consider a history ending with 0, i.e., h = v0 for some action sequence
v of length m — 1. The two predecessors of v0 are Ov and lv. Since history probabilities are
unchanged in a steady state, pg(v0) = >_ (o 1y o(20)[1 — go(zv)]. If agents are automatically
aware or v0 # 0, then (G.1) applies at both predecessor histories. Substituting gives

z(v0) =46 Z [1 —o(xv)]z(xv) — Rupy Z p(zv) < 0. (G.3)

2€{0,1} 2c{0,1}
Here 1 —g(2v) = §[1 —o(2v)] and 1 —g(av) = §[1 — o (av)] +p7y; the first term is weakly negative
by (G.2), and the second is strictly negative. Thus, whenever agents are automatically aware
or v0 # 0, (G.2) implies o(v0) = 0. If v0 = 0 when agents are initially unaware, o(0) = 0 by
feasibility of o. Hence, o(h) = 0 whenever h ends in 0. O
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Lemma 8. Fiz an equilibrium with m > 2. If o(h) > 0 for some h # 1, replacing the last

zero in h by a one gives a history b with (k') > R, and o(h') = 1.

Proof. For an action sequence w of length k£ < m, a history A ends in w if h = ww for some
u € {0,1}™ % We take {0,1}° = {@}, so every history ends in the empty sequence.

Define Py(w) = >~ c0.1ym-x to(uw) to be the probability that the observed history ends in w.
So, Pyp(@) = 1, and Pp(w) = pg(w) when k = m. Also define Ty(w) = >_, 1 1ym—k 0 (uw) po(uw),
which weights the probability of each history uww by the probability of adoption, o(uw).

We have T'(w) > 0 and, by (G.2), T(w) — R, (w) = > uefoym-r o(uw)z(uw) > 0. More-
over, Typ(w0) = 0 whenever w has length less than m, by Lemma 7. For any w of length less than
m, the next history ends in w1 precisely when the current history ends in w and the next action
is 1. If agents are automatically aware or w contains a one, the steady-state balance equations

and (G.1) therefore give

Pg(wl) = ang(w) + (ST@(’LU), (G4)

PQ(U}O) = (1 - Ozg)Pg(’w) - 5T9(w) (G5)

We treat the remaining sequences under initial unawareness below.

Let pg := app/(1 —ay). For 1 <r < m—1 and sequences v of length at most m —r —1, define

ng(v) = PQ(U1T+1) — ngg(UO]_T), (G6>
E97r(’l)) = Tg(’l}]_r_H) — png(UOlr). (G?)

Write D, = Dg,, with D, E,, E, defined similarly. By induction on r we prove D, (v) >
R.D,(v) > 0, for every such v. We also show E,(v) > R,.E,(v) > 0 in the same inductive step.
First consider r = 1 and fix v of length at most m —2. When agents are automatically aware,

(G.4)—(G.5) and Ty(v0) = 0 imply
D971(U) = ag[Pg(vl) — pgpg(UO)] + (STQ(Ul) = 5[p9T9(U) + Tg(’Ul)], (GS)

where the second equality uses py(1 — ay) = .

When agents are initially unaware, this applies if v contains a one. Otherwise, v = 0, for

13Under initial unawareness, the summand corresponding to uw = 0, when present, is zero because ¢(0) = 0.
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some 0 < k <m — 2. At 0, we have ¢9(0) = ag — (1 — p)(1 — ) and hence

Py(v1) = agPy(v) + 6Ty(v) — (1 — p)(1 —7)pe(0),
Py(v0) = (1 — ag) Py(v) — 0Tp(v) + (1 — p)(1 — ) e(0),
Py(v01) = apPp(v0) — (1 — p)(1 — 7)pe(0),

where the last identity uses Ty(v0) = 0. Also, Py(v1l) = ayPy(v1)+0Ty(v1l) because v1 contains a
one. Substitution into Dy (v) gives (G.8), as the additional terms cancel because pg(1—ap) = ap.
Thus (G.8) holds in both awareness cases. Since T(w) > R, T(w) > 0 for every w and
p>p >0, it implies D;(v) > R.D;(v) > 0 for every admissible v.
For the inductive step, fix 1 <7 < m — 1 and suppose D,(v) > R.D,(v) > 0 for every v of
length at most m —r — 1. Take v of length m —r — 1, and let h = v01, and A’ = v1,;. If
o(h) > 0, optimality gives z(h) > 0, and (G.6) implies

2() = p=(h) + Ru(p — pu(h) + D, () — R.D, (0) > 0. (@9)

The inequality is strict because p > p and p(h) > 0. Both histories contain a one, so optimality
applies in either awareness case. Thus I(h') > R, and o(h’) = 1.

