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ABSTRACT.

Previous work shows that reputation results may fail in repeated games between two
long-run players with equal discount factors. We restrict attention to an infinitely repeated
game where two players with equal discount factors play a stage game where actions are
imperfectly observed and the first mover advantage is maximal. The set of types for
player 1 is taken as any countable subset of the set of all finite automaton. In this context
a one sided reputation result is provided. If player 1 is a Stackelberg type with positive
probability and player 2’s actions are imperfectly observed, then player 1 receives the

highest individually rational payoff in all Bayes Nash equilibria, as agents become patient.
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1. INTRODUCTION AND RELATED LITERATURE

This paper proves a reputation result for a class of two-player repeated games where the
first mover advantage is maximal (maximal Stackelberg games). The players have equal
discount factors. Our main result shows that if there is incomplete information about the
type of player 1 and player 2’s payoffs are imperfectly observed, then player 1 receives the
highest possible payoff, in any Bayes Nash equilibrium, as the discount factors converge to

one.
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Reputation effects were first established for finitely repeated games by Kreps and Wil-
son (1982) and Milgrom and Roberts (1982); and extended to infinitely repeated games
by Fudenberg and Levine (1989). Fudenberg and Levine (1989, 1992) focused on repeated
games where one long-run player faces a sequence of short-run players. The authors con-
sidered an incomplete information version of the repeated game where the long-run player
is a “Stackelberg” (or commitment) type who always plays the “Stackelberg” (or commit-
ment) action. They proved a one-sided reputation result that shows if the long-run player
is sufficiently patient, then the long-run player’s equilibrium payoff is at least as large as
what the player could get by publicly committing to the Stackelberg action. However, most
reputation results in the literature are for repeated games where one of the players is a
short-run player (as in Fudenberg and Levine (1989, 1992)); or for repeated games where
the player building the reputation is infinitely more patient than his rival and so the rival is
essentially a short-run player, at the limit (for example, see Schmidt (1993b) or Celantani,
Fudenberg, Levine, and Pesendorfer (1996)).

Previous research has also shown that reputation results may fail when long-run players
with equal discount factors play an infinitely repeated game in which the stage game is
a simultaneous-move game in normal form. In particular, one-sided reputation results
obtain only if the stage game is a game of strictly conflicting interest (Cripps, Dekel, and
Pesendorfer (2005)), or the commitment action is a dominant action in the stage (Chan
(2000)) 1 For all other simultaneous-move games, folk theorems by Chan (2000) and Cripps
and Thomas (1997) have shown that any individually rational and feasible payoff can be
sustained in perfect equilibria of the infinitely repeated game, if the players are sufficiently
patient.

A Stackelberg action is a player’s optimal stage game strategy, if the player could publicly
commit to this strategy; and a Stackelberg type is a commitment type that only plays the
Stackelberg actionH In a maximal-Stackelberg game the Stackelberg action delivers player
1A game has strictly conflicting interests (Chan (2000)) if a best reply to the commitment action of player

1 yields the best feasible and individually rational payoff for player 1 and the minimax for player 2.
2In our set-up a pure stage game action is a pure strategy profile of the extensive-form stage game.
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1 his highest payoff, that is part of an individually rational payoff profile, whenever player
2 best responds.

This paper focuses on simultaneous-move maximal Stackelberg stage games. Player 2’s
actions are imperfectly observed by player 1 while player 1’s actions are perfectly observed.
The set of commitment types for player 1 is taken as any countable subset of the set of
finite automaton that includes a Stackelberg type. In this framework we prove a one-
sided reputation result. Specifically, we show that player 1 receives a payoff arbitrarily
close to his highest individually rational payoff for sufficiently high discount factor, for any
initial probability distribution over the set of commitment types. This result is in sharp
contrast with previous literature — with arbitrarily small imperfect observability player 1
can guarantee a high payoff whereas with perfect observability Cripps and Thomas (1997)
and Chan (2000) demonstrate a folk theorem, for the same class of games. Also, the
result presented here improves upon the reputation result of Cripps, Dekel, and Pesendorfer
(2005) for strictly conflicting interest games since our result allows for an arbitrary subset
of commitment types

The paper proceeds as follows: section 2 describes the model and discusses some examples

that satisfy our assumptions; section 3 presents the main result; and section 4 concludes.

2. THE MODEL

Let T" denote the stage game. The set of players in the game is I = {1,2}. The set of pure
stage game actions, a;, for player 7 is denoted A; and the set of mixed stage game strategies
a; is A(A;). Player 2’s actions are not observed by player 1. Player 1’s actions are perfectly
observed by player 2. Let the finite set Y5 denote the set of publicly observed outcomes
of player 2's actions. Each action profile as € As induces a probability distribution over
the publicly observed outcomes Y5. The set of all public outcomes Y = A; x Y5 includes
information on player 1’s actions, since these are perfectly observed, and the outcomes of

player 2’s actions. For a given action as, let my(a2) denote the probability of outcome y € Y5.
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Assumption 1 (Uniform Imperfect Observability). For any as and al, € Ag, supp(w(az)) =
supp(m(ah)).

