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Abstract

This paper develops and axiomatizes a new behavioral notion, time-variability aversion,
meaning an agent is averse to variations in atemporal risky prospects over time. This idea is
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strongly justifies our postulates is that discount factors necessarily show gain/loss asymmetry
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on the discounted utility model becomes a norm. This representation is also applied under
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1 Introduction

1.1 Motivation and Outline

Consumption smoothing is multi-dimensional. For instance, risk aversion is regarded as the dislike
of variations in payoffs of random variables within a period. By contrast, time-variability is variation
in payoffs over time. We often use the discounted utility model under which atemporal concave
utility functions represent a motive for both consumption smoothing over time and consumption
smoothing under risk. However, consider the following thought experiment.

Assume that an agent is an expected utility maximizer for atemporal risk. Suppose that an
agent needs to select one of the following two-period consumption plans, where payment is not
certain: (a) receiving a lottery = on the first day and receiving a lottery y on the second day, (b)
receiving a lottery y on the first day and receiving a lottery x on the second day, or (c) receiving
a lottery z on both dates.! Suppose that lottery z is selected so that atemporal utility of z is an
average of the atemporal utilities of x and y. If the agent’s preferences follows the discounted utility
model, the agent never strictly prefers (c), regardless of the value of the discount factor.? However,
if the agent does not prefer fluctuations in the “expected utility” of each lottery (atemporal risky
prospects themselves instead of realizations from each lottery) over time, it is highly likely that the
agent strictly prefers (c).

This paper develops the model under which an agent might want to choose (c). We introduce a
new behavioral notion, time-variability aversion, meaning an agent is averse to variations in atem-
poral (objectively) risky prospects over time, where each objective risk is evaluated by atemporal
risk-preferences. Formally, in the representation, risk aversion is captured by the concavity of a
von Neumann-Morgenstern utility function. Time-variability aversion is captured by the agent
selecting a sequence of (normalized) discount factors from a given set that minimizes the present
discounted value of a given wutility stream (i.e., a multiple-discount-factors model). We provide an
axiomatization for this representation by adapting a method developed in a different context by
Gilboa and Schmeidler (1989).

One of the results that strongly justifies our postulates is that discount factors necessarily
show gain/loss asymmetry (in fact, recursive gain/loss asymmetry) once an agent’s preferences

become consistent over time.? Thus, under our representation, the previously noted anomaly on

!This choice does not concern timing of resolution of uncertainty.

2The agent can perform one of the following calculations: (i) compute a reduced lottery by multiplying probabilities
from the first lottery and from the second lottery, then take an expected value of the discounted utility or (ii) compute
the expected utility of each lottery and apply the discounted utility over them. Both computations result in the same
utility.

3Gaim/ loss asymmetry means that gains are discounted more than losses.



the discounted utility model becomes a norm.* More formally, the assignment of discount factors
is determined recursively. At each time ¢, the agent compares the utility of present consumption
with the present discounted value of utility of future consumption from ¢ + 1 onward, then selects
the time-t discount factor to minimize the weighted sum of these two values. Intuitively, this
representation exhibits time-variability aversion by allocating a high discount factor at ¢ + 1 when
future consumption is low, and vice versa.

We also extend our model to the domain that describes uncertainty. Given non-time sepa-
rability introduced by time-variability aversion, dynamic consistency is maintained only under a
recursive representation. In this regard, we propose a new recursive aggregation, where an agent
first considers time-variability aversion on a state-by-state basis and then aggregates discounted
utility indices on each state with probability weights. Under this operation (applied recursively),
discount factors depend on tomorrow’s states. Then the agent discounts utility in good states more
than in bad states so that discount factors show gain/loss asymmetry over states. This intertem-
poral substitution mechanism effectively boosts risk aversion over tomorrow’s consumption.® This
result is also analogous to that of loss aversion by Kahneman and Tversky (1979); in our model,
today’s utility implicitly becomes an endogenous reference point.

The paper proceeds as follows: Section 1 provides an overview of the paper. Section 2 axiom-
atizes the notion of time-variability aversion under certainty and derives the utility representation
with multiple discount factors. Section 3 extends the representation with time-variability aver-
sion under uncertainty. Section 4 compares our model with other intertemporal utility functions.

Section 5 concludes the paper.

1.2 Related Literature

Our approach follows the direction of Gilboa (1989) and Shalev (1997), where they apply the
non-additive prior model of Schmeidler (1989) over time and derive a utility representation that
depends on the difference between adjacent consumptions. In our model, we apply the multiple-
priors model of Gilboa and Schmeidler (1989) under which we can find direct analogy between
uncertainty aversion and time-variability aversion. In addition, the multiple-priors model can be
applied consistently over time.5

In terms of a representation, our model involves time-varying discount factors, where the move-
ment of discount factors demonstrates the aversion to time-variability. In this direction, Uzawa
(1968), Epstein (1983), and Shi and Epstein (1993) develop representations with time-varying
discount factors that can also show time-variability aversion. In addition, our model involves mini-

mization on a set of discount factors. The variational utility approach proposed by Geoffard (1996)

4See Frederick, Loewenstein, and O’Donoghue (2002) for a detailed survey.
5This idea is applied to explain asset pricing; see Wakai (2002).

6See Section 2 and Section 4.



is based on minimization on a set of discount rates. The main departure of our representation
is that it introduces gain/loss asymmetry, which is absent from or not applicable to the other
constructions mentioned above.

On the grounds for separating the attitude toward risk from the attitude toward time-variability,
the approach suggested by Epstein and Zin (1989) is to consider intertemporal substitution by
a recursive aggregator function that has present utility and a continuation value as arguments.
This aggregator function implies that an agent first considers risk aversion and then considers in-
tertemporal substitution. By contrast, in our representation, an agent first considers intertemporal
substitution and then considers uncertainty. Since both models are based on different preference
domains and different objectives, each has its own relative advantage. In Section 4, we will compare

the two models in detail.

1.3 Representation

Before proceeding to a formal derivation, we provide an overview of the representation we are going
to develop. Suppose that there are two periods, time 0 and time 1, and there are S states of nature

at time 1. Our representation takes the following form:

(1) EU(xo, 215)] = S30y mW (u(w0), u(@r,s))-
(2)  W(u(wo), u(x1,s)) = Minsea[(1 = d)u(zo) + du(z1,s)],
where A is a non-empty, closed, and convex set in (0,1).

An agent first considers atemporal risk attitude expressed by characteristics of u(.), then con-
siders intertemporal attitude toward time-variability (by which we mean the fluctuation of u(.) over
time) expressed by a non-time-separable aggregator function W, and finally considers uncertainty
by aggregating W with a subjective prior. By the nature of the aggregator function W, the discount
factor for gains (u(zo) < u(z1,)) and the discount factor for losses (u(zg) > u(x1,)) are different.
In addition, this operation is related to but different from the model suggested by Epstein and Zin
(1989) and shares characteristics with a neoclassical representation under the discounted utility
model.

For the reminder of the paper, time-preferences refer to the structure of W (movement of dis-
count factors) that incorporates time-variability aversion. The attitude toward atemporal risk will
be called risk-preferences. We use the term intertemporal preferences to denote overall preference
relations under either certainty or uncertainty. Intertemporal preferences consist of risk-preferences,

time-preferences, and a subjective prior.



2 Consumption Smoothing under Certainty

2.1 A Two-Period Example

In this subsection, we provide a simple example that motivates our particular representation. Sup-
pose that an agent faces an intertemporal decision problem of a two-period economy under certainty.
The agent has three choices: a sequence that yields 4 consumption payoffs in each period, a se-
quence that yields 1 consumption payoff followed by 9 consumption payoffs, and a sequence that

yields 9 consumption payoffs followed by 1 consumption payoff.

T (xo, x1) = (4, 4)
y: o (Yo, 1) = (1, 9)
z (20, 21) = (9, 1)

Now we follow the steps defined in the previous section. First we convert consumption payoffs

into atemporal utility indices. For example, we assume u(a) = /a:

T (u(zg), u(zr)) = (2, 2)
b (ulyo), wyn)) = (1, 3)
z: (u(z0), u(z1)) = (3, 1)

<

Next we aggregate utility indices by an aggregator function W. For any agent with preferences
of the form of u(xg) + du(z1), the agent will strongly prefer y or z to z (unless 6 = 1 in which case
the agent is indifferent between all three.). However, an agent who is averse to time-variability
might prefer x to y or z because, in terms of wtility sequences, y hedges the movement of z, and
x is a mixture (in fact, an average) of y and z. One way to express the above preferences is to

assume the following representation of W:
(3) V(zo, x1) = W(u(xo), u(x1)) = Minsea[(1 — §)u(xo) + du(x1)] with A =[0.3,0.7]

The following three observations are crucial to our discussion. First, an aggregator function
calculates a weighted sum of utility indices with non-fixed weights, and it is not differentiable at
u(zg) = u(z1) even if u(.) is differentiable (We call it the first-order effect; see Section 2.2.). These
weights can be regarded as discount factors. Second, each weight is positive and the sum of two
weights is one. Hence, we only need to decide a one of two discount factors. Third, effective
discount factors are the most pessimistic ones because they minimize the present discounted value.

An application of this aggregator function yields the following;:

V(.ro, 1‘1) =2
y: V(yo, ) =1-(1-03)+3-03=1.6.
z: V(zo, 21) = 3:(1—0.7)+1-0.7=1.6.



For y and z (uneven sequences), the fluctuation of atemporal wtility indices over time decreases
the overall value. By assigning a higher discount factor for u(yp) = 1 and a lower discount factor
for u(y;) = 3, an agent shifts relative time-preferences from time 1 to time 0, which gives the
agent a strong incentive to move consumption from u(y;) = 3 to u(yp) = 1. By achieving complete
smoothing, the agent can improve overall utility. Since the representation of (3) involves a set of
discount factors, we define (3) as a multiple-discount-factors model.

To understand the significance of this representation, we compare (3) with the discounted utility
model. Suppose y ~ z. If an agent follows the discounted utility model, a preference relation must

satisfy the following condition:
(4) For all « € (0,1), y ~ zifand only if ay ® (1 —a)z ~az ® (1 — a)z ~ 2,7

where @ represents a period-by-period addition of utility indices.® Then, this condition leads to

the following:

(1, 3) ~ (3, 1) implies (2, 2) ~ (1, 3) ~ (3, 1),°

SO T ™Yz,

Clearly, the above condition is too strong to admit time-variability aversion. On the other
hand, under our representation, the intuition behind the aggregator function is summarized by the

following notion of consumption smoothing:
1 1
(5) y:zbuta::§y@§ziz.

In other words, the mixture of equally preferred wutility sequences is weakly preferred to the
original sequence because the mixture weakly decreases fluctuations in utility indices. Hedging the
movement of atemporal utility indices over time increases overall utility.'°

On the other hand, the multiple-discount-factors model also exhibits gain/loss asymmetry in
discount factors. For example, for a gain (i.e., y), an agent assigns a lower discount factor to
u(y1), and for a loss (i.e., z), an agent assigns a higher discount factor to u(z1). The assignment of
discount factors is homogeneous among gains or losses. This result is due to the following notion

of consumption smoothing:

"In our setting, the discounted utility model is based on the independence axiom in Anscombe and Aumann
(1963): For all f,g,h € H and for all @ € (0,1), f > g if and only if af ® (1 — a)h > ag ® (1 — a)h.

8ay @ (1 — @)z is a sequence that pays consumption lotteries in each period: The first lottery pays 1 with a
probability of o and 9 with a probability of (1 — «); the second lottery pays 9 with a probability of (1 — «) and 1
with a probability of a.

90.5(1,3) ©0.5(3,1) = (0.5-140.5-3,0.5-3+0.5-1) = (2,2). All numbers are considered to be utils.
'9This idea is essentially identical to the preference hedge in Schmeidler (1989) and Gilboa and Schmeidler (1989).



1 1 1 1
(6) y ~ z implies 51‘@ QY= 51’@ 2% ie., (1,3) ~ (3, 1) implies (1.5, 2.5) ~ (2.5, 1.5).

Note that (1.5, 2.5) and (2.5, 1.5) share the nature of time-variability with (1, 3) and (3, 1),
respectively. Then the nature of time-variability determines the preference ordering, and the shift
of an overall utility level does not change the preference ordering. In fact, (6) is a weaker version of
(4), and it allows (4) to hold among gains (or losses). Then (6) permits an additive representation

(i.e., a weighted sum of utility indices) among gains (or losses); in other words, we must have

identical assignment of discount factors for y and ix@ SV However, for a case with more than two
periods, (6) only delivers the additive representation among subgroups of sequences. For gain/loss
asymmetry, we need to incorporate dynamic consistency, which is satisfied under a two-period case
(under the assumption of history-independence; see Section 2.2).

