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ABSTRACT.

This paper shows that all perfect Bayesian equilibria of a dynamic matching game with
two-sided incomplete information of independent private values variety are asymptotically
Walrasian. Buyers purchase a bundle of heterogeneous, indivisible goods and sellers own
one unit of an indivisible good. Buyer preferences and endowments as well as seller costs
are private information. Agents engage in costly search and meet randomly. The terms of
trade are determined through a Bayesian mechanism proposal game. The paper considers a
market in steady state. As discounting and the fixed cost of search become small, all trade
takes place at a Walrasian price. However, a robust example is presented where the limit
price vector is a Walrasian price for an economy where only a strict subsets of the goods
in the original economy are traded, i.e, markets are missing at the limit. Nevertheless,
there exists a sequence of equilibria that converge to a Walrasian equilibria for the whole

economy where all markets are open.
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1. INTRODUCTION

This paper shows that all equilibria of a dynamic matching game with two-sided in-
complete information of the independent private values variety converge to Walrasian (or
competitive) equilibria, as search frictions disappear. In the model each buyer aims to
purchase a bundle of heterogeneous, indivisible objects and each seller owns one unit of
a heterogeneous indivisible good (as in Kelso and Crawford (1982) or Gul and Stacchetti
(1999)). Buyer preferences and endowments as well as seller costs are private information.
Agents engage in costly search and meet randomly in a market that remains in steady state.
The terms of trade are determined through a Bayesian mechanism proposal game.

Numerous researchers have explored the non-cooperative foundations for competitive
equilibria in indivisible goods markets using dynamic matching games. Previous work has
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focused almost exclusively on markets for an homogeneous good and has assumed complete
information until recently. In particular, Gale (1987) and Mortensen and Wright (2002)
establish convergence of dynamic matching game equilibria to competitive equilibria as
search friction disappear under complete information, while Satterthwaite and Shneyerov
(2007) extend the analysis to the two-sided incomplete information case.

Often cited examples of markets, where indivisible goods are exchanged through bilateral
negotiations, are the labor and the housing markets. Although cited as motivating examples,
neither of these markets fit the mold of a market for an homogeneous good where buyers only
differ in their valuations for the good, and sellers only differ in their cost of providing the
good. For example, in the labor market potential employees differ in their productivity and
their disutility of labor. Firms usually search for multiple employees, that may complement
or substitute each other. Also, the vacancies in the firms are rarely exactly alike — a potential
employee’s productivity may depend crucially on the type of vacancy that the firm has
available. In the housing market the potential homes are far from being homogenous and
buyers in search of homes may have diverse needs. Moreover, many home purchases are
bundles that include the home, nearby parking, architectural services for the home and
brokerage services for the transaction. This paper presents a dynamic matching game, with
two sided incomplete information, that preserves many of the attributes of markets such as
the labor market and the housing market.

A Dbrief description of the model presented here is as follows: In each period a unit
measure of each type (of buyers and sellers) from a finite set of types is available for entry
and those who expect a non-negative return voluntarily enter the market. The market is in
steady-state with the measure of agent types endogenously determined to balance the flow
of types through the economy. Once in the market, each agent pays a per period cost, and
receives a “draw” from the distribution of active players. Also, finding a bargaining partner
takes time and agents discount the future. The probability that any buyer (or seller) is
paired with a particular type is proportional to the frequency of that type among all sellers
(buyers) active in steady state. After two agents are paired, nature designates a proposer,
the proposer offers a mechanism, and the responder decides whether to participate (i.e.,
the Bayesian mechanism proposal game of Maskin and Tirole (1990) is played). During
this bargaining stage buyer preferences and endowments, as well as, seller costs are private
information. The good that the seller offers, however, is observed by the buyer. If a meeting
between a pair results in a trade, then the seller leaves the market, otherwise the agents
return to the population of active players. Buyers leave the market voluntarily after they
have purchased all the goods that they want.
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The competitive equilibrium benchmark under consideration is a “flow” equilibrium as in
Gale (1987) or Satterthwaite and Shneyerov (2007), generalized to accommodate heteroge-
nous goods and multi-unit demand. In each period, flow supply is the measure of sellers of
a particular good entering the market and flow demand is the measure of agents willing to
purchase a particular good entering the market. In a flow equilibrium, the buyer and seller
continuation values, which are the implicit prices, equate flow supply to flow demand for
each of the goods traded in the market.

The first central result of this paper shows that as the discount factor § — 1 and the
explicit search costs ¢ — 0, all trade takes place at competitive prices. As search becomes
increasingly cheap, buyers wait until they have accumulated their most favored bundle.
While accumulating these goods, buyers reject “high” prices. Also, sellers become more
discerning and wait until they receive the best price offer possible. At the limit incomplete
information stops playing a role, trade in each good occurs at a unique price and each buyer
purchases their most preferred bundle at these prices. However, the limit price vector may
not comprise a competitive price vector for the whole economy. Instead, the limit price may
be a competitive price vector for a economy where only a strict subset of goods are traded.
This is because markets for some goods are possibly “closed” (or “missing”) at the limit.

The second central result of this paper establishes that a search equilibrium exists for any
configuration of search frictions. In this equilibrium all proposers optimally choose take-it-
or-leave-it offers (a la Riley and Zeckhauser (1983)) from a rich set of possible mechanisms.
Also, when small search frictions are small, the paper shows that an equilibrium exists where
the markets for all goods are open. Consequently, there exists a sequence of equilibria that
converge to a competitive equilibrium for the whole economy.

Although the literature on dynamic matching and search is vast, Satterthwaite and
Shneyerov (2007) is the work most closely related to this one. Satterthwaite and Shneyerov
(2007) established that equilibria of a dynamic matching game converge to a competitive
equilibrium in the case of a single homogeneous good and two sided incomplete informa-
tion. Also, in a market for a homogeneous good, Satterthwaite and Shneyerov (2008) show
convergence to a competitive equilibrium with an exogenously given exit rate; Lauermann
(2008) shows convergence does not depend on the distribution of bargaining power; and
Shneyerov and Wong (2007) establish results on the rate of convergence.

The analysis provided here differs from the previous literature in two main respects.
First, the homogeneous good, unit demand restrictions are lifted. In a search market for
a homogeneous good the limit of any sequence of stable equilibria is competitive and so
efficient. In contrast, with heterogeneous goods, there are robust examples where some



4 ALP E. ATAKAN

markets are closed at the limit and the limit equilibrium is inefﬁcientﬂ Second, in all
previous work the bargaining protocol that governs the interaction of buyers and sellers is
exogenously imposed. For example, in Satterthwaite and Shneyerov (2007), Satterthwaite
and Shneyerov (2008) or Shneyerov and Wong (2007), the buyers and sellers that meet are
assumed to participate in a double auction where any seller bids her continuation value
truthfully. In contrast, here the proposer is allowed to choose any finite mechanism. So,
strategic behavior is allowed for both the proposing and responding agents and also a
large set of bargaining protocols are permitted. Consequently, the results here show that
an asymptotically efficient bargaining protocol will be endogenously chosen by individual
agents in equilibrium.

In related models presented in DeFraja and Sakovics (2001), Serrano (2002) and Wolin-
sky (1990), convergence to a competitive equilibrium fails. The failure of convergence to
competitive equilibrium is caused by the bilateral bargaining protocol in Serrano (2002);
results from the inefficiency of aggregating common value information through bilateral
meeting in Wolinsky (1990); and is due to a “clones” assumption in DeFraja and Sakovics
(2001) (see Lauermann (2006) for a detailed discussion of these issues).

The paper proceeds as follows: Section 2 outlines the dynamic matching and bargaining
game as well as the competitive benchmark, Section 3.1 presents the main results that show
convergence to a competitive equilibrium, Section 3.2 outlines the equilibrium existence
argument, and Section 4 concludes. Proofs that are not included in the main text are in
the Appendix.

2. THE MODEL

Buyers and sellers in the economy search for possible trading partners over the infinite
horizon. Each seller owns one indivisible good for sale and each buyer wants to purchase
a bundle of goods. The game progresses in discrete time and agents discount the future
with a common discount factor § = e~ € [0, 1], where A is the period length and r is the
discount rate. In each period, an agent incurs a positive explicit search cost ¢ = kA > 0
and meets pairwise with a potential partnerﬂ Either the buyer or the seller is designated
as the proposer and then the pair plays a three-stage Bayesian mechanism choice game.
The mechanism choice game is exactly the game thoroughly analyzed in Maskin and Tirole
(1990). The probability that the buyer is designated as the proposer is 5 € (0,1). In the

lwith a homogeneous good there is always a no trade equilibrium. However, this equilibrium is not stable.
In contrast, with heterogeneous goods Example 1 demonstrates a sequence of stable equilibria with an
inefficient limit.