Assumption 1 implies that player 1 is never exactly sure about player 2’s actions. The
assumption, however, does not put any limits on the degree of imperfect observability. In
fact, player 1’s information can be arbitrarily close to perfect information.

Stage game payoffs 7;(a1,y2) depend only on publicly observed outcomes. So, actions

matter only in their influence over the distribution of outcomes. Let

gi(ar, az) = Z ri(a1, y2)my(az)

y2€Ya
and so the stage game I' with action sets A; and payoff function ¢g; : A1 x A5 — R is a
standard normal form game. The minimax for player i, §; = min, ; MaxXy, gi(i, a;). The
set of feasible payoffs F' = co{(g1(a1,a2), g2(a1,a2)) : (a1,a2) € Ay x As} ; and the set of
feasible and individually rational payoffs G = F N {(g1,92) : ¢1 > §G1,92 > §2}. Largest
feasible and individually rational payoff for player i, g; = max{g; : (gi,g;) € G} = 1. Also,

let M > maxger |gi|-

Assumption 2 (Maximal-Stackelberg Game for Player i). There exists ai € A; such that
if aj is a best response for player j to action aj, then gi(ai,a;) = gi. Also, for any two

payoff vectors g € G and ¢’ € G, if g; = g; = Gi, then gj = g;.

Assumption 2 requires that there exists an action for player 1, denoted aj, which gives
player 1 his highest payoff that is part of an individually rational payoff profile whenever
player 2 best replies to aj. Also, the assumption requires that the payoff profile that
delivers player 1 payoff g; is uniquel] This uniqueness requirement is satisfied generically

by extensive-form games.

Definition 1 (Strictly Conflicting Interest for Player i). The game satisfies Assumption 2
for player i. Also, for all (gi,9;) € G, g = §j-

3Under this Assumption 2 there can be more than one Stackelberg action for player 1 and player 2 may have
multiple best responses to any of player 1’s Stackelberg actions.
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If ' satisfies Assumption 2 for player 1 but is not a game of strictly conflicting interest
for player 1, then there is a finite constant p > 0 such that

g2 — go(a3, ab)

W) g1 — g1

for any (g1,92) € F, where a} denotes a best reply to a‘{H Also, if ' is a game of strictly
conflicting interest for player 1, then g — g2(a$,a8) < p(g1 — g1) for any (g1, 92) € F.

In the repeated game I'°, the stage game I' is played in each of periods t = 0,1,2, ....
Players perfectly recall their own past actions and all past outcomes. Let H? = (A} x Ag x
Y2)! denote the set of all partial histories, h? , that can be observed by player 2 before the
start of period t. Likewise let H} £ (A; x Y3)! denote the set of all partial histories that
can be observed by player 1 before the start of period ¢t. A behavior strategy is a function
o;  Ueg Hi — A(A;). A behavior strategy chooses a mixed stage game strategy given
the partial history hi. Players discount payoffs using their discount factor §. The players’
continuation payoffs in the repeated game are given by the normalized discounted sum of
the continuation stage-game payoffs

oo

uilh—) = (1 =0) > 6" "g((ai)r, (a;)x)

k=t
where h_; denotes the continuation play in periods t, ...co in some history h = {(a1, a2)o, ..., (a1, a2)g, ... }.
The set of possible types for player 1, denoted €2, is a countable subset of the set of all
finite automatons. A finite automaton (Q,qo, f,T) consists of a finite set of states @, an
initial state ¢p € @, an output function f : @ — A(A;) that assigns a (possibly mixed)
action to each state, and a transition function 7 : Y5 x A; x Q — (Q that assigns a state to
each outcome of the stage game. Specifically, the action chosen by an automaton in period
t is determined by the output function f given the period t state (¢;) of the automaton.

The evolution of states for the automaton is determined by the transition function 7.

YIf I satisfies Assumption 2 but not Assumption 3 then g5 = max{g1 : (g1,92) € F}. Consequently, the
Lipschitz condition given in Equation () holds for all g € F' and not just for g € G.
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Let p denote a probability measures over Q with pu(w) > 0 for each w € Q. Before time
0 nature selects player 1 as a type w with probability p;(w). € contains a normal type
denoted wpy. The normal type maximizes expected normalized discounted utility. 2 also
contains a Stackelberg type denoted w,. A Stackelberg type for player ¢ plays aj in period
0 and also after any history where player ¢ has played only aj. €5 denotes the set of all
Stackelberg types. Let Q_ = Q\({wny} U Q). In words, 2_ is the set of types other than
the Stackelberg types and the normal type.