Our representation expresses time-variability aversion and gain/loss asymmetry. Note that
another concave function W can represent the preference relation in this example. However, our
formula has two more advantages: First, it is based on simple axioms, so we can easily understand
why an agent follows our model. Second, interpretation of time-preferences is direct; we model
discount factors themselves. Since our formula becomes a weighted summation of atemporal utility
indices at an effective selection of discount factors, the departure from the discounted utility model

is minimal. Thus, our model shares the tractability of the discounted utility model.

2.2 Representation of Intertemporal Preferences

In this subsection, we derive a representation of intertemporal preferences of consumption smooth-
ing under certainty. To separate time-variability aversion from risk aversion, we define a preference
relation over sequences of consumption lotteries by adapting the Anscombe-Aumann (1963) frame-
work with a temporal interpretation. Let X be a set of outcomes and Y be a set of probability

distributions over X that satisfies the following:
Y = {y| y: X — [0,1] where y has a finite support.}

For convenience, we call y € Y a lottery and Y a lottery space. Let 7 = {0, 1,...,T} be a finite
set of periods from time 0 to time T.'" Let f be an act, where f : 7 — Y, and h be a constant act
that assigns identical y € Y for all t € 7. Define H as a collection of all f and L as a collection of
all constant acts. Denote f(t) € Y as a lottery assigned at ¢ under f. We also define the following
operation: [af @ (1 —a)g](t) = af(t)+ (1 —a)g(t). We now assume that the following axioms hold

for a preference relation on H at ¢t =0 (i.e., =o):

"The result may be extended to an infinite horizon by using the extension theorem in Gilboa and Schmeidler
(1989).



A1-WO Weak Order: Forall figheH, (i) f=0g or g =o f and (ii) f =0 g and g =0 h
imply f =o h.

A2-C Continuity: For all f,g,h € H with f >o g >0 h, there exist o, € (0,1) such that
af & (1 —a)h=og and g =9 Bf @ (1 - B)h.

A3-ND Non-Degeneracy: There exist f,g € H such that f =¢ g.

A4-CI Constant-Independence:'? For all f,g € H, 1 € L, and for all o € (0,1), f =0 g if
and only if af & (1 —a)l =9ag® (1 —a)l.

Al to A4 imply that for all [,I’ € L, there exists a function U : Y — R such that [ =q I’ if
and only if U(y) > U(z), where l[(t) =y € Y and I'(t) = z € Y for all t € 7. Note that in this
model, an agent consumes a lottery itself, not a realization from a lottery at each time. Thus, it
is not appropriate to reduce a sequence of lotteries into a single lottery. In addition, constant acts
do not involve time-variability, and a preference relation on L is represented as if it is a preference
relation on lotteries assigned for each constant act. For this reason, we consider that a preference
relation on £ expresses atemporal risk-preferences on y € Y. Hence, for all y,z € Y, y >=¢ z means
that | = I, where [,I’ € L such that for all t € T, I(t) = y and I'(t) = 2. We also denote a
constant act that assigns identical y € Y for all t € 7 as y. Under this interpretation, A4-CI states
that a preference relation on H mainly depends on fluctuations in atemporal risk levels. Moreover,
A4-CI permits an additive representation among subclasses of acts that share the “same” nature
of time-variability (for example, among a.f @ (1 — «) for all « € [0, 1], where f ~y [ and [ € L).

Given atemporal risk-preferences, we introduce the following axiom:

A5-SM Strict Monotonicity: For all f,g € H such that f = (f(0),..., f(T)) and g =
(9(0), ... g(T)), if f(t) =0 g(t) for all t € T, then f =¢ g. In addition, if for some t, f(t) =0 g(t),
then f >o g.

The rationale for this axiom is the result of the existence of U on Y. If U(y) > U(z), mono-
tonicity on lotteries should imply that f =¢ z where f(¢t) =y for t € 7/ C 7 and f(t) = z for
t € T\7'. By extending this logic for H, we deduce A5-SM. In fact, A5-SM separates risk from
time-variability. An agent first considers risk embedded in a lottery separately at each time, and
derives cardinal utility for each lottery. Then, consumption smoothing is defined over these utility

indices by the following axiom:

2This axiom is called certainty-independence in Gilboa and Schmeidler (1989).



A6-TVA Time-Variability Aversion:'*'* For all f,g € H and for all o € (0,1), f ~o g
implies aof & (1 —a)g =0 f.

Gilboa and Schmeidler (1989) have proven that the above axioms imply the following represen-

tation of a preference relation on H:

Theorem 1 Temporal Version of Gilboa and Schmeidler (1989):1%:16 A preference
relation on H satisfies A1 to A6 if and only if there exists a non-empty, closed, and convex set of
discount factors, Ao, with Z?zo O =1 and 6 >0 for all t € T for § = (do,...,or) € Ag such that
(1) Forall f,g € H, f =0 g if and only if Vo(f) > Vi(g),
where Vo(f) = mingea, 3op_o & U(f(t)) and U(f(t)) = Ep [u(z)] with z € X.

Moreover, under these conditions, Ay is unique and u: Y — R is unique up to a positive affine

transformation.

Under A1 to A5, the representation becomes W(U(f(0)),...,U(f(T))), and A4-CI and A6-TVA
determine the structure of W. Under the representation of (7), attitude toward risk is expressed
by a von Neumann-Morgenstern utility function u(.). Time-variability aversion is captured by
the agent selecting discount factors to minimize the weighted sum of atemporal expected utility
indices. We derive W for an entire stream of consumption lotteries, and (7) becomes concave and
non-time-separable. In fact, time-variability aversion is independent of the structure of u(.), which
can be either concave or convex.!”

We also confirm that the representation of (7) satisfies “local” (or “first-order”) time-variability
aversion at a constant act. By the previous result in Epstein and Wang (1994) applied to uncertainty

aversion, we achieve the following:

Theorem 2 Local (or First-Order) Time-Variability Aversion (Temporal Version of
Epstein and Wang, 1994): Suppose that a preference relation on H can be represented by (7)
and u(.) is differentiable. Consider sequences of degenerated consumption lotteries denoted by x.
Let ¢ be constant consumption (i.e., a sequence of identical consumption), and let 6* € Ag. Then

for a consumption stream x such that ZtT:o ofx(t) =0,

13This axiom is called uncertainty aversion in Gilboa and Schmeidler (1989).

""We can change the attitude toward time-variability as we do for the attitude toward risk. For example, time-
variability seeking is defined as follows: For all f,g € H and for all & € (0,1), f ~ g implies af ® (1 — a)g <X f.
Then, the representation replaces min with max. In this sense, we consider the discounted utility representation to

be time-variability neutral.
15(7) includes the discounted utility model as a subset.
16YWe refer to propositions proven by other authors as theorems.

17See Wakai (2002) for an application of (7) under a concave or convex u(.).



Vo(e+ kz) — Vo(c)

(8)  limy_o, = minsea, Yoro et (c(t))x(t) < STE dFu! (e(t))x(t) = 0,
and strict inequality holds for some x when Ay is not degenerate.

Since any discount factor in Ag can be an effective selection for constant consumption, following
Fisher (1930), we can consider Ag to be a set of all admissible time-preferences. Then a structure
of Ay expresses the extent to which an agent evaluates each time as well as the extent to which
an agent is time-variability averse. If we regard some §* € Ag as a base-line time-preference, (8)
also implies that an agent locally dislikes mean-preserving spreads of atemporal utility indices at
constant consumption, where the mean is defined as a weighted summation of atemporal utility
indices under this base-line time-preference. In fact, non-differentiability at constant consumption
implies that an agent requires a large premium in order to deviate from constant consumption.!®
This implication is analogous to that from first-order risk aversion by Segal and Spivak (1990,
1997), where the value function is not differentiable at constant consumption over states.

We now consider conditional preference relations. As opposed to states, time evolves sequen-
tially. The disadvantage of (7) is that if we apply it for an economy with more than two periods,
we may face dynamic inconsistency.' To resolve this difficulty, we need to restrict the behavior of
conditional preference relations. Let 7; be a finite set of periods from time ¢ to time 7" and 7_; be
a finite set of periods from time 0 to time ¢t — 1. Define f* as a function such that f*: 7; — Y and
f~t as a function such that f=t:7_; — Y. If 7_; is empty, f! defines an act f, and vice versa. A
preference relation on H conditional on time ¢ is denoted by >;. All conditional preference rela-
tions (including the ex-ante preference relation >g) in the collection of {=,} = {>; |t € T} follow

additional axioms:

A7-TH Independence of History up to t — 1:>° For all f,f',g,9' € H such that f = (a7?,
ft)a g = (b_ta gt), f/ = (C_ta ft)a gl = (d_ta gt)a f tt g Zf and Only Zf f/ it g,'

A8-DC Dynamic Consistency: For all f = (a7t yi, f171), 9 =(a7 i, g €H, f =1 g
if and only if f=,., g.

Under the above axioms, (7) must be rewritten in the following form (for the proof, see Appendix

18This result is applied to explain asset pricing; see Wakai (2002).

YEichberger and Kelsey (1996) utilize Machina’s (1989) notion of dynamic consistency to examine a dynamically
consistent updating rule for the non-additive prior model of Schmeidler (1989). They show that if an agent’s pref-
erences satisfy “strict uncertainty aversion,” a dynamically consistent update rule does not produce the conditional
preferences that confirm the non-additive prior model. Wakai (2003) also shows that an analogous result holds for

the multiple-priors model.

2Independence of history might not be innocuous given the nature of consumption smoothing. We require this
condition for time-variability aversion to be dynamically consistent. However, without axiomatic reasoning, time-

variability aversion can be defined on utility indices that depend on historical consumption; see Section 4.

10



A):21

Proposition 1: Suppose that an agent’s preference relation on 'H satisfies A1 to A6 at time 0,
and let Uy = U and Ay be defined as in Theorem 1. Then preference relations in {>=¢} on H satisfy
A7 and A8 if and only if there exist {[ou, B¢|}1<t<T such that
(9) ForallteT and for all f,g € H, f =1 g if and only if Vi(f) > Vi(9g),

where {Vi(f)}o<t<r are recursively defined by
Ve(f) = ming, | efay 1,841 [(1 = Se41)U(f (2)) + 6e41Veq1 (£)]
and Vp(f) = U(f(T)),
(10) 0 <oy < B <1 forall t € [1,T].
Moreover,
(11) [ow, B4] is uniquely defined.

Given dynamic consistency, W (U(f(t)),...,U(f(T))) becomes Wi (U(f(t)), Vi+1(f)), which is
time-dependent and recursive. The main observation in Proposition 1 is that dynamic consistency
and history-independence contribute to one distinct feature of the structure of non-differentiability
of V: gain/loss asymmetry. More specifically, to avoid time-variability, an agent assigns a higher
discount factor for the present discounted value of future utility from t + 1 onward when it is
lower than the utility of present consumption, and vice versa. An increase from the present utility
requires a lower discount factor, and a decrease from the present utility requires a higher discount
factor. On the contrary, under (7), discount factors can move very smoothly, and we may not
observe clear directional adjustment. In other words, to be dynamically consistent, an agent who
follows our axioms must show gain/loss asymmetry in discount factors. For this reason, we argue
that gain/loss asymmetry is consistent behavior, instead of an anomaly. Note that the gain/loss
asymmetry we derive is a recursive one as opposed to one between two periods. It incorporates
both the attitude toward an entire sequence of consumption and the attitude toward two-period
gains and losses.??

Finally, we investigate a binary relation of “more time-variability averse.” From the represen-
tation of (9), it is clear that the attitude toward risk (i.e., u(.)) affects effective intertemporal
substitution. To define relative characteristics over time, we need to neutralize the effects from the
attitude toward risk. Thus, we can only permit a binary relation of “more time-variability averse”
for pairs of preference relations that embody the same ranking of single-period risk. Then, V; is

more time-variability averse than V} if and only if U = U’, and

21This result is an application of the recursive structure of the multiple-priors set defined by Epstein and Schneider
(2003) and Wakai (2003).

22Many questions in experimental study concerning gain /loss asymmetry are framed to examine preferences between
a single-period gain vs. a single-period loss. This single-period effect is then generalized to multi-period cases.
However, we consider multi-period cases to be a basic framework and deduce a single-period effect from multiple-

period cases.

11



(12)  Vi(f) < V/(f) for all f €,

where each U and U’ represents a preference relation on Y for V; and V/, respectively. In fact,

condition (12) at t = 0 is equivalent to the following:
(13) Ag D A (equivalently, [at,0] D [, f;] for all t € [1,T7),

where each Ag and Aj, represents a set of discount factors in (7) for V) and Vjj, respectively.