2Although7 I assume that all agents share a common discount factor § and explicit search cost, ¢, this is for
convenience only. All results in the paper go through even if agents have heterogeneous search costs.
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first stage, the proposer offers a mechanism chosen from the set of feasible mechanisms.
Throughout the paper assume that a take-it-or-leave-it offer is a feasible mechanism choice
for the proposer. In section 3, the argument for existence further assumes that the set of
feasible mechanisms is the set of all finite mechanisms as in Maskin and Tirole (1990). In
the second stage, the responder chooses whether to participate in the mechanism. If the
responder accepts to participate, then in the third stage the agents play the mechanism and
the mechanism chooses the probability with which a trade occurs and specifies the transfers
to be paid by the buyer to the seller. Sellers who trade permanently leave the market.
Buyers remain in the economy until they have purchased all the goods that they want, and
then they leave the market and consume their bundle. Agents who fail to trade return to the
searching population. The distribution of agents searching for trading partners is assumed
to remain in steady state. Utility is transferable. In particular, if a buyer of type b consumes
bundle G, then she enjoys utility hyg. A seller incurs cost rs when she sells her good. So
trade between b and sellers s € G creates total transferable utility fog = heg — D e s

2.1. Population of Types and Private Information. Let I and S denote the finite sets
of initial buyer and seller types. A seller’s type specifies the good she owns, xs, and her
reservation value (or cost) r7s. A buyer’s initial type specifies the buyer’s utility function
h; : P(S) — R, where P(S) denotes the set of all subsets of S. The utility function satisfies:

(i) Normalization: h;y = 0,
(ii) Monotonicity: If G D A, then hic > hja,
(iii) Identity Independence: For any s and s’ with x5 = zy (i.e., for sellers s and s’ who

own the same good), higu(s) = hiquisy for all G.

Once in the market, a buyer’s type changes after each trade and includes information on
all trades that the agent has made, and consequently, the goods that the buyer owns. So,
refer to a buyer type by b = i, where ¢ € I is the initial type, i.e., her utility function, and
G is the set of seller types with whom she has already traded. Consequently, the set of buyer
types, potentially available for trade in the market, is B =1 x P(S). For b € B, G(b) C S
denotes the sellers with whom b has already traded; and i(b) € I denotes the initial type of
b. The notation b U s denotes a type b’ with i(b) = i(b') and G(b') = G(b) U {s}. Similarly,
the notation b\ s denotes a type b/ with i(b) = i(d’) and G(b') = G(b) \ s.

In each period, a unit measure of each i € I and s € S are available to enter the market.
Consequently, in each period a measure |I| of buyers and measure |S| of sellers potentially
enter the marketﬁ Buyers and sellers, who do not enter the market in a given period, are

3The assumption that there is unit entry of each type is without loss of generality and is only for expositional
convenience.
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assumed to have opted for an outside option and are thus not available for entry in any
subsequent periods.

Let I = (l1, s lp, -, B, 115 -+, |5) denote the steady state measure of buyers and sellers
present in the market. The steady state probability for any seller of meeting buyer b, or
any buyer meeting a seller s in a given period is
(1) = o =l

max{Lp, Lg} max{Lp, Lg}
where Lp = ZbeB l, and Lg = ZSES ls. Assume that the agents know the distribution of
types in the economyﬁ In particular, the (sub) probability measures p, and ps (or type
distributions) are commonly known by all agents. Observe that the population of types
available for entry in each period is a primitive of the model and is given exogenously. In
contrast, the steady state measure, 1, is determined endogenously by the measure of agents
entering and exiting the market in each period.

The analysis here assumes independent private values. More precisely, if a buyer and
seller consummate a trade, then the payoff to each agent depends on the terms of trade and
the agent’s own private information; but does not depend on the trading partner’s private
information, i.e., there is no “Lemons” problem. Reference to this assumption, which is
stated formally below, is omitted from the statements of the results presented since it is
maintained throughout the paper.

Assumption. Independent Private Values. If buyer b = ig and seller s meet, then
the buyer observes, x5, the good that seller s has for sale, while the buyer type b and seller

cost s remain as private information.

2.2. Agent Behavior, Strategies and Beliefs. Let o; denote a strategy for type j, 7;
denote beliefs for type j, 0 = (0;)jer denote a strategy profile, and © = (m});c; denote
a profile of beliefs. The paper focuses on equilibria where all agents use stationary (time-
invariant) strategies (¢! = o for all t); beliefs are stationary (7t = 7 for all t); and agents of
the same type use the same strategy and entertain the same beliefs. Since agents know the
distribution of types in the economy, an agent’s belief that she will meet an agent of type j
coincides with the actual probability of meeting this agent (i.e., the steady state probability
of meeting j, p;). Consequently, an agent’s belief at the start of any period is given by the
steady state distribution. At other points of the stage game played during a period, beliefs

4This requirement is stronger than what is needed for showing convergence to a competitive equilibrium. As
long as the support of any agent’s prior belief about the distribution of agents in the economy coincides with
the support of the steady state distribution, the convergence results presented in the paper will continue to
hold.
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are obtained, where possible, using Bayes’ rule by conditioning on equilibrium strategies as
well as observed characteristics and actions of their opponents for the periodﬁ

At the start of each period, a strategy determines whether the agent remains in (or enters)
the market and pays the cost ¢. Denote by o;(in) the probability that agent j remains in
(or enters) the market at the start of any period.

If j is paired in the current period and is the proposer, then the strategy o; specifies a
mechanism. If agent j is the responder, then the strategy specifies whether she accepts to
participate in the mechanism. If the responder accepts to participate, then the agents send
messages chosen from the message space specified by the mechanism; and the mechanism
chooses a probability of trade and the transfer to be paid by the buyer to the seller.

Given a profile of strategies and beliefs, let the match probability mys(o, m) (or mg(o, 7))
denote the probability that b and s trade, given that the two are paired in the period and
b (or s) is chosen as the proposer. Let My, = Mg, = Bmps + (1 — B)mg, denote the total
probability of trade, given that b and s are paired in the period. Also, let tps(o,7) (or
tsp(o,m)) denote the expected transfer paid by the buyer to the seller, given that b and s
are paired in the period and b (or s) is chosen as the proposerﬂ In what follows, match
probabilities and transfers will be denoted m;; and ¢;; with the dependence on o and 7
suppressed for notational convenience.

The period reward for a buyer b equals h;)g(p) if the buyer chooses to exit the market at
the start of the period; equals —c if she chooses to remain in the market but fails to meet
a seller; and equals —c — 55 (or —c — tgp) if she gets to propose (or respond) to seller s.
Likewise, the period reward for a seller s equals zero if the seller chooses to exit the market
at the start of the period; equals —c if she chooses to remain in the market but fails to meet
a buyer; and equals —c + tg, (or —c + tps) if she gets to propose (or respond) to buyer b. If
an agent has exited the market in a prior period, then the period reward for that agent is
equal to zero 0. Given that all other agent in the economy behave according to strategies
o and beliefs 7, each agent of type j chooses their strategy o; to maximize their expected
discounted stream of utility.

2.3. Steady State. As stated earlier, the measure of agents in the economy is assumed to
remain in steady state (i.e., l;+1 = l; = [ for all ). The steady state assumption requires

that the inflow of type b buyers (or type s sellers) into the market in each period must equal

5Observe that all beliefs obtained through Bayes’ rule are stationary as a consequence of the steady state
assumption on the distribution of types and the assumption that agents use stationary strategies. All other
belief, that is beliefs (conditional on zero probability events) that cannot be obtained using Bayes’ rule, are
further assumed stationary.