We next establish E,(v) > R,E, (v) > 0, which we will use to advance the induction. Let v
have length k < m —r — 1. For each u € {0,1}™%~"=! consider the histories h = uv01, and
h' =wuvl, ;1. By (G.7), Ey,(v) is the sum of o(h)ug(h') — peo(h)pe(h) over all such w.

If o(h) = 0, the summand is o(h')ug(h'), and optimality gives o(h')i(h') > R.o(h')u(h’) > 0.
If o(h) > 0, (G.9) implies o(h’) = 1, so the summand equals Dy, (uv)+ pg[l —o(h)|pe(h). By the
induction hypothesis, D, (uv) > R,D,(uv) > 0. The second term is nonnegative in the low state
and at least R, times as large in the high state, since 7i(h) > R.pu(h) by optimality, 1 —o(h) > 0,
and p > p > 0. Summing over all such u therefore gives E,(v) > R,E,(v) > 0.

Finally, if » < m — 2 and v has length at most m —r — 2, applying (G.4) to v1,,; and v01,
yields Dy ,+1(v) = apDg,(v) + 0Eg,(v). Both sequences contain a one, so this holds in either
awareness case. Since @ > a > 0 and 0 > 0, the inequalities established for D,.(v) and E,.(v)
imply D,11(v) > R.D, ;(v) > 0. This proves the inductive step.

By Lemma 7, o(h) > 0 implies that h ends in 1. If h # 1, then h = v01, for some

1 <r <m —1 and equation (G.9) proves the lemma. O

To complete the proof of Proposition 5, fix an awareness case and an equilibrium. If m =1,

the result follows from Lemma 7. Assume by way of contradiction m > 2 and o(h) > 0 for some
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h # 1. Lemma 7 implies that h ends in one. By Lemma 8, replacing its last zero by a one gives a
history at which o = 1. Repeating this reduces the number of zeros by one and eventually gives
o(1) = 1. But then g(1) = 1, so the point mass at 1 is a high-state steady state. Uniqueness in
Lemma 7 implies 72(1) = 1. In particular, z(h) = —R,u(h) < 0, contradicting o(h) > 0.

H Proof of Proposition 6

We prove the proposition and the equilibrium claims following it. Throughout, R, > 1, as in
the baseline model. Since R, = R, = 1 when m = 1, the hypothesis R, < R; implies m > 2.
Write A := (1 —¢)/e > 1. Let 0.(n) and o_(n) denote the probabilities with which informed
high-cost agents choose 1 after signal + and —, respectively. Their likelihood ratios are Al(n)
and [(n)/\, respectively. Thus each chooses 1 strictly if his likelihood ratio exceeds R,, and 0
strictly if it is below R,.

Let gg(n) denote the probability of action 1 conditional on state § and history n. For n > 1,

qn) =1—=y+py[(1 =)oy (n) +eo_(n)] + (1 = p)yo(n),

g(n) =1 =y +pleos(n) + (1 —e)o(n)] + (1 = pho(n).

These expressions apply when n =0, j = a. When n =0, j = u, we have ¢(0) = 0 and

7(0) = p(L —7) + py[(1 = £)0(0) + c0_(0)],
q(0) = p(1 =) + py[eo(0) + (1 — €)o_(0)].

If n is in the support of both steady-state distributions, we have g(n) > q(n) since o (n) >

o_(n). Applying the construction in Appendix A to gy(n) gives the unique steady-state distri-

bution . » .

Lio(n) = (n) [Licn QG@)ZI}'MH q@(z)]’ (H.1)
where Zg = > (™) [Ticn 90(3) [Tion[l — go(4)] is the sum of the numerators. The steady-state
balance equations imply that, for n =0,...,m — 1,

1o (n)go (1) = Zti“e(“ D1 go(n + 1)]. (H.2)

Lemma 9. Both actions occur with positive probability after every history, so ju and p have

full support in equilibrium.
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Proof. Since gg(n) > 0 for all n because of low-cost informed types, it suffices to show that
go(n) < 1 for all n. Assume by way of contradiction that k is the largest integer at which
qo(k) = 1. By definition of g(k), we have that g(k) = g(k) = 1 and (H.2) implies pg(k — 1) = 0.
For every n < k, the numerator in (H.1) contains the factor 1 — gy(k) = 0, so pg(n) = 0.

For n > k, all factors in (H.1) are positive by the definition of k, so ug(n) > 0 for all n > k.
For n > k, optimality of decisions implies 0 (n) > o_(n) and hence g(n) > g(n). The transitions

in each state, given by equation (H.2), imply that, for m > n > k,

(n+1) gn)l—gn+1)
) gl —gniD) ="

Therefore I(k) < I(n) for all n > k. Since > ", u(n)l(n) = > " Fi(n) = 1, we have [(k) <1 <

R,. Uninformed high-cost agents therefore do not adopt at k, so o(k) = 0. But these agents
occur with positive probability, which contradicts that gg(k) = 1. ]

Lemma 10. In every equilibrium, l[(n) < R, and o(n) = o_(n) =0 for all n < m.

Proof. Assume by way of contradiction that [(n) > R, for some n < m. At history n +1 > 1,
all agents are aware of action 1, and low-cost agents always adopt. By Lemma 9, some high-cost
agents choose 0 at history n+ 1, and adding the incentive inequalities for uninformed agents and
informed agents receiving either signal gives fi(n+1)[1 —g(n+1)] = R.p(n+1)[1—g(n+1)] < 0.
From (H.2) we can conclude

n+1r1_

i(n)g(n) — Rap(n)q(n) = atn+ 11 =gn+1)] = Rop(n+ D[ —g(n+1)]} <0.

m-—n
If I(n) = R., informed high-cost agents strictly adopt after s = 4+ and strictly reject after s = —.
Other agents’ adoption probabilities are independent of the state, so g(n) —q(n) = py(1—2¢) > 0.
Since fi(n) = R.p(n), this implies 7i(n)g(n) — R.u(n)g(n) = pyR.u(n)(1 — 2¢) > 0, which
contradicts the display equation above.

Now consider I(n) > R,. Since informed low-cost agents adopt in both states, their contri-
bution to 7i(n)g(n) — R.u(n)g(n) is therefore p(1 — v)u(n){l(n) — R.] > 0. Thus, u(n)g(n) —
R.u(n)g(n) > p(1 —v)u(n)[l(n) — R.] > 0, contradicting the displayed inequality.

[

Thus, I(n) < R, for every n < m. Since the likelihood ratio after signal — is ;={(n) < R.,

in an equilibrium we must have o(n) = o_(n) = 0 for every n < m. O

We now show that informed high-cost agents strictly follow their signals under the assump-
tions of the Proposition, regardless of how uninformed high-cost agents behave. To that end, fix

x =o(m) € [0,1]. By the above lemma, o(n) =0 if n < m.
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First consider the candidate oy (n) =1, 0_(n) = 0 at every n. As in previous proofs, let

a=1—-y+py(l—-¢), a=1l-7y+py, o=(1-p).

Then gg(n) = ap for 0 < n < m, and go(m) = ag + 0x. At n =0, go(0) = v when agents are

automatically aware, and ¢y(0) = ag — (1 — p)(1 — ) when they are unaware. By (H.1)

~ qp(0)ay !

(1—ap)™ (1 — ay — dx)
o ) = 10
o(x)

Zg(.l?) ’

po(0; ) = (H.3)

At z = 0, summing these numerators gives Zy(0) = (1 — ap)™ + 22 [1—(1—ap)™]. We also

ag
have that Zy(z) = %ZQ(O) + 1529 qo(0)ag .