A belief for player 2, u : |2y H? — [0, 1] assigns a probability measure over (2 after each
partial history h?. Let o1(w) denote the repeated game strategy used by type w, i.e., o1(wy)
is the strategy used by player 1’s normal type and o1(s) the strategy used by player 1’s
Stackelberg type. A strategy profile, o = ({01 (w)}weq, 02), is a list of the strategies used by
each type of player 1, as well as, the strategy of player 2. Player 2’s expected continuation

utility, following a partial history h;, given that player 2 uses the strategy profile o

Ua(o|hi) = p(wnlhe)Eelua(h—g)|he]+1(Qs[he ) E (o, (5),00) [u2 (h—t) | ]

+ > 1 (@) B o ) ) w2 (Bt | ]
weN_

where E(,. ,,)[ui(h—¢)|h] denotes the expectation over continuation histories h_; generated
by (oj,0) given that h; has occurred. Also, player 1’s normal type’s payoff following a
partial history hy, Uy (o|hy) = Eg[ut(h—¢)|hy].

The repeated game where the initial probability over € is p and the discount factor
is 0 is denoted I'*°(,d). The analysis in the paper focuses on Bayes-Nash of the game
of incomplete information I'*°(u,d). In equilibrium, beliefs are obtained, where possible,
using Bayes’ rule given u(-|hg) = p(-) and conditioning on players’ equilibrium strategies.
If () > 0, then belief p(-|hy) is well defined after any history where player 1 has played

s - .
aj in each period.

2.1. Examples. The following are examples of Generic Stackelberg Games. These exam-

ples are not games of strictly conflicting interest, and also, the players do not have strictly
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dominant actions in these games. Consequently, if in any of these stage games player 2’s
actions are perfectly observed, then Folk theorems apply implying that there is no scope for
reputation effects. (See Cripps and Thomas (1997) for Example 1, and Chan (2000) for Ex-
amples 1 through 4). That is, in any of these games, any individually rational payoff profile
can be sustained as a perfect equilibrium of the repeated game, for sufficiently high discount
factor and sufficiently small probability of facing a commitment type. In marked contrast,
if the player 2’s actions are imperfectly observed (i.e., if the games satisfy Assumption 1),

then Theorem 1 provides a one-sided reputation result.

2.1.1. Common Interest Games. Consider the following simplified common interest game

as depicted in Figure [

Player 2
L R
v |1,110,0
Pl ) b
D €0 | 0,0

FIGURE 1. Common Interest Game (e < 1).

Assume that there is a (possibly small) probability that player 1 is a commitment type
that always plays the Stackelberg action (U) and player 2’s actions are imperfectly observed.
In particular, suppose that after player 2 plays L (or R) with probability € the observation
is R (or L) and with probability 1 — e the correct action is observed. Then Theorem 1
implies that player 1 can guarantee a payoff arbitrarily close to 1 in any perfect equilibrium

of the repeated game, for sufficiently high discount factors.

2.1.2. Battle of the Sexes. In the version of the battle of the sexes depicted in Figure Blboth
players prefer action profiles on the diagonal of the payoff matrix but Player 1 prefers (U, L)
while player 2 prefers (D, R). The minimax payoff for each player is 1/2 and is attained by
the action profile (M, M).
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Player 2
L R M
U 2,1 0,0 0,0
P1 D 0,0 1,2 0,0
M 0,0 0,0 1/2,1/2

FIGURE 2. Battle of the Sexes.

3. MAIN REPUTATION RESULT

The main result of the paper, Theorem 1, shows that Player 1 can guarantee a payoff
arbitrarily close to his highest individually rational payoff for high enough discount factor.
The set of possible types for player 1 is taken as any countable set of finite automaton that
includes a Stackelberg type. The method of proof is as follows: first we show that if the set
of commitment types other than the Stackelberg type is small enough (i.e., pu(£2_) is small)
and the discount factor is sufficiently close to one, then player 1 receives payoff close to
his highest individually rational payoff in any equilibrium (Lemma 1). Next, we show that
player 1 can successfully manipulate player 2’s beliefs. In particular, player 1 can repeatedly
play the Stackelberg action and thereby ensure that player 2’s posterior belief that player 1
is a type in )_ is arbitrarily small (Lemma 7). The main theorem, Theorem 1, puts the two
findings together to show that player 1 can ensure a payoff close to his highest individually
rational payoff by first manipulating player 2’s beliefs so that the posterior belief of €_ is

sufficiently low and then obtaining the high payoff outlined in Lemma 1.

Lemma 1 (Payoff Bound for Player 1). Posit Assumption 1 and Assumption 2. For any
z and v > 0, there exists a § and ¢ such that, for any 6 > &, any p with p(s) > z
and () < ¢ and any equilibrium strategy profile o for the repeated game T'™(u,6),

U1(0')>§1—’y:1—’y.

The discussion that follows presents the various definitions and intermediate lemmas
required for the proof Lemma 1. The proof of this central lemma is presented after all the

intermediate results are established. First some preliminaries: Let ag denote a best reply
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to aj. By Assumption 2, g;(af, a2) = ¢1. Normalize payoffs, without loss of generality, such

that:

(i) g

(i) ming,ea, g1(aj,az) > 0,
(i11)
(iv)

The main focus of analysis in the proof of Lemma 1 is player 2’s resistance against a

92(a17a2) 0,

For [ > 0, g2(aj,az) < —I for any as that is not a best reply to af.