6For example, if the probability of trade is mps(o, ) and the buyer pays the seller ¢ in case a trade occurs
and zero otherwise, then the expected transfer tys(o, m) = mest.
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the outflow of that type exiting the market in each period. Consequently, given strategies
and implied match probabilities, the steady state measure must satisfy Equations ,
and given below, in equilibrium. The left hand side of Equation gives the outflow
of type s sellers resulting from successful trades or voluntary exit from the market; and
the righthand side gives the inflow of new type s sellers. The left side of the Equation
(or Equation (3] for types with b(G) = 0)) gives the outflow of type b buyers resulting from
agents leaving the market or transforming into another type following a trade; and the right
hand side gives the inflow of type b buyers via new entry or as a result of buyers of another
type being transformed into type b following a trade. The steady state equations are as

follows:
(2) zS(ZbGB oMy 4 045(out)) = o,(in)
(3) lb(zses psMps + op(out)) = op(in)

for all types b € B with b(G) = () and all sellers s € S, where oy (out) = (1=, g psMps)(1—
op(in)) denotes the fraction of type b buyers, who failed to trade in the previous period,
that choose to leave at start of the current period; and op(in) < 1 is the flow of new buyers
into the market at the start of the period. Also,

(4) b3 s Poos +on(out)) =onlim) 3 o,

for b € B with b(G) # 0, where oy (in) ZseG(b) Ip\sPs My s is the measure of newly created

lb\spsMb\ss

type b buyers who remain in the market, that is, buyer types, that were an “s” away from

type b, who traded with a type s in the previous period.

2.4. Search Equilibrium. A steady state search equilibrium is comprised of a strategy
profile o, a profile of beliefs m and a steady state measure [, that are all mutually compatible.
That is to say, the measure [ satisfies the steady state equations, given that agents behave
according to strategy profile ¢ and the profile of belief 7; and the strategy profile o and
belief 7, comprises a perfect Bayesian equilibrium for the three-stage mechanism proposal
game, given that types are drawn according to the steady state measure .

2.5. Values. Let v denote the expected discounted value for a type k agent given match
probabilities m, expected transfers ¢, and steady state distibution of types p. The expected
future value at the start of a period for a buyer equals the maximum of the value of remaining
in the market and the value of leaving the market and consuming the bundle that she owns,
that is, v, = max{vy(in), hygp)}- The value of remaining in the economy, vy(in), satisfies
the following Bellman equation:
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vp(in) = —c+ ZS PsB(misdvpus—ths) + ZS ps(1 = B)(mspdvpus — tsh)

+ (1= psfms =Y ps(1— Bymg)dus.

In words, buyer b pays the search (sampling) cost ¢, then successfully makes a trade as
the responder with seller s with probability (1 — 3)psmsp; makes a trade when she proposes
to buyer s with probability Bpsmys; and does not trade in the period and receives her con-
tinuation value dv, with probability 1 —>"_ psOmps — > ps(1—F)mgp = 1= psMps. The
expected future value at the start of a period for a seller equals the maximum of the value
of remaining in the market and the value of leaving the market, i.e., vs = max{vs(in),0}.
The value of remaining in the economy for a seller, vs(in), is defined similarly to a buyer.

Rearranging the equations for v (in) gives the following for buyers and sellers:

vs(in) = —c+ ) pp(Btes + (1= B)tsp — Mys(rs + 805)) + 50
vp(in) = —c+ Z ¢ Ps (Mpys(dvpus — 0vp) — Blps — (1 — B)tsy) + vy

2.6. The Competitive Benchmark. The competitive equilibrium benchmark considered
here is a “flow” equilibrium as in Gale (1987) or Satterthwaite and Shneyerov (2007),
generalized to accommodate heterogenous goods and multi-unit demand. In each period,
flow supply is the measure of sellers of a particular good entering the market and flow
demand is the measure of agents willing to purchase a particular good entering the market.
In a flow equilibrium, the buyer and seller continuation values, which are the implicit prices,
equate flow supply to flow demand for each good that is traded in the market. It is well
known that the competitive equilibrium allocations for economy IUS are fully characterized
by the following linear program (and its dual) which is just the classical Assignment Problem
where fractional assignments are permitted. (See, for example, Roth and Sotomayor (1990).)
This formulation is a generalization of Shapley and Shubik (1972) to a setting where buyers
can purchase multiple commodities as in Kelso and Crawford (1982) or Gul and Stacchetti
(1999, 2000).
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Primal Dual
P= 0 Zie] ZGCS%G(hiG - ZSGG’ rs) D= M2 et ZS Us
Subject to Subject to
(5) Zz‘el Z”G g <1 for all s, v; + ZseG vs > hiq — ZSEG rs Vi, G.
(6) ZGCs gic < 1 for all .

The vector ¢ that solves the program is a competitive allocation and denotes the measure
of matches between buyer ¢ and sellers in the set G that are created in each period of time.
Any vector v that solves the dual program is a competitive equilibrium utility vector and
the competitive price of a traded good is p,, = vs+7s. The constraint given by equation
states that the flow demand for sellers of type s, i.e., > .c; > o ¢ic, must be less than the
flow supply of that type, which is at most one. This constraint will bind, if the good’s price
is positive, or more precisely, if vs > 0 and thus p;, = vs + rs > rs. The constraint given
by equation @ states that the flow supply to buyers of type b, must be less than the flow
demand by type i, which is at most one. Again, this constraint will bind if v; > 0. Together
inequalities and (@ ensure market clearing. Observe that, if ¢ solves the primal and
v the dual, then each buyer consumes her most preferred bundle, sellers offer their good
only if p;, > rs, and all markets clear. Conversely, if ¢ is a competitive allocation and p a
competitive price, then g solves the primal Assignment Problem by the first welfare theorem;
and buyer values v; = maxgcs hig — Y zcq Pe. and seller values v, = max{0, p;, — 5} solve
the dual Assignment Problemﬂ

3. CONVERGENCE TO COMPETITIVE EQUILIBRIA

The development in this section analyzes the limit economy as search becomes costless,
i.e., as A — 0. The analysis focuses on sequences of equilibria, the associated sequences
of equilibrium match probabilities m”, type distributions p™ and values v" and their limit
(m, p,v). This section’s main result, Theorem 1, shows that all trades take place at com-
petitive prices for the economy with agents in the set I U S, asymptotically. The set S is
defined as the set of markets open at the limit. More precisely, S is the set of sellers for
whom lim, [ > 0. In general, S need not equal S. That is, S may be a proper subset of
S, and all markets may not be open at the limit. Consequently, trade may not occur at

competitive prices for the economy /US. Example 1, at the end of the section outlines such

"The substitutes assumption of Kelso and Crawford (1982) or Gul and Stacchetti (1999, 2000) is not needed
here. This because there are a continuum of each type and so effectively fractional assignments are allowed.



COMPETITIVE MATCHING 11

an example. The corollary to Theorem 1, Corollary 2, assumes that an arbitrarily small
fraction of sellers for each good x enter the market in every period. Under this assumption,
Corollary 1 shows that all trade takes place at competitive prices for the whole economy
IU S, asymptotically.

Let ¢;¢ denote the measure of buyers with initial type ¢ € I leaving the market with

bundle G. Also, let
eiq = hig — ZSEGTS -6 v — ZSEG6US

denote the Fxcess between any initial buyer type ¢ € I and sellers in the set G; and similarly
€bhs = 5UbUs - (51)1) - 57}5 —Ts

denote the excess between buyer b € B and seller s.

The proof of Theorem 1 first establishes that the per-period exit rate of buyers with
goods in the set G (i.e., ¢;i) is a feasible choice for the Assignment Problem, and so, the
flow creation of value in the economy is at most as large as the maximized value of the
Assignment Problem. The argument proceeds to show that the Fzcess between any initial
type i and sellers in the set G (i.e., é;g) is non-positive. No Excess then implies that the
vector of equilibrium values v is a feasible choice for the dual of the Assignment Problem,
and consequently, that the flow creation of value in the economy is at least as large as the

maximized value of the Assignment Problemﬁ

Theorem 1. Suppose (q",v", p™) — (4,0,p), let S = {s € S : limsupl? > 0}, then § solves
the primal Assignment Problem and is a competitive equilibrium allocation for the economy
with agents in TUS: b solves the dual Assignment Problem and is a competitive equilibrium
utility vector for the economy with agents in I U S: and b5+ 14 is a competitive equilibrium

price for good xs.

Proof. Note that v, > 0 since k has the option not to enter the market; the best buyer 4
can do is to consume that agent’s favorite bundle G without paying any transfers to any
sellers so v; < h = max; g hiq; the best seller j can do is to receive transfer h without
incurring any costs so v; < h; and hence —(|S| + 1)(h + 7) < e;c < h, where 7 = max, 7.
Below it is shown that ¢, < 1 for all i and G. Consequently, the sequence (¢", ", v™, p") is
included in a compact set and has a convergent subsequence. From hereon restrict attention
to convergent subsequences (¢", e, v"™,p") — (§,€,0,p).

Let b = ig and observe that, ¢;a, the measure of buyers with initial type ¢ € I leaving
the market with bundle G, is given by the following equation:

4l = ot out) + (L= of(in) - I8 My,

()

80bserve that the constraint of the dual Assignment Problem only requires No Fxcess.
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Note that I; = > 5-g liv, 1s the measure of buyers, whose initial type was ¢, present in the
market. [; is in steady state since it is the sum of measure [}', that are by assumption
in steady state measures. The measure of buyers, whose initial type was i, permanently
leaving the market in each period is ) ~g¢l; and the measure entering is at most 1.
Consequently, >~ ¢ < of'(in) < 1.

Note that Z{beB:seg(b)} Iy + 17 denotes the measure of agents who own the good that
initially belonged to a seller of type s and this measure is in steady state since it is a sum
of steady state variables. In each period, the measure of agents leaving with a good that
initially belonged to a seller of type s is

5 dta+ Lotont
i€l s3G
and the number of type s agents entering the market is os(in). Consequently,
Z Z Qo + Dol (out) <
i€l s5G

Taking limits shows
Zie[ ZSBG Gic + ls6s(out) <1 for all s and

ZG Gic < 1 for all 4.

This implies that the vector ¢ satisfies equation and equation @ and is feasible for the

primal Assignment Problem. Consequently,

Zie[ ZGCS Gic(hic — ZseG re) < P.

By Lemma [3] given in the Appendix, é;; < 0 for all 4 and G , this implies that ¢ is feasible
for the dual and consequently, >, 0; + > ¢0s > D. But,

YILED SED DD PR AT SIS
by Lemma [4] given in the Appendix. Consequently,

D<Y tity b= > dchic—), ) <P=D
I S

and so ¢ is a competitive allocation and v is a competitive equilibrium utility vector. (]

Assumption (FD), stated below, posits that the choice of not-entering the market and
taking an outside option is not available for an arbitrarily small fraction €, > 0 of the lowest
cost seller type of each good, at the start of their first period in the market. This choice
becomes available only after one period in the market. Consequently, g, < Exszx ls for all
goods z. This assumption ensures that some sellers of each good enter the market and there
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are no coordination problems in entry that could result in a missing market. If the first
draw was not for free, then no agent entering the economy is an equilibrium. Also, Example

1 at the end of the section, outlines a more robust demonstration of a coordination failure.

Assumption. Free First Draw (FD). In each period, there is €, > 0 entry by the lowest

cost seller of each good x. These sellers do not pay the cost c in the first period.

The (FD) assumption allows one to show that, if a buyer waits long enough, then she
can meet a seller of any good and make this seller a take-it-or-leave-it offer. This drives the

Ezcess between any two agents to zero as search frictions vanish.

Corollary 1. Assume (FD). If (¢",v") — (q,v), then § solves the primal Assignment
Problem and is a competitive equilibrium allocation; U solves the dual Assignment Problem
and 1s a competitive equilibrium utility vector; and s+ 15 is a competitive equiltbrium price

for good .

Proof. To show convergence, é;; < 0 (no excess) is established for all G C S. If é;¢ < 0,
then the corollary follows from Theorem 1. Define S as in Theorem 1. Let j, denote the
lowest cost seller of good = and observe that {j, }ses C S by assumption, where {j;. }scs is
the set of lowest cost sellers in the market. Thus for any G C {j., }ses, and i € I, é;¢ < 0.

For any two sellers of good z, vs — vy < vs(in) — vy (in) and so,
(vs(in) — vy (in <p Z pomips (s + dvg — 15 — 005)
+(1-0) ZbeB Pomsy(1s + Ovy — 17 — V)
Also, suppose, without loss of generality, that ry > r;.
(vs = v5)(1 = 8) < ((ry —75) = 8(vs —vs)) Y M

M.
2 ven Mt <y — 1
(1 — (5) + 6Zb€B My,
Consequently, dvs+rs < dvg +1ry. For any set G of sellers, let H denote the set of sellers

Vs — Vg < (7“5/ - TS)

where each s € G is replaced by j,(s), i.e., the lowest cost seller who owns the same good as
seller s. So, hijg = h;g, also, dvs +rs < dvg + ry for any s’ € G and s € H with x4 = .
Consequently,

eic = hic — 2860(503 +rg) — 0v; < hig — ZseH(MS +7s) — 0v; = el

However, ely; — é;5 < 0 since H C {jg, }ses- So, éig = limej, < limel; < 0 proving that
éia < 0. ]

As pointed out the condition outlined in Assumption (FD), or a similar condition im-
posed on the buyer side of the market, is also necessary in the following limited sense: if
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Assumption (FD) does not hold, then there exists a sequence of steady state equilibria
for an economy that fails to converge to a competitive equilibrium of that economy. The

following is such an example.

Example 1. Necessity of Assumption (FD). Consider an economy with two buyer
types and two seller types, where each buyer wants to purchase only one good and the two
seller types own two different goods. Let hio = hoy = 0 and hyy = hoo = 1, that is h
1s super-modular; buyer 1 likes seller 1’s good and buyer 2 likes seller 2’s good. Suppose
rp =19 =0. Let § = 1. For any ¢ < 1/2, a unit measure of type 1 buyers and a unit
measure of type 1 sellers entering, no type 2 buyers or sellers entering and all meetings
resulting in a trade at a price of 1/2 is an equilibrium. Clearly such a sequence does not

converge to the competitive equilibrium of the economy. However, if a tiny fraction €9 of

€2
1+e2

also find it profitable to enter. This results in the markets for both goods operating and leads

type 2 sellers where to enter in each period, then for ¢ < the buyers of type 2 would

to convergence to a competitive equilibrium.

4. EXISTENCE AND CHARACTERIZATION OF STEADY STATE SEARCH EQUILIBRIA

The main result in this section, Theorem 2, shows that, for any configuration of search
frictions, that is, for any § € [0,1] and ¢ > 0, a steady state search equilibrium exists.
Proposition 2 shows that, in this equilibrium, all proposers make take-it-or-leave-it offers.
Also, Corollary 2 to Theorem 2, establishes the existence of full-trade equilibria for small
search frictions and shows that these equilibria converge to a competitive equilibrium of the
whole economy I U S.

First, the focus is on the analysis of the three-stage Bayesian game. As stated earlier,
in the first stage of the game the proposer chooses a mechanism from the set of feasible
mechanisms, in the second stage the responder chooses whether to participate in the mech-
anism, and in the third stage, if the responder chooses to participate, then the two agents
simultaneously report their messages to the mechanism. A mechanism, u, specifies a set of
feasible messages for the proposer and the responder; and for each pair of messages chosen
by the two agents, it specifies the probability of trade m and the expected transfer ¢ to be
paid by the buyer to the seller. Let hy, = d(vpus — vp) denote the “dynamic” value for a
buyer trading with any seller that owns good x, that is, any s € S, = {s: x5 = x}ﬂ Also,
let 75 = rs+ dvs > 0 denote a seller’s “dynamic” reservation value. If a buyer meets a seller
of good z, then the buyer’s and seller’s prior beliefs about the other’s type (i.e., the other’s
dynamic value) is obtained using the steady state measure [; and, in the case of the buyer,
conditioning on s € S;. Once the steady state measure and agent continuation values, and

90bserve that Vpus = Vpus for any s and s’ € S,.
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consequently the dynamic values, are fixed, the three-stage Bayesian game played in each
period is identical to the extensive form game analyzed by Maskin and Tirole (1990). Con-
sequently, for any vector of dynamic values and any steady state measure, existence of an
perfect Bayesian equilibrium follows from Proposition 6 of Maskin and Tirole (1990), under
two additional assumptions retained by Maskin and Tirole (1990)@ First, assume that the
set of feasible mechanisms is the set of all finite mechanisms where the number of messages
available for each type of agent is finite. Second, assume that the players have access to a
public randomization device in the third stage of the game, that is, the randomization device
is available in the continuation game after a mechanism has been chosen by the proposer
and accepted by the responderﬂ

Proposition 1. For any steady state measure | and any vector of continuation values v,
there exists a perfect Bayesian equilibrium for the three-stage mechanism proposal game.
Moreover, in this equilibrium all proposers offer the same direct mechanism and all respon-
ders accept to participate.

Proof. Follows immediately from Maskin and Tirole (1990) Proposition 6. O

Having established that an equilibrium exists for the stage game the next proposition
characterizes equilibria for the stage game. In particular, the proposition argues that each
proposer making a take-it-or-leave-it offer to the responder is an equilibrium of the stage
game. Moreover, any equilibrium of the stage-game is payoff equivalent to the equilibrium
where every proposer makes a take-or-leave-it offer. This property is a consequence of
quasilinear preferences and was established for the case where there are two agent types
by Maskin and Tirole (1990) and for the case where there are a continuum of agents and
the monotone hazard rate condition is satisfied by Yilankaya (1999). The argument here
generalizes the proof in Maskin and Tirole (1990) to the case of arbitrarily many discrete
types.

For any steady state measure [ and continuation values v pick an equilibrium with strategy
and belief profile * and 7* for the three-stage game with the related match probabilities

10Maskin and Tirole (1990) consider a model where the number of possible types of the proposer is unre-
stricted but the number of possible types of the responder is restricted to two. Also in their model utilities
for the buyers are strictly concave. However, it can be easily verified that these restrictions are immaterial
for their proof of existence.

U This randomization device is needed to ensure that the equilibrium payoff set is convex in the third stage
after any choice of mechanism. As in Maskin and Tirole (1990) the randomization device is not used on
the equilibrium path but is used to support off equilibrium path beliefs. In particular, the randomization
device facilitates the coordination of play on a particular Nash equilibrium if the subgame in the third stage,
defined by the choice of mechanism, has multiple Nash equilibria.
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and expected transfers m* and t*H Consider the case when a seller s € .S, is chosen as the
proposer and let V® denote the expected value for a seller if that seller makes a take-it-or-
leave-it offer when that seller is chosen as the proposer. Since the take-it-or-leave-it offer is
always available to a seller and can be implemented irrespective of the buyer’s beliefs about
the seller’s type, the expected payoff in the three-stage game when proposing must exceed
Ve for all s € Sg, i.e., D cppp(th, —miyrs) > V7.

The following optimization maximizes the total expected utility for all sellers of good
x ignoring the incentive compatibility constraints for the various seller types. Since the
seller incentive constraints are ignored, the mechanism identified by the program might not
be chosen by the sellers in the game even though the expected total utility of all seller is

maximized by this mechanism.

V = max ls(tsp — mgpT
e BxS, Do s( sb sb s)

subject to incentive compatibility and individual rationality:

(IC;) > lslmshy = teg) <D ls(msphy — ) Vb, j € B )
(IR) 0< Zs ls(msih1 — ts1) (¥)
mep <1 (')’sb)

where the Lagrange multipliers are given to the right. The equilibrium match probabilities
and expected transfers are incentive compatible and individually rational. So, in particular,
they satisfy the constraints of the above maximization problem. This implies that V >
> Bxs, lsPb(ty, — mgts). The following proposition shows that the expected value from
all sellers making a take-it-or-leave-it-offer exceeds the value of the above maximization
problem, i.e., > .o VS >V > 3 5 o pp(ty, — myFs). Consequently, the expected
utility for each seller ) 5 py(tl, — m¥%7s) must equal V*. Also, since each seller’s expected
equilibrium payoff in any equilibrium equals V*, each seller making a take-it-or-leave-it-offer
is a perfect Bayesian equilibrium for the stage game, where off-equilibrium path beliefs and
play, are given by any other equilibrium belief and strategy profile pair o*, W*H

1255 a consequence of the Inscrutability Principle of Myerson (1983) all proposers offering the same direct
mechanism given by m™ and t*, all responders accepting and then truthful revelation is also an equilibrium
for the three-stage game where equilibrium path beliefs never change and are given by [ and off equilibrium
path actions and beliefs are given by o*, 7*.

13The take-it-or-leave-it offer is incentive compatible and individually rational given any equilibrium beliefs
for the proposer since it gives the proposer their equilibrium payoff and also is trivially incentive compatible
and individually rational for the responder.
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Proposition 2. For any steady state measure | and any vector of continuation values v,
in any perfect Bayesian equilibrium of the three-stage game, the proposer’s payoff is equal
to the payoff the proposer would have received had she made an optimal take-it-or-leave-it
offer to the responder. Also, each proposer making an optimal take-it-or-leave-it offer is a

perfect Bayesian equilibrium of the three-stage game.

Proof. The problem for a seller s € S, when the seller’s reservation value 75 is known by

the potential buyers, is given by the following maximization problem

Ve = maXm, >0 E pr(tbs - mbsfs)

(I g]) hbmjs - tjs < hbmbs - tbs (Oézfj)
(IRS) 0< hlmls —t1s (1/15)
mps < 1 (%)

Riley and Zeckhauser (1983) showed that a appropriately chosen take-it-or-leave-it offer is
optimal when a seller’s cost is know and consequently must solve the above program. Let
m/, and t/, solve problem V* for each s. The choice m = (m}) and t = (t,) is feasible for
problem V: m/ and t satisfies the (IC?®) and (IR®) constraints for each s consequently
m = (m}) and t = (¢,) satisfy (IC) and (IR) for problem V, since these constraints are

weighted sums of constraints (/C®) and (/R®). This implies that V' > " 1,V*. The dual
of the linear maximization problem V, is as follows:

= 20 nSh 0 2 s, o
subject to:
(Mb) ZjeB(hbabj — hjajp) < v + puis Vb # 1,8,
(Tb) ZjeB(ajb—abj)+Pb§0Vb#17
(M1) ZjeB(hlaU — hjag1) + iy < g1+ pifs Vs,
(T1) ZjeB(Oéjl — 1) +p1 <.

Also, the dual of V¥ is as follows

S 3 S
D? = min, > Zb ol
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subject to:

(Mb°) ZjeB(hbaij — hjad,) < pyfs + Vb #£ 1,
(Tb*) D plo =g+ S OVb £ 1,

(M1%) ZjeBm;fl —ai;) +p <0,

(T1°) ZjeB(hlaﬁ — hjajy) + h® < pifs + 7.

By Lemma [5| in the appendix, one can pick multipliers Wy = Oy for all b, 5 and s; ¥® =

for all s ; and v® such that «, ¥ and 7® solve the dual problems D* for each s. That is, there
are dual solutions o, % ~* for the dual problems D® where the o® and the 1)* components
are equal across all s. Observe if «, 1) and ~v* satisfy the constraints (Mb°) and (M1?) for all
b and s, then «, ¥ and ~s satisfy constraints (Mb) and (M1) for problem (D). Likewise if «
and 1) satisfy constraints (7% ) and (7'1%) for all b and s, then « and v satisfy constraints
(T'b) and (T'1) for problem D. Consequently, «, 1 and v = (7%)ses, is a feasible solution for
D. a, ¢ and v feasible for D implies that V = D < Y 5 o ls7; = > g I°Ds = Y g sV?
and thus proving the result. O

The main theorem, proved in this subsection, establishes that an equilibrium exists, for
any 0 € [0,1] and ¢ > 0. In the model presented here, without an assumption along the
lines of (FD), a trivial no-trade equilibrium always exists. Consequently, for a meaningful
existence result, the theorem below posits (FD) and establishes the existence of an equi-
librium with trade, that is an equilibrium where the markets for all the goods are open.
The proof of the theorem involves a straight forward application of Kakutani’s fixed point
theorem on a mapping defined from the set of feasible measures [, strategy profiles o and

values v, into itself.
Theorem 2. Assume (FD). For any (¢,0) a search equilibrium (I, o) exists.

Example 1 demonstrated that without (FD) there may exist sequences of equilibria that
fail to converge to competitive equilibria. The following corollary to Theorem 2 drops
Assumption (FD) but maintains the two additional assumptions outlined below. Corollary
2 shows that there exists a sequence of equilibria that converges to a competitive equilibrium
for the economy.

The first additional assumption (UNQ), requires that the set of goods traded in any
competitive is unique, that is, the same goods are traded in any competitive equilibrium.
It should be pointed out that this assumption is automatically satisfied in economies with
a homogeneous good such as Gale (1987) and Satterthwaite and Shneyerov (2007), which
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are special cases of the economy under consideration here. Also, the assumption is satisfied

generically for the economies that we ConsiderE

Assumption. Uniqueness (UNQ). The set of goods traded in any competitive equilibrium
1s the same. That is if good x is not traded in one competitive equilibrium, then it is not
traded in any other CE.

Assumption (DR) requires the goods in the economy are substitutes for each other from
the point of view of all buyers. This assumption is always trivially satisfied in a subset of

the economies consider here where buyers have unit demand preferences.

Assumption. Decreasing Returns (DR). If G C H, then hygugs) —hor < hogugsy —hoc
for all b and s.

The argument for the corollary is as follows: fix the set of goods traded in any compet-
itive equilibrium. Assume that a small measure of the lowest cost seller of each of these
goods enters in each period, i.e., (FD) holds for the traded goods. Given this assumption
a sequence of equilibria, that converges to a competitive equilibrium exists by Corollary 1
and Theorem 2. However, if the measure of sellers with (FD) is picked sufficiently small,
then for sufficiently small ¢” and 1 — 6", the measure of sellers of the traded goods enter-
ing the economy must exceed the measure of sellers entering due to the (FD) assumption.
Consequently, the (FD) assumption is non-binding and can be dropped thus proving the ex-
istence of the desired sequence of convergent equilibria. The convergent sequence, however,
converges to an competitive equilibrium for the economy where the set of traded goods is
a subset of the set of all goods. Assumption (DR) is then used to show that this also a
Competitive Equilibrium for the set of all goods.

Corollary 2. Assume (UNQ) and (DR). There exists a sequence (¢",v"™) — (4,v), such
that q solves the primal Assignment Problem and is a competitive equilibrium allocation;
v solves the dual Assignment Problem and is a competitive equilibrium utility vector; and

Us + T5 18 a competitive equilibrium price for good xs.

Proof. By (UNQ), the set of goods can be partitioned into two sets H C X and X \ H
where H denotes the set of goods that are traded in any competitive equilibrium. Let g,
denote the measure of good = traded by the lowest cost sellers of good x, i.e., by sellers

Sx = {s:xs =x and ry < 7, for all &' with gy = z}, traded in a competitive equilibrium.

o = ZseSX Zb ZsaG Boé

1This is because the linear program that characterizes the set of competitive allocations generically has a
unique solution.

More precisely
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Also, let q, = mingeqgq, where () denotes the set of competitive allocations. Note that
@ is a compact and convex set and g, > 0 for any z € H. Assume (FD) for all x € H
and let the measure of low cost sellers of good x € H receiving the first draw free be
0 < ey < g,. Observe that given this set-up, the sequence of equilibria will converge to ¢,
which is competitive equilibrium for the economy comprised of sellers such that =5 € H and
b € B. Also, observe that since only goods in H are traded, ¢ is also an efficient allocation
for the original economy I. For any buyer b with [, > 0, é,; < 0 for any G C S. For
any buyer with [, = 0, é,¢ < 0 for any G C {s:zs € X\ H}. This is because otherwise,
i.e., is éyg > 0, then allocating to b, who is not trading, the goods in G, which are not
being traded, would improve the efficiency of the matching which would contradict that the
matching ¢ is efficient. So é,g < 0 for G C {s: x5 € X \ H}. Also, for I, = 0, épa < 0 for
any G C {s:x5€ H}. But, ¢ <O0for GC{s:z; € Hfand G C{s: 2z, € X\ H} in
conjunction with (DR) implies that é,g < 0 for all b and G C S. This, in turn, shows that
the allocation ¢ is a competitive equilibrium allocation for I and ¢ is a competitive utility
vector.

Now observe that for sufficiently large n, of (in) > €, since the measure of lowest cost
sellers leaving the market must converge to competitive competitive equilibrium which ex-
ceeds q,. This implies that for n sufficiently large vs(in) > 0. This shows that we can drop
the (FD) assumption which is not binding for sufficiently large n and just take entry by
type s, to equal o (in). O

5. DISCUSSION AND CONCLUSION

This paper presented a model where buyers purchase a bundle of indivisible, heteroge-
neous goods from sellers who are each endowed with one unit of a good. Trade takes place
in a decentralized market under two sided incomplete information. A small measure of the
lowest cost seller of each good is assumed to sample the market at least once. Under this
assumption an equilibrium is shown to exist (Theorem 2) and any sequence of equilibria is
shown to converge to a competitive equilibrium.

The model presented here considered the case where agents bargain pairwise, where
as other studies in the literature, such as Satterthwaite and Shneyerov (2007), analyze
bargaining in larger coalitions. The convergence result is not sensitive to this assumption. In
particular, the results presented here are robust to any random matching technology as long
as any buyer and seller whose exist with positive measure in the economy meet with positive
probability. Also, the analysis proceeded under the assumption of two sided incomplete
information. However, all the results presented also go through without alteration under
complete information. Finally, a central assumption in the model maintained throughout

the paper was that the economy remains in steady state. An immediate way to extend
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this model is to drop the steady state assumption and consider a non-stationary market
with finitely many, instead of a continuum, of agents entering in each period. Under such a
formulation, the goal would be to show that trade always occurs at competitive prices and
that the market clears on average.

APPENDIX A. OMITTED PROOFS

A.1. Proof of Theorem 1.
Lemma 1 (No Excess 1). If max{py, ps} > 0, then eps < 0.

Proof. For any ¢ and § a seller (or buyer) can offer to sell her good for dvy s — dvp — €
and ensure that buyer b purchases if they meet, since the payoff that buyer b gets from
purchasing the good strictly exceeds her continuation payoff §"vy. Also, any buyer can offer
to buy a good for r5 + dvs + €, and ensure that she makes a purchase if she meets seller s.

Consequently, for any ¢ and §

vs > —c+ (1= B)py(dvpus — dvp — 75) + (1 = (1 — B)pp)vs
(1 =0)vs > —c+ (1 = B)pp(dvpys — dvp — dvs — 14), and
(1 =0)vy > —c+ Bps(dvpus — dvp — dvg — T5).
So
lim(1 = 6")vg > lim —¢* + (1 = G)pyey,
117511(1 — My > liﬁn —c" + Bpleps.

S

Taking limits shows that pyéps < 0 and pséps < 0. However, since max{py, ps} > 0, éps <
0. ]

Lemma 2. Let L" = max{L’, L%}, lim, ¢"L" =0 and lim,(1 —6")L™ = 0.

Proof. If limsup L™ < oo, then since 0 < L", lim,, ¢"L"™ = 0 and lim,(1 — §")L"™ = 0.
If limsup L™ = oo, then either (inclusive) limsup L} = oo or limsup L? = co. Assume,
limsup L™ = oo and, without loss of generality, that limsup Ly > limsup LY. For [, > 0,
vp = vp(in) and thus the following equation is satisfied for all b € B,

(1 = 6)lpvy + lpe = ZSGS lyps(Mps (0vpus — dup) — Blos — (1 — B)tsp)

Observing that 0 < (1 — §)lpv, and summing up over all buyers in B gives

D e <L) py Yy ps(Myg(dvpus — 5vp) — Btps — (1= B)tsn)

beB beB  scS
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Individual rationality for any seller s implies that 5 pp(Btps+(1—5)tsp— Mps(rs+vs)) > 0
since otherwise this seller would do strictly better off by not trading. Substituting this for

transfers above gives

D e S LY pepeMys(vpus — vy — (75 + 6vs))

beB BxS
= psMysens+ > IypsMygeps
BxS (B\B)xS

where B = {B:py, > 0}. In Lemma it was shown that (1 — §)vy + ¢ > Bpseps for each b

and also v, < h consequently

Z le < Z lbpsMbsebs + Z lb|S| - 6)6)

beB BxS B\B

1—6" _ s l—e—PAt
o hmAt—>0 Atk -

P
there exists & such that ¢+ (1 — 6)h < ¢(1 + ). Substituting yields

D e <Y bpsMysens + Y lbcw’(lﬁ

> 0. Consequently, for At sufficiently small

beB BxS B\B
LeS o pb|S|(1+€)
Z lyc 1-— B\B 7 < Z lbps Myseps
beB Led pep o -
BxS
S e D 181(1+6)
(Z le) | =B\ 7 < Z lpps Myseps
beB 2ben P Bxs

The assumption of steady state implies that > lypsMps < 1 for each b and consequently,

[S](1+&)
Pob—p5——
(i) (1-Zogm ) < 5

ZbeB Py

[SI(1+€)
ZB\B’ Py | 3

=1
> veB P

By the definition of B, lim,, ZB\B py =0, limy, >, ppy = 1and lim, 1—
and consequently,

5 Bpn|5|(1+£)
lim <Z lfcn> lim [ 1— \ L < lim Z €hs

Y <
beB 2 beB P BxS

1' ln’l’L<1' n
S e <l Y

beB BxS
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However, if p, > 0, then lim,, ej, = 0 for any s , by Lemma (I, This implies that
. n.n . n __
OghranZ bC §11711nZeb8—0
beB BxS

Also, lim L™ = 0, implies, lim,, (1 — §")L"™ = 0 because lim 10" _ e 0

cn

Lemma 3. é;c <0 foralli € I and G C S.
Proof. By the argument provided in Lemmall| for i € I,
(1 =6")v" > =" + B (6" v, — 6"vj" = 6"v — ).
Multiply both sides by L™ = max{L';, L'{} which gives
(1= 0" + )L™ = BLMp (8707 — 8"efy — 670l — 7).
However, by Lemma
lim, ((1 —&6™)v;* + )L™ = 0.
Also, by assumption, lim L"p? = lim{7 > 0 for all s € S , and consequently,
’f)i{s} - ﬁb — ﬁs —Tg S 0.
Also, again by the argument provided in Lemma
((1- 571)”?{5,52} + ML > ﬁL"p?Q((F"vi{SYSQ} — 5”1}%5} — 0"l — Ty).
So, 61{5752} — ﬁi{s} — Vg9 — rgo < 0. Substituting gives
QA}7:{3,32} - ,[)Z - @32 - ’08 —Ts —Ts2 S 0
Repeating |G| times shows that
@Z'G — ’LAJZ — ZSGG(@S + T’s) < 0.
However, U?G > hq for all n and so 9;, > h;g. Thus

hiG - @z - ZSGG(,&S + Ts) < 0

proving the result. O

Lemma 4. Y . ;0; + > ¢0s <> icr > bic(hic — Y seqTs)-

Proof. The value equations for the buyers implies

lop(1 = 6) < Zs lopsmps(opus(in)d(vsus — Piwyaus)) + Ohim)aus) — Vb — tos)

+(1-5) Zs lopsmsp(onus(in)d(vsus — hiwyaus)) + Shiwyapus) — Vs — tsb)
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Summing up over all buyers and taking the limit as § — 1 and observing that ¢, goes to

vs + s for any b and s with myps > 0 gives

0< ZbeB Zses(l_5bUs (in))(ﬁibﬁsmbsﬂl—ﬂ)fbﬁsmsb)(hi(b)G(buS)—@z(b)—zjeG(bUS

rearranging shows that

0< ZbeB 2865(1—517(%'”))(5Zb\sﬁsmb\ss+(1—ﬁ)ib\sﬁsmsb\s)(hi(b)e(b)—@i(b)—z

However

)(@j+7“j))

jeG(@jJr?“j))

ZSGS(l - (}bG (in))(ﬂib(;\sﬁsmbc\ss + (1 - B)Zbg\sﬁsmsbg\s) = Cji(b)G(b)

which implies that
0= dieo) (hioew = e = 2 g (@ +7))
0< Zid ZG Gic(hig — b — ZjeG(@j +75))

Observe that for ¢ with 0; > 0 >~ Gig = 1 and for s with v, >0, >, >~ dsg = 1 s0

Zie[ bi ZS 0s < Zie[ ZG Gic(hic — ZseG Ts)

proving the result. O

A.2. Proof of Proposition 2. Let the buyers in the set B are arranged in decreasing
order of their dynamic value with hy being the lowest and % the highest dynamic buyer
value. For the proposition we need to show that there exists «, ¢ and (7°)ses, such that a,
1 and v® solve Dy for each s where the o and 1) are independent of s . In the case where the
marginal revenue is decreasing, this is straight forward. Suppose that the marginal revenue
is increasing in b for all b € B, that is,

|B

Ap = hy = (hpr =) (D pr)/po
k=b+1

is increasing in b. Set ¥* = = Zyill py = 1forall s; a5, | =app_1 = Z‘,ﬂb i and all

other oy, = 0 for all s; and ;) = pp max{A, — 75,0}. Observe that

|B] |B|
> (hwaiy — hjasy) = hoawp1 — hor1oniie =ho d_pk—hosr Y k= Dol
jeB kb k=b+1

Also,
DPoTs + v5 = pymax{Ay — 75,0} + pp7s = pp max{Ay, 7'}
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Consequently,
> (oo — hjady) = Py < pyfs + 75 = pp max{ Ay, s}
JjEB

and so (Mb®) is satisfied.

Also,
|B| |B|
ZjeB(ajb —ag;) + b= Qt1p — W1 + Py = Z Dk — Zpk +pp =0
k=b+1

and so (T'b%) is satisfied. Consequently, these multipliers satisfy all constraints for the dual
optimization problems D?.
In the case where the marginal revenue is not necessarily decreasing, the argument is

more involved. The following lemma proves the general result.
Lemma 5. There ezists o, ¢ and (v°)ses, such that o, 1 and v° solve D* for each s.

Proof. Observe that the optimal solution to each V* is a take it or leave it offer. In an
optimum for the primal optimization problem V* the upward incentive constraints, i.e,
(IC’;})) where j < b, never bind so always take aj, = 0 if j < b.
The proof is by induction. Take ¢ = 1. Pick « such that (o, 1,7®) € argmin D* for all
5 = 2,...,|8;] with ro < r3... < rg,|. I show that there exists o’ such that (o/,1,7%) €
argmin D* for all s = 1,2,...,S;| with r; <72 <7r3... <79,
Let b(s) = ming{mj > 0,(m,t) € argmaXVs} Choose («,1,7°) € argminD® s =
., |Sz| such that the primal solution has mb( gy > 0. Observe for b > b(2) and k < b(2),
apr = 0. This is because apy is the multiplier associated with ICy,. which holds strictly.
Also, let aya), = 0 for all & > 1 and let ap, = 0 for all b < b(2) and k& > 1. This works
because all constraints (I Cz?(z) ,.) are identical and have righthand sides equal to zero, and
all constraints (ICZ) for all b < b(2) and k > 1 the same and have both left and righthand
sides equal to zero. Summing over all constraints (7%?) (which hold strictly since they are
the dual constraint associated with transfer payments T') gives

Z pb+zakb Zabk + Pp(2) + Z Qgp2) — Op(2),1 =0

b>b(2) E>b k<b E>b(2
Qap2),1 = Z Po-

b>b(2
For b < b(2), 7; = 0 since this is the multiplier on constraint Mb* < 1. Also, for b > b(2)

> hponk = > hioy = pyrs + %3

k<b k>b
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since the multiplier Mb* > 0 for all b > b(2).
Claim 1. There exists (a!,1,7') € argmin D! such that a;j = oy for b > b(2) and
§ > b(2) and v, =72 + (ro — r1)pp for b > b(2).

Proof. Take the alternative maximization problem where all buyers with valuation hy > hy(z)
are viewed as one buyer with mass Zbe(Q) p(b) and valuation hy). This maximization has
an identical solution (to the maximization problem under consideration) for seller r;. Pick
the multipliers a;j for b < b(2) and j < b(2) and 7, for b < b(2) using the alternative
maximization problem and set agj = ayj for b > b(2) and j > b(2) and 7} = 72 + (ro —71)pp
for b > b(2). These multipliers satisfy dual constraints and solve the dual maximization

problem. O

Claim 2. Pick (a',1,7') € argmin D' from Claim 1. There exists 0 < «} such that
vt < ppmin(hy — 1,72 — 1) for all b(1) < b < b(2),

1

b@)-1 b(2)—
> = (e —m) Pk — —h)( Y )
k=b k>b(2)

k=
for all b(1) < b < b(2). Also, for (a',1,7') € argmin D! from Claim 1, v} = ~;, for k > b(2)
and 37 v = 3 k-

Q“

Proof. Pick (a',1,7') € argmin D! from Claim 1. Observe that

b(2)—1 b(2)—1
Z Ve = (hoay — 1) Z Pk — (i) — ho)( Z pi) > 0.
k=b(1) k=b(1) k>b(2)

First shuffle 7, for k < b(2) to ensure that v;, < pg(hy —r1) and the second inequality holds.
This can be done since for any b

b1
(e —71) > pe— (e — hy)) O _pe) =
k=b(1) k>b

In particular let yp(2)—1 = max{(hp2)-1 — 71)Pb(2)-1 — (hi2) — ho(2)—1) (X ksp2) Pr), 0} and

b(2)—1 b(2)—1
YW = (hy—r1) Z Pr — (hyg2) — ho)( Z Pr) — Z Yk, if this number is positive
k=b k>b(2) k=b+1

= max{(hy — r1)ps — (o1 — hs)(D_ pr), 0}, otherwise.
k>b
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Observe that

b(2)—1 |B|
(ho —72) > pe— (hyay —h)( D pr) <0
k=b k=b(2)

for any b < b(2). This is because otherwise b(2) would not be the cut-off type for seller
with cost r2. Now shuffle the identified ~, for b = b(2) — 1,...,b(1) to ensure that also
Yo < po(r2 —11). O

Let
Ap(a,r1) =Y hwons = Y arphi — por1.
k<b k>b
If (Th') holds with equality for b, i.e., Y kb bk = Db+ D psp Qkp, then
b(2)
Ap(e,r1) = polby —11) = D (hie — ho) .
k=b+1
Claim 3. There exists (/,1,7%) € argmin D?® for s = 2, ..., |S;| such that 7;(2)_1 identi-
fied in Claim 2 with o/ satisfy dual constraints (Mb(2) — 1!) and (Th(2) — 1!) for problem
D'. Also, this process can be repeated so that y! and o satisfy dual constraints (Mk?!)
and (Tk') for all k for problem D!.

Proof. Pick (as above) («, 1,7°) € argmin D® s = 2, ..., |S;|. Let b = b(2) — 1. Observe that
p(2),1 = ZkZb(Q) pr. For z, € [0,1] set a;)(2)b = Zp0p(2)1- So

/ 2 : / z : /
Ab(a 77'1) = hbabk — akbhk — PpT1
k<b k>b

Ao/ (m).m) = polhe—r1) — (Y pi)(hogey — ).
k>b(2)
The definition of Ay(a/(z3)) presumes that (7b') hold with equality. Observe that if 2, = 0,
then Ay(a/(0),71) = pp(hy — r1) > pymin{ra — r1,hy — r1} >~} and %ﬁi(o)) < 0. Also,

Ay(a/ (1), 1) = (ho —r1)pe — (Y i) (hu2) — h) < 74
k>b(2)
by Claim 2. Consequently, there exists 2, € [0,1] such that Ay(a/(2),71) = v¢. Observe
that if, Ap(a/(2p),71) = 7}, then constraint (Mb') holds. Also, v} < py(r2 —r1) implies that
Ap(d/(zp),m2) < 0. Consequently, (Mb®) also holds for all s =2, ...,]S;|. For b — 1 proceed
analogously. That is set O‘;;(Q),b—l = zp-1(1 = 2) ()15 Ay = 26-1(Pp + 2p0p(2),1) and let
D okebo1 aé—l,k = pb—1+ 25-1(Pp + p(2)1) S0 that constraint (Th') holds. Again, we can pick
zp—1 € [0,1] to ensure that Ap(a/(2p-1),71) = 7., as done in the case for b. Again, since
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Y < pp1(r2—711), Ap(e’(2p-1),72) < 0 ensuring that o(z;—1) satisfies constraints (Mk!)
forall s =1, ..., ][5

Define a;gb( 1 =PrtD ok Vg~ D ob(1)<j<k oz%] and a;( 1= +Zk>b a;gb( 1) ensuring
that (Th') hold with equality. Observe that ab(l) 1 = DPpy t Zk>b(1 ozkb = D b>b(1)
By Claim 2

b(2)-1 b(2)—1 b(2)-1
dYoowo= (D prhay — il pr) = (D k) (o) — b))
k=b(1) k=b(1) k=b(1) k>b(2)
b(2)-1
= (Y po)hya) — il p) = () i)l
k>b(1) k=b(1) k>b(2)

Also, by the choice of a!,

b(2)—1 b(2)—1 b(2) 1
> = D Sl ( 3 dhewhe Z Pr
k=b(1)+1 ke=b(1)+1 ke=b(1)+1 k=b(1)+1
Consequently,
b(2)—1 b(2)—1
Ty = D %m— > W
k=b(1) k=b(1)+1
b(2)—1 b(2)—1
= Z Pr) a1y — Ay ke — P2 Z Pk — Z Apa)r)) — T1Pb(1)
k>b(1) k=b(1)+1 k>b(2 k=b(1)+1
b(2)—1
= (>0 phay— D gyl = hu) Q) — T1Py1) = Dpgry ()
k>b(1) k=b(1)+1
proving the result. O
The o/, 1,~* identified by the previous claim is an element of arg max D?® for s = 1, ..., S|

since Y = (hy1y —71) D2 py and o' and ~! satisfy all constraints of the problem D' thus
completing the proof. O

A.3. Proof of Theorem 2.

Proof. The argument identifies a candidate equilibrium where each proposer chooses an op-
timal mechanism as if their type is observed (the take-it-or-leave-it offer is a optimal choice),
and the steady state measure and values are consistent with the matching probabilities and
transfer payments generated by these optimal mechanisms. The candidate equilibrium is
generated via a fixed point argument outlined below. Proposition 2 implies that the take-

it-or-leave offer that solves the mechanism choice problem where the proposer’s type is
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observed (or any other solution) is also a solution to the mechanism choice problem where
the proposer’s type is private information for appropriately chosen off-equilibrium path be-
liefs . Consequently, the candidate equilibrium is an equilibrium for the economy with the
off equilibrium path beliefs given by .

For any cand 6, 0 < v; < h. Let V = {v € RITIX2S1418] . < v; < h} denote the set of
possible values.

Let €5 = €, if s is the lowest cost seller of good zs; and €, = 0 otherwise. For all
i€l and s €S, if vg(in) < 0, then Iy = 5 by Assumption (FD), and if v;(in) < 0, then
li = 0. If vg(in) > 0, then Iy = 1/(D>_ycr PoMps + 0s(out)). For i € I, if v;(in) > 0, then
li =1/(35es Mis + oiout)). Also, if op(in) 3= secp) l\sMp\ss = 0, then
O'b(in) ZseG(b) lb\spsMb\ss

Y seg PsMps + op(out)

Observe that v;(in) < —c+ >, ppMjih and so ¢/h < 3", pr.M;i. Consequently, 1 < ; <
%. Let A={l:1<1; < %} denote the set of possible steady state measures. Let mys and

b =

transfer ¢p; be the mechanism choice by the buyers and mg, and tg, the mechanism choice
by the sellers, and o; = (050, yt;). Start with any [ € A, 0 € 3, v € V and let

max{os(in), €5}

l; l,O',’U = = 9

G0 = e, e o Mos)

(1, 0,0) = op(in) for i € I and,
max{c/h, ZsES psMis}
op(in) ), I\ sDs M\ s

L, 0,0) = i) Loca hepeMines ¢y

max{c/h, Y scs PsMps}

where the M’s are calculated according to o. This defines a continuous function from
A x ¥ x V into A, where (I, 0,v) — I} for each 1.
Let

vh(inll, 0,v) = MaX( yys0 —C+ 8> ps(mip(Sveus — 6vy) — 1)
+ (1= 8) ) ps(map(5veus — 6vs) — tap) + v

s

subject to
ths — Mips (75 + 0vs) > ty; — my;(rs — dv,) for all s and j € S
ths — My (s + dvs) > 0 for all s

my, < 1 for all s.
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Also, let S} (l,0,v) denote the set of maximizers for the above program. Observe that
the objective function of this maximization problem is continuous and concave in m and
t, and the constraint set, defined by linear inequalities, is non-empty (m = 0 and ¢t = 0 is
always feasible), convex and compact for any choice of (I,0,v) € A x 3 x V. Consequently,
vy(in|l, 0, v) is a continuous function of (I,0,v) and S (I, 0,v) is a upper-hemi-continuous
(UHC), non-empty, convex and compact valued correspondence of (I,0,v). Let,
V(l,o,v) = max oouy(in,l,0,v) + (1 — 00)hecp)
ooeA{in,out}

Syoll,ov) =arg  max  oguy(in,l,0,v) 4+ (1 — 00)heg)-
’ ooE€A{in,out}

Again, by the same reasoning as above, since vj(in,l, 0, v) is continuous, v'(l, o, v) is con-
tinuous, S; (I, o,v) is UHC, nonempty, convex and compact valued.
Similarly, for a seller, let

vg(in|l,0,v) = maxy, 4 —c+ (1 —f) ZbeB py(thy — mly(rs + vs))
+6 ZbEB Po(tos + mps(rs + 6vs)) + dvs

subject to

Mg (0vbus — Ovp) — tig, > mi;(Ovp,s — Ovy) — ty; for all b and j € B
mly (Svpus — o) — thy > 0 for all b
mly, <1 for all b
Also, let S;l(l ,0,v) denote the set of maximizers for the above program and
vi(l,o,v) = erg}{?gou]t} oovs(in,l,o,v)

L o(l,o,v) =arg  max  ogvi(in,l,o,v).
’ co€A{in,out}

Finally let Si(l,0,v) = S}4(l,0,v) x S ;(l,0,v) and S'(l,0,v) = [[; Si(l,0,v). Define
correspondence (I, 0,v) — (I',5",v"). This correspondence maps A x X x V into A x ¥ x V|
is UHC, compact, and convex valued; thus by Kakutani’s theorem has a fixed point. This

fixed point is an equilibrium for the economy. ([l
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