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Abstract
We introduce a framework to study individuals’ behavior in environments that are
deterministic, but too complex to permit tractable deterministic representations. An agent in
these environments uses a probabilistic model to cope with his inability to think through all
contingencies in advance. We interpret this probabilistic model as embodying all patterns the
agent perceives, yet allowing for the possibility that there may be important details he had
missed. Although the implied behavior is rational, it is consistent with an agent who believes
his environment is too complex to warrant precise planning, foregoes ﬁnely detailed
contingent rules in favor of vaguer plans, and expresses a preference for ﬂexibility.
r 2003 Elsevier Science (USA). All rights reserved.
JEL classification: D81; D80; L14
Keywords: Complexity; Cognitive uncertainty; Bounded rationality; Incomplete contracts

1. Introduction
A remarkable aspect of human behavior is individuals’ ability to cope with
complexity. The role of complexity in everyday life is almost self-evident: people
engage in complex social and economic interactions where it is pointless to examine
every possible contingency. Yet individuals somehow manage to formulate coherent
plans of action in situations they recognize as too complex to permit a full analysis.
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Understanding this behavior is a key problem in cognitive sciences and is of obvious
importance in economic and strategic contexts.
While its importance and pervasiveness is beyond dispute, complexity is a difﬁcult
and elusive concept to formally model. For complexity considerations to matter, the
agent’s cognitive abilities must be limited relative to his environment. One way to
introduce such gap is to assume ‘‘bounded rationality,’’ preventing the agent from
identifying the optimal course of action in a given environment. The environments
considered are usually simple enough that the optimal course of action can be easily
ﬁgured out, leaving the ‘‘boundedly rational’’ agent vulnerable to arbitrage
opportunities and money-pumps that are incompatible with equilibrium analysis.
The challenge facing such approach is reconciling ‘‘bounded rationality’’ with
standard economic and game theoretic practice of requiring that behavior does not
display exploitable systematic errors.
Models of complexity that preclude systematic errors face the seemingly
paradoxical requirement of having to formally model environments that rational
agents are unable to fully describe. This paper proposes an approach that produces
interesting cognitive limitations due to complexity, yet behavior is rational in the
sense of being consistent with learning from data and displays no exploitable
systematic errors.
1.1. Outline of the model
We consider an agent facing a ‘‘problem,’’ a loose collection of situations or
contingencies he views as sharing a common structure. Examples of problems are:
taking an appropriate action on behalf of a superior, adjudicating a legal case,
categorizing an object, diagnosing a disease, etc.
The agent does not confront the problem at this level of abstraction. Rather, he
faces speciﬁc contingencies or instances drawn at random according to a known
probabilistic process (e.g., a speciﬁc legal case, a speciﬁc patient). For simplicity, we
focus on ‘‘categorization problems.’’ In such problems, the agent places contingencies into a predetermined set of categories, receiving 1 if he matches the correct
category and 0 otherwise. Each contingency is characterized by a countable set of
objective and observable conditioning variables, representing the data on which the
agent’s decisions may be based.
Ex ante contingent plans are represented as rules that map contingencies into
actions. We also allow the agent to retain ﬂexibility through the use of options. These
are mappings from contingencies to sets of actions, capturing the idea that the agent
gets to choose an action after observing the speciﬁc contingency he ends up facing.
The main restriction is that rules and options must be formulated in terms of a ﬁnite
number of features.
We focus on behavior that displays what we view as central aspects of a rational
agent’s response to a complex environment: (1) the agent has coherent assessment of
the expected payoff of rules and options; (2) ex post, once told which contingency he
is actually facing, it is obvious what the optimal action should be; yet (3) the agent is
unable to describe ex ante a rule specifying the optimal action in every possible
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contingency. Far from odd or pathological, this seemingly contradictory behavior is
pervasive in decision-making, planning in intertemporal settings, categorization and
pattern recognition.1
We interpret such behavior in terms of a probabilistic model that represents the
agent’s theory of how his environment works. We construct a probability space with
a complete state space where the agent’s utility at each contingency is random.
Theorems 1, 2, 6 and 7 roughly state that an agent can consistently evaluate rules
and options if and only if he has an essentially unique probabilistic model in which
rules and options are evaluated according to their expected utility.
We make considerable effort to isolate complexity as the motive for the agent’s
choices. Standard models of incomplete information also limit detailed contingent
planning and so may appear superﬁcially similar to the complexity-driven behavior
studied here. But with incomplete information, the limitation on contingent planning
is the result of an exogenous restriction on the sets of events on which choices may
depend. This seems very different from problems where the agent has access to a vast
amount of conditioning information, but this information is too complex to use in
formulating a detailed plan that anticipates all possible contingencies.
The probabilistic models we construct separate complexity from other motives of
behavior by displaying two important properties. The ﬁrst, instance specific
knowledge, says that the agent has all payoff relevant information. This rules out
incomplete information as explanation of the agent’s behavior. The second,
exhaustive introspection, says that the agent optimally uses every possible
information available to improve his decisions. This assumption formalizes the idea
that the agent’s behavior is not due to ‘‘bounded rationality,’’ but to the inherent
complexity of the problem he is facing.
In Section 6.2 we provide a formal sense in which the agent’s probabilistic model
represents his ‘‘steady-state’ theory of the environment after all useful learning has
taken place. In particular, the choices implied by that model would persist even with
continued arrival of new data. Finally, in Section 8 we provide an application of our
model to a simple delegation problem between a principal and an agent.
1.2. Interpretation
We now provide an informal intuition for our model. An agent facing a problem
may initially be tempted to conduct an exhaustive enumeration of all contingencies
and the corresponding optimal action to be taken at each of these contingencies. But
there is a vast number of possible contingencies, each occurring with zero
probability. This makes a crude representation based on exhaustive enumeration
pointless. The agent thus seeks decision rules based on generalizations that can help
predict the optimal action based on observable features of contingencies. We have in
mind decision rules built up from statements of the form ‘‘take action b when
1
A famous example is Justice Stewart’s famous statement confessing that he is unable to come up with a
good deﬁnition of obscenity, ‘‘But I know it when I see it.’’ (Jacobellis vs. Ohio, 378 US 184, 197 (1964);
Stewart, J., concurring).
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encountering a contingency satisfying a given list of properties.’’ Here, ‘‘a list of
properties’’ refers to a finite set of conditions formulated in terms of objectively given
features.
The fact that there is a large number of contingencies, by itself, does not imply that
the environment is complex. For example, the agent may believe that one particular
feature, i; perfectly predicts the optimal action in every contingency. In this case, the
agent’s model of his environment reduces to a simple similarity judgment that all
contingencies with feature i are alike. The optimal decision rule in this case takes an
obvious form: ‘‘take action a in every contingency with feature i; and take action b
otherwise.’’ Although the number of possible contingencies may be large (indeed
inﬁnite), the agent in this environment has no difﬁculty identifying the optimal
decision rule, and the problem is not a complex one.
What makes a problem complex is that contingencies have unique, idiosyncratic
features that cannot be easily captured by simple generalizations like the one in the
last paragraph. In such problems, every rule the agent comes up with has too many
exceptions to allow for correct ex ante contingent planning. Our view is that the
agent deals with such problems by representing his environment probabilistically,
even though he realizes that it is in fact deterministic. The agent’s probabilistic model
captures all systematic patterns he perceives in his environment in the sense that he
views residual unexplained variations as independent and so have no further useful
structure. These residual variations reﬂect the agent’s realization that the patterns his
probabilistic model embodies miss potentially important variations due to the
unique nature of each contingency.
The behavior we describe is that of a fully rational agent in the traditional sense:
he optimizes given a coherent model of the environment; he understands and takes
advantage of all the implications of this model, unhampered by limitations that
prevent him from carrying out reasoning that we, as modelers, can perform.
Despite this, behavior may display many features traditionally considered the
hallmark of ‘‘bounded rationality:’’ the agent may think the environment is too
complex to permit an exhaustive ex ante contingent plan, yet once a speciﬁc
contingency is known, what to do becomes ‘‘obvious.’’ The agent may forego ﬁnely
detailed planning for future contingencies, choosing to rely instead on coarser and
vaguer plans of actions whose details are ﬁlled later.
In summary, the agent in our model optimizes, but he does so relative to a theory
of his environment that he recognizes to be imperfect. Since optimization is not
sacriﬁced, closed equilibrium analysis is possible without ad hoc restrictions on
agents’ abilities (see Section 8 for an illustration). This is a considerable advantage in
multi-agent settings because it allows predictions that do not hinge on requiring
agents to be dumb, ignore potentially useful information, or use ad hoc rules that the
modeler or a rival could easily exploit.
1.3. Related literature
This paper relates to several strands of literature. The issues addressed in this
paper have the ﬂavor of those appearing in the literature on bounded rationality (see
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[13] for survey of this vast literature). An important point to stress is that we do not
develop a procedural model of decision-making; we make no attempt to answer
questions like: ‘‘how do people think?’ Rather, we provide a model of behavior
displaying as much interesting cognitive limitations as consistent with the level of
rationality needed for standard equilibrium analysis.
To derive interesting cognitive limitations, we need to restrict the set of decision
rules available. Here we impose the mild (arguably, the mildest) restriction that
decision rules be computable, i.e., correspond to procedures that can be effectively
carried out. This follows several authors, including Binmore [3], Gilboa and
Schmeidler [7], Anderlini and Felli [1] and Anderlini and Sabourian [2], among
others. The closest of these to the model of this paper is by Anderlini and Felli [1]
who consider contracting problems.
Another strand of literature is that emerging from Kreps’s [11,12] interpretation of
preference for ﬂexibility in terms of an agent’s inability to foresee future
contingencies. Works in this vein include [4,14,15]. We discuss the link with this
literature in Section 6.1.
Complexity, of course, is a central issue in cognitive sciences.2 Our formal model
of individuals facing contingencies of a problem, each identiﬁed with a potentially
large collection of features, shares many similarities with learning models in the
pattern recognition literature (e.g., [5]). Our focus, however, is quite different. Much
of this literature is concerned with procedural models, and especially on the
convergence properties of various classes of algorithms. Here we take the behavior of
a fully rational agent as given, and try to infer this agent’s model of his environment,
what he considers complex and simple, and how this impacts his decisions.

2. The model
We develop a formal framework of an agent facing a ‘‘problem,’’ a collection of
situations, or contingencies, he views as sharing a common structure. Examples of
problems are: taking an appropriate action on behalf of a superior, adjudicating a
legal case, categorizing an object, etc. Formally, a problem consists of: a set of
contingencies, or instances, X ; a probabilistic process generating data, l; a ﬁnite set of
actions, B; a ﬁnite set of ex post utilities, V ; an algebra of conditioning events, A: We
describe each in detail below.
2.1. Contingencies, actions and utilities
A problem is a large collection of contingencies or instances. Each such
contingency x consists of an exhaustive set of objective data, or conditioning
information, the agent may use in his decisions. We formalize this by deﬁning the set
of contingencies in terms of features, with the ith feature, xi ; taking values in a ﬁnite
2

See, for example, [8].
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set X i : For notational simplicity, and without loss of generality, we assume that the
features are binary, i.e., X i ¼ f0; 1g:
We do not want to rule out an agent who believes the problem he is facing is
subject to a ‘‘curse of dimensionality:’’ for any set of features considered, there may
be other relevant dimensions he may have failed to take into account. We therefore
allow a countable number of features. Situations with a predetermined, ﬁnite
number of relevant features may be incorporated as a special case.3 The set of
Q
i
contingencies is then the product X ¼ N
i¼1 X ; with each contingency correspond1 2
ing to a sequence ðx ; x ; yÞ of values of the features.4
The agent chooses an action bAB ¼ fb1 ; y; bK g upon observing a contingency
xAX : There is a ﬁnite set V such that each vAV is a utility function of the form
v : B-R: We later interpret such v’s as state-dependent, ex post rankings of actions.
Throughout the paper we shall focus on the special class of categorization
problems in which the agent places contingencies into a predetermined set of
categories, receiving 1 if he matches the correct category and 0 otherwise.5 In a
categorization problems the set of actions B is a set of K categories, with the
interpretation of action bk at x as ‘‘x is of category k;’’ and payoffs satisfy:
A.0. For every vk AV ; vk ðbk Þ ¼ 1 and vl ðbk Þ ¼ 0 for all lak:
We shall assume A.0 throughout the paper, unless we speciﬁcally indicate otherwise.
Categorization is one of the most basic and pervasive aspects of decision-making.
Examples range from mundane tasks in pattern recognition (e.g., ‘‘Is a given object a
chair or a table?’’) to more complex decision-making and problem-solving activities.
In a sense, categorization appears in virtually every decision problem, since decisions
are often made based on concepts and categories, rather than raw data.6 In economic
contexts, managerial decisions may be viewed as attempts at categorizing or
classifying situations into predetermined, prototypical classes. See [9] for discussion
and references.
2.2. Ex ante vs. ex post decisions
We distinguish between the instance-specific, or ex post decision in which the agent
has to take an action while facing speciﬁc contingency, and the ex ante decision in
which he formulates a state-contingent plan before knowing the speciﬁc contingency
he will be facing later on.
Our goal is to formalize the idea that a problem is complex if deciding ex ante
(which requires considering all contingencies of the problem in advance) is
3
The case in which X is ﬁnite will turn out to be trivial from complexity point of view given our other
assumptions.
4
It is sometimes useful to think of X as the set of binary expansions (sequences of 0’s and 1’s) of
numbers in the interval ½0; 1; though this may be misleading. We attach no particular meaning to the
ordering of features, so the ‘‘location’’ of an x on the interval is of no relevance.
5
Section 8 illustrates that the model generalizes to broader contexts.
6
This is the prevailing view in cognitive sciences; see, for example, [8].
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potentially much harder than deciding ex post, once a speciﬁc contingency is known.
For example, designing a contract that anticipates all future contingencies is harder
than identifying the optimal ex post action given a speciﬁc contingency.
Another example is that formulating rules to deﬁne such mundane categories of
objects as ‘‘chairs’’ and ‘‘tables’’ can be surprisingly difﬁcult, even though most
people would have no difﬁculty identifying the correct category once they see a
speciﬁc object.
We capture these ideas formally through the concepts of rules and options which
we now introduce.
2.2.1. Rules
A rule is an explicit list of instructions that assigns to each contingency x an action
f ðxÞ to be taken should x arise. For a function f to be a rule, it should be possible, at
least in principle, for f to be codiﬁed, written down, communicated, instructed to a
subordinate, and re-produced. The intuitive idea of a ‘‘rule’’ should thus preclude
whim, gut-feeling, oracles, or other subjective criteria that cannot be made explicit.
It is helpful to think of the agent as having a ‘‘language’’ that enables him to refer
to (and condition his actions on) elementary sets of ‘‘contingencies that have (do not
have) a particular feature i:’’7 Formally, an elementary set is of the form fx : xi ¼
jg; iAf1; 2; yg and jAf0; 1g: A set ACX is finitely-defined if it belongs to the
algebra A generated by all elementary sets. Roughly, any AAA can be deﬁned in
terms of ﬁnite conjunctions and disjunctions of elementary sets.8
A rule is any function f : X -B measurable with respect to A: In words, a rule is a
conditional statement that describes the action to be taken at each contingency x as a
function of its features.9
2.2.2. Options
We formulate the agent’s ex post choices using an idea due to Kreps [12] which
consists of offering the agent a state-contingent option to make a decision after a
speciﬁc contingency is realized.10 Formally, an option is any function g : X -2B \|
measurable with respect to A:11 The interpretation of an option g is: ‘‘you may wait
7
For example, if feature 1 corresponds to whether the color of an object is blue or not, then fx : x1 ¼ 1g
corresponds to the sentence ‘‘objects that are blue’’, and fx : x1 ¼ 0g corresponds to ‘‘objects that are not
blue.’’
8
It can be shown that AAA if and only if it is algorithmic, i.e., there exists a Turing machine, or a
computer program, a with input x and output in f0; 1g such that for every x; aðxÞ ¼ 1 if xAA and 0
otherwise. The idea that agents are limited to procedures (decision rules, contracts, etc.) that can be carried
out ‘‘effectively’’ (and so must be algorithmic) is found in, among others, [1,3,7]. (See [1,7] for a detailed
formalism of computability). That every set in A is algorithmic is obvious. The argument that an
algorithmic set A must be in A hinges on the assumption that the algorithm deﬁning A always halts—so
for any input x it never looks beyond a predetermined ﬁnite set of features. The compactness of X then
ensures that one can ﬁnd a uniform bound over all inputs.
9
For example, a contract to undertake an action depending on feature i takes the general form: ‘‘in
contingencies x that have feature i take action b; otherwise take action b0 :’’
10
Kreps does not use the term ‘‘option,’’ but the idea is the same.
11
That is, 2B \| is the set of all non-empty subsets of B:
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until a contingency x is drawn, then choose any action b you like subject to the
constraint bAgðxÞ:’’ Note that options can be used to represent varying degrees of
ﬂexibility (e.g., consider an option allowing full ﬂexibility ðgðxÞ ¼ BÞ on some set A;
but much less ﬂexibility outside it).
Let F and G denote the sets of rules and options, respectively. Note that FCG:
rules are trivial sort of options requiring rigid, precise planning at each contingency.
Rules therefore preclude the vagueness or incompleteness characteristic of many
decision processes.
2.3. The space of problems
Let A denote the s-algebra generated by A: Then ðX ; AÞ is a standard measure
space whose properties are characterized in Appendix A.
Contingencies are drawn from X according to a probability distribution l:
We assume that l is atomless and satisﬁes lðAÞ40 for all non-empty AAA: (In what
follows, to avoid redundancy, we shall limit attention to non-empty subsets
of A:) The reader may assume, for concreteness, that l is the uniform distribution
on X :
% and G;
% the sets of rules and options
It is often more convenient to work with F
%
measurable with respect to A: Although a rule f AF\F
is not necessarily ﬁnitelydeﬁned, it is always possible to ﬁnd a ﬁnitely-deﬁned rule f 0 AF that differs from f
on a set of arbitrarily small measure.

3. Describing the agent’s choices
We are interested in providing a formal model of an agent whose behavior
displays a coherent assessment of the expected payoff of rules and options; ex post,
once told which contingency he is actually facing, it is obvious what the optimal
action should be; yet he is unable to describe a full ex ante rule specifying what the
optimal action should be in every possible contingency.
Let DR denote the set of all probability distributions on the real line. We shall take
as a primitive an agent’s utility distribution:
U :G

A-DR :

That is, we imagine that we can get the agent to reveal his payoff for any option gAG
and any set AAA: Note that we allow the agent to report a random payoff, i.e.,
Uðg; AÞ need not be a degenerate distribution. For example, when asked about the
payoff of the constant action b1 ; say, over X ; the agent may reply that it is either 1 or
0 with equal probability. We do not collapse the distribution Uðg; AÞADR to its
expectation (in the case of this example, we do not collapse the 50/50 lottery on 0 and
1 to its expectation of 0.5). Why we use distributions will become clearer in the
sequel; for now, we just note that a distribution Uðg; AÞADR conveys more
information about the agent’s theory of how his environment works than the
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expected value EUðg; AÞAR: In subsequent sections this additional information
turns out to be essential to identifying a unique such theory, and to separate
complexity as an explanation of behavior from other forces such as incomplete
information, bounded rationality, and so on.
1. The agent has coherent assessment of the average performance of contingent plans
of action: We formalize this by the following two conditions:
A:1 : For every AAA there are weights l ¼ ðl1 ; y; lK ÞADV (depending on A) such
that, for every bk AB;12,13
EUðbk ; AÞ ¼ l1 v1 ðbk Þ þ ? þ lK vK ðbk Þ:
A:2 : For every f AF; AAA and partition fA1 ; y; AN g of A by sets in A;
N
X
lðAi j AÞEUð f ; Ai Þ:
EUð f ; AÞ ¼
i¼1

In the context of categorization problems, this says that the agent can evaluate the
frequencies of various categories over any subset AAA; and that he does so
coherently across subsets. Note that these conditions do not say anything about how
options are evaluated.
2. Ex post, once told which contingency he is actually facing, it is obvious what the
optimal action should be. We formalize this by strengthening A:1 and A:2 to cover
options:
A.1. For every AAA there are weights l ¼ ðl1 ; y; lK ÞADV (depending on A) such
that, for every CA2B \|;
EUðC; AÞ ¼ l1 max v1 ðbÞ þ ? þ lK max vK ðbÞ:
bAC

bAC

A.2. Coherence across sub-problems: For every gAG; AAA and partition
fA1 ; y; AN g of A by sets in A;
N
X
EUðg; AÞ ¼
lðAi j AÞEUðg; Ai Þ:
i¼1

This says that once given a subset C to choose from, the agent evaluates it as if he
knew the true payoff function vi : For example, suppose there are two categories and
the weights implied by A:1 over X are l1 ¼ l2 ¼ 0:5: We interpret this to mean that
the agent believes that the two categories are equally likely over X : In particular, he
knows he will face contingencies where b1 is optimal half of the time, and
12
For categorization problems the RHS of the following equation reduces to lk : We maintain the
redundant terms to facilitate comparison with Condition A.1 below.
13 V
D denotes the set of probability distributions on the ﬁnite set V ; we make the usual identiﬁcation of
V with the set vertices of DV —i.e., the set of degenerate distributions on V :
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contingencies where b2 is optimal in the other half. If he is constrained to choose an
uncontingent action (a constant rule) b1 ; say, then he recognizes that this action will
be wrong half of the time, and indeed under A:1 we must have Uðb1 ; X Þ ¼ 0:5:
Contrast this with the uncontingent option C ¼ B ¼ fb1 ; b2 g: Condition A.1 implies
that once the agent sees the actual contingency he is facing, he ﬁnds out its ‘‘type’’
(i.e., whether it is v1 or v2 ), then decides which action to take. Indeed UðB; X Þ ¼ 1 in
this case.
3. Although the agent has thought through the problem, he is still unable to
describe a rule specifying in advance the optimal action in every contingency.
This has two parts; the second part, stating that the agent ‘‘is unable to describe a
rule specifying in advance the optimal action in every contingency,’’ may be
formalized as:
sup EU ð f ; X Þo1:
f AF

To interpret this, let us ﬁrst note that Condition A.1 always guarantees
that the agent’s expected payoff from the ‘‘grand option’’ gðxÞ ¼ B for all x is
always 1 (i.e. EUðB; X Þ ¼ 1). If the agent can replicate this ex post ﬂexibility
by an ex ante contingent rule, then he should be able to ﬁnd a rule, f AF;
such that EU ð f ; X Þ ¼ 1: Thus, supf AF EU ð f ; X Þo1 says that the agent is
unable to replicate the ﬂexibility of the grand option by identifying the optimal
action at each contingency ex ante. The intuition is that the optimal action depends
on the details of the contingencies in a way too complicated to be reduced to a rigid
ex ante rule.
The more subtle problem is to formalize the ﬁrst part of the statement, namely
that the agent has ‘‘thought through the problem’’ yet still ﬁnds it hard.14
Making this intuition formal requires a formal description of the agent’s model
of his environment. The problem is that a utility distribution U does not
provide direct clues of what the agent’s model may be. On the other hand, the
assumption that the agent has ‘‘thought through the problem’’ should be somehow
reﬂected in U; at least indirectly. We thus propose the following condition to capture
this idea:
A.3. For every AAA and gAG; Uðg; AÞ is degenerate.15
We defer the interpretation of this condition in terms of the agent having ‘‘thought
through the problem’’ until Section 4 where we introduce probabilistic models. This
will be our formal way to describe the ‘‘agent’s model of his environment.’’ In
particular, Sections 4.3.2 and our main theorems links A.3 to a condition on the
agent’s probabilistic model stating that he has conducted exhaustive introspection
about the implications of his model.
14

Where ‘‘hard’’ here means that the agent still faces a discrepancy between supf AF EUð f ; X Þ and the
payoff from the grand option EUðB; X Þ ¼ 1:
15
That is, Uðg; AÞ puts unit mass on some point rAR).
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4. Probabilistic models of complexity
How are we to think of an agent with choices satisfying A.1–3? In this section,
we introduce a framework where these choices are derived from a probabilistic
model which we will interpret as the agent’s ‘‘theory’’ or ‘‘model’’ of
how his environment works. Within this framework, it will be easy to
identify those situations where the agent (behaves as if he) views his
environment as deterministic but too complex to have a tractable deterministic
representation.
4.1. Probabilistic models
Deﬁnition 1. A probabilistic model consists of a probability space ðO; S; PÞ; a salgebra MCS representing the agent’s knowledge, and random utility vectors
ṽðxÞ : O-V ; xAX ; such that
B.1. Complete state space: The state space is O ¼ V X ; the set of all functions from
contingencies to payoffs; S is generated by the events fo : ṽðxÞ ¼ vg; vAV and
xAX :
B.2. Measurable correlation: For every n; and every ðz1 ; y; zn ÞAV n ; the
probability Pfṽðx1 Þ ¼ z1 ; y; ṽðxn Þ ¼ zn j Mg depends measurably on
ðx1 ; y; xn ÞAX n :16

Since the state space ðO; SÞ is held ﬁxed, we refer to ðP; MÞ as the agent’s
probabilistic model.
We shall interpret ṽðx; oÞ as the payoff function at x given state o ( for a
categorization problem, this is just the category of x in state o). Condition B.2
requires that correlation in category membership is well-behaved. B.1 is the more
substantial condition. It requires that O be the obvious complete state space
corresponding to this decision problem. In particular, our model precludes behavior
based on missing states or unforeseen contingencies (see Section 6.1). Given this state
space, S is simply the minimal set of events rich enough to make the payoff functions
ṽðxÞ well-deﬁned random vectors. In summary, B.1 ensures that no v is a priori ruled
out as the payoff function at x; if the agent considers such v impossible at x; this
should be a property of his probabilistic assessment P rather than part of the state
space.
Notational conventions. We use ṽðxÞ : O-V to denote the random vector of payoffs
at contingency x (one entry in the vector for each action bAB). We use ṽðx; oÞAV to
denote the value of this random vector at a state o: Finally, ṽðb; x; oÞAR denotes the
payoff of action b under the vector ṽðx; oÞ:
16

n

Relative to the product s-algebra A :
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4.2. Expected utility
Consider an agent facing a speciﬁc contingency x: His expected payoff at x given
M and the constraint bAgðxÞ is:
max E½ṽðb; xÞjMðoÞ:

bAgðxÞ

Although M enters this expression very much like information does in an
incomplete information model, it plays a very different role here. Assumption B.3
below will require that the agent has complete information at each and every
contingency, eliminating the possibility that M reﬂects incomplete information, and
supporting the interpretation of our model as a model of complexity.
Ex ante the agent faces a randomly drawn contingency from X : Since each xAX
has probability zero of being drawn under l; the agent is not concerned about any
speciﬁc x; but about evaluating the average performance of rules and options against
all contingencies. The following deﬁnition makes this formal:17
% on a set AAA relative to M is
Deﬁnition 2. The utility of an option gAG
Z
1
Ũðg; AÞ ¼
max E½ṽðb; xÞjM dl:
lðAÞ A bAgðxÞ

ð1Þ

The integral in Eq. (1) is the Pettis integral of the random variables
maxbAgðxÞ E½ṽðb; xÞjM; xAA; a well-known integral ﬁrst used in economics by
Uhlig [18]—Appendix A provides background and references.18; 19 From the
deﬁnition of the integral, Ũðg; AÞ is an equivalence class of random variables, all
of which agree P-almost everywhere. As detailed in Appendix A, using L2 to denote
the linear space of (equivalence classes of ) square integrable random variables on
O; Ũ is a function20
Ũ : G

A-L2 :

We will frequently use the fact that the expectation of the Pettis integral is the
integral of the expectations:21
Z
1
E Ũðg; AÞ ¼
E max E½ṽðb; xÞjM dlðxÞ:
ð2Þ
lðAÞ A bAgðxÞ
The next two examples illustrate some of the main issues in this paper.
17

Although A and G are our primary objects of interest, some of the deﬁnitions are formulated more
% as these are useful in the proofs and in Section 8.
generally to cover A and G
18
This integral is needed to deal with the fact that E½ṽðb; xÞjMðoÞ may be non-measurable in X for a
ﬁxed o:
R
19
1
In the case of a rule f ; (1) reduces to Ũð f ; AÞ ¼ lðAÞ
A E½ṽð f ðxÞ; xÞjM dlðxÞ:
20

We will loosely talk about Ũðg; AÞ as a random variable and write Ũðg; AÞðoÞ: Whenever we do this,
we are referring to a representative of the equivalence class Ũðg; AÞ: As noted above, the choice of a
different representative must yield the same answer with P-probability 1.
21
See Lemma A.1. The integral in the RHS is the usual Lebesgue integral.
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Example 1. Let V ¼ fv1 ; v2 g; M ¼ S; and Pi be the distribution such that for every
x; Pi fṽðxÞ ¼ vi g ¼ 1: Deﬁne P ¼ 0:5P1 þ 0:5P2 :
Here, either action b1 is the optimal action at all contingencies, or action b2 is. To
see this formally, for i ¼ 1; 2; let oi denote the state deﬁned by ṽðx; oi Þ ¼ vi for every
xAX : Then Ũðbi ; X Þ is any random variable such that Ũðbi ; X Þðoi Þ ¼ 1 and
Ũðbi ; X Þðoj Þ ¼ 0; for i; ¼ 1; 2 and iaj:22 Example 1 shows that Ũ may itself be
random. Later, we shall argue that the implied behavior in this example fails to use
the knowledge embedded in ðP; MÞ:
We will ﬁnd it useful to deﬁne the utility distribution associated with ðP; MÞ as the
function
U :G

A-DR ;

ð3Þ

where Uðg; AÞ is the distribution of the random variable Ũðg; AÞ: Deﬁne the expected
utility of g over A as E Ũðg; AÞ (which is of course the same as EUðg; AÞ). In Example
1, the utility distribution Uðbi ; X Þ is one that puts 0.5 mass on 1 and 0.5 mass on 0 so
E Ũðbi ; AÞ ¼ 0:5:23
Example 2. Let V ¼ fv1 ; v2 g; M ¼ S; and P be the i.i.d. distribution with PfṽðxÞ ¼
vi g ¼ 12 for every x:
In this example Ũðbi ; X Þ; i ¼ 1; 2; is the degenerate random variable that takes the
value 0.5 with probability 1.
If we interpret the probabilistic model as the agent’s theory of how his world
works, then Examples 1 and 2 present drastically different theories. In Example 1,
one observation enables the agent to eliminate all uncertainty, while no such learning
can occur in Example 2.24 Despite this difference, since E Ũðbi ; X Þ ¼ 12 in both
examples, taking the expectations of Ũ cannot separate them.

4.3. Knowledge and introspection
We introduce two restrictions that enable us to relate an agent’s probabilistic
model to his view of the complexity of his environment (as opposed to other factors
such as incomplete information or bounded rationality):
22
Ũ is deﬁned arbitrarily otherwise. Note that there are inﬁnitely many such Ũ’s, but they must all be
equivalent.
23
Of course, U and Ũ depend on the probabilistic model ðP; MÞ; and so strictly speaking we should
write UP;M : However, whenever ðP; MÞ is clear from the context we suppress references to it to avoid
unnecessarily cumbersome notation.
24
Later we relate the presence of correlation in these examples to introspection and learning.
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4.3.1. Instance-specific knowledge
Randomness in payoffs has two potential sources: (1) objective uncertainty due to
lack of information about the determinants of the true category of x; and (2)
cognitive uncertainty due to the complexity of the relationship between ex post
payoffs and the features deﬁning contingencies, rather than lack of information
about these features. Although one would expect both types of uncertainty to exist in
each problem, in this paper we focus exclusively on modeling cognitive uncertainty.
The following deﬁnition captures this restriction:
B.3. Instance-specific knowledge: M ¼ S:
Recall that S is generated by events of the form fo : ṽðxÞ ¼ vg for some xAX and
vAV : Informally, any such event corresponds to a statement: ‘‘the category of
contingency x is v:’’ Stating that the agent knows all events of the form fo : ṽðx; oÞ ¼
vg means that once he faces x all uncertainty at x is resolved. Since S contains all
such events, B.3 makes formal the intuition that the agent ‘‘knows-it-when-he-seesit.’’
Note that B.3 eliminates as motive for behavior uncertainty due to lack of
knowledge of payoff-relevant states. In particular, under B.3, any randomness in
payoffs cannot be the result of incomplete or imperfect information. An example
that violates B.3 may help illustrate this point:
Example 3. Let V ¼ fv1 ; v2 g; M ¼ f|; Og; and P be any distribution such that
PfṽðxÞ ¼ vi g ¼ 12 for every x:
In this example, even when given complete freedom to choose ex post any action
he likes in the form of the ‘‘grand option’’ gðxÞ ¼ B for all x; the best the agent can
hope for is E Ũðg; X Þ ¼ 12: On the other hand, B.3 would have required the grand
option to have expected value 1.25 Example 3 reﬂects objective uncertainty about
payoff-relevant states, rather than any complexity considerations—indeed, there
may be nothing complex about the environment in this example. This is very
different from our intuition that complexity has to do with the agent’s inability to
think in advance of every possible contingency.
Condition B.3 is extreme in that it eliminates any possibility of objective
uncertainty. However, we ﬁnd this abstraction useful in isolating complexity as
motive for behavior.
4.3.2. Introspection
Suppose an agent ‘‘knows’’ whether an event S occurred (that is, SAM). For
example, S may be the event ‘‘x is of category v;’’ for some x and v: We would expect
a rational agent to incorporate this knowledge in evaluating expected payoffs. Our
next condition formulates the idea that the agent has incorporated all the
implications of what he knows about the problem through exhaustive introspection.
25

We have maxbAB E½ṽðb; xÞjM ¼ 1 for every x; so Eq. (2) implies E Ũðg; X Þ ¼ 1:
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For any SAM with PðSÞ40; let PS denote the updated probability
measure given by Bayes’ rule.26 We use EPS ½ṽðb; xÞjMðoÞ to denote the
conditional expectations given M under PS : We may then deﬁne the conditional
utility,
Z
1
Ũðg; A j SÞ ¼
max EPS ½ṽðb; xÞjM dlðxÞ:
lðAÞ A bAgðxÞ
Our next condition is:
B.4. Exhaustive introspection: For any gAG; AAA; and event SAM; with PðSÞ40;
E Ũðg; AÞ ¼ E Ũðg; A j SÞ:
The idea is that the agent’s expected utility E Ũðg; AÞ has already taken into account
every possible introspection given M:
As an illustration of the failure of B.4, consider Example 1: since any event of the
form S fo : ṽðxÞ ¼ v1 g belongs to S (hence to M), if the agent introspects about
any contingency x and ﬁnds out that S is true, his updated model PS would have
E Ũðb1 ; X j SÞ ¼ 1; while without such introspection E Ũðb1 ; X Þ ¼ 12; violating B.4. In
Example 1 the agent’s theory does not incorporate in P knowledge he already has as
part of M:27
By ruling out such apparent contradictions, B.4 essentially requires that the agent
has thought through his probabilistic model of the environment, leaving no
potentially useful inferences unexploited.

5. Representation and implications
5.1. Representation
Theorem 1. Suppose that an agent has a probabilistic model ðP; MÞ satisfying B.3 and
B.4 and let UP;M denote its utility distribution. Then UP;M satisfies A.1–3.
All proofs are in Appendix A.
Next we turn to the converse: an agent who makes choices satisfying A.1–3
behaves as if he maximizes expected utility with respect to a probabilistic model of
his environment. First we need the following deﬁnition:
26
27

That is, PS is the probability measure on ðO; SÞ deﬁned by PS ðZÞ ¼ PðZ-SÞ
PðSÞ for every ZAS:

In Example 1 there is a logical contradiction between the probabilistic model and the agent’s
introspection. The following is a variant of that example in which introspection only gradually changes the
agent’s evaluations: Let V ¼ fv1 ; v2 g and assume M ¼ S: For i ¼ 1; 2; deﬁne Pi to be a distribution where
the ṽðxÞ are i.i.d. with mean pi Að0; 1Þ; with p1 ap2 : Deﬁne P to be a 50/50 lottery over P1 and P2 : That is,
P is generated in a two-stage process where, ﬁrst iAf1; 2g is drawn, then the ṽðxÞ’s are generated according
to Pi :
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Deﬁnition 3. A probabilistic model ðP; MÞ rationalizes a utility distribution U if for
every gAG and AAA;
Uðg; AÞ ¼ UP;M ðg; AÞ

ð4Þ

The next result provides the desired converse:
Theorem 2. Every utility distribution U satisfying A.1–3 can be rationalized by a
probabilistic model ðP; MÞ satisfying B.3 and B.4.
An outline of the proof may be helpful. We ﬁrst use a martingale argument to
establish the following result:
Lemma 1. A:1 and A:2 imply that there exists a function l : X -DV ; measurable with
respect to A; such that for every AAA with lðAÞ40
Z
1
EU ðbk ; AÞ ¼
lk ðxÞ dl:
lðAÞ A
The function l is essentially unique: if l 0 is any other such function then l and l 0 must
agree on almost every x:
The lemma derives (essentially unique) local weights lðxÞ which represent the
probability of each category at x: We use these local weights to deﬁne a probability
distribution P on ðO; SÞ using Kolmogorov’s extension theorem. The construction
ensures that B.3–4 hold.
5.2. Complexity: definition and characterization
We are interested in an agent who is unable to describe a rule specifying in
advance the optimal action in every conceivable contingency. The intuition is that
the optimal action depends on the details of the contingencies in a way too
complicated to be reduced to a rigid ex ante rule. First we introduce our criterion for
determining the complexity of a problem:
Deﬁnition 4. A problem is complex over A if
sup E Ũð f ; AÞo1;
f AF

and simple over A if supf AF E Ũð f ; AÞ ¼ 1:
How is complexity reﬂected in the agent’s theory of his environment? If U satisﬁes
A.1–3, Theorem 2 says that the agent’s choices are made as if he maximizes expected
utility relative to a probabilistic model ðP; MÞ satisfying B.3 and B.4.28 The next
theorem characterizes complexity in terms of ðP; MÞ:
28

Theorems 6 and 7 later show that this representation is essentially unique.
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Theorem 3. Fix U satisfying A.1–3 and let ðP; MÞ be the probabilistic model
constructed in Theorem 2. Then a problem is complex over AAA if and only if there is
A0 CA; A0 AA; with lðA0 Þ40 such that E ṽðxÞeV for every xAA0 :
The theorem characterizes the complexity of a problem in terms of local properties
of the probabilistic model, namely the non-degeneracy of the random variable ṽðxÞ
at contingencies xAA0 :
To interpret the condition E ṽðxÞeV ; we note that the martingale convergence
argument in the proof of Lemma 1 derives E ṽðxÞ as the frequency of category
membership in vanishingly small neighborhoods around x:29 On the other hand,
condition A.1 on U (and condition B.3 on ðP; MÞ) implies that all uncertainty
vanishes when the agent knows the speciﬁc contingency he is facing. Theorem 3 thus
says that complexity arises if (and only if ) there is the following discontinuity:
although randomness is present in arbitrarily small neighborhoods around any
xAA0 ; it completely vanishes once the agent encounters the speciﬁc contingency x:
Informally, the agent believes that categories around x are ‘‘mixed-up’’ because small
differences in details can have complex, unpredictable effects on outcomes. This is
what leads to the discontinuity between the ex ante planning about a large set of
contingencies and the ex post choice when a speciﬁc contingency is realized.
5.3. Uncertainty without incomplete or imperfect information
A surprising aspect of our construction is that the agent views as random an
environment where there is no incomplete or imperfect information. How can we
have a non-degenerate randomness (P is not trivial) yet at the same time M ¼ S? It is
useful to highlight the counter-intuitive nature of this conclusion by noting that it
cannot hold when the set of contingencies is ﬁnite:
Example 4. V ¼ fv1 ; v2 g; the space of contingencies X is ﬁnite; A is the set of all
subsets; and l is the normalized counting measure on ðX ; AÞ:
Our model can be naturally extended to cover the ﬁnite case as follows: O ¼
V X ; S is the set of all subsets of O; and F is the set of all functions f : X -B: A
probabilistic model ðP; MÞ then consists of a distribution P on the ﬁnite state space
ðO; SÞ and MCS: B.3 implies that M consists of all subsets of O: If ðP; MÞ satisﬁes
B.3–4, then it is easy to see that Theorem 1 still holds. The problem is that this
theorem can only hold trivially: any such P must be degenerate, in the sense that
PfṽðxÞ ¼ v1 g is either 1 or 0 for all x:30
Thus, although Theorem 1 is still valid when X is ﬁnite, it is inconsistent with
any uncertainty. By contrast when X has the structure detailed in Section 2,
29
30

E ṽðxÞ coincides with the local weights lðxÞ derived in Lemma 1 almost everywhere.
R
1
To see this, suppose that 0oPfṽðxÞ ¼ v1 g ¼ l1 o1; then Ũðb1 ; xÞ ¼ lðxÞ
x Eðṽðb1 ; xÞjMÞðoÞ dl ¼

Eðṽðb1 ; xÞjMÞðoÞ: Since M ¼ S and 0ol1 o1; Eðṽðb1 ; xÞjMÞðoÞ is a non-degenerate random variable
taking values in f0; 1g; contradicting A.3.
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non-degenerate probabilistic models are easy to produce ( for instance,
Example 2).
So what drives our model of complexity? The answer is that we exploit the special
structure on X to restrict the agent to the set of rules, F: In our model, the agent
cannot make his actions vary too ﬁnely with contingencies because he is limited to
rules that must condition on features, rather than the set of all contingent actions, BX :
Of course, we allow for a set of rules rich enough to capture all regularities that can
improve the agent’s decisions. Given this richness, any details not picked up by rules
must look random. Essentially, rules must be measurable with respect to the features,
and thus necessarily lump together many contingencies and treat them the same.
5.4. Complexity and independence
Our notion of complexity is intimately related to the idea of statistical independence.
We think of our agent as one who has done thorough introspection, uncovering any
useful patterns and regularities in the problem. Any remaining randomness in his
probabilistic model should contain no exploitable patterns, and should thus represent
‘‘independent randomness.’’ This intuition is made formal in the following theorem:
Theorem 4. Any probabilistic model satisfying B.3 and B.4 also satisfies:
B:4 : For every nX2; there is a set An AAn with ln ðAn Þ ¼ 1 such that for every
fx1 ; y; xn gAAn ; fṽðx1 Þ; y; ṽðxn Þg are independent.31
B:4 roughly says that knowing payoffs at one instance conveys no additional
information about payoffs at almost any other instance.
6. Unforeseen contingencies, missing states, and statistical consistency
The condition supf AF E Ũð f ; AÞo1 means that the agent strictly prefers options
to rules. Options give the agent the ﬂexibility to choose after he knows which
contingency he is facing, while rules force him to commit ex ante. Our theorems
show that this preference for flexibility arises if and only if the problem is complex.
In this section we explore the link with the closely related literature on preference
for ﬂexibility and missing-states models introduced by Kreps [12] and studied by
Dekel et al. [4], Nehring [14] and Ozdenoren [15]. In particular, we show that in our
model, this preference for ﬂexibility is a persistent, ‘‘steady-state’’ phenomenon that
does not disappear with learning.
6.1. Comparison with Kreps: missing-states and unforeseen contingencies
Kreps’s agent chooses an action in B as a function of the contingency s in a ﬁnite
set S: The agent has (using our terminology) a preference over rules, deﬁned as
31

Here, ln is the product measure on the product space ðX n ; A% n Þ:
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functions f : S-B; as well as conditional opportunity sets, or options g : S-2B \|: A
preference for ﬂexibility arises if the agent strictly prefers an option to any of its
reﬁnements by rules. Kreps interprets such preference for ﬂexibility as the agent
believing that his model is missing some potentially relevant contingencies he did not
foresee. Without going into the details, Kreps [12], Dekel et al. [4], Nehring [14], and
Ozdenoren [15] construct expanded state spaces as completions of S; where the agent
has a standard preference over the larger state space. The new subjective states are
interpreted as the unforeseen contingencies missing in the original state space.
Kreps’s agents may value ﬂexibility for a variety of reasons, one of which is an
inability to foresee future contingencies. But they may also value ﬂexibility for
completely unrelated reasons, such as an intrinsic taste for ﬂexibility, or an
exogenous restriction on the set of contingencies they can condition on. The presence
of unforeseen contingencies is only one of many possible interpretations of such
behavior. As Kreps indicates, it may be impossible to separate it from these other
factors [12, p. 268]. In applications, one would expect the source of preference for
ﬂexibility to be important when introspection, learning, dynamic choice, and multiagent considerations are introduced.
The basic idea underlying this paper is similar to that in Kreps [12], namely that
the set of allowable rules is too coarse to reﬂect all the potential variability of the
environment. The way we model this intuition, however, is very different: we focus
on environments with considerably more structure than Kreps’s set of contingencies
S—an arbitrary ﬁnite set with no special structure. In fact, the state space in our
model is the natural complete state space V X ; thus ruling out from the outset missing
states as an explanation of behavior.32
The problem with an arbitrary ﬁnite set of contingencies is that there is no obvious
or natural restriction on the set of allowable rules (and Kreps does not provide any).
In our model, on the other hand, the agent is restricted to rules that belong to F;
which is considerably smaller than the set of all contingent actions BX : Flexibility is
valuable because the agent is unable to make his ex ante plans of action depend too
ﬁnely on contingencies.33
In Kreps’s model, the missing-states that make ﬂexibility valuable are derived
from preferences and interpreted as representing the agent’s imperfect perception of
the environment. However, no formal explanation is given as to which contingencies
are more/less likely to be unforeseen, or why some states were missing and
unforeseen in the ﬁrst place. While this is sufﬁcient as a ‘‘static’’ description of
behavior, it can be problematic in incorporating forces that change the agent’s
perception of his environment, such as learning and introspection. Learning, in
particular, can potentially resolve the agent’s cognitive uncertainty and thus affects
what he does and does not foresee.
32
Example 4 illustrates that our model uses the special structure of X : when this set is an arbitrary ﬁnite
set, the only probabilistic model consistent with our assumptions is trivial and displays no preference for
ﬂexibility.
33
‘‘It isn’t that the individual does not foresee the contingencies, but only that we don’t allow him to
have his consumption so ﬁnely conditioned as he would like.’’ (Kreps [12, p. 278])
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Our model of complete state space and foreseen contingencies already explicitly
incorporates introspection (Section 4.3.2). We now turn to formally show how our
model incorporates learning.
6.2. Statistical consistency and learning
This section formalizes the interpretation of the probabilistic model as the agent’s
‘‘steady-state’’ theory of his environment after all useful learning has taken place.
Consider a statistical experiment in which the agent’s choices are observed along
an inﬁnite sequence of contingencies fx1 ; yg obtained as the result of independent
draws from a subset AAA according to the distribution l: Along this sequence, we
imagine the agent ﬁnding out what his payoff functions turn out to be at each
contingency. So at contingency xi he ﬁnds that his payoff is v̂i AV ; and so on. For a
speciﬁc draw of a sequence of contingencies, we obtain an inﬁnite sequence of data
points of the form fxi ; v̂ðxi ÞgN
i¼1 :
We interpret E Ũðb; AÞ as the agent’s prediction, based on his probabilistic model,
of the average payoff from taking action b on A: The agent may test this prediction
by checking it against the data, fxi ; v̂ðxi ÞgN
i¼1 : To make this formal, call ðP; MÞ
compatible with fxi ; v̂ðxi ÞgN
if
for
every
bAB
and AAA;34
i¼1
E Ũðb; AÞ ¼ lim

N-N

N
X
1
w ðxi Þv̂ðb; xi Þ:
#fxi AAg i¼1 A

That is, the agent’s prediction E Ũðb; AÞ is consistent with the empirical frequency of
the event that b is indeed the optimal action. Although there may be more
sophisticated tests of consistency, this simple test will sufﬁce in illustrating our main
point.
The following theorem examines compatibility with data for a ‘‘typical’’ sequence
of contingencies fx1 ; yg:
Theorem 5. Any probabilistic model satisfying B.3–4 is compatible with data almost
surely.
Formally, let lN denote the product distribution on the set of sequences from X :
Then for every bAB and AAA; for lN -a.e. sequence of contingencies,35
E Ũðb; AÞ ¼ lim

N-N

N
X
1
w ðxi Þṽðb; xi ; oÞ;
#fxi AAg i¼1 A

P-a:s:

34
Remarks. (1) wA denotes the indicator function of the set A; (2) if #fxi AAg ¼ 0; then the RHS in the
following equation is inﬁnite and equality is violated (since the LHS is ﬁnite); and (3) the equality means
that the limit exists and that it is equal to E Ũðb; AÞ:
35
To deﬁne this expectations, ﬁx fx1 ; yg; and let Ofxi g ¼ V N denote the set of all inﬁnite sequences in
V ; Sfxi g CS is the sub-s-algebra generated by the random variables fṽðx1 Þ; yg:
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That is, the agent does not expect even an infinite amount of data to falsify his
prediction of the expected payoff E Ũðb; AÞ based on his probabilistic model. This is
one way to model the intuition that the agent views his probabilistic model as a
steady state model that cannot be further reﬁned by data.
It is useful to consider the case of a probabilistic model that is not statistically
consistent. In Example 1 for bAfb1 ; b2 g; E Ũðb; X Þ is a degenerate random variable
that takes the value 0.5 with probability 1. On the other hand, for any sequence fxi g
of contingencies the agent perfectly learns whether P1 or P2 is true, so
PN
limN-N N1
i¼1 ṽðb; xi ; oÞ is a random variable that takes value 0 or 1 with equal
probability.
In this example, although the agent faces an initial uncertainty, he expects to learn
enough from the data to eliminate this uncertainty. The fact that the agent values
ﬂexibility in this example is not robust to learning, as it quickly disappears upon
learning whether P1 or P2 is the true distribution.
In summary, the value of ﬂexibility in Example 1 is due to neither complexity nor
unforeseen contingencies, but to the fact that the agent has not exhausted all learning
opportunities. What Theorem 5 tells us is that when the agent values ﬂexibility in our
model, he does so as a ‘‘steady-state’’ behavior that already took into account all
learning possibilities.

7. Uniqueness of the representation
Theorem 2 only shows the possibility of ﬁnding one probabilistic model
satisfying B.3–4 and that rationalizes the agent’s choices. It does not rule out that
these same choices may be consistent with other probabilistic models that do not
satisfy B.3–4.
Our next result shows that one cannot substantially weaken conditions B.3
and B.4.
Theorem 6. Any probabilistic model rationalizing a utility distribution U satisfying
A.1–3 must satisfy
B:3 : For almost every xAX ; there is a partition of O; Mx ¼ fMv : vAV gCM; such
that for every vAV ; PfMv D fo : ṽðxÞ ¼ vgg ¼ 0:36

B:4 : For every nX2; there is a set An AAn with ln ðAn Þ ¼ 1 such that for every
fx1 ; y; xn gAAn ; fṽðx1 Þ; y; ṽðxn Þg are independent.
Conditions B:3 and B:4 in the previous theorem slightly weaken conditions B.3
and B.4 used in Theorem 1. Essentially we need the weaker assumptions, since we
cannot observe differences conﬁned to measure zero events from the behavior of the
36

D denotes symmetric difference of two sets.
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agent. Therefore from A.1–3, we can only hope to get versions of B.3 and B.4 that
hold up to sets of measure zero.37
Each probabilistic model provides an interpretation of how the agent views his
environment. Our next task is to provide an unambiguous interpretation of the
agent’s behavior in terms of his perception of the complexity of the environment.
The following theorem establishes a uniqueness result of the probabilistic
representation to support this interpretation:
Theorem 7 (Uniqueness). Let ðP; MÞ and ðP0 ; M0 Þ be two probabilistic models
rationalizing utility distribution U satisfying A.1–3. Then:
(i) Equivalent knowledge: For almost every xAX ; there are partitions of O; Mx ¼
fMv : vAV gCM
and
M0x ¼ fMv0 : vAV gCM0 ;
such
that
for
every
0
vAV ; PfMv D Mv g ¼ 0:
(ii) Equivalent distributions: For every n; there is An CX n with ln ðAn Þ ¼ 1 such that
for every ðx1 ; y; xN ÞAAn ; the random payoffs ðṽðx1 Þ; y; ṽðxN ÞÞ have identical
distributions under P and P0 :

8. Application: optimal delegation contracts
We provide an example illustrating how our model may be used in a contractual
setting. We describe a simple delegation problem between a principal and an agent
and characterize the optimal contract. We show, in particular, that the optimal
contract may be incomplete depending on the complexity of the environment.
8.1. Contracts as options
A principal decides on how much discretionary control over an action he should
delegate to an agent. One example is that of an owner of a ﬁrm (the principal)
delegating to an agent the task of managing the day-to-day operation of a ﬁrm.
Another example is a legislature that introduces laws but delegates the adjudication
of legal cases to judges. These and other settings are typically characterized by
‘‘contractual incompleteness,’’ in the sense that the contracts (or laws in the
legislature example) do not specify a precise action in every conceivable contingency.
Instead, they tend to contain vaguer clauses that may determine boundaries of
37

It is immediate that the difference between B:3 and B.3 is only on sets of measure zero. Thus B:3
requires almost instance speciﬁc knowledge for almost all instances.
To see the difference between B:4 and B.4 consider the following ‘‘full independence’’ assumption:
B:4 : For every nX2; and every fx1 ; y; xn gAX n ; fṽðx1 Þ; y; ṽðxn Þg are independent.
It is easy to show that B:4 implies B.4, and in Appendix A we show that B.4 implies B:4 : So loosely
speaking the difference between B.4 and B:4 is less than the difference between B:4 and B:4 : Note that
the difference between the latter two assumptions are only on measure zero sets, thus the difference
between B.4 and B:4 must also be of this nature.
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permissible actions, leaving the rest to the agent’s discretion. We show that the
complexity of the environment is a major source of such incompleteness. We also
perform comparative static analysis that explains how complexity shapes the form of
incompleteness.
We imagine an agent choosing an action bAB at each contingency x: A contract is
a constraint on the agent’s choice of action. One way to model this is to view
contracts as options: at each contingency x; the agent chooses an action b subject to
the constraint that bAgðxÞ: Here we expand the set of contracts to include the closure
% of the set of options G: We do this primarily for technical reasons: the space G is
G
not closed, so an optimal contract may not necessarily exist in G but will always exist
% We do not view the difference between G and G
% to be of substantive importance
in G:
%
for the application considered here: If gA
% G is optimal, then for any e40 we can
always ﬁnd a ﬁnitely deﬁned option gAG such that the expected payoff from using g
38
is e-close to that of g;
% and g and g% coincide except on a set of measure at most e:
The following deﬁnition provides a useful taxonomy of the different types of
contracts:
%
Deﬁnition 5. A contract is an option gAG:
% (i.e., a rule, or a single-valued
 A contract g is complete if it belongs to F
option);
 A contract g is incomplete at x if gðxÞ is not a singleton (otherwise it is complete
at x);
 g is essentially incomplete if it is incomplete on a set of positive measure of x’s
(otherwise it is essentially complete).
To see how a contract g can capture the degree of discretion given to
the agent, note ﬁrst that when g is single-valued, the agent is left with no scope
for discretion. Such contract represents a rigid rule that speciﬁes ex ante the agent’s
actions in every conceivable contingency. At the other extreme, the contract
‘‘gðxÞ ¼ B for all x’’ gives the agent full discretion. The model allows a rich set of
intermediate cases in which the agent is given partial discretion (gðxÞ is neither a
singleton nor equal to all of B), and allows the degree of discretion to vary across
contingencies.

8.2. Optimal contracts
We use our representation of complexity to identify the optimal level of discretion
in terms of a trade-off between giving the agent greater ﬂexibility and controlling the
potential conﬂicts of incentives. We characterize the optimal delegation contracts
which may be incomplete depending on the complexity of the environment.
38

Anderlini and Felli [1] make a similar point.
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To model this, we assume that the principal and the agent share a common
probabilistic model ðP; MÞ which is assumed to satisfy B.1–4.
The only difference with the setup of Section 3 is that we let ṽðxÞ : O-V V ; and
write ṽðxÞ ¼ ðṽ1 ðxÞ; ṽ2 ðxÞÞ; with ṽ1 ðxÞ and ṽ2 ðxÞ denoting the principal’s and agent’s
payoffs, respectively.39 We also drop assumption A.0 and allow V to be any ﬁnite set
of payoff functions v : B-R where each function induces a strict ranking of actions.
Deﬁne the local weights l : X -DV V by lðxÞðv1 ; v2 Þ ¼ PfvðxÞ ¼ ðv1 ; v2 Þg: While
we maintain the independence assumption (B.4) across contingencies, we allow
payoffs to be correlated at each contingency (so v1 and v2 may be correlated). Such
correlation would capture the (possibly stochastic) relationship between the
principal’s and the agent’s interests. For example, if l puts unit mass on the
diagonal of V V (i.e., v1 ¼ v2 with probability 1), there is always complete
alignment between the principal’s and agent’s ranking of actions. On the other hand,
off-diagonal utilities represent potential conﬂict of interest that may lead the
principal to transfer less than full discretion to the agent (in the extreme case, leaving
him with no discretion at all).
For a given agent utility v2 AV and subset of actions CA2B \|; deﬁne bðC; v2 Þ ¼
argmaxbAC v2 ðbÞ; which is single valued by our assumption that payoffs strictly rank
actions. In a given contingency x; and state o; the agent’s optimal action is given by
bðC; ṽ2 ðx; oÞÞ; generating a principal’s (random) payoff ṽ1 ðbðC; ṽ2 ðx; oÞÞ; x; oÞ: His
expected utility from a contract g is thus:
Z
UðgÞ ¼ E
ṽ1 ðbðgðxÞ; ṽ2 ðx; oÞÞ; x; oÞ dl
Z XX
lðxÞðv1 ; v2 Þv1 ðbðgðxÞ; v2 ÞÞ dl:
¼
X v1 ;v2

The second equality, which may be proven analogously to Lemma A.1, asserts that
one can evaluate g by computing its value locally then aggregate the resulting
payoffs.
8.3. Comparative statics
We want to characterize the optimal contract in terms of the primitives of the
environment, in particular, complexity and the conﬂict of interest between the
% globally optimal if Uðgþ ÞXUðgÞ for every gAG:
%
principal and the agent. Call gþ AG
þ
That is, g is the optimal level of discretion to be transferred to the agent.
A simpler optimality criterion requires g to be locally optimal: for almost every x
gðxÞA argmax ElðxÞ v1 ðbðC; v2 ÞÞ:

ð5Þ

CA2B \|

This expression may be interpreted as follows: at each contingency x; the
principal sets C optimally, assuming that payoffs are drawn according to
39

Assuming a common set V is without loss of generality because we can always take this set to be the
union of the support of the two players’ utilities.
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the weights lðxÞ and the agent picks his action after the payoff functions are
drawn.
Theorem 8. (i) A locally optimal contract exists.
(ii) A contract is globally optimal if and only if it is locally optimal.
Part (i) guarantees that local optima can be threaded together into a well-deﬁned
option, while (ii) says that global optimality is equivalent to optimality at local
problems that involve no complexity considerations.
To illustrate the theorem, consider the following two polar cases. First, suppose
that the lðxÞ’s are non-degenerate with support contained in the diagonal of V V : It
is easy to see that the solution of local problems, as determined by Eq. (5), is to set
gðxÞ ¼ B; i.e., to give the agent full discretion. By the theorem, this is also the optimal
contract. In this case, although complexity makes it impossible to anticipate every
possible future contingency, the principal knows that the interests of the agent will
always be aligned with his. Second, suppose that the environment is simple and there
is conﬂict of interest: for every x; lðxÞ is degenerate and puts unit mass on some point
off the diagonal of V V : In this case, from Eq. (5) we also ﬁnd that it is optimal to
specify the action to be taken in every contingency (gðxÞ is always single-valued); the
optimal contract is complete, leaving the agent with no room for discretion.
The force of the theorem is that it provides a general characterization of optimal
contracts that covers not just the two polar cases above, but also more interesting
intermediate cases. Essentially, the theorem reduces the problem of searching for an
optimal contract in a complex environment to that of solving completely standard,
‘‘local’’ optimization problems. This makes it possible to derive qualitative insights
about the way complexity shapes the form of incompleteness that arises in
applications. In these intermediate cases where l is non-degenerate with support
containing off-diagonal elements of V V ; complexity prevents the principal from
fully spelling out which action should be taken by the agent in every possible
contingency. This creates an incentive to transfer greater discretion to the agent so he
can more ﬂexibly adapt to contingencies as they arise. On the other hand, the fact
that l puts positive weight on off-diagonal elements of V V means that the
principal also realizes that there will be contingencies in which the agent’s selfinterest will conﬂict with his. The principal then limits the agent’s discretion by
offering a more narrowly deﬁned contract. The overall arrangement in this case will
be one characterized by partial delegation to balance the conﬂicting goals of greater
ﬂexibility to cope with complexity with that of better control over the agent’s actions.
Theorem 8 ensures that global optimality can be analyzed by examining
straightforward local trade-offs.

9. Concluding remarks
While its importance and pervasiveness is beyond dispute, complexity is an elusive
concept to formally model. We believe the difﬁculty arises from modeling complexity
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in a way that precludes systematic errors and arbitrage opportunities that undermine
equilibrium analysis. Our approach is to elicit agents’ assessment of the complexity
or simplicity of the environment, the world as they see it, rather than prescribe ad
hoc computational limitations or thought procedures. We explain an agent’s
behavior as the result of a coherent probabilistic model representing his attempt at
identifying patterns or regularities, while at the same time recognizing that his model
cannot explain everything.
The resulting model, as illustrated in the example of Section 8, is consistent with
closed equilibrium analysis: agents optimize given an understanding of their
environment which is as good as that of the modeler, and there are no arbitrage
opportunities or money-pumps through which an agent may be systematically
exploited. These requirements, well entrenched in economics and game theory,
impose considerable discipline on the model’s predictions.
Two other features of our approach are worth emphasizing. First, we show that
rational agents confronting complex situations may display behavior often
associated with bounded rationality. Second, despite the complexity of the
environment, the agent’s model of it may be remarkably simple. This, in turn,
means that we can develop tractable models of behavior, as illustrated by Theorem 8
where complex multi-agent settings may be analyzed using essentially standard tools
and concepts.
An important question we hope to address in future work is incorporating
learning considerations: our focus has been on a steady state where the agent believes
he learned all there is to be learned from the environment. How the agent gets to use
data to formulate and reﬁne his model is an obvious next step.
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Appendix A
A.1. Topological and measurable properties of A
The next proposition shows that A and A have standard topological and
measurable structures:
Proposition A.1. (i) A is a base for the product topology, t; on X ;
(ii) t is a complete, separable metrizable topology;
(iii) A coincides with the Borel s-algebra generated by t:

ARTICLE IN PRESS
N.I. Al-Najjar et al. / Journal of Economic Theory 111 (2003) 49–87

75

Proof. (i) Let t0 denote the topology generated by taking A as a base (that
is the collection of sets obtained by taking arbitrary unions of sets in A). We
need to show that t ¼ t0 : Call a set simple if it is of the form fx : xi ¼ ag;
for some feature i; and aAX i : Note that simple sets are inverse images of
projections, and the product topology is the coarsest topology that makes all
projections continuous. Thus, t-open sets are those sets which can be
obtained as arbitrary unions of ﬁnite intersections of simple sets. Obviously,
every simple set is in A; and so is any ﬁnite union of simple sets. Consequently,
tCt0 : In the other direction, it is enough to show that ACt: By deﬁnition, any
AAA is deﬁnable in terms of a ﬁnite set of features I; say. Then A can be
generated by taking ﬁnite intersections and unions of simple sets corresponding to features in I: Since every simple set is in t; A must also
be in t:
(ii) t is the product topology of a countable collection of compact spaces.40 Thus, t
itself is compact [16, Theorem 19, p. 166, metrizable, p. 151], and complete and
separable [16, Propositions 13–15, pp. 163–164].
(iii) Since A is countable, the product topology involves only countable
unions of sets in A: Thus, the s-algebra generated by A; namely A; coincides
with that generated by the product topology. But the latter is just the Borel salgebra. &

A.2. The Pettis integral
Here we provide the deﬁnition of the Pettis integral as it applies to our setup. The
interested reader may consult [6] for more detailed account. We also provide an
elementary lemma for manipulating this integral.
Let L2 to be the linear (Hilbert) space of all random variables on ðO; S; PÞ
with ﬁnite mean Rand variance.41 The inner product of two points
f ; f 0 AL2 is ð f j f 0 Þ ¼ O f ðoÞ f 0 ðoÞ dP ¼ covð f ; f 0 Þ þ EfEf 0 : If wS is the characteristic
of
a
positive
probability
event
SAS;
then
Rfunction
ðwS j f Þ ¼ S f ðoÞ dP ¼ Eð f j SÞPðSÞ:42
Consider a function x/f˜ðxÞ; which maps each contingency xAX into a random
variable f˜ðxÞ: The Pettis integral is a way to integrate such mapping by averaging the
R
random variables f˜ðxÞ as points in L2 : Formally, A f˜ðxÞ dlAL2 is the Pettis integral

40

In fact discrete spaces, as each Xi is assumed to be binary.
More precisely, L2 consists of equivalence classes of functions because the L2 norm cannot distinguish
between two random variables that differ only on a set of measure zero. Here, we will abuse notation and
use the same symbols to denote the random variable and its equivalence class, as the difference plays no
role in what follows.
42
The notation ðx j yÞ denotes the inner product of two random variables, while Eðx j yÞ denotes the
conditional expectation of x given y:
41
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of x/f˜ðxÞ over AAA if for every zAL2 ;
 Z
 Z

z 
f˜ðxÞ dl ¼ ðz j f˜ðxÞÞ dl;
A

A

where the integral on the RHS
R is the ordinary Lebesgue integral. General results on
the existence of the integral A f ðxÞ dl are available [6].
The following lemma says that the expectation of the Pettis integral of a collection
of random variables is the Lebesgue integral of their expectations:
Lemma A.1. Suppose that SAS with PðSÞ40: Then for every AAA

Z
Z

E
Eð f˜j SÞ dl:
f˜ðxÞ dlS ¼
A

A

Proof.
Z
E
A


 Z



1
˜


˜
w
f ðxÞ dlS ¼
f ðxÞ dl
PðSÞ S  A
Z
1
¼
ðw j f˜ðxÞÞ dl
PðSÞ A S
Z
1
¼
Eð f˜j SÞPðSÞ dl
PðSÞ A
Z
¼
Eð f˜j SÞ dl:
&
A

R Note that the Pettis integral itself is a random variable. In Example 1, the integral
X ṽðb1 ; xÞ dl; say, is a random variable taking the value 0 and 1 with equal
probability. This reﬂects the correlation built into the joint distribution P in that
example: with probability 0.5, b1 is the correct action, yielding a payoff of 1, but with
probability
0.5 it is the wrong action so its payoff is 0. In the example in footnote 27,
R
ṽðb
;
xÞ
dl
is pi and pj with probability 0.5 each. The interpretation is similar.
1
X
On the other hand, under B.3 and B.4 the Pettis integral is in fact constant with
probability 1. This is shown in the next subsection.
A.3. Proof of Theorems 1 and 4
We break the proof in three pieces to highlight the role of the different
assumptions.
Proposition A.2. Suppose that ðP; MÞ is any probabilistic model (i.e., it satisfies
B.1–2), then Ũ must satisfy A:1 : If ðP; MÞ also satisfies B.3, then Ũ satisfies A.1.
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Proof. Suppose that B.3 holds and ﬁx AAA with lðAÞ40: We must show that for
every CA2B\| ;
E ŨðC; AÞ ¼ l1 max v1 ðbÞ þ ? þ lK max vK ðbÞ:
bAC
bAC
R
By deﬁnition, E ŨðC; AÞ ¼ A E maxbAC E½ṽðb; xÞjM dl: Since M ¼ S (condition
B.3), we have E½ṽðb; xÞjM ¼ ṽðb; xÞ: Then
K
X
E max ṽðb; xÞ ¼
PfṽðxÞ ¼ vk g max vk ðbÞ:
bAC
bAC
k¼1
R
Integrating both sides on A and letting lk ¼ A PfṽðxÞ ¼ vk g dl yields the desired
conclusion.
To show that A:1 holds even without B.3, note that in A:1 only actions are
relevant, so we are only considering C ¼ fbk g for some action bk : Then
the ‘‘max’’ may be deleted in all expressions in the last paragraph, so
E maxbAC E½ṽðb; xÞjM reduces to E E½ṽðbk ; xÞjM ¼ E ṽðbk ; xÞ ¼ PfṽðxÞ ¼ vk g:
R
Then E Ũðbk ; AÞ ¼ A PfṽðxÞ ¼ vk g dl ¼ lk : &
Proposition A.3. If ðP; MÞ is any probabilistic model that satisfies B.3, then its Ũ must
satisfy A.2.
Proof. Fix A; g and a partition fA1 ; y; AN g of A as in A.2. Using Eq. (2) and B.3,
we may write
Z
1
E Ũðg; AÞ ¼
E max ṽðb; xÞ dlðxÞ
lðAÞ A bAgðxÞ
N Z
1 X
E max ṽðb; xÞ dlðxÞ
¼
lðAÞ i¼1 Ai bAgðxÞ
¼

N
1 X
lðAi ÞEUðg; Ai Þ
lðAÞ i¼1

¼

N
X

lðAi jAÞ EUðg; Ai Þ:

&

i¼1

Proposition A.4. If ðP; MÞ is any probabilistic model that satisfies B.3 and B.4, then its
Ũ must satisfy A.3.
It is convenient to ﬁrst prove Theorem 4. First we introduce some notation: For
n ¼ 1; 2y; deﬁne the functions:43
n
Y
zðxn ; vn Þ ¼ Pfṽðxi Þ ¼ vi ; i ¼ 1; y; ng 
Pfṽðxi Þ ¼ vi g;
i¼1

zðxn Þ ¼ max
jzðxn ; vn Þj:
n
n
v AV

43

In what follows, the notation xn will refer to the vector ðx1 ; x2 ?xn Þ:
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These represent the discrepancy from independence (the difference between the
joint distribution and the product of the marginals). Note that from B.2 it
follows that z is measurable. We also suppress notation indicating that z depends on
n as this will always be clear from the context.

Lemma A.2. ðP; MÞ satisfies B:4 if and only if it satisfies
B.5. For every nX1; and almost every fx1 ; y; xn gAX n there is Aðx1 ; y; xn ÞAA
with
lðAðx1 ; y; xn ÞÞ ¼ 1
such
that
for
every
x0 AAðx1 ; y; xn Þ;
0
fṽðx1 Þ; y; ṽðxn Þ; ṽðx Þg are independent.

Proof. First suppose that B:4 holds and ﬁx nX1: Then the function z : X nþ1 -R
given by zðx; xn Þ ¼ maxvnþ1 AV nþ1 jzðx; xn ; vnþ1 Þj must be zero a.e. on X nþ1
(here, ðx; xn Þ is a vector in X nþ1 ). Since z is jointly measurable on X nþ1 ;
each of its sections zxn : X -R given by zxn ðxÞ ¼ zðx; xn Þ is measurable.
Applying Fubini’s theorem we also have that for almost every xn AX n ; zxn ðxÞ ¼ 0
for a.e. xAX ; which is the property required by B.5 given n: Since n is arbitrary,
B.5 holds.
In the other direction, suppose that B.5 holds. We prove the claim by induction on
n: Clearly, B.5 implies that B:4 holds for n ¼R2 (this may be seen by noting that,
using Fubini’s Theorem and condition B.5, X X zðx; x0 Þ dlðxÞ dlðx0 Þ ¼ 0; hence
zðx; x0 Þ ¼ 0 for almost every pair x; x0 ).
Suppose that for some n; B:4 holds for all n0 pn  1; we show that it must also
hold for n: Let B% n1 be a set of ln1 -measure 1 supplied by the inductive step. By way
of contradiction, suppose that there is a subset An CX n ; with ln ðAn Þ40 on which
zðxn Þ40 for every xn AAn :
Taking the intersection with the ln -measure 1 set B% n1 X if necessary, we may
assume that An is a set of positive measure such that for every ðx1 ; y; xn1 ; xn ÞAAn ;
by B.5 zðx1 ; y; xn1 ; xn Þ ¼ 0: From the deﬁnition of An ; we must have zðxn Þ40; but
Fubini’s theorem implies
Z

n

n

n

zðx Þ dl ðx Þ ¼
An

Contradiction.

Z Z
A

An

zðx1 ; y; xn1 ; xn Þ dln1 ðxn Þ dlðxn Þ ¼ 0:

&

Proof of Theorem 4. The proof is by induction on n; beginning with n ¼ 1: Suppose
%
that ðP; MÞ satisﬁes B.3 and B.4, but B:4 fails. Then there must be AAA
of positive
measure such that for any xAA% there is Ax with lðAx Þ40 such that for every x0 AAx ;
fṽðxÞ; ṽðx0 Þg are not independent. For the remainder of the argument, ﬁx one
%
such xA
% A:
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The above implies that zðx; xÞ40
for every xAAx% : The deﬁnition of z and the fact
%
that V is ﬁnite imply that there must be v%; v0 AV ; and a set ACAx% with lðAÞ40;
such that zðx; x;
% v0 ; v%Þ is either always strictly positive, or strictly negative for all xAA:
In either case, this implies PfṽðxÞ
% ¼ v%g40 ( from the deﬁnition of z). Note that this
implies lðxÞ
% is non-degenerate (otherwise ṽðxÞ
% would be trivially independent from
every ṽðxÞ).
Assume, without loss of generality, that zðx; x;
% v0 ; v%Þ is always strictly positive on
A: Substituting,
0o

zðx; x;
% v0 ; v%Þ
¼ PfṽðxÞ ¼ v0 j ṽðxÞ
% ¼ v%g  PfṽðxÞ ¼ v0 g:
PfṽðxÞ
% ¼ v%g

ðÞ

Let S denote the event fṽðxÞ
% ¼ v%g: Then, on the one hand, we have
Z
Z
EU ðb0 ; AÞ ¼
E ṽðb0 ; xÞ dl ¼
PfṽðxÞ ¼ v0 g dl
A

A

while
0

EU ðb ; AjSÞ ¼

Z

0

E½ṽðb ; xÞjS dl ¼
A

Z

PfṽðxÞ ¼ v0 jSg dl:

A

But ðÞ implies that
Z
½PfṽðxÞ ¼ v0 j ṽðxÞ
% ¼ v%g  PfṽðxÞ ¼ v0 g dl40
A

so EUðb0 ; AjSÞ4EUðb0 ; AÞ; a contradiction with B.4.
Turning to the inductive step, suppose that the claim holds for all n0 on: We note
n
that Lemma A.2 below implies that: there is a set An AA with ln ðAn Þ ¼ 1 such that
for every fx1 ; y; xn gAAn ; fṽðx1 Þ; y; ṽðxn Þg are independent. We now mimic our
earlier proof for n ¼ 1:
Suppose that ðP; MÞ satisﬁes B.3 and B.4, but B:4 fails for n: Then there must ln positive measure set in An such that for any element of that subset, ðx% 1 ; y; x% n Þ; there
is a set Ax% 1 ;y;x% n CX of positive l-measure such that for every xAAx% 1 ;y;x% n ;
fṽðx% 1 Þ; y; ṽðx% n Þ; ṽðxÞg are not independent. By the observation of the last
paragraph, we may choose fṽðx% 1 Þ; y; ṽðx% n Þg to be independent.
The above implies that zðx; x% 1 ; y; x% n Þ40 for every xAAx% : The deﬁnition of z and
the fact that V is ﬁnite imply that there must be ðv%1 ; y; v%n ÞAV n and v0 AV ; and a set
ACAx% 1 ;y;x% n with lðAÞ40; such that the expression
zðx; x% 1 ; y; x% n ; v0 ; v%1 ; y; v%n Þ
is either always strictly positive, or strictly negative for all xAA: Note that in either
case, this implies Pfṽðx% i Þ ¼ v%i ; i ¼ 1; y; ng40 ( from the deﬁnition of z and the fact
that fṽðx% 1 Þ; y; ṽðx% n Þg are independent). We also note that Pfṽðx% i Þ ¼ v%i ; i ¼
1; y; ngo1; otherwise fṽðx% 1 Þ; y; ṽðx% n Þ; ṽðxÞg would be trivially independent.
The remainder of the argument continues as in the n ¼ 1 case, with the event S
deﬁned as fṽðx% 1 Þ ¼ v%1 ; y; ṽðx% n Þ ¼ v%n g: &
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It is clear from the proof that the claim also holds ‘‘n-by-n’’ in the sense
that, for any nX1; B.5 holds for all n0 pn if and only if B:4 holds
for n þ 1:
Lemma A.3. If P satisfies B:4 ; then for any collection of random variables
f f˜ðxÞ; xAX g such that x/E f˜ðxÞ is measurable and any AAA; the Pettis integral
R
R
˜
˜
A f ðxÞ dl is constant almost surely, and equals A E f ðxÞ dl:
R
Proof. By deﬁnition, the Pettis integral A f˜ðxÞ dl satisﬁes, for every zAL2 ; the
equation:
 Z

 Z

Z


˜
˜
f dl þ Ez E
f˜dl
z f ðxÞ dl ¼ cov z;
A
A
A
Z
Z
covðz; f˜ðxÞÞ dl þ Ez E f˜ðxÞ dl:
¼
A

A

For any z such that Ez ¼ 0;
 Z
 Z
˜
cov z;
covðz; f˜ðxÞÞ dl:
f dl ¼
A

A

B:4 implies that any z of the form z ¼ f˜ðxÞ  E f˜ðxÞ; xAX is orthogonal
to almost every f˜ðxÞ; so the integral on the RHS is zero. This is also clearly
true for every z that is a linear combination of random variables of the
form f˜ðxÞ  E f˜ðxÞ; xAX and, by continuity, to limits of such combinations. We
conclude that
 Z

˜
cov z;
f dl ¼ 0
A

R
R
for every mean-zero z; so A f˜dl is constant a.s. The last assertion, E A f˜ðxÞ dl ¼
R
˜
A E f ðxÞ dl; follows from Lemma A.1. &
Proof of Proposition A.4. Under B.3 and B.4, Theorem 4 implies that B:4 holds.
The result then follows by applying Lemma A.3. &

A.4. Proof of Theorem 2
We begin with the proof of Lemma 1.
Proof of Lemma 1. Let An be the ( ﬁnite) partition of X determined by conditioning
on the ﬁrst n features, and let An be the s-algebra it generates. By Proposition A.1,
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A is the s-algebra generated by
0 P2n
B
l n ðxÞ ¼ B
@

i¼1

SN

n¼1

An : Deﬁne l n : X -DV by

EUðb1 ; Ai ÞwAi ðxÞ
^

P2 n

i¼1

81

1
C
C;
A

EUðbK ; Ai ÞwAi ðxÞ

where wAi is the characteristic function of Ai : Note that l n is An -measurable.
We now show that l n is a martingale with respect to the ﬁltration fAn g:
That Ejl n joN is obvious. We need only show that E½l nþ1 jAn ðxÞ ¼ l n ðxÞ; l-a.s.
Let A be an element of the partition An ; and let fB1 ; B2 g be the partition of
A in Anþ1 (recall our assumption that each feature can take only two possible
values). Then,
0
1
0
1
EUðb1 ; B1 Þ
EUðb1 ; B2 Þ
B
C
B
C
E½l nþ1 j xAA ¼ lðB1 j AÞ@
^
^
A þ lðB2 j AÞ@
A
EUðbK ; B1 Þ
1
EUðb1 ; AÞ
B
C
^
¼@
A ¼ l n ðxÞ
EUðbK ; AÞ
0

EUðbK1 ; B2 Þ

(the last equality follows from A:2 ). Thus, ðl n ; An Þ forms a martingale. By the
martingale convergence theorem, there is an essentially unique A-measurable
function, l : X -DV such that limn-N l n ðxÞ ¼ lðxÞ for l-a.e. [17, p. 476].
To complete the proof, we show that for any AAA; and bk AB:
Z
Z
lk ðxÞ dl ¼
lim lkn ðxÞ dl
A
A n-N
Z
¼ lim
lkn ðxÞ dl ðaÞ
n-N

¼ lim

n-N

¼ lim

n-N

¼ lim

n-N

A

n 1
Z 2X

A i¼1
n 1
2X

EU ðbk ; Ai ÞwAi ðxÞ dl

EUðbk ; Ai Þ

A

i¼1
n 1
2X

Z

wAi ðxÞ dl

EUðbk ; Ai ÞlðA-Ai Þ

i¼1

¼ lðAÞEU ðbk ; AÞ:
Here, (a) follows from the dominated convergence theorem and the fact that l n
converges to l for almost every x: &
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Proof of the theorem. We ﬁrst deﬁne the state space ðO; SÞ using standard
Kolmogorov construction [17]. The set of states O is the set of all functions
o : X -V : Viewing O as a product space, projection on the x coordinate,
denoted px : O-V ; is px ðoÞ ¼ oðxÞ: We deﬁne S to be the s-algebra
generated by projections; that is, S is the smallest s-algebra containing all sets of
the form fo : p1
x ðvÞg; for xAX and vAV : For each x; deﬁne ṽx : O-V by ṽðx; oÞ ¼
oðxÞ (i.e., the projection of the state o on x). Clearly, ṽðxÞ is measurable with
respect to S:
Let lðxÞ denote the (essentially unique) local weights derived from behavior in
Lemma 1. We use lðxÞ to deﬁne a probability distribution P on ðO; SÞ: For every
ﬁnite set of contingencies fx1 ; y; xS g; deﬁne the probability distribution Pfx1 ;y;xS g
on the ﬁnite set V S so that the random variables fṽðx1 Þ; y; ṽðxS Þg are independently
distributed with E ṽðxs Þ ¼ lðxs Þ: Clearly, the Pfx1 ;y;xS g ’s satisfy the consistency
condition in Kolmogorov’s Extension Theorem [17, Theorem 4, p. 165], so there is a
unique probability measure P that agrees with every ﬁnite dimensional distribution
Pfx1 ;y;xS g :44
Set M ¼ S: Then B.1 and B.3–4 are satisﬁed by construction. B.2 follows
from
Qn the fact that the function l is measurable, so any expression of the form
i¼1 lðxi Þ is also measurable. It only remains to show that P rationalizes U:
Since the ṽ’s are
independent by construction, Lemma A.3 implies that
R
for every A; A ṽðxÞ dl is degenerate random variable, equal a.s. to
R
R
A E ṽðxÞ dl ¼ A lðxÞ dl: &

A.5. Proof of Theorem 3
Suppose that a problem is complex over A: Then supf AF E Ũð f ; AÞo1:
We want to show that there is A0 CA; with lðA0 Þ40 such that lðxÞeV
for almost every xAA0 : Suppose to the contrary that for almost all xAA
we have lðxÞ :¼ E ṽðxÞAV : Now deﬁne f ðxÞ as follows. For xAA; if lðxÞ ¼
vj ; jAf1; y; Kg; let f ðxÞ ¼ bj : For xeA; choose f ðxÞ arbitrarily. Note that
R
R
1
1
E½ṽð f ðxÞ; xÞ ¼ 1: Thus E Ũð f ; AÞ ¼ lðAÞ
A E½ṽð f ðxÞ; xÞ dlðxÞ ¼ lðAÞ A dlðxÞ ¼ 1:
Contradiction.
In the other direction suppose there exists A0 CA; with lðA0 Þ40 such
that lðxÞeV for almost every xAA0 : Let l max ðxÞ ¼ maxfl1 ðxÞ; y; lK ðxÞg:
Note that l max ðxÞ is measurable and l max ðxÞo1 for almost all xAA0 : Thus
R
supf AF E Ũð f ; A0 ÞplðA1 0 Þ A0 l max ðxÞ dlðxÞo1: Since lðA0 Þ40; this implies
supf AF E Ũð f ; AÞo1:
44
The consistency condition here says that for any two subsets of contingencies
fy1 ; y; yT gCfx1 ; y; xS g; and any ðv1 ; y; vT ÞAV T ; Pfy1 ;y;yT g ðv1 ; y; vT Þ ¼ Pfx1 ;y;xS g ðv1 ; y; vT Þ: This
is true by our construction of the P’s as independent distributions based on the same expectation function
lðxÞ:
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A.6. Proof of Theorem 5
From our earlier results we may assume that B.5 is satisﬁed. Fix an
action b; we simplify notation by writing f ðxÞ ¼ E ṽðb; xÞ: We prove the
claim in the case A ¼ X ; the argument does not depend on this assumption,
however.
We show ﬁrst that for lN -a.e. sequence of instances fx1 ; yg;
EU ðb; X Þ ¼ lim

N-N

N
1 X
f ðxn Þ:
N n¼1

ðþÞ

Suppose ﬁrst that f is a step function, i.e., takes ﬁnitely many values a1 ; y; aK ; then
from B.5, the law of large numbers, and the deﬁnition of the integral, it follows that
there is a set of lN -measure 1 of sequences fx1 ; yg such that for any such sequence,
Z

f dl ¼
X

K
X

ak lð f 1 ðak ÞÞ ¼ lim

N-N

k¼1

N
1 X
f ðxn Þ:
N n¼1

Next, suppose that f is the uniform limit of a sequence of step functions, f fm g:
Then (using Eq. (2)), for any e40;
Z
EU ðb; X Þ ¼
f dl
X
Z
fm dl
¼ lim
m-N

X

¼ lim

lim

N
1 X
fm ðxn Þ
N n¼1

p lim

lim

N
1 X
½ f ðxn Þ þ e
N n¼1

m-N N-N

m-N N-N

¼ e þ lim

N-N

N
1 X
f ðxn Þ:
N n¼1

PN
We may similarly conclude that EUðb; X ÞX  e þ limN-N N1
n¼1 f ðxn Þ: Since e is
P
N
1
arbitrarily, we have EU ðb; X Þ ¼ limN-N N n¼1 f ðxn Þ: Finally, for any measurable
function f and any Z40 there is BCX ; lðBÞ41  Z and a sequence of step
functions f fm g that converges uniformly on B [16, Proposition 23, p. 71]. Taking Z
small enough shows ðþÞ for any measurable function f :
Since the variances of the random variables ṽðxÞ are uniformly bounded, by the
law of large numbers [17, Theorem 2, p. 364], there is P-probability 1 that
lim

N-N

N
N
1 X
1 X
ṽðb; xn ; oÞ ¼ lim
f ðxn Þ:
N-N N
N n¼1
n¼1
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From this and EUðb; X Þ ¼
EU ðb; X Þ ¼ lim

N-N

R
X

f dl; we conclude that, with P-probability 1,

N
1 X
ṽðb; xn ; oÞ:
N n¼1

A.7. Proof of Theorem 6
The proof of Theorem 4 already establishes that B:4 must hold: there
we have shown that the failure of B:4 implies the existence of an event S
such that conditioning on this event changes expected utility for some
option on some subset. Given this, the utility distribution cannot be degenerate,
contradicting A.3.
It only remains to show:
Proposition A.5. Any probabilistic model rationalizing U that satisfies A.1–2 must
satisfy B:3 :
Proof. We ﬁrst note that if B:3 fails at x; then the event fo : E½ṽðxÞjMðoÞAV g has
probability less than 1 (i.e., the conditional expectation E½ṽðxÞjMðoÞ is in the
interior of DV with positive probability). To see this, note ﬁrst that the conditional
expectations E½ṽðxÞjM must, by deﬁnition, be M-measurable, i.e.,
E½ṽðxÞjM1 ðvÞAM for any vAV : Note also that E½ṽðxÞjM1 ðvÞCfo : ṽðxÞ ¼ vg:
If the claim failed (i.e., E½ṽðxÞjMðoÞAV with probability 1), then
S
S
Pf vAV E½ṽðxÞjM1 ðvÞg ¼ 1: But since Pf vAV fo : ṽðxÞ ¼ vgg ¼ 1; the difference
fo : ṽðxÞ ¼ vg  E½ṽðxÞjM1 ðvÞ must have probability 0 for every v: Augmenting
S
one of the sets E½ṽðxÞjM1 ðvÞ by the probability zero set O  vAV E½ṽðxÞjM1 ðvÞ
if necessary, we obtain a partition Mx of O that satisﬁes the requirements in B.3,
contradicting that this condition fails at x:
To prove the proposition, suppose by way of contradiction that there is AAA on
which
B:3
fails.
By
the
previous
argument,
for
any
xAA; E maxbAB E½ṽðb; xÞjMðoÞo1: Let g denote the ‘‘grand option’’ gðxÞ ¼ B
for all x: Then,
Z
lðAÞE Ũðg; AÞ ¼ E max E½ṽðb; xÞjMðoÞ dlðxÞ
bAB
Z A
E max E½ṽðb; xÞjMðoÞ dlðxÞo1;
¼
A

bAB

where the second equality follows from Lemma A.1 (with S ¼ O) and the
integral in the ﬁrst equation is the Pettis integral. But, Condition A.1
requires that the agent puts value 1 on g; contradicting the assumption that P
rationalizes U: &
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A.8. Proof of Theorem 7
We ﬁrst note the following:
Lemma A.4. If ðP; MÞ and ðP0 ; M0 Þ are two probabilistic models
rationalizing behavior U satisfying A.1–2. Let lðxÞ denote the local weights given by
Lemma 1. Then for almost every xAX and for every vk ; PfṽðxÞ ¼ vk g ¼ P0 fṽðxÞ ¼
vk g ¼ lk ðxÞ:
Proof. Fix k; and consider the constant rule bk : By Lemma 1, lðAÞEU ðbk ; AÞ ¼
R
ARlk ðxÞ dl: SinceR P rationalizes R U; we must also have lðAÞEU ðbk ; AÞ ¼
E A ṽðbk ; xÞ dl ¼ A E ṽðbk ; xÞ dl ¼ A PfṽðxÞ ¼ vk g dl: Thus, we have that for
every A:
Z
Z
lk ðxÞ dl ¼
PfṽðxÞ ¼ vk g dl:
A

A

But this implies that lk ðxÞ ¼ PfṽðxÞ ¼ vk g for almost every x: The claim of the
lemma follows by noting that a similar argument holds also for P0 : &
Proof of Part (i). By Proposition A.5 both ðP; MÞ and ðP0 ; M0 Þ must satisfy B.3.
The claim now follows by applying the previous lemma. &
Proof of Part (ii). Clearly, P and P0 must agree on the local weights lðxÞ on a set of
measure 1 of contingencies. Given nX2; from the previous proposition, there is a set
An of probability 1 such that both P and P0 satisfy B.5 on An : But this implies that P
and P0 have the same joint distribution on fṽðx1 Þ; y; ṽðxn Þg for every set of
contingencies fx1 ; y; xn gAAn : &

A.9. Proof of Theorem 8
To prove part (i), deﬁne ﬁrst the correspondence
X
GðxÞ ¼ argmax
lðxÞðv1 ; v2 Þv1 ðbðC; v2 ÞÞ:
CA2B \|

v1 ;v2

Our problem is to show that we can select an option g; such that gðxÞAGðxÞ for all x:
To prove this, we show that G is a measurable correspondence, in which case a
measurable selection exists by Klein and Thompson [10, p. 163]. That is, we must
show that for every closed F C2B \|;
fx : GðxÞ-F a|gAA:
Since 2B \| is ﬁnite, we may restrict attention to singleton sets F ¼ fCg
(since A is preserved under ﬁnite unions and intersections). Thus, for CA2B \|;
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we have
fx : GðxÞ-fCga|g ¼ fx : CAGðxÞg
¼ fx : ElðxÞ v1 ðbðC; v2 ÞÞXElðxÞ v1 ðbðC 0 ; v2 ÞÞ; 8C 0 A2B \|g
\
fx : ElðxÞ v1 ðbðC; v2 ÞÞXElðxÞ v1 ðbðC 0 ; v2 ÞÞg
¼
C 0 A2B \|

¼

\

fx : ElðxÞ ½v1 ðbðC; v2 ÞÞ  v1 ðbðC 0 ; v2 ÞÞX0g:

ðÞ

C 0 A2B \|

The expression ElðxÞ ½v1 ðbðC; v2 ÞÞ  v1 ðbðC 0 ; v2 ÞÞ depends only on the probability
weights lðxÞðv1 ; v2 Þ: Since the joint distribution lðxÞ is measurable with respect to A;
every set in the ﬁnite intersection in ð Þ is in A: Thus, G is indeed a measurable
correspondence, so a measurable selection exists.
To prove part (ii), suppose that g is a locally optimal option that we know exists
from part (i). First we show that UðgÞXUðg0 Þ for all g0 AG and thus g is a globally
optimal option.
We know that
Z
UðgÞ ¼
ElðxÞ v1 ðbðgðxÞ; v2 ÞÞ dl
X

almost every x: Take any other option g0 AG: For almost every x
ElðxÞ v1 ðbðgðxÞ; v2 ÞÞXElðxÞ v1 ðbðg0 ðxÞ; v2 ÞÞ
optimal option is also globally optimal.
Now to prove the other direction suppose a globally optimal option gþ AG is not
locally optimal. Let gAG be a locally optimal option. Then for almost every x
ElðxÞ v1 ðbðgðxÞ; v2 ÞÞXElðxÞ v1 ðbðgþ ðxÞ; v2 ÞÞ;
UðgÞ4Uðgþ Þ; which is a contradiction.
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