3 Consumption Smoothing under Uncertainty

In this section, we derive the representation of intertemporal preferences of consumption smooth-
ing under uncertainty. As in the case under certainty, we adapt the Anscombe-Aumann (1963)
framework to our setting. The model has the following structure: There is a finite state space €2
with S elements; the time horizon is finite. Let 7 = {0, ..., T} be a finite set of periods from time 0
to time T, and let 7; = {t, ..., T} be a finite set of periods from time ¢ to time 7". The information
structure is represented by F = {Fy,...,Fr}, where F; is a partition of  that is finer than F;,
for all 7 € [0,t) and any event in F; must be a subset of some event of F;_;. Assume that Fy =
{Q} and Fr = {{1},...,{S}} with F;(w) denoting an event in F; that contains a state w € Q. Y
is a lottery space as defined in Section 2.2. Let f,, be a state act such that f, : 7 — Y, ie., f,
= (Yo,...,yr) € YT and f! be a time act such that f: Q — Y, ie., f* = (y1,...,y5)" € V5.
Define YT as a collection of all state acts and Y as a collection of all time acts. The primitives
on which an agent forms preference relations are adapted acts such that f: 7 xQ — Y ie., f =
(fO o 1Y = (f1y oy f5)) € YSUIHD) and f* is measurable with respect to the o-field generated by
F; for all t € 7. Define D as a collection of all adapted acts. We denote f!(w) € Y as a lottery in
ftatw, f,(t) €Y as alottery in f, at ¢, and f(t,w) € Y as a lottery in f at (¢,w). We also define
the following operation: [af @ (1 — a)g](t,w) = af(t,w) + (1 — a)g(t,w).

We now define subsets of D. A constant act is [ € D such that [(t,w) = y € Y for all ({,w) €
T x €, that will also be denoted by [ or y. L is a collection of all constant acts. A certainty act
is f = (f1,..-,fs)" € D such that f, = f, for all w € Q, that will also be denoted by f,. H is a
collection of all certainty acts. A t-recursive act is f € D such that for all 7 € 7311, f7 is measurable
with respect to Fiy1. Dy is a collection of all t-recursive acts. Given this definition, t-recursive acts
represent adapted acts under which all future uncertainty is resolved on each of tomorrow’s events.
Clearly, L C ‘H C Dy C D. The following table summarizes the allocation of lotteries within each
subset. Suppose that T' = 2, Fy = {Q}, F1 = {F11, Fi2} with F11 = {1,2} and Fi2 = {3,4}, F»
= {F21, Fo2, Fag3, Foua} with Fo1 = {1}, Foo = {2}, Foo = {3}, and Fro = {4}.

Information structure D L
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t=0|t=1|t=2 t=0|t=1|t=2 t=0|t=1|t=2
Fo Fia | Fou Yo Y11 | Y2.1 Y Yy Yy
Fo Fia | Fope Yo Y11 | Y22 Yy y Yy
Fo Fiz2 | Fa3 Yo Y2 | Y23 Yy y Y
Fo Fiz2 | Faua Yo Y12 | Y24 Yy Yy Y
H Dy

t=0|t=1|t=2 t=0|t= t=

Yo Y1 Y2 Yo Y1,1 Y2,1

Yo 1 Y2 Yo Yii Y2.1

Yo U Y2 Yo Y1,2 Y22

Yo Y1 Y2 Yo Y1,2 Y2,2

Preference relations follow a structure similar to that of the previous section. An agent forms ez-
ante preference relations at ¢ = 0 on each w € €2, and conditional preference relations are updated
from ez-ante preference relations (with additional axioms that define an attitude toward uncertainty
at each (t,w)). First, an agent’s ex-ante preference relations in the collection of {=( )} = {=(0.0) |

w € Q} satisfy the following axioms:

A1U-WO Weak Order: For all f,g,h € D, (i) f =(0w) 9 07 9 Z(0w) f and (ii) f =Z0w) g
and g =(ow) h imply f =) h-

A2U-C Continuity: For all f,g,h € D with f =) g =(0w) b, there exist o, B € (0,1) such
that af © (1 — a)h =) g and g =) Bf © (1 = B)h.

A3U-ND Non-Degeneracy: There exist f,g € D such that f =) g-

A4U-CI Constant-Independence: For all f,g € D, 1 € L, and for a € (0,1), f =) g if
and only if af © (1 —a)l =) ag ® (1 —a)l.

Since adding a constant act does not alter the nature of “variations” in an allocation of lotteries,
we assume that it does not alter preference relations (A4U-CI). Then A1U to A4U imply that for
all [,I' € L, there exists a function U : Y — R such that [ =gy ! if and only if U(y) > U(2),
where [(t,w) = y and I'(t,w) = z for all (t,w) € T x . Since constant acts do not involve variations
in lotteries over time and states, we consider preference relations on £ to express atemporal risk-
preferences on y € Y. Hence, for all y,z € Y, y =(g,) 2z means that [ =, ', where [,1I' € L
such that for all (t,w) € 7 x Q, I(t,w) = y and I'(t,w) = 2. Given this notion of atemporal
risk-preferences, we assume the following axiom under which an agent considers the “risk” of each

time-state lottery separately in order to evaluate each time act:?3

*3Under this axiom, if f(t,w) ~(w) g(t,w) for (t,w) € T x €, then f ~ . g.
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A5U-SMT Strict Monotonicity on Time: For all f,g € D, if for all T € T, f(7,w) =0 w)
g(T,w) for all w € Q, then f =y g- In addition, if for some 7 € T, f(T,w) =(0w) 9(7,w) for all
w € Q, then f =) 9-

However, A6-TVA cannot be applied to D because it is defined on a sequence of lotteries without
uncertainty and does not take into account variations over states. Therefore, we can apply A6-TVA

only to 'H as follows:

A6U-TVA Time-Variability Aversion on H: For all f,g € H and for all a € (0,1), f
~(0w) g tmplies af ©(1—a)g =ow) 9-

Under A1U to A6U, a preference relation on H also induces a preference relation on Y7+
For f,,g, € YT+, f, ”(0w) Y means that h = B, where h,h’ € H such that h, = f, and
h!, = g, for all W' € Q.

At each (t,w), an agent forms a conditional preference relation on D denoted by =(; ). All
conditional preference relations (including er-ante preference relations) in the collection of {= )
} = {=@w): (tw) € T x Q} satisfy the following axioms that define consistency over time and

states:
AT7TU-F Indifference on Fi(w): =) is identical to = .y if Fy(w) = Fr(w').

A8U-THA Independence of History up to t — 1 and of Irrelevant Alternatives: For
all f,q €D, if f(r,u") = g(r,0") for all (1,0') € Ty x Fy(w), then [ ~q.) g

A9U-DC Dynamic Consistency: For all f,g € D with f(1,0") = g(7,w") for all (1,0") ¢
Tiv1 X Fipa(W') for some Fip1(W') C Fr(w), f =@w) 9 if and only if f =qi10m g for all " €
Frr ().

Given the structure of information, dynamic consistency should be modified as in A9U-DC. In
addition, we adjust history independence as in ASU-IHA for an agent unconcerned with unrealized
events. ATU-F ensures that preference relations are based on information available at (¢,w).

Next, we define attitude toward uncertainty. In this paper, we will not consider uncertainty
aversion, but rather assume that an agent regards variations over states as another source of
(subjective) risk. Naively, we can apply (9) to each state act on £ and aggregate the utilities
of the state acts with subjective probability. However, if T' > 1, this approach violates dynamic
consistency (see Appendix B) because (9) is non-time-separable. Given this result, we need to
take dynamic consistency as a prime objective and return to the basic functional form implied by
dynamic consistency.

Assume that an agent is at (f,w). Define N as the number of events Fii1(w’) € Frpq with
Fir1(w') € Fi(w), and choose any w, € F(w) to represent each of these events (i.e., Fri1(wy) #
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Fir1(wn) if n # n'). For f € D, denote y,, as a constant act such that y., ~4y10,) [ (ie., a
certainty and non-time-variability equivalent of f at (t 4+ 1,w,)).?* Let f and g be adapted acts
such that f(7,w’) = g(7,w’) for all (1,w') ¢ Tp41 X Fp1(wy) for some Fryq(wn) C Fr(w). ATU to
A9U imply that f =y g if and only if f =41 ) g for all W € Fyi1(wy), regardless of the lotteries
assigned on other parts. Repeating this argument, f is equally preferred to df, where df is the
t-recursive act (df € D; ) such that d (t,w’) = f(t,u') for all (t,') € {t} x Fy(w) and df (1,u') =
Yu, for all (7,w) € Tpy1 X Fiyi(wy) for all n € [1, N]. Hence, a conditional preference relation
" (tw) On Dy can represent a conditional preference relation =, on D by the functional form
Vi) (f(t,W), Yurs s Y ) We neutralize the effects from uncertainty within each event Fiyq(wn)
in order to deduce pure preferences on uncertainty (in fact, deducing neutrality to uncertainty)
over events {Fit1(wn) fnen at Fr(w).

To be probabilistic, an agent needs to apply a version of the independence axiom on subsets of
Dy; two approaches are possible. The first is analogous to the recursive utility approach proposed
by Epstein and Zin (1989). Under this approach, an agent applies the independence axiom to a
collection of ¢-recursive acts that have an identical lottery f(t,w) assigned for all (¢,w’) € {t} x Fy(w).
In the resulting representation, an agent derives the certainty and non-time-variability equivalent
y for {Yw,s -y Yuy}, and aggregates y with f(¢,w) under (9). However, under A9U-DC, this
operation implies that W ) (f(t, W), Ywrs o Yon) > Yirw) (f(Ew), Yoy o Yoy) if and only if
o) (1 W)s Yors o Yoo ) > Vi) (f (6, W), Yioys o Uiy )- Hence, the preference ordering between
d € Dy that derives W ) (f(t,W), Yuys -y Yy ) and d’ € Dy that derives W, o) (f(E,w), Y5 o Yiy)
is independent of f(t,w). Given knowledge of the information structure, this independence of the
future from today may not be preferable because it emphasizes risk reduction over states rather
than consumption smoothing over time.

The second approach is to apply the independence axiom to a collection of ¢-recursive acts
among which the operation @ is not subject to the effects from time-variability aversion. Then we
derive a subjective prior over the utility indices calculated by (9) for each state act (f(¢,wn), Yuw, )-
Under this approach, an agent considers time-variability aversion on an event-by-event basis, then
regards uncertainty as a probabilistic phenomenon over these utility indices. Non-time-separability
of (9) also implies that for some f(t,w) and f'(t, w), W) (f(t, W), Yoy s s Yoo ) > V) (f (W), YL,
s Yoon) DUt Wiy (F (6, w0), Yuors o Yoo ) < i) (f (5, W), Yoy -5 Yl ) because a level of f(t,w)
changes the nature of time-variability at each Fiiq1(wy,) C Fi(w). Hence, this approach closely
represents the evolution of knowledge implied by F and emphasizes consumption smoothing over
time as a prime objective.?> Therefore, we take the second approach according to the following

axioms:

22A certainty and non-time-variability equivalent of f € D at (t,w) is defined as y € £ such that f ~(tw) Y- On
the other hand, a certainty equivalent of f € D at (t,w) is defined as h € H such that f ~ ) h.

25For a more detailed comparison of these two approaches, see Section 4.2.
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A10U-SMS Strict Monotonicity on States on D;:*6  For all f,g € Dy, if fu Z(tw) G’
for all W' € Q, then f =) g- In addition, if for some W' € Ft(w), fur =(tw) Gur» then f =t w) g-

A11U-TIA Independence Axiom on D;:2"  For all f,g,h € Dy, if at all ' € Q, (i) there
exist 1,I',1" € L and o, B,y € (0,1) such that afy & (1 — a)ly ~¢w) B © (1= Bl ~@w)
Yhe @ (1 =), and (i) for all v, € [0,1], plafy © (1 —a)ly] D (1 —@)[vhe & (1 =)I] 2@
Y[Bowr @ (1= B, ] © (1 —Y)[vhe © (1 =), then for all 6 € (0,1), f =) g if and only if
0f © (1= 0)h =) 09 (1 —0)h.

Under A10U-SMS, for all o’ € Fi(w), a preference relation on H at (¢t + 1,w’) is based on
a preference relation on H at (¢,w), and consumption smoothing is defined on an event-by-event
basis. Then, A11U-TA ensures the existence of a subjective prior over time-aggregated utility
indices. In particular, a subjective prior is constructed recursively. An agent does not form a prior
over all states in € at any particular time because these axioms are only concerned with acts that
are measurable with respect to the o-field generated by F;+1. Also, note that the independence
axiom is applicable only to the subset of D;. Since time-variability aversion generates a preference
for consumption smoothing over time on each event, the operation @& combines the effects from
time-variability aversion and the effects from an attitude toward uncertainty. To deduce a pure
attitude toward uncertainty, we must neutralize the effects from time-variability aversion on each
event. Formally, time-variability aversion is defined between equally preferred acts. To determine
whether time-variability aversion has any effect on a preference relation on acts generated by a
convex operation, we need to adjust the level of utility for each state act by utilizing only constant
acts to preserve the nature of time-variability (i.e., Condition (i) in A11U-IA).2® Then, Condition
(ii) in A11U-IA ensures that we focus on acts for which time-variability aversion does not change
a preference relation under a convex operation.?’
Given the above axioms, preference relations in the collection of {=(;,,} can be represented by

the following formula (for the proof, see Appendix C):

Proposition 2: Preference relations in {i(o,w)} satisfy A1U to A6U and preference relations
in {=w)} satisfy A7U to A11U if and only if there evist {[ou,Bt|}1<i<T and E[.|F(w)] such that

26This axiom implies that all states are non-null.