Stackelberg type. Resistance is the expectation of the normalized discounted sum of the
number of non-best replies player 2 will play against a Stackelberg type, in a particular

equilibrium. Formally, the definition is as follows:

Definition 2 (Resistance). For action profile a = (a1,a2), let i(a) = 1 if as is not a
best reply to a5 and i(a) = 0, otherwise. Let i(6,h—y) = (1 — 8)> 00,68 ti(ay). Let
o = (01(s),02). Player 2’s continuation resistance, R(d,02|ht) = Ey[i(d, h_¢)|ht] where the

expectation is over all histories generated by o given hy. Also, let R(0,09) = R(0, 02|hg).

The payoff to player 1 of using a strategy that always plays the Stackelberg action is
at least 1 — R(0,02), by the definition of resistance and normalization (i) and (i7). This

trivially implies the following lemma.

Lemma 2. In any Bayes-Nash equilibrium o of I'°(u,6), Ui(o) > 1 — R(d,02) and

Ui(olhy) > 1 — R(d,09|ht) for any hy that has positive probability under o.

The goal is to show that R(d,02) is bound by C max{l — 0, ¢}, for some constant C, in

any equilibrium o of I'*°(u, §) where 11 (€25) = z and (8 (Q = ¢. Thus, if max{l — §, ¢} is
close to zero, then R(J,09) is close to zero and Uy (o) is close to 1, in any equilibrium o of
I'*°(p,0). The following definition introduces some reputation thresholds, denoted z, for a

given resistance level K™ max{l — 0, ¢}.
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Definition 3 (Reputation Thresholds). Fiz§ < 1, K > 1 and ¢ > 0. Let e = max{1—9, ¢}.

For each n > 0, let

(2) zp, = sup{z : 3Bayes-Nash equilibrium o of T°°(u, ),
Q_
where p1(Qs) = z and () < ¢, such that R(d,09) > K"€}.
Nl(Qs)
Also, define q,, such that
Zn
3 = Zpn—1-
( ) 1- dn !

In words, z, is the highest reputation level of player 1 for which there exists an equilibrium
of T°(p,6) in which player 2’s resistance exceeds K"e. The definition and K" > K1
implies that z, < z,_1. The ¢,’s are real numbers that link the reputation thresholds
zn. To interpret q,, suppose that player 2 believes player 1 to be the Stackelberg type with
probability z,. Also, suppose that the total probability that any of player 1’s types plays an
action different than aj at least once over the next M periods is g,. Consequently, if player

1 plays the Stackelberg action aj in each of the M periods, then the posterior probability

Zn
1—gn -~

that player 2 places on player 1 being the Stackelberg type is

The development that follows will establish that g, > ¢ > 0 for all n such that z, > 2z,
and for all § and ¢, that is, the ¢,’s are uniformly (in § and ¢) bounded away from zero. If
qn > q, then starting from 2o < 1, there exists a n* such that 2, < z. Since z,~ < z, if the
initial reputation level is z, then the maximal resistance of player 2 is at most K™ ¢, which

is of the order of max{1 — ¢, ¢}. The following lemma formalizes this discussion.

Lemma 3. Suppose that g, > q for all 6, ¢ and all n such that z, > z. There erists n*

such that if max{l — §, ¢} < %, then Ui(o) > 1 — v for all Bayes-Nash equilibria o of

°°(p, 0) with py(2s) > z and ‘;11((%;)) < ¢.

Proof. Let n* be the smallest the integer such that (1 — g)"* < z. Since ¢ > 0 such an

integer exists. For all § and ¢ such that zy > z, z,» < z. Consequently, by Definition [,
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R(6,09) < K™ ¢ in any equilibrium o of I'™°(y,§) with u1(€Qs) > z and p1(Q_) = ¢. For
any 6 and ¢ where zy < z, by Definition Bl R(5,09) < € < K™ € in any equilibrium o of
°°(p,0) with 111(Qs) = z and 1 (Q_) = ¢. Consequently, by Lemma @ Uy (o) > 1— K" e.

So, if € = max{l — 6, ¢} < 7=, then Ui(0) > 1 —1. O

In order to show that g, > g > 0 lower and upper bounds are established for player 2’s
payoffs. The argument hinges on the tension between player 2’s magnitude of resistance
and the speed at which player 1 builds a reputation. If player 2 resists the Stackelberg
type of player 1, then player 2 must be doing so in anticipation that player 1 deviates
from the Stackelberg action. Otherwise player 2 could do better by best responding to the
Stackelberg action. The more player 2 resists player 1, the more player 2 must be expecting
player 1 to deviate from the Stackelberg action. However, if player 1 is expected to deviate
from the Stackelberg action with high probability, then the normal type of player 1 can
build a reputation rapidly by imitating the Stackelberg type.

The upper bound for player 2’s payoff is calculated for a reputation level z close to the
reputation threshold z, in an equilibrium where player 2’s resistance is approximately equal
to the maximal resistance possible given the reputation level. The following formally defines

maximal resistance for player 2
Definition 4 (Maximal Resistance). For any £ > 0, let z¢ = 2, — & and

(4) K¢ = sup{k : 3 Bayes-Nash equilibrium o of I'™°(p1, 6), where

p1(Qs) = z and /;1((?2—)) < ¢, such that R(6,02) > ke and z, > z > z¢}.
1(8&s

Observe that by the definition of K¢, there exists z, > z > z¢ and an equilibrium strategy
profile o such that R(J,02) > (K¢ — {)e. Also, by the definition of K¢ and the definition of
Zn, K¢ > K". The definition of z, and K¢ > K™ implies that for any z, > z > z¢, R(d,02) <
5This further definition is required since it is not guaranteed that when pi(Qs) = z,, there exists an

equilibrium where resistance equals K™e. However, by the definition of the threshold z,, for z close to z,
there exists an equilibrium where resistance is close to K"e.
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K¢e in any Bayes-Nash equilibrium strategy profile o of I'*(u,0) where p1(§2s) = 2. The
following Lemma establishes an upper bound on Player 2’s payoff in any equilibrium where

the resistance is at least (K¢ — §)e.

Lemma 4. Posit Assumption 2 for player 1. Pick any z, > z > z¢ and Bayes-Nash

equilibrium o of T°°(u, 0) with u1(Qs) = z and ’:Lll((%g)) < ¢, such that R(0,02) > (K¢ — &)e.

For the chosen equilibrium profile o,

2(1 - §)

(UB) Uz(0) < pe(qeKe + (qn + qe) K" + K" ' + ) — 2(K¢ — €)el + ¢M.

Proof. Pick z, > z > z and fix a Bayes-Nash equilibrium o of the game I'*°(u,d) with

w(2s) = 2z and ’;((%;)) < ¢, such that R(6,02) > (K¢ — &)e. For any history h, let Pry, {3t <
T : (a1): # aj|h} denote the total probability that player 1 deviates from the Stackelberg
action @] in some period ¢ < T" given that each type w of player 1 uses strategy o;(w), the

outcomes of player 2’s actions follow history h in periods 0 through 7' — 1, and the measure

over types is u. Define integer valued random variable 7 as follows
(5) 7(h) = min{T : Pry {3t < T : (a1): # aj|h} > q¢}

Let 7(h) = oo, if the set that is minimized is empty. The random variable 7 is a stopping
time since it is H; measurable and integer valued. In words, 7(h) is the first period T such
that, the total probability with which player 1 is expected to take an action different than
the Stackelberg action aj at least once, in any period ¢ < T', exceeds q¢. By definition, for

any 1" < 7(h), Pry, {3t <T': (a1)¢ # af|h} < g¢. Also, let
(6) Tp(h) = min{T" : Pro, {3t < T : (1) # ai|h} > qn + qe}

Let 7,(h) = oo, if the set that is minimized is empty. The definition implies that 7,(h) >
7(h). Let t(h) denote the first period player 1 deviates from aj in history h and let ¢(h) = oo
if player 1 never deviates from aj in h. Assume that if 7(h) = oo, then 7(h) = 7,(h) and

if ¢(h) = oo, then 7,(h) < t(h). Let event Ejy .y = {h : t(h) < 7(h)} N {wn}, that is,
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the event that player 1 is the normal type and deviates from the Stackelberg action before
random time 7. The definitions imply that Pr, (E[o,r)) < g, i.e., the probability that player
1’s normal type deviates from aj in history h before random time 7 is bounded above by
qe. Similarly, let B,y = {h : 7(h) < t(h) < 7(h)} N{wn} and B, o) = {h : Tu(h) <
t(h)} N{wn}. Clearly, Pry(E; ;) < ge + o and Pro(E};, o)) < 1. Also, observe that the
sets {h : t(h) < 7(h)}, {h:7(h) <t(h) < 1p(h)}, and {h : 7,,(h) < t(h)} partitions the set
of all repeated game histories.

3

Suppose j(§25) = z > z¢ and ’;((%;)) < ¢. Trivially, 1_;:_% > ogn=e — An-1-

Consequently, if player 1 has played only aj in partial history h; of history h = (h¢, h—y),

then for any ¢, u(Qs|ht) > z and ’:L((%j;;;)) < ¢; for any t > 7(h), u(Qslhy) > z, and

WSS < &5 for ¢ > T (R), p(Qulhe) > 201 and Lol < 6.

Suppose h € EJy .. For any such history h player 1 has always played an action com-

patible with a! in partial history h;. Consequently, pq(Qs|hs) > 2, % < ¢ and hence
player 2’s resistance is at most K¢e, by Definition @ So, by Lemma 2, U (o|hy) > 1 — Kee.
Note that, (Ui(o|h:),Us(o|hs)) € F, so Us(o|ht) < p(1 — Ui(o|ht)). Consequently,

(7) Ua(olhe, B ry) < pKee.

Suppose h € Ej; . Suppose t(h) = 7(h). If in h player 1 has not deviated from the
Stackelberg action until time 7(h), then player 1’s equilibrium continuation payoff U; (o|h:)
must be at least as large as 6(1 — K"™e). This is because player 1 can play aj in period
7(h), get zero for the period by normalization (ii), increase his reputation to at least z,
and thereby guarantee a continuation payoff of at least 1 — K™e. If t(h) > 7(h), then
Ui(olht) > 1 — K" > §(1 — K™e). This implies that player 2’s continuation payoff is at
most p(1 —6(1 — K"¢). So, if player 2 is facing the normal type of player 1, and h € Ej, ., ),

then player 2’s continuation payoff

(8) Us(olhe, Eir 7)) < p(K"e + (1 —0)).
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Suppose h € E|; . If player 1 has not deviated from the Stackelberg action until period
Tn(h). In period 7,,(h), if player 1 plays action aj, then his reputation will exceed z,_; in
the next period. Also, in any period after 7,(h) his reputation exceeds z,_;. Consequently,
by the same reasoning as the previous paragraph, if player 2 is facing the normal type of

player 1, and h € Ej;, ., then player 2’s continuation payoff
(9) Us(olh, By, o)) < (K" e+ (1 - 8).

Player 2 can get at most M against any other commitment type and this happens with
probability ¢z < ¢. Since player 2’s resistance is (K¢ — £)e in the equilibrium under
consideration, she loses (K¢ — &)el against the Stackelberg type, and this happens with
probability z. The probability that player 1 is a normal type and takes action a; # aj for
the first time in any period t < 7(h), i.e., h € Ejg ), is at most g¢; and an upper-bound
on player 2’s continuation payoff, conditional on this event, is given by Equation (7). The
probability that player 1 is a normal type and takes action a; # af for the first time in
any period 7(h) <t < 7,(h), i.e., h € E; -], 1s at most g¢ + ¢1; and an upper-bound on
player 2’s continuation payoff is given by Equation (8). Finally, the probability that player
1 is a normal type and takes action a; # aj for the first time in any period 7,,(h) < t,
ie, h € Ef;, «), is at most 1; and an upper-bound on player 2’s continuation payoff is
given by Equation ([@). Player 2’s continuation payoffs against the normal type of player 1
only exclude periods where player 1’s normal type plays action af and player 2’s per-period

payoff is at most zero, by normalization (iii), in these periods. Consequently,
Us(0) < qepKee + (ge + qn)pK e + pK" e — 2(K¢ — &)el + 2p(1 — 0) + oM

delivering the required inequality. O
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Lemma 5. Posit Assumption 1 and Assumption 2 for player 1. Suppose that z, > z > z¢

and that p11(s) = z and ‘;11((%;)) < ¢. In any Bayes-Nash equilibrium o of T°°(u,d),

2(1 - §)

€

(LB) Us(0) > —Ze(qe Ke + (e + ¢u) K™ + K" + ) — M.

RS

Proof. Fix a Bayes-Nash equilibrium o of I'*°(u,d) where 2, > 2z > 2, u1(€25) = 2z and
‘; 11((% < ¢. I T is a strictly conflicting interest game for player 1, then Us(o) > g2 =
g2(a3, a2) = 0 in any Bayes-Nash equilibrium which exceeds the right-hand side of Equation
(CB).

Posit Assumption 1 and assume that I' satisfies Assumption 2 for player 1 but is not
a strictly conflicting interest game for player 1. We calculate the payoff of player 2 if she
deviates and uses the following alternative repeated game strategy o3. Suppose that player
2 always plays ag, a pure action, if player 1 has played the Stackelberg action aj in every
prior period of the repeated game and plays according to the strategy o if player 1 has
deviated from the Stackelberg action aj in any prior period of the repeated game. Using
this strategy player 2 will receive payoff equal to zero in any period where player 1 plays
aj.

Let strategy profile o* = (01, 0%). Suppose that the stopping times 7, 7, and the events
Ei7), Eir.r,) and Ej; o) are defined as in Lemmall Again, as in Lemmald, Pry«(Ejg ) <

e, Pro«(Eprr)) < ge + @ and Pro« (B, o)) < 1. Also, if player 1 has played only aj in

partial history h; of history h = (hy, h—_), then for any ¢, u(Qs|ht) > 2z and ’;((% ||;: < ¢;

for any t > 7(h), u(Qslht) > 2, and “((% ||£“ < ¢; for t > m,(h), u(Qslhe) > z,-1 and

Q_|ht)
“((Q |‘ht < ¢

Suppose h € Ejg ) and t = t(h). For any such history h player 1 has always played an

action compatible with a! in partial history hs. Consequently, u(Qs|hs) > 2, Z((%jgz)) < ¢

and hence player 2’s resistance is at most K¢e, by Definition @l So, by Lemma [2,

Ur(olhe) = Zﬁy(02(ht))U1(U|yaalyht) >1— Kee
yey
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for any a; # af and a; € supp(o1(h)). Note that, Ui (o|y, a1, ht),Us(oly, a1, hi)) € F, so
Uz(oly, a1, h) = —p(1 = Ui(oly, a1, he)).

by Assumption 2 and Equation (l). Taking the expectation with respect to a; using player
1’s equilibrium strategy implies that Us(oly, hy) > —p(1 — Ui(oly, ht)). But, because we
are considering alternative strategy o5 and player 1 has played aj in all previous periods,
player 2 plays ag in period t — which is not necessarily equal to the action chosen by Player
2’s equilibrium strategy. However, Assumption 1 implies that 7, (a) > x for any a € A and

y € Ys. Consequently,

Us(alhe, Ejo ) Zwy a5)Us(y, olhy) > — Z (a5)(1 — Ui(aly, ht))
yey €Yy

7Ty 02 p
(1- ) > LK
py%; Ur(oly, he)) = — Kee

The event Ejy ) occurs with probability at most g¢. Following a similar reasoning to
the above paragraph and Lemma @ implies that Us(o|h, Efr ) > —£(Kne + (1 —9))
and the event E, . ) occurs with probability at most g¢ + gn; also Uz(olhy, By, o)) =
—%(Kn_le + (1 = 9)) and the event E;, ) occurs with probability at most 1. Player
2’s continuation payoffs against the normal type of player 1 only exclude periods ¢ where
player 1’s normal type plays action aj in period ¢ and in all periods prior to ¢t. However,
because under o3 player 2 plays ag in these periods, player 2’s per-period payoff is zero, by
normalization (7i7), in these periods. Also, Player 2 can get at least —M against any other
commitment type with probability at most ¢ gets zero against the Stackelberg type with
probability at most z. Consequently,

Us(o) > —§K56q5 - gK"e(qg +q) - gK"_le - 2%(1 —8) — oM

delivering the required inequality. O
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Lemma 6. Let ¢ = 22— 3 Mxy g pick K such that q>0. If z, > 2, then g, > q,
for all § and ¢.

Proof. Combining the lower bound for Us(c), given by Equation (LB]) established in Lemma
Bl and the upper bound for Us(o), given by Equation (UBI) established in Lemma @ and
simplifying by canceling e delivers

2(1 — 6 20 M
Z(Kg—ﬁ)ﬁlé2§(Q§K§+(Q§+qn)K"+K"_l+ (E ))+ i :

Taking { — 0 implies that z — z,, ¢¢ — 0. Also, K¢ > K" for each { implies that

lime o (K¢ — &) = limg_,o K¢ > K™. Consequently,

2(1 -6 20M
sl < 22 (g 4 gt 4 2L T0)y 200
m € €
Rearranging, g, > % - % - 2(;,{—_3) - fpjﬁ%. Recall that € = max{1 — ¢, ¢} and 2, > z so
I 3 Mz
——— - —=) = 0
delivering the required inequality. O

Given Lemma [Bl Lemma [B] can be applied to complete the proof of Theorem 1.

Proof of Lemma 1. By Lemma [0l if 2z, > z, then, for all §, ¢, g, > ¢q. Consequently, by
Lemma [3] if max{1 — d,¢} < L=, then Ui(o) > 1 — v for all Bayes-Nash equilibria o of
'°(pu,0) with pq1(2s) > z and p1(Q-) = ¢ as required. O

The following proposition shows that player 1 can make the probability that player 2
places on player 1 being a commitment type other than the Stackelberg type arbitrarily
small by playing the Stackelberg action for T" periods. The main point of the proposition is
showing that this 7" can be chosen independently from player 2’s strategy. The proposition

gives a uniform lower bound on the speed of learning for player 2.

Lemma 7 (Uniform Learning). Suppose player 1 has played only af in history hy, and let

Qs(hy) D Qg denote the set of types that behave identical to a Stackelberg type given hy and
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let Q_(hy) C Q_ denote the set of commitment types not in Qg(hy). For any ¢ > 0, there
exists a T such that, Pr(al(s),az){h : % < @} > 1— ¢, for any strategy oo of player

2.

Proof. Step 1. The set of histories is viewed as a stochastic process and Pr(y, (s).q,) as the
probability measure over the set of histories H generated by (o1(s),02). We show that
for each finite subset W C Q_ and any € > 0, there exists a 1" such that, Pr(of,UQ){h :
(W NQ_(hp)|lhr) < e} > 1—¢, for any strategy o9 of player 2. Proving this is sufficient
for the result since W can be picked such that p;(W) is arbitrarily close to p;(£2-) and
1 (s (hr)|hr) 2 pa (Qslhr) > 1 ().

Step 2. Each w is a finite automaton. Consider the stochastic process over states gen-
erated by o°. Since (a1); = af for all ¢, the transitions between states depend only on the
realizations of yo. In particular, probability to transition from ¢; to g9 after history h; is as

follows:

p(q1, g2, 02(hy)) = > Tys (02(he)) > > s

{y2€Y2:7(y2,a,91)=q2} {y2€Y2:7(y2,05,q1)=q2}

Observe p(q1,q2,02(ht)) > 0 if and only if E{yzeYz:r(yz,ai,ql):qz}ﬂ > 0. Consequently, if
p(q1,q2,02(ht)) > 0 for some oy and h; pair, then p(qi,qa, 0h(hg)) > = for all b and hy.
This implies that the state space @, of any w can be (uniquely) partitioned into transitory
states (Q) and a collection of disjoint ergodic sets (Q7) such that Q, = UM, Qi This
partition is independent of ¢f and hy, because if p(q1, g2, 02(ht)) > 0 for some oo(hy), then
p(q1,q2,05(hg)) > m for all o, and hy.

Step 3. Let E(T, K,e) denote the set of histories such that for any h € E(T, K, ¢), after
initial history h;, all w € W have entered an ergodic subset of states Q), C @, and all
states ¢ € Q' have been visited at least K times by period [ + T. Since there are only a
finite number of sets that must be considered for w € W (i.e, |W|max,ecw |Q.| in total),
for each K and each € > 0 there exists a finite time 7" such that the set F(T, K,¢) has

measure at least 1 — ¢ under o°, i.e., Prys{E(T,K,e)} > 1 —e. As a consequence of the
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above step this time T can be picked independently from player 2’s strategy oo. That is
Pr,s{E(T,K,e)} > 1 — ¢ for any os.

Step 4. Let p¥(h) denote the probability that af is played in period t after history h,

conditional on being type w. Also, let LY (h) = If’gs((hh)) LY (k) and L§(h) = ((Q )) By Fu-
t
denberg and Levine (1992) Lemma 4.1, L¥ (h) = ;i‘((gj‘}zz) and (L7, Hy) is a supermartingale,

under o®. Observe p;(h) = 1 for 0® — a.e. history. Let L (K, ) denote the set of histories
such that either L% (h) < e or [p¥(h)—1| < e in all but K periods for any 7' > K. Fudenberg
and Levine (1992) Theorem 4.1 implies that there exists a K, independent of o9 such that
Pros {L¥(K,,e)} >1—e¢.

Step 5. Let £ = minge{geu,cw Qu:f2. () 213 (1 — f&(q)). That is, f (¢) is the probability
that type w plays a, in state ¢ and ¢ is the minimum of the set of numbers 1 — f& (q) over
the set ¢ such that f (¢) is different than 1. The minimum is well defined since each w is a
finite automaton, W is a finite set and {q € Uyew Quw : f& (q) # 1} # 0 because W C Q_.

Step 6. Pick

2|W\ < &. Pick K such that K > K, and Pr,s{L“(K,, 2|W\)} >1-

for all w € W. Pick T such that Pr,«{E(T, K, 5)} > 1 — §. Consequently,

€ w
_) N (HWGWL (K

Pr,« {E(T, K, ,

— )} >1—=

By Step 3, for any h € E(T, K, 5)N(Nwew L (Kw, 5 |)) all w are in an ergodic set Q,(h) =

2|

Qi,(w)(h) and all ergodic states ¢ € U, @}, have been

isited more than K times by time 7.

By Step 4, either L% (h) < ﬁ or [p¥(h) — 1| < 2|€V\ < & all but K times. However,

by the definition of £ in Step 5, either Lf.(h) < |€ T7] OF for any w with L%(h) > ﬁ
for all ¢ € QF(h), fa,(q) = 1. That is, either L#%(h) < or w € Qg(hr). So all
—(h7)|hr) < § for any h

o
w e W with p(w|hr) > 2‘8  are in Qg(hr). Hence p(W N

€ E(T, K, 5)N (Nuew L* (K,

, 5777)) delivering the result. 0

The main theorem given below combines the finding of Proposition 1 and 2 to prove
that player 1 will receive his highest individually rational payoff by repeatedly playing the

Stackelberg action. The proof proceeds as follows: Proposition 2 implies that player 1 can
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ensure that the measure of the set of commitment types other than the Stackelberg types
is smaller than ¢ by time T'. If the measure of the set of commitment types other than
the Stackelberg types is smaller than ¢, then Proposition 1 implies that Player 1’s payoff is

close to the highest individually rational payoff.

Theorem 1. Posit Assumption 1 and Assumption 2. For any z and v > 0, there exists a
0% such that, for any & > 0%, any p with w(Qs) > z and any equilibrium strategy profile o

for the repeated game T'°°(u,9), Uy(o) > g1 —v=1—1.

Proof. Pick ¢ such that K™ ¢ + ¢ < v where K and n* are defined as in Lemma 1. By

Lemma [7 there exists T' such that % < ¢ with probability 1 — ¢ if player 1

always play af in history hr. Consequently, if player 1 always play aj in history hz, then
by Lemma 1, Uy(clhr) > 1 — K™ max{l — 6, ¢} with probability 1 — ¢. Because always

playing aj is a strategy available to player 1,
Ur(o) > 0T (1 - ¢)(1 — K™ max{l —§,¢}) > 67 (1 — K" max{l —§,¢} — ¢).

So, if § > § = max{(—— %,1—¢}, then Ui(o) > 1 —1. O

I
=K™ 6—¢
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