If informed high-cost agents follow their signals, g(n) — ¢(n) = py(1 — 2¢) > 0 for every n.
The steady-state balance equations (H.2) imply [(0;z) < --- < I(m;x). Since likelihood ratios

average to one under y, we must also have [(m;z) > 1. Differentiating gives

1—@—(5:5_1—6—(5:1:

Ologl(0:x) _ { p(m; x) a(m; x) } <0,
ox
where the inequality holds since 7i(m;x) > p(m;z) and 1 —@ — dz <1 —a — éx. So observing
n = 0 when x = 1 gives informed high-cost agents the weakest incentive to adopt after signal +.
Atz =1, wehave l —a@ — 0 =pye, and 1 —a — 0 = py(1 — ¢). Consequently,

1 —a)m‘l Zy(1)
l-a Zg(1)

A(0;1) = ( (H.4)

To evaluate the limit as ¢ — 0, we use the expression for Zy(x) above. When agents are
automatically aware, ¢o(0) = ap and Zp(0) = 1, so Zz(1) — [1 — (1 — p)y]™, and Zp(1) —
p+ (1 —p)(1 —~)™. When agents are initially unaware, ¢z(0) — p, ¢o(0) — p(1 — ), and
Zy(0) = p+(1=p)y™. Hence Zz(1) — p[1—(1—p)y|™ " and Zy(1) = p[p+(1—p)((1=)"+7"™)].
Since (1 —@)/(1 — a) — 1 — p, substituting into (H.4) gives lim. o Al(0;1) = R;.

Therefore, if R, < R;, adoption after signal + is strictly optimal under the candidate equi-
librium at every n and every z € [0, 1], for all sufficiently small e.

By Lemma 10, rejection after signal — is already strictly optimal for informed high-cost

agents below the herd. To establish this at the herd, (H.1) gives
mo = gli
TR G
,LL@(?TL) n Hi:n QQ(Z)

Thus the herd probability is weakly increasing in go(7). Relative to the baseline model at the

same x, high-state adoption probabilities are weakly lower and low-state adoption probabilities
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m J . .
are weakly higher, under any informed strategy. So ) < Lm ( ) < = max{L},(0), L] (1)} — 0,

where L7 is the baseline herd likelihood ratio. Since the upper bound is uniform over z and
informed agent strategies, rejection after — is strictly optimal at the herd in every equilibrium
for all sufficiently small €. Thus informed high-cost agents always follow their signals.

We are left to rule out strategies other than following the signal for informed high-cost agents
in equilibrium. Take € small enough that A > R,. In every equilibrium, the preceding bound on
@ gives o_(n) = 0 for every n. Since [(m) > 1, we also have o (m) = 1.

Fix any informed strategy with o_(n) = 0 for all n and o.(m) = 1. As above, I(n;x)
is nondecreasing in n, and [(0;z) decreases in x: the displayed expression for dlogl(0;z)/0x
remains valid, since under any such strategy gg(m) = oy + dx and only gg(m) depends on z, and
it is negative because I(m;x) > 1 gives fi(m; x) > p(m;x). Hence I(n;x) > 1(0;2) > 1(0;1). At
r=1, A[1 =g(m)]/[1 — g(m)] =1, so (H.1) implies

1
Z

AL(O;

(HL.5)

Qb\ \%

1 m—
(1)

IQ )QI

l
i=1

This expression has a finite limit as ¢ — 0. At € = 0, informed high-cost agents in the low
state receive — and reject. Thus Zy(1) is independent of o, and ¢(i) = 1 — v for 1 <i <m. In
the high state, g(m) = 1, so Zz(1) =[]/, G(i). By substituting we get

i 01 1) — ie;(_ll)HZ”l_II;[ll;(q)()J |

At e = 0, increasing any o (i) for i < m increases q(7) without changing Z,(1). This increases the

denominator and weakly decreases the numerator of the limiting expression above. Its minimum
is therefore attained where o, (i) = 1 for every ¢. But this was the equilibrium candidate
strategy above, and we showed that it has the limiting likelihood ratio R;. Consequently, for
every informed strategy under consideration, lim. o Al(0; 1) > R;.

Since the right-hand side of (H.5) is continuous in € and the informed agents’ adoption
probabilities (including at € = 0), and its denominators are uniformly positive, convergence is
uniform over the compact strategy set [0,1]™. Thus R, < R; implies, for all sufficiently small
e, Al(n;z) > A(0;1) > R, in every equilibrium. Hence informed high-cost agents strictly adopt
after signal + at every history.
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