2TUnder the following axiom, (14) has multiple priors instead of a single subjective prior: For all f,g € D; and
for all @ € (0,1), f ~@.) g implies af ® (1 — a)g >=(+,w) g Alternatively, we eliminate A11U-IA and change
AG6U-TVA as follows to incorporate uncertainty-aversion: For all f,g € D and for all a € (0,1), f ~(,.) g implies
af®(l-a)g=ow 9

28 An act generated by a convex operation between act f and a constant act does not change the nature of time-
variability in f (i.e., A4U-CI).

*For example, the operation @ is not subject to time-variability aversion for h, k' € H such that A7 (w) =(r41,u) h
and h'7(w) =(r41,0) B for 7 € [t,T —1].
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(14)  Forall f,g €D, [ =w) 9 if and only if Viz ) (f) = View)(9),
where {Vi¢ ) () }tw)eTxq are recursively defined by
‘/(t,w) (f) = E[Min5t+1,w/6[at+17ﬂt+1][(1 - 5t+1,w/)U(f(t7w/)) + 5t+1,w/‘/(t+1,w’)(f)|ft(w)}
and Vi) (f) = U1 (), where U(f(t,w)) = By lule)] with @ € X,
(15) :H,w’ = 52‘“7“},, for all W" € Fipq1 (W) C Fi(w),
where 5%, € argming, | ciag gonl[(1 = 011,000 (F(EW)) + SepraViss.on (£
(16) O<ar<py<lforalltel[l,T].

Moreover,
(17) E[.|Fi(w)] and [, Bt] are uniquely defined, and [ou, B¢] is independent of states.
(18) u: Y — R is unique up to a positive affine transformation.

The crucial result is that an agent first considers intertemporal substitution on each of tomor-
row’s events in F;41 and then aggregates utility indices across events with probability weights.
Therefore, a selection of discount factors at time ¢ is based on tomorrow’s events in F;41 (but not
on each state in F11). In addition, the expectation is based on a subjective prior, and «; and (3
depend only on time. Also, V., (f) depends only on future payoffs of f from (¢,w) onward, which
implies independence of history and irrelevant alternatives. This operation, V{; ,(f), is recursively
applied. Note that if there are no fluctuations in payoffs over states at every point of time, (14)
becomes (9).

Now, we examine the connection between intertemporal substitution and risk aversion over

states. In terms of (1), we can write (14) as follows:

Vitw) (f) = EIW (U (f(t, ")), Vigrw ()| Fe(w)]

On the other hand, the recursive utility approach with an identical attitude toward subjective
risk (i.e., the expected utility with the same subjective prior over states) produces the following

formula:

Vitw) (f) = WiU(f(t,0)), E[Viq1.w ()1 Fi(w)])

Since W; is a concave function, by Jensen’s inequality, our approach generates a lower value for
volatile consumption sequences than that of the recursive utility approach. Clearly, (14) captures
time-variability aversion more strongly because it is applied on a path-by-path basis. Moreover, the
“first-order” property of time-variability aversion generates an asymmetric attitude toward gains
and losses. In particular, under (14), this “first-order” property increases an effective risk attitude
over tomorrow’s states when some of tomorrow’s states become “gains” and others become “losses”
relative to today’s utility level. In other words, the agent discounts utility in good states more than

in bad states so that discount factors show gain/loss asymmetry over states. This intertemporal
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substitution mechanism effectively boosts relative risk aversion over tomorrow’s consumption.3’

This result is also analogous to that of loss aversion by Kahneman and Tversky (1979), where in
our model, today’s utility implicitly becomes an endogenous reference point.

Finally, as in the case under certainty, we can only compare the attitude toward time-variability
for pairs of preference relations that embody the same ranking of single-period risk and the same
ranking of subjective risk (i.e., an identical subjective prior). Then Vitw) is more time-variability
averse than V(,  if and only if U = U’, E[.| 7] =E'[| 7], and

(19)  Viguy(f) < V) () for all f € D,

where U and U’ represent preference relations on Y for Vi) and V{, . and E[.|7] and E'[| 7]
are subjective priors for V(; ) and V(’t )’ respectively. In fact, condition (19) at ¢t = 0 is equivalent

to
(20)  [an,Be] 2 [of, 8] for all ¢ € [1,T],

where [ay,3;] and [y, 3] represent sets of discount factors in (14) for V(g ,,) and V(/o,w)’ respectively.

4 Comparison with Other Intertemporal Utility Functions

4.1 Models of Time-Preferences

In this subsection, we compare the representation of (9) with other intertemporal utility functions
that model time-preferences. For this purpose, let ¢ = (co,...,cr) be a sequence of consumption
from time 0 to time T'. First, time-preferences have been modeled through a notion of impatience
following Fisher (1930). Samuelson (1937) extends Fisher’s analysis into the discounted utility
model for which Koopmans (1960) provides an axiomatic foundation. Epstein (1983) provides
justification for impatience through an axiomatic approach that is applied to risky outcomes and
derives the model for the rate of time-preferences (i.e., discount rates) that depend on historical
consumption. The main departure of our model from these theories is an introduction of time-
variability aversion with the “first-order” property. For example, the model by Epstein (1983)
applied to ¢ shows the following:

(21) V() = uleo) + 7 uler) exp(= X7 vler)),

where u(.) and v(.) are continuous. If v(.) is increasing, then this model can express a desire
for consumption smoothing over time (as consumption increases, the discount rate will increase).

However, as long as u(.) and v(.) are increasing, u(.) and v(.) are differentiable almost everywhere.

30Gee Wakai (2002) for an application to asset pricing.
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Then (21) does not demonstrate “first-order” time-variability aversion, for which we require non-
differentiability at any constant sequences of consumption.

Second, the representation of (9) shares a structure similar to the aggregator function by Koop-
mans (1960). In our approach, we impose axioms that derive a particular functional form for an
aggregator function (although the function is time-dependent) that incorporates “first-order” time-
variability aversion (i.e., gain/loss asymmetry). We find significance of gain/loss asymmetry once
we apply (9) under uncertainty (see Section 4.2).

Third, methodologically, our model follows the directions developed in Gilboa (1989) and Shalev
(1997). Gilboa (1989) applies the non-additive prior model of Schmeidler (1989) over a sequence
of lotteries and derives a utility function that depends not only on consumption itself but also on

the difference between adjacent consumptions:
(22)  V(e) = X glevuler) + Biluler) — u(cr—1)]] with Gy = 0.

Shalev (1997) modifies Gilboa (1989)’s formulation and introduces different weights for positive

and negative increments:

(23) V(e) = u(eo) + ZOT{éf max[u(ct) — u(ci—1), 0] + 0, minfu(cr) — u(ei—1),0]}
with 6 =&, = 0.

Under appropriate parameters, both formulas incorporate “first-order” time-variability aversion;
Shalev (1997) also captures gain/loss asymmetry over time. However, under the assumption of
history-independence and under the condition of 3; # 0 and 6; # 0 (or d; # 0), neither formula
satisfies dynamic consistency: The choice for (cy,...,cp) at time 0 might not be optimal at time
1 (also see Sarin and Wakker (1998) and Grant, Kajii, and Polak (2000)). On the other hand,
the multiple-priors model of Gilboa and Schmeidler (1989) can be applied consistently over time
under a fixed informational structure (i.e., filtration).3! In addition, time-variability aversion is
a dual notion of uncertainty aversion in Gilboa and Schmeidler (1989) applied over time, and an
interpretation of time-variability aversion is clear under our model. On the contrary, (22) and
(23) require additional conditions on parameters to show time-variability aversion, and defining a
base-line time-preference to derive the “first-order” property may not be obvious. Moreover, under
dynamic consistency, an agent who follows our model compares present utility with the present

discounted value of all future utility. Then our formula automatically assigns a lower discount

31Qarin and Wakker (1998) demonstrate that under the multiple-priors model, an agent can stay in the same family
of the representation that shows consistent preferences over time, as long as the agent has a recursive multiple-priors
set that needs to be updated under Bayes’ Rule. Epstein and Schneider (2003) formally prove the above claim. In
addition, Wakai (2003) shows that given the ez-ante multiple-priors model, conditional preference relations must
satisfy the set of axioms identical to those of the multiple-priors model if they satisfy dynamic consistency and

independence of irrelevant alternatives.

19



factor for higher future consumption. On the other hand, for (23) to have 6, > §;", we need to
impose an additional assumption.

Fourth, to capture “first-order” time-variability aversion, we may apply other non-expected
utility models over time as Segal and Spivak (1990, 1997) apply them under risk.>> However, the
direct application of non-expected theory that is concerned with objective risk (for example, Yaari
(1987) and Gul (1991)) does not capture the notion of time-preferences. For instance, under the
assumption of finitely many distinct outcomes, x1, ..., zx, the dual theory of Yaari (1987) can derive

the following utility for objective risk p = (p1,...,pnN):

(24) V(o) = T {a(XCey) — 9 pi)bai,

if 1 < 29 < ... < zn. The function g : [0,1] — [0, 1] is onto, strictly increasing, and concave,
where concavity of g implies risk aversion. The application of (24) over time immediately raises
the problem of how to map objective risk p = (p1, ..., pn) over outcome = = (z1, ...,z x) to discount
factor § = (01, ...,07) over time T = (1,..., 7).

Fifth, as an application of the optimal control theory motivated by a worst-case scenario anal-

ysis, Geoffard (1996) defines the variational utility as follows:
(25) V(C) = min?‘tER fOOO f(Ct, BtaTt)dtv

where R is a set of admissible paths of rates of time-preferences, and f gives current felicity as
a function of the current value of consumption ¢, discount factor B, and rate of time-preference
r¢. Geoffard (1996) shows that the recursive utility of Epstein (1987), the discounted utility, and
Uzawa utility (1968) belong to this class of the representation.?® In our approach, we focus on the
normative aspect of minimization as a consequence of consumption smoothing. For this reason,
our approach may be regarded as an axiomatization of (25) under a discrete time setting with a
particular emphasis on “first-order” time variability aversion and gain/loss asymmetry.

Sixth, Loewenstein and Thaler (1989) conjecture that loss aversion (gains and losses are based
on the deviation from the previous level of consumption) is one reason for which an agent has a
preference for increasing sequences. Their postulate is a direct application of prospect theory as
developed by Kahneman and Tversky (1979): Atemporal utility depends on a reference point (here,
a level of past consumption), and the attitude toward gains and the attitude toward losses from
the reference point is asymmetric. On the other hand, our representation of (9) is only based on
an aversion to fluctuations of payoffs over time and does not pre-specify the existence of reference

points. Gain/loss asymmetry is expressed in (9) because an agent compares only two numbers at

32For applications of first-order risk aversion in Segal and Spivak (1990) to asset pricing, see Epstein and Zin (1990)
and Bekaert, Hodrick, and Marshall (1997).

33Dumas, Uppal, and Wang (2000) extend Geoffard’s analysis to the case with uncertainty and investigate efficient

allocations under a continuous-time version of recursive utility as developed by Duffie and Epstein (1992).
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each time due to a recursive structure. In other words, dynamic consistency necessitates gain/loss
asymmetry. Therefore, our model can be regarded as an axiomatization of loss aversion over time.

Seventh, Loewenstein and Prelec (1993) develop the model that explains both a preference
for spreading consumption and a preference for increasing consumption. They focus on the global
nature of sequences and argue that loss aversion should be based on the comparison between the set
of outcomes that are yet to occur and the set of outcomes that have already occurred. Our approach
shares an idea similar to Loewenstein and Prelec (1993) because time-variability aversion explains
global characteristics. However, in our approach, gain/loss asymmetry is based on the comparison
between today’s utility (rather than all utility accumulated until today) and the present discounted
value of all future utility. Moreover, under the assumption of history-independence, the formula in
Loewenstein and Prelec (1993) does not confirm dynamic consistency.

Finally, the habit formation models®® of Sundaresan (1989) and Constantinides (1990) (also,
recently applied in Campbell and Cochrane (1999, 2000)) introduce a utility function that depends

on historical consumption according to the following formula:
(26) V() = Sz 0" tuler — ),

where zg = 0 and zy = f(co, ..., ¢t—1). The term u(c; —x;) represents an idea similar to Loewenstein
and Thaler (1989) under which a reference point is based on the previous level of consumption.
However, unless we use loss aversion in u(c; —x¢), (26) does not satisfy “first-order” time-variability
aversion because an increasing w is differentiable almost everywhere.

On logical grounds, our model is based on the assumption of history independence. Clearly, this
assumption is not innocuous. However, without a formal derivation, we may extend time-variability
aversion (i.e., the multiple-discount-factors model) over atemporal utility indices that depend on

previous levels of consumption.

4.2 Comparison among (9), (14), and Recursive Utility

The main assumption of the recursive utility model of Kreps and Porteus (1979) and Epstein and
Zin (1989) is that the ranking of future risky prospects is independent of today’s consumption. To
be temporally consistent (Kreps and Porteus (1979)), this separation is sensible if both early and
late resolution of uncertainty is in an agent’s choice set. The novelty of Epstein and Zin (1989) is
an interpretation of this separability. Their model defines an attitude toward variability over time
as an attitude toward a sequence of consumption without risk and an attitude toward atemporal
risk as an attitude toward objective risk (over a sequence of consumption) that resolves completely
in a single period. Both attitudes are combined by an aggregator function under which an agent

considers intertemporal substitution between today’s consumption and a certainty equivalent level

31See Frederick, Loewenstein, and O’Donoghue (2002) for a survey.
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of future utility. However, since the attitude toward variability over time changes the distribution
of time-t+1 utility, the ranking of risky future prospects necessarily depends on the attitude toward
variability over time. Then a binary relation of “more risk averse” is permitted only for pairs of
preference relations that embody the same ranking of deterministic prospects.

On the other hand, we also consider the separation of attitudes toward risk and time-variability.
Our model deduces atemporal risk attitude from a preference relation among constant acts. Since
receiving an identical lottery over time is not equivalent to a resolution of risk in a single period, risk
attitude as deduced in our model may involve both risk and time preferences. This procedure only
gains rationality when we introduce dynamic consistency under which atemporal risk-preferences
at the last period become atemporal risk-preferences of earlier periods. However, when we evaluate
a sequence of consumption without uncertainty, intertemporal substitution necessarily depends not
only on the attitude toward time-variability but also on the attitude toward risk. Then a binary
relation of “more time-variability averse” is permitted only for pairs of preference relations that
embody the same ranking of single-period risk.

In addition, in our model, the ranking of uncertain future prospects depends on today’s con-
sumption. This dependence is summarized by an apparent change of order of aggregation: An
agent first considers time-variability aversion on an event-by-event basis, then aggregates utilities
under a subjective prior. The structure of the model provides the justification of this construction.
In our model, an agent is informed of a particular event-tree as an information structure. Then,
there is no “early resolution” of uncertainty at t + 1 over all states w’ € Fy(w). Thus, a certainty
equivalent over all states w’ € Fi(w) at ¢t + 1 is not well-defined because an agent at t 4+ 1 already
knows that one of the events Fy11(w) C Fi(w) has been realized. Therefore, an agent would rather
consider sequences of consumption to be possibilities and forms a notion of probability over these
possibilities ez-ante at time t.

Given the above characteristics of both models, the model developed by Epstein and Zin (1989)
is suitable for the situation under which an agent faces the possibility of early resolution of uncer-
tainty. In addition, their model can incorporate non-expected utility models, whereas our model
only permits the expected utility model (although our model can incorporate the multiple-priors
model if we change A11U-IA). Moreover, the recursive utility model can evaluate either objective
temporal lotteries or lotteries on a state space,3® whereas our model can evaluate lotteries only on
a state space. In contrast, our model is suitable for the situation under which an agent is informed
of a particular structure of information. Our model utilizes this knowledge and expresses a stronger
motive for consumption smoothing over time. In particular, our model considers time-variability
aversion before subjective risk over states. This operation generates dependence of the ranking of
uncertain future prospects on today’s consumption and amplifies the effects of gain/loss asymme-

try over time. Finally, our model provides a direct interpretation of time-preferences through the

35See Skiadas (1998).

22



model of discount factors.

4.3 Comparison between (14) and Epstein and Schneider (2003)

In our model, preference relations are defined on the same domain as in Epstein and Schneider
(2003). Their model derives recursive multiple-priors over a time-state lottery domain by adapting
the constant-independence axiom of Gilboa and Schmeidler (1989) under a new definition of con-
stant acts: constant acts in their model are certainty acts in our model that involve variations over
time but not over states. Therefore, their model does not consider the aversion to fluctuations in
utility over time. On the other hand, our model uses constant acts that do not involve fluctuations
over time and states. Thus, our approach can capture the aversion to the variations of utility over
both time and states although we eliminate concerns with the variations over states by imposing
the axiom that derives a subjective prior instead of multiple priors. However, our model is not
a simple re-interpretation of Epstein and Schneider (2003). In order to derive a subjective prior
as well as time-variability aversion in their framework, we need to exchange the role of time with
that of states. Then we need to define acts that involve fluctuations over states but not over time
as constant acts, which no longer satisfy measurability. Instead, we focus on t-recursive acts that
summarize the uncertainty an agent faces at (¢,w), then derive a subjective prior by neutralizing
effects from time-variability aversion. On technical grounds, we do not assume that each condi-
tional preference relation satisfies the axioms of time-variability aversion. Instead, we update the
ex-ante preference relation based on dynamic consistency, independence of history and irrelevant

alternatives, and monotonicity over states.

5 Conclusion

We have axiomatized the behavioral notion of time-variability aversion and have derived the rep-
resentation. Our model reaches the following conclusions: (i) Time-variability aversion is captured
as a separate attitude from risk-aversion through the model of multiple discount factors, and an
axiomatic derivation provides a clear picture of an agent’s motives. The representation is also
parsimonious; (ii) Given dynamic consistency and history independence, the “first-order” prop-
erty of time-variability aversion necessarily implies gain/loss asymmetry in discount factors; and
(iii) Under uncertainty, a consideration of intertemporal substitution occurs before a consideration
of subjective risk. Under this operation, discount factors depend on tomorrow’s states and ex-
hibit gain/loss asymmetry over states by taking today’s utility as an endogenous reference point;

time-variability aversion effectively boosts risk aversion over states.
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Appendix A: Proof of Proposition 1

We define time passage as an information structure, i.e., 7o = {{0,..,T}}, F1 = {{0},{1,..,T}
4o Feo= {{0}, {1}, .., {t — 1}, {¢, ..., T}}, ..., Fr = {{0},{1},...,{T'}}. For sufficiency, between
Fo and Fi, by A7-IH and A8-DC, Proposition 2 of Wakai (2003) developed for the multiple-priors
model implies that Al to A6 hold for a collection of all f!. Then by Theorem 1, for all f,g € H,
f =1 g if and only if V1(f) > Vi(g), where Vi(f) = Vi(f!), as defined by Theorem 1 (i.e., 6y = 0).
In addition, let H(h') be a collection of all i € H such that hY = h'. Then by A5-SM, for all
f,g € H(hY), f =¢ g if and only if f(0) =g g(0). Then A1l to A6 restrictively hold for a collection of
{h(0)} on H(h'). Hence, Proposition 3 of Wakai (2003) implies that there exists a unique [aq, 31]
with 0 < a; < 81 < 1 such that for all f,g € H, f =¢ g if and only if Vo (f) > Vy(g), where Vy(f) =
ming, ¢(a,,8,][(1=01)U(f(0))+1Vi(f)]. By applying the same construction for each V;(f), we derive
the conclusion. For necessity, (8) immediately implies that Al to A6 hold for H at time 0. A7-TH
is obviously implied. A8-DC is satisfied because (9) has a recursive structure with 0 < a; < ;.1

Appendix B: Problem of Dynamic Consistency under Uncertainty

We want to show that applying (9) at each state w € Q) then aggregating each utility with subjective
probability is inconsistent with ASU-IHA and A9U-DC if T' > 1. We illustrate this point by the
following example: Suppose that there are three periods and four states. At time 0, an agent does
not have any information about states. At time 1, an agent is informed that either (state 1, state
2) or (state 3, state 4) has occurred. At time 2, an agent knows the true state. The subjective
probability of state realization is (0.25, 0.25, 0.25, 0.25) at time 0 and (0.5, 0.5) on (state 1, state
2) and (state 3, state 4) at time 1. Now an agent assigns a utility index following (9) with u(c)
= c and [ay, 3] = [0.3, 0.7] for both time 0 and time 1 and, under the assumption of ASU-THA,

evaluates the following stream of consumptions:
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Consumption A Consumption B Utility

State\Time | 0 1|2 State\Time | 0 1|2

1 1522 |1 153 [1| | Cons.\Time |0 1 at (1,2)
2 15121 2 15131 Cons. A 1.4325 | 1.65

3 151112 3 15112 Cons. B 1.4450 | 1.60

4 15711 4 15111

Clearly, at time 0, an agent chooses Consumption B, but after the agent realizes that the agent
is at (state 1, state 2) at time 1, the agent selects Consumption A. This example violates dynamic
consistency. More formally, under a neoclassical expected utility model with a subjective-prior,
inconsistency emerges over time unless an agent’s preferences are time additive. Since (9) is not
time additive, having a dynamically consistent utility function (9) on each state does not confirm

dynamic consistency.

Appendix C: Proof of Proposition 2
Sufficiency: The proof of sufficiency is based on the following Lemmas (C.1 to C.6):

Lemma C.1: Under A7U to A10U, preference relations in {= .} satisfy A1U to A4U and
AUG at all (t,w) € T x Q. Moreover, at all (t,w) € T x Q , a preference relation on H can be
represented by V; ) that is identical to Vi of Proposition 1, where a set of discount factors depends

only on time, not on a state (state-independence).

Proof. By A1U-WO, A2U-C, and A4U-CI, a preference relation on £ at (0,w) depends only
on which lottery is assigned at each (f,w). Then there exists a function U : Y — R such that for
all ,I" € L, 1 = I' if and only if U, (y) > U (2), where I(t,w) = y and I'(t,w) = 2z for
all (t,w) € T x Q. Given this result, y ”(0w) vy means that [ ~(0.w) I'. Suppose that there are no
y,y' € Y such that y =) %'. Then by A5U-SMT, there are no f, f' € D such that f > f/,
which violates A3U-ND. Hence, there exist y,y’ € Y such that y = (0w) Y.

Next, by A1U to A6U as well as the results in the above paragraph, a preference relation on
‘H depends only on which state act is assigned on each state w € Q (in particular, h,, = h,, for all
w,w’ € Q); thus, the representation is concerned only with a particular lottery assigned on each state
act. Hence, we obtain Theorem 1 for H at (0,w), where Vo, (h) = minsea, ZZ:O Uow(h(T,w))d-
and for all 6 € A (g, EZ:O dr =1 and §, > 0 for all 7 € 7. Note that Vp,(h) = minsea ) ZZ:O
Upw(h(T,w'))d; for all ' € Q with w’ # w so that a selection of state acts is irrelevant.

As for A1U to A3U, first, by A7TU-F, ASU-IHA, and A9U-DC, both A1U-WO and A2U-C hold
for =1 . for all w € Q. Second, let y,y' € Y satisfy y (o) %'- Suppose that y <(; ) ¢’ at some
W' e Fi(w). Let f € Dy satisfy f(r,0”) = ¢ for all (r,0") € T3 x Fi(w) and f(1,0") = y for
all (1,w") ¢ Ty x Fi(w). Then by A10U-SMS and the result in the above paragraph, y = f-
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However, A7TU-F, A8U-THA, and A9U-DC imply that y =g, f, which is inconsistent with the
result from A10U-SMS. Hence, for all y,y" € Y, y (g ¥ implies y (1 oy ¢’ for all v’ € Fi(w).
Conversely, the argument above implies that for each w' € F1(w), y >=(1,.) ¥ implies y =g .y ¥ for
all y,y' € Y. The same result holds for all events in F; that are subsets of Fy(w) = Q. Thus, for
all y, 9 €Y, y =(0w) ¥ if and only if y = ) ¢ for all W’ € Q. Since =(g ) and =(; . contain
all elements of £ x £, the argument above implies that =,y and =(; s are identical on £ for all
W' € Fo(w) = Q. This result indicates that preference relations on £ at (1,w’) can be represented
by U1, which is a positive affine transformation of U ,. Clearly, A3U-ND holds for = . for
all o' € Q.

We now consider A4U-CIL. For f € D, let D, (,,)(f) be a collection of all acts g € D such
that f(7,0') = g(7,w') for all (7,0) ¢ Ty x F1(w). Let f,g € D satisfy g € Dg,)(f). By ATU-
F and A9U-DC, f =) ¢ if and only if f =, g for all W' € Fi(w). By A4U-CI, for all
l € £ and for all a € (0,1), f =) g if and only if af & (1 — a)l =) ag ® (1 — a)l. Since
ag ® (1 —a)l € Dg ,)(af @ (1 — a)l), the above result implies that at all ' € Fi(w), for all
I € £ and for all @ € (0,1), f =(1.r g if and only if af ® (1 — a)l =) ag @ (1 — a)l. Given
A8U-IHA, this result implies that A4U-CI holds for = . for all ' € Fi(w). By repeating the
same argument on all events in F7, A4U-CI is satisfied under =, . for all Ww'e .

To show that A6U-TVA holds for =, for all " € Q, let f,g € Dy satisfy g € Dz, ()(f)
(ie., fur = fur and g = gor for all W', w" € Fi(w)). Under A10U-SMS, f =g, g if and only if
Jor Z(0w) 9o, Where for, g € YT+ at any one of W' € Fi(w). By ATU-F and A9U-DC, f Z(0w) 9
if and only if f = g for all w” € Fi(w). By ATU-F, ASU-THA, and A10U-SMS, f =1 g
for all " € Fi(w) if and only if fr = ) gur for all W” € Fi(w). Hence, for any o’ € Fi(w),
Jor Z(0w) 9o if and only if fr =1 ) gur for all " € Fi(w). Now, by A6U-TVA, for a € (0,1), if
J ~0w) 9, then af & (1—a)g =) g- Since f,g,afS(1—a)g € Dg (,(f) for all a € (0,1), by the
above result, for a € (0,1), if for 2~ o) gur, then afy © (1 — @)gur =1 w1 gur for all W € Fi(w).
Since fu, 9. € H, under A8U-IHA, this result implies that A6U-TVA holds for =, for all
W' € Fi(w). By repeating the same argument on all events in F;, A6U-TVA is satisfied under
i(l,w') for all ' € Q.

Under ATU-F, A8U-THA, and A9U-DC, by applying the same argument at all events in F; from
time 2 to time 7', A1U to A4U and A6U-TVA hold for =, for all (t,w) € 71 x Q. In particular,
for Y, at all (t,0) € T1 x Q, Uy is a positive affine transformation of Uyg,).

We now show that a modified version of AS5U-SMT is applied to all (t,w) € 77 x Q. At any
(t,w) € T_7 x Q, let f,g € Dy satisfy g € Dz, (u)(f), where Dz, ()(f) is a collection of all acts
1" € D such that f(1,0') = f(r,u') for all (1,0) ¢ Ti41 X Fip1(w). By the results in the above
paragraphs, (i) for f,, and g, at any W' € Fi11(w), for Z(1w) gor if and only if for =441 ) gur for
all w" € Fiy1(w) and (ii) for Y, U4,y is a positive affine transformation of Uyq . Then under
A8U-THA, the following modified version of A5U-SMT holds for all w” € Fy(w): For all f,g € H,
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if for all 7 € 7, f(7,0") = wr) g(7,0") for all W' € Q, then f =(; ») g. In addition, if for some
T €T, f(T,W') =1y g(T,w') for all W' € Q, then f = g. Under A7U-F and ASU-IHA, by
repeating the same argument at all events in F; from time 2 to time 7', the above result implies
that the modified version of AS5U-SMT holds at all (t,w) € 73 x Q: For all f,g € H, if for all
T €T, f(T,0') Zw) 9(1,0) for all W € Q, then f =) g. In addition, if for some 7 € 7,
F(1,0") =0y 9(7,0) for all ' € Q, then f >~ . g.

Given the results above, we obtain Proposition 1 at each (t,w) € 71 x Q on H, where V{; ,y(h)
= minsea , ,, Yorey Ut (R(7,w))d- and for all § € Ay, Y27, 6, =1 and 6, > 0 for all 7 € T;.
Note that 6, = 0 for all 7 € 7_; by A8U-IHA (i.e., time 7 is null for all 7 € 7_;). Also, under
each = (; ), we must use U; ) in the representation on H (consistency within i(t,w))' This result
implies that at each (¢,w), the representation does not aggregate different U(rw) for 7 € 7; under
Vitw)- In addition, preference relations on £ are identical among all = .,y (U is unique up to a
positive affine transformation among {t(w)}), and each =, is a distinct binary relation. Hence,
without loss of generality, the same U can represent each =y on L at every (t,w) € T x €.

Now let Do,y be a collection of all acts f,g € Dy such that f(r,w’) = g(r,w’) = y for all
(r,0") ¢ Ty x Fi(w). By A10U-SMS, for all f,g € Dowy, f =(0w) 9 if and only if fir =0 gur for
any w' € F1(w). By the result in the previous paragraph, f,, ”(0w) 9o if and only if for = q ) gur
on all w” € Fj(w). Note that both ”(ow) on H and =y ) on H are represented by multiple-
discount-factors models with A, and Ay ), respectively. By ATU-F, V{(; ) represents the
same ranking on H as that of Vi; ,m at all W € Fi(w) and V(g ,) represents the same ranking on
H as that of Vig . for all w’ € Q. On the other hand, let H(h') be a collection of all b’ € H such
that k™ = A7 for all 7 € T;. Then by A5U-SMT, for all h,h’ € H(h'), h =g,y b if and only if
h(0,w) =(ow) M(0,w). Then A1U to A6U restrictively hold for a collection of time acts {h°%} on
H(h'). Then under A7U-F, ASU-IHA, and A9U-DC, Proposition 3 of Wakai (2003) is applied at
all W' € Fi(w) and Ay = A1wy X Ay With Ay = [0, B1.]. Repeatedly applying the
same argument for all events in F1, Ay = A0y X A ) With Ay = [a1w, 51,] for all w € Q.
Then the uniqueness of A (g, implies that A¢ ) = Ay and A ) = A for all w, W' e Q.

Let Dj 4 be a collection of all acts f,g € Dy such that f(7,0') = g(1,0') =y for all (1,u') ¢
Ty x Fa(w). By applying the same argument as in the above paragraph on all F(w') C Fi(w),
Ay = Aoy X Agy with Ay = [agyy, fa,r] for all W' € Fi(w), and both Ay, = Ay, and
Ao, = Agy for all w,w’ € Fi(w). Moreover, since V(1) represents the same ranking on H as that
of Vi1 ) for all ' € Q, the uniqueness of Ay implies that Ay, = Ao and Ay, = Ay, for all
w,w €.

By repeatedly applying the same construction from time 2 to time 7', under A7U-F, ASU-IHA,
A9U-DC, and A10U-SMS, we conclude that preference relations on H can be represented by V(; .
that is identical to V; of Proposition 1 at all (t,w) € 7 x €, where a set of discount factors depends

only on time.H
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Lemma C.2: Suppose that preference relations in {= (o} satisfy A1U to A6U and preference
relations in {= )} satisfy A7U to A10U. Then at all (t,w) € T_ x Q, for all f €D,

(i) If b=ty | =(tw) W for some h,h' € H, then there exists a € (0,1) such that f =~ .
ah @ (1 —a)k,

(ii) There exists g € Dy such that (a) g(T,w) = f(,w) for all (1,w) & T11xXQ, (b) f~1u) 9,
and (c) f =410y g for all W' € Q,

(i4i) There exist h € H and y € L such that f >~ ) h >~ Y-

Proof.  For (i), let h,h' € H satisfy h =,y I/, and let Vi, be defined as in Lemma
C.1. By Gilboa and Schmeidler (1989), V(,, is superadditive among H, i.e., for all h,h’ € H,
Vitwy(@h @ (1 —a)h') > aVig ) (h) + (1 — a)V ) (R') for a € [0,1]. So Viy,)(.) is concave in h € H
under the operation @. Let ®(a) = Viy ) (ah®(1—a)h’). Then for o, 3,7 € [0,1], @(ya+(1-7)3) =
Vieuy(1(0h® (1)) & (1-7) (GRS (1~ B))) > 2V ) (00D (1~ )W)+ (1—7)Vigay (Bh (1— B)I)
= 7®(a) + (1 = 7)®(B). So ®(a) is concave in a € [0,1]. In addition, ®(0) = V;.y(h’) and
®(1) = Vizwy(h). By continuity of V(;,,(.) in h € H, ®(a) is continuous in a. By compactness
of [0,1], for each a* € (0,1), there exists a collection of all points « € [0, 1] denoted by A(a*)
such that ®(a) > ®(a*). Clearly, A(a*) is compact. Let o be any element of A(a*), and let
B, € 0,1\ A(a*) satisfy o > 3, 8" and ®(8) > ®(3'). Suppose that 3’ > 3. Then by concavity of

/

B, B(F) = B0+ (1)) 2 1®(a) + (1 - 7)B(3) > B(5), where 7 = - —
®(B) > ®(F'). Conversely, let 5,3 € [0,1]\A(a*) satisfy a > 3 > f’. Then by concavity of ®,

/
B(6) = Bra + (1= 1)) 2 ¥B(a) + (1= )2(F) > B(), where 7 = £
any a € A(a*) and for any 3,5 € [0,1]\A(«*) such that « > § and o > ', f > ' if and only if
o(8) > ().

Now, let f € D satisfy h =@ ) f =(w) #'- Then by A2U-C from Lemma C.1, there exists o* €
(0,1) such that a*h @ (1 —a*)h’ =) f. Let A(f) be a non-empty collection of all a € [0, 1] such
that ah @ (1 —a)h’ =, f, and let @ be an infimum of A(f). Suppose that ah @ (1 —a)h’ = f.
By A2U-C from Lemma C.1, there exists v € (0, 1) such that y(ah® (1 —a)h’) & (1 —=y)h' =) f.
However, ya < &, which contradicts the definition of &. Suppose that ah © (1 —a@)h' <) f-
By A2U-C from Lemma C.1, there exists v € (0,1) such that v(a*h & (1 — a*)h') & (1 — v)(ah &
(1—-a)h) =aho (1 —-a)h <u.) f, where @ = ya* + (1 — y)a. Clearly, a* > & > a. Let
A(a*) be defined as in the above paragraph. Since A(a*) is a collection of all a € [0, 1] such that
O(a) > @(a*), @*h @ (1 — )W’ =@, f implies that @ and & are not in A(a*). Then by the
result in the above paragraph, for all a € [0,1] such that @ > «, ®(a) > ®(a). In particular,
®(a) > ®(a). However, by the definition of &, there exists some « € [0, 1] such that @ > o > &
and ®(a) > ®(a), which is impossible. Hence, ah @ (1 — a)h’ >~ f.

For (ii) and (iii), we apply backward induction. At T'—1, all acts in D are in Dr_;. In addition,

, which contradicts

> 0. Hence, for
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for f € D, by Lemma C.1, there exist h and A’ € H such that h =p_; ) fu =1,y b’ for all
w € Q. Then by ATU-F, ASU-THA, and A10U-SMS, h =114 f =1 I for all w € Q. By
(i), for each w € €, there is h, € H such that h, ~r_; ) f. By ATU-F, we can let h, = h,y
if o € Fr_q1(w). For f € D, let g € Dp_o satisty g(r,w) = f(7,w) at each (1,w) ¢ Tp_1 x Q,
g(T,w) = hy(7) for all (t,w) € Tr_1 x Q, where hy, ~p_1,) f and hy, = hy if W € Frq(w).
Clearly, g ~7_1) f for all w € Q. Then by ATU-F, A8U-THA, and A9U-DC, g ~r_5,,) [ on
w € Q. Then by A7TU-F, ASU-IHA, A10U-SMS, and Lemma C.1, there exist h,h’ € H such that
h =r—2w) [ Zm-2w) P forall w € Q. By (i), at every w € €, there is h, € H such that
hy ~r—2.) f with hy, = h, if &' € Fr_s(w). By repeatedly applying the same argument from
T —1 to 0, under A7U to A10U, (ii) holds for all f € D at all (¢,w) € T_p x Q: There exists g € D;
such that g(7,w) = f(7,w) for all (1,w) & Tr11 X Q, [~ g, and f 24 0 g for all o' € Q.
In addition, the above construction demonstrates that for all f € D at all (t,w) € T_p x £, there
exists h € H such that f ~¢ ) h. Finally, since h € H C D and y € £ C 'H, under Lemma C.1, we
can repeat the same argument above and obtain that for all h € H and for all (t,w) € T_1 x Q,
there exists y € £ such that h >~ y. Hence, (iii) holds for all f € D at all (t,w) € T_7 x
There exist h € H and y € £ such that f =~ ) h >~ y.B

Lemma C.3: Given U : Y — R from Lemma C.1, under A1U to A10U, at all (t,w) € T xQ,
there exits a unique J )+ D — R such that

(i) Forall f,g €D, f =w) g if and only if Jiu)(f) = Ji.w)(9)-

(ii) For all y € L, Juu)(y) = Ul(y).

Proof. By (iii) of Lemma C.2, the result follows from Lemma 3.2 of Gilboa and Schmeidler
(1989).1

We shall use a specific U : Y — R such that there exist lotteries, 7, ¥, and y, for which U(y) = 1
U(y) =0, and U(y) = —1 (by A3U-ND and A5U-SMT, such a function U and lotteries 7, 7, and
y exist). We denote by B; the space of all bounded functions from € to R such that all v € B;
are measurable with respect to the o-field generated by F;,1.26 Denote v(w) as a number assigned
at w for v € B;. For all f € Dy, define V o f to be a function on €2 such that at each w € ,
(Vo f)(w) = Vigw)(fu). Since each (V o f)(w) is bounded and (2 is finite, V o f € By for all f € D;.
Let B(Dy) be a subset of By such that for each element of v € B;(D;), there exists some f € D; such
that v = (Vig.1)(f1),-,Vit,9)(fs))'. Clearly, the defined map V o (.) from Dy to B;(Dy) is surjective.
For v € R, let v* € B; be the constant function on 2 with value ~.

Lemma C.4: Under A1U to A10U, there exists a functional I, : Bt — R such that
(i) For all f € Dy, I(t,w)(vo f) = J(tw (f) (hence, I(tw)(O*) =0 and I(tw (1) =1).

36This is a Banach space with a sup norm.
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(ii) Ity is homogeneous of degree 1.

(i4) () is C-independent: For any a € By and v € R, I ) (a+7") = L) (@) + 1) (") =
I wy(a) + 1.

(iv) Iy is monotonic: For any a,b € By, a(w) > b(w) for all w € Q implies I (a) >
Iit4) (D). In addition, if for some W' € Fiy1(w), a(w) > b(w), then Iy (a) > Ly (b).

Proof. First, by Lemma C.3 and A10U-SMS, we can define I, .,y on By(Dy) by I3\ (V o f) =
Jitw)(f) for all f € Dy. For (ii) and (iii), by Lemma C.1, Viy o) (afu + (1 —a)l) = aV(y o) (fo) + (1 —
a)V(t’w) (1) for all [ € £. Then given Lemmas C.1, C.2, and C.3, we can apply Lemma 3.3 in Gilboa
and Schmeidler (1989). In particular, the second equality of (iii) follows from (i) and (ii). Also, by
(i) and A10U-SMS, (iv) holds for B;(D;). Then by (ii), we extend I(;, to all of 5,.H

Let y € YV satisfy y =, ¥, and let h € H satisfy ht(w) =7 for all w € Q and A7 (w) = y for
all 7 € T\{t} and for all w € Q. Then by Lemma C.1 and Proposition 1, Vi; ,y(y) > V{zw)(h) >
Vitw) (). Let € = Viy ) (h). Then again by Lemma C.1 and Proposition 1, for all 4’ € Y such that
Y =ww) ¥ Zw) U View) (h) = Ve (W) > Vi) (3), where b/ € 'H assigns h'*(w) = 7 for all w € Q
and h'"(w) = ¢/ for all 7 € T\{t} and for all w € Q. Let DF([7,]) be a collection of all acts f € D,
such that (i) f(t,w) =y for all w € Q and (ii) for all ' € Q, y =) f(7,W) = f(7/,0') =) Y for
all 7,7" € Ty11. Note that by Lemma C.1, for all ¢/, y" € Y with y' =,y ¥" and for all « € [0,1],
Y Ztw) oy + (1 —a)y” =) y". Then for all f,g € DE([7,y]) and for all a € (0,1), af ® (1 —a)g
€ DI ([7,y)-

Let B:([0,¢]) be a subset of By such that for a € By([0,¢]), a(w) € [0,¢] at each w € 2. Then by
construction and the continuity of V(;,(.) in h € H, there exists a surjective map from DE([7, y])
to By([0, ¢]) defined by Vo(.) : DE([5,9]) — Bi([0,¢]) (this result is implied by the following: For all
0 € [0,1],y (1) 0+ (1= )7 =(100) T ad Vg (@h+ (1= )) = aViguy (1) + (1= 0) Vg @)- In
addition, by Lemma C.4, for all f,g € DE([7,y]), f = (tw) g ifand only if Iy ;) (Vo f) > I,y (Vog).
Let t}iw) be a preference relation on By ([0, €]) induced by a preference relation on Df([7,]) under
Litw): For v,0' € By([0,e]), v =} o' if and only if I; ,(V o f) > I; s(V 0 g), where V o f = v and

_(t7w)
V og =1 for some f,g € DE([y,y]).

Lemma C.5: Under A1U to A11U, for all (t,w) € T x 8, a preference relations tz;w) on
By([0,¢€]) satisfy the following:

(i)  For all v,v € Bi([0,¢]) and for all a € [0,1], av + (1 — a)v € B([0,¢]).

(i) For all v,v € B([0,¢]), v tg’w) v orv t};w) .

(iii) For all v,v,pu € B([0,¢]), v >—E;w K,w)
(iv) There exist v,v € B([0,€]) such that v >_X;,w) v (in particular, €* >x,w) 0*).

)V and v > w emply that v >—X;,w) 1
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(v) Forall v,v,u € By([0,¢]) and for all a € (0,1), v >¥7w) v if and only if cv+(1—a)p >2;w)
av+ (1 —a)p.

(vi) For all v,v,pu € B([0,¢]) with v >K7w) v >ng) w, there exist o, 3 € (0,1) such that
av+ (1 —a)v >_K,w) wand >_E;,w) Buv+ (1 = B)p.

Moreover, for all (t,w) € T_p x §,

(vii) For all v € B([0,¢]), let v, € Bi([0,¢]) satisfy v(w”) = v(w") = p(w”) for all V" ¢
Fir1(W') C Fi(w), and let V', 1/ € By([0,¢]) satisfy v(w") = v(w") = p(w"”) for all " ¢ Fii1(@) C
Fi(w). Assume that v(w") = v(W") and pw(W") = p(W”) for all W" € Fii1(W') and for all V"' €
Fir1(@). If v >K7w) w, then v/ >(t7w) w'.

Proof. (i)is obvious. (ii) and (iii) are implied by the definition of tgw) : For v,v" € B([0,¢]),
v i};w) v if and only if Iy ) (v) > I (V). Given this definition of ig’w), (iv) here follows from
(iv) of Lemma C.4. For (vii), note that a € B.([0,¢]) is measurable with respect to the o-field
generated by Fi41. Then (vii) follows from the definition of igw) and (iv) of Lemma C.4.

As for (v), consider the following: For all f,g € DF([y,]) and for all § € (0, 1), at each o’ € Q,

V(t,w)(efw’ (1—-0)g.)
= (1 =6, )UOf(t,w") +(
=(1- t+1)[9U( (t, )) +
+05 1 U1, (Of(t+ 1w
= (1= 0p DU, o) + (1 = 0)U(g(t,u"))]
0711 [0U(441,0) (f(E+1,0") + (1 = O)Ugp1,0)(g(t +1,0))]
=0[(1 =05, )U(f(t, ")) + 01U, w)(f(t +1,w"))]
+(1 = 0)[(1 = 651)U(g(t,w") + 0711 U1, (9(t + 1,0"))]
= 0[(1 = 03 U (f (£, ")) + 0351 Vi 1,w) ()] + (1 = O)[(1 = 67, ) U (g(8, ")) + 6751 Vies1,0) (9],

1- 9)9( W)+ 05 1 Vier1,w) (0fr @ (1 —0)gur)
—0)U(g(t,w'))]
+( 0)g(t+1,w'))]

/

\_/A\_//-\

where 07, ; is the effective selection of the discount factor for 6f,, @ (1 — 6)g.r. Since U(0f(t,w') +
(1=0)g(t,w") < Upyr1,)0f(t+1,0") & (1 =0)g(t +1,0")), ary1 € {61} In addition, both a set
of effective selection of discount factors for f., and a set for g,» contain ay1. Then Vi, ) (0f ©
(1 = 0)gur) = 0Viw)(fur) + (1 — 0)Vi4)(gur). This result implies that for all f,g € DE([y,y])
and for all § € (0,1), Vo (0f & (1 —a)f) =0V o (f)+ (1 —0)V o(g). Also, by Lemma C.1
and Proposition 1, for all 4 € £ and for all n € (0,1), Viy . (n(0fr © (1 = 0)gwr) © (1 —n)y') =
MVitw)(Ofr © (1= 0)gur) + (1 =) U u) (¥)-
We now consider A11U-IA. First, for each f € Df([7,y]), at each w’ € Q, by Lemma C.1 and
Proposition 1, Vi ) (afur @ (1 — a)y') = aViyw)(for) + (1 — @)U (') for all ' € £ and for all
€ (0,1). Then, for all f,g,h € DE([§,y]), at each ' € €, there exist ', y",y" € L such that (i)
Y =tw) YUY Zw) Uand (i) afy @ (1—a)y" =0 B ®(1=B)y" ~(tw) Yhe & (1—7)y" for
some «, 3,7 € (0,1). Second, for (ii) of A11U-IA, plaf, @ (1 —a)y & (1 —@)[vhy & (1 —)y"] =
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p(l—a)
(1-7)
y". Given the result in the above paragraph, Vi, (7 1(0f @ (1—0)hy) @ (1 —7)7)

(0f & (1 — )hy) ® (1 — 77, where § = %0‘ =g¢a+(1—-¢)y andy =

(1= )1 —7)
-7
= Vit) (0 & (1= 0)r) + (1 =) U 1.y (§) = THOVp.0) (fur) + (1 = ) Vg (o)} + (1 =) U g, (§)-
The same result holds for ¥[Bg. ® (1 — 5)y"] & (1 — ¥)[yhy & (1 — 7)y"]. Therefore, at each
w' € Q, for all p,9 € 0,1], plafr & (1 — )y & (1 = @) vhe & (1 = NY"] ~w) Y[Bg & (1 —
B)y")® (1 —)[yhy & (1 —~)y"], where v/, y",y" € L and «, 3,7 € (0,1) are deﬁned above. Since
any h € DE([y,y]) can be used for this operation, by A11U-IA, for all f,g,h € D([y,y]), for
all 0 € (0,1), f =) g if and only if 0f @ (1 — 0)h =) 0g © (1 — 0)h. Then for all 6 € (0,1),
Tty (Vo(f)) > Lipwy(Vol(g)) if and only if [y oy (Vo (0f©(1—0)h)) = I11,,)(0Vo(f)+(1-0)Vo(h))
> I3y (Vo (0g© (1 —0)h)) = L., (0V o (g) + (1 —0)V o (h)). Since 0f © (1 —0)h,0g S (1 —-0)h
€ DR([y ]) this result implies that for all Vo (f), Vo(g), Vo(h) € B([0,¢]) and for all # € (0,1),
o (f) =) Vo (g) if and only if 6V o (f) + (1 = )V o (h) =, ) 8V o (9) + (1 — )V o (h). Note
that by (i ) HVo (f)+(1—=0)Vo(h)and 0V o(g)+ (1 —60)V o(h) are in B.(]0,]); hence, (v) holds.
To show (vi), by A2U-C from Lemma C.1, for all f,g,h € Df([y,y]) with f =(tw) 9 7 (tw) s
there exist a, 3 € (0, 1) such that af @ (1 —a)h =(w) 9 =tw) Bf © (1 — B)h. Then the calculation
above implies that I; ,(V o (af & (1 — a)h)) = L (Vo (f)+ (1 —a)V o (h)) > I,(V o (g)) >
Vo3 5(-0)1) = LBV o(f1+(1-8)V (). Since af(1—ah 876(1-0)h < DF(.4),
this result implies that for all Vio(f), Vo(g),Vo(h) € B([0,¢]) with Vo(f) > (t v) Vo(g) g,w) Vo(h),
there exist a, 3 € (0,1) such that aVo(f)+(1—a)Vo(h) >-K7W) Vo(g) >-(t7w BVo(f)+(1—p)Vo(h).
Note that by (i), aV o (f) + (1 —a)V o (k) and BV o (f) + (1 — B)V o (h) are in B:([0,¢]); hence,
(vi) holds.H

Yy @

Lemma C.6: Under A1U to 11U, at each (t,w) € T_1 X Q, there exists a strictly positive

weight j((F1(w)|Fe(w)) for all Fra(w') © Fi(w) with 3 g, (wncr @) MF (W) Fi(w)) = 1
such that for all f,g € Dy, f =@w) g if and only if Vi) (f) > View)(g), where Viy oy (f )
w) ©

2 For (@) CF w) Vitw) Jo ) 1(Frar (W) Fe(w)). Moreover, p(Fi1(w')|Fi(w)) is unique and Vg,
H is defined by Lemma C.1.

Proof. We follow the proof in Kreps (1988). First, by (i) of Lemma C.5, B([0,¢]) with
Pl (v,0) = av + (1 — a)v’ forms a mixture space. Then given (ii), (iii), (v), and (vi) of Lemma
C.5, by the mixture space theorem, there exists a functional F; . : B([0,€]) — R such that the
following holds:

(27) For all v,v" € B([0,¢]), v tgw) v if and only if Fiy ) (v) > Fgu)(v),

(28)  Fuw (W (v,v) = Fuw(av + (1 = a)v') = aFj ) (v) + (1 — o) Fyu) (V).
(29) Moreover, Fi; . is unique up to a positive affine transformation.

Let T be some fixed element in By([0,¢]), and let v(Fiy1(w)) be an element of By([0,¢]) such
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that v(w') = T(W') for all W ¢ Fii1(w) and v(W') = v € [0,¢] for all W' € Fip1(w). Again, note
that a € By([0,¢]) is measurable only with respect to the o-field generated by F;4+1. In addition,
let Ny be the number of events in F;11. Then by the proof in Kreps (1988) at P.104-105, F{; . can

be rewritten as follows:

(30)  Fw)(v) = X5, wyco Fraw) (o) orer o wn):

(31) F]:t+1 ({U( )}w”eft+1(w’)) = F(t,w) (’U(th+1(wl))) — E

N, Flyw) (D).

Now, let v* € By([0, ]) satisfy v*(w) = v*(w’) for all w’ € Q. Note that {v(w”)},rer, () is a

"
point on the line between {0*(w”) }orez, (o) and {e*(W") }urer, (). Let v(w”) = U((:)a*(w”) +
1 1 /
M)0* (W) for all " € Fyi1(w'). Pick one of w” in Fy11(w') and define VWi Fen (@) =

£

. Then, from (28), (30), and (31),

Fr, @y ({0 }ore @)
V(W | Fegq1 (W
= (‘;—’—())F}—H_I ({E ( //)}w”e]:t+1(w’))
v(W|Fipr .
(- D b (0@ e o)
= Fr ) ({0°(W") YarreFp @)

+W[ Fet1(w ({5( ”)}w”eft+1(w’)) Fft+1 ({O*( )}w”e]—‘t+1(w’))]'

Let a].-t+1(w/) = Fft+1(w’)({6*(w//)}w”€ft+1(W’)) — F.7:H-1(w’)({0*(w//)}w”€.7:t+1(w’))' Then (30) 1s
rewritten as follows:

(32) F(t,w) (U)

U(W”|7:t+1(wl))
= thﬂ(w/)cg - _

c .7:t+1( ") + Zj:t+1 wCN Fft+1 ({0*( )}w”éft+1(w’))'

Let Fiyw)(v) = eFuw)(v) =€ X7, (wyco Fry @) ({07 (w )}w//€§+1(w/)) (by construction, ¢ >
0). Since F;,, is unique up to a positive affine transformation, F{;.(v) can replace Fi;,,)(v).
Then (32) becomes the following:

(33> ﬁ(t,w) (U) = th+1(w/)gﬂ U(w”’j:t+1(w/))a}—t+1(w’) .

By (vii) of Lemma C.5, all az,, () with Fi11(w’) € Fi(w) must have the same sign. Then by
(iv) of Lemma C.5, aft 1wy > 0 for all Fiyq(w') € Fi(w). In addition, under ASU-THA, all events
in Fiy1 with Fryi (W) € Fi(w) are null (ie., ar,, @y =0) at (t,w). Then (33) is rewritten as

(34)  Fuw(©) = X5, w)emw) U@ Fr (@) Fr ()| Fi(w) A, where
(35) A = Z.’Ft+1(w,)gfz(W) aft+1(w,)’ and
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ar, W'
(36 (FWIFW) = T and T e mFn@IFE) = 1

Note that v(w”|Fiy1(w')) = v(w™) for all w” € Fipq(w'). Thus, we let v(w”|Fip1 (W) = v(W)
for Ft11(w'). Again, under the uniqueness of F, (tw) UP to a positive affine transformation, we define

the following representation:

oy =T s o) Fror () Fo))
(tw) Y A Fii1(@)CF (o) VW) St (w) ][ St (w)).

This proves the existence of a subjective prior p over Fiy1(w') € Fi(w). Since V( : )( v) is unique
up to a positive affine transformation, given (iv) and (vii) of Lemma C.5, u is uniquely determined.
Note that p(Fry1(w')|Fi(w)) is a weight for Friq(w'), not for each w” € Fyiq(w').

Now, by the definition of >(t )
It w)(V) = Iy (V') if and only if V( 1) (v) > V(YM) (v"). Hence, there exists a strictly increasing ¢,
where [(; ) (v) = qﬁ(V(Yw)(U)). In addition, I(;,)(0%) = Jy0)([H) = 0 = V(‘t/w) (0*) = ¢(0) (because
¥ € DE([,y]) and I (%) = qb(Vé/w)(s*)) = ¢(e). Also, by the linearity of Vé/w)(v) inv (ie.,
(37)) with V(;/w)( *) =0, V(t )( v) is homogeneous of degree one. Then by (ii) of Lemma C.4
(homogeneity of I, ), for a > 0 such that v,av € B([0,¢]), L1 (v) = d)(V(‘t/;w) (v)) = ¢(a) and
Ity (av) = qﬁ(‘f(‘tfw) (o)) = qb(on(Y’w)(v)) = ¢(aa) = aly ) (v) = ag(a). So ¢ is homogeneous
of degree one in [0,&]. Also, since ¢ has one argument in [0,¢], ¢(a) = ka for some k > 0 in [0, ]

/
gzﬁ(aa) =k and d)fj) = k', then ¢ violates homogeneity). Then ;) (v) = kV(‘t/w) (v).
By (iii) of Lemma C.2, there exists y € Y with U(y) = € and a constant act [ € £ that assigns
y for all (t,w) such that Iy ,)(e*) = Juuw)(y) = U(y) = e. This result implies that Iy (")
= kV(Zw)(a*) = ke = ¢. Hence, k = 1. Therefore, I;,,)(v) = V(V y(v) for all v e By ([0, €]).
By (ii) of Lemma C.4 (homogeneity of I(; ) and homogeneity of V(t oy Lt tw) (V) = Vé/w)(v) for

v tgw) v"if and only if Iy o) (v) > I (1. (v"), which implies that

(clearly if

all v € By([0,00)). Let v* be a constant function such that I(;(e* + ") < 0 (such v* exists
by construction). Then by (iii) of Lemma C.4 (C-independence of I;), for any v € B; and
¥ € R, L) (v +7") = Lipw)(v) + L) (V") = L0y (v) + 7. In addition, by (37), for any v € B;
and v € R, V(‘t{w) (V47" = V(Y,w) (v) + V(Y,w) (v*) = V(Zw) (v) + 7. Hence, I(;,)(v) = V(‘t/’w)(v) for
all v € By([0,¢]) implies that [, (v) = V(Y’w)(v) for all v € By([y,e +]) with e +v < 0. By
(ii) of Lemma C.4 (homogeneity of I(; ) and homogeneity of V(Xw), Iy (v) = V(Zw) (v) for all
v € By((—00,0)). Therefore, I(; ,y(v) = V(yw)( v) for all v € B;.

Finally, since I, ,,) on By represents =,y on Dy, under I(; y(v) = Vi u))( v) for all v € By, the

following represents a preference relation on Dy:

(38) For all f,g € D¢, f =(;4) g if and only if V(fw)(f) > V(?w)( ),
(39) VP = Soms o View) Fo i Fiat (@) ().

By Lemma C.1, Vj; ;) = Vjz o) for all w,w’ € Q. Then V(fw)(f) is rewritten as
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(40) Vg () = Zm o wcrw) View) (fo) i Fraa (W) Fi(w))

Note that under V(fw)(.), V(t’iw)(h) = Vitw)(h) for all h € H. Hence, we define V(;.(f) as

V(?w)(f) for all f € D,.1

The conclusion of the proof of sufficiency in Proposition 2:

We prove Proposition 2 by backward induction. At (T — 1,w) for all w € , Lemma C.6 is
equivalent to Proposition 2. At T — 2, for all f € D, there exists df € Dy_, that satisfies the
conditions stated in (ii) of Lemma C.2. In particular, d ~r_2.) f for all w € Q. By (ii) of A1U-
WO (transitivity) from Lemma C.1, for all f € D, we define Vip_s,,(f) = V(T_Q,w)(df), where
‘/(T_Q,w)(df) is defined in Lemma C.6. Then by Lemmas C.1 and C.6,

(A1) Vireow () = Virmow (@) = Sp e atw) Vir—2w) (@) n(Fipr (@) Fi(w)),
(42> V(T*val) (d£’> = Min5T—1,w’E[0¢T—1ﬁT_1] [(1 - 6T—1,w’)U(f<T -2, wl)) + 6T—1,w' V(Tfl,w’) (di,)]

Since df), ~r_1w) [y Vir—1,0)(f) = V(T_Lw/)(df:,). Note that V(z_; ) (f) has already been
defined above. Then,

(43)  Vir—2w(f)
= Z]-—T_l(w’)g]-—T_Q(w){[Min5T717w/€[aT_1,ﬁT_1][(1 - 5T*1,w/)U(f(T - 2,(.&)/))
+ o710 Vir-10) () [J1(Fra1 ()| F2(w)) }-

By repeatedly applying Lemmas C.1 and C.6 from 7'—1 to 0 under (ii) of A1U-WO (transitivity)

from Lemma C.1,

(44) For all f,g € D, f =) g if and only if Viy ) (f) > Virw)(9),
(45)  Vitw (f)
= 2 @) R UMD o g (1= 010U (f(E w'))
01+ 1,0 Vier 1,00 (D](Fea (@) [F(w))}
(46) Virw) (f) =U(f(T,w)) and U(f(t,w)) = Epw)lu(r)] over z € X,
(47) i is defined by Lemma C.6,

(48) u is unique up to a positive affine transformation.

Note that U is defined as a function that represents a preference relation on y € £ at time 0,
and it is shared by all V{; ). The uniqueness of u up to a positive affine transformation follows
from Lemma C.1.

Next, we define p(w) as follows:

(49)  p(w) = p(FrW)|Fr-1(w))..u(Fo(w) | Fir(w)) p(Fr(w) [ Fo(w))-
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Then, p(w) satisfies the following:

(50) Y weaPw) =1 and p(w) > 0 for all w € Q,

(6 P(Fer(@)|Fiw) = Zf"ff;jl((";’;i% .

This definition satisfies the condition for p(w) to be a probability measure with conditional
probability as in (51). By Lemma C.6, this measure is unique. Let E[.|F;(w)] be a conditional
expectation operator on Fi(w). Then we can use E[.|F;(w)] to write V{; .y (f) as

(52)  Vigw)(f) = Emins_ | efaryr,641)[(1 = 041,0)U (F(,0) + 01,0 Vi o (NI Fe(w)],
(53) Of 1, = Ofy 1 for all W, w" € Fiiq(w') C F(w),

(54) 5t+1,w’ € argminétﬂ,w/G[ﬂtﬂ,ﬁtﬂ} [(1 - 5t+1,w’) (f(t, w/)) + 5t+1,w’V(t+LW’)(f)]'

In order for (52) to be consistent with (45), the representation assigns identical discount factors
for all w”,w" € Fi11(w') € Fi(w). This condition is necessary when U(f(t,w’)) = Vizy1.0)(f),

where a set of effective selection of discount factors for f,, consist of multiple ¢; Otherwise,

5t+1 w
different discount factors on each w”,w"” € Fi11(w’) will lead to the same value of Vi; .y (f).B

L'
, is uniquely determined on Fiy 1 (w'). However, even when U (f(t,w')) = Viz41,.7)(f), assigning

Necessity: A1U-WO, A4U-CI, ATU-F, ASU-IHA, and A9U-DC are immediate. Since f € D
is a collection of lotteries and each lottery is represented by the expected utility form in Vi, .y, V(s 0
is continuous in U o f. Then A2U-C (« close to 1 and [ close to 0) is satisfied. A3U-ND follows by
the uniqueness of A, (see Gilboa and Schmeidler (1989)). For certainty acts, the representation
satisfies A6U-TVA.

Assume that for f,g € D, for all 7 € T, f(7,w) =(ow) 9(7,w) for all w € Q. Note that under
fixed discount factors, V(g on f € D is a weighted summation of U(f(t,w)), where weights are
based on a subjective prior and discount factors. Let V(o ) be (52) without minimization under a
fixed set of discount factors ¢ (d a collection of all fixed d, for all (t,w) € 73 x (2, and a collection of
all ¢ is compact). Then under any choice of discount factors 9, V(‘E)’w)( f) > V(5 )( g). Since V(g (f)
is attained as a minimum of V(‘s )( f), this result implies that V(g y(f) >
if for some 7 € 7, f(T,w) =) 9(7,w) for all w € €, then V(o )(f) > V( )( g) for any 6. Then
Viow)(f) > Viow)(9), and ASU-SMT is satisfied.

Finally, for Dy, the representation is equivalent to a state-by-state application of multiple dis-
count factors of V; .,y weighted by a subjective prior. Then A10U-SMS holds. In addition, under
Vitw), for any f,g,h € Dy and at each W' € Q, we can find I,I',]" € £ and o, 3,7 € (0,1) that
satisfy (i) of A11U-IA. Moreover, (ii) of A11U-IA considers acts in D; such that at each v’ € Q
and for all ¢ € [0, 1], plafu @ (1 —a)ly] ® (1 —@)[vhe © (1 =)0 2wy afor © (1 — )l >0

(0 w)( ). In particular,
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Yhe @ (1 —7)I7,. By Gilboa and Schmeidler (1989), V[, is superadditive among H, i.e., for all
hoh' € H, Vigwy(nh @ (1 = n)h') > nVigwy(h) + (1 = n)Vi 0y (R') for n € [0,1]. Then,

(55)  Viw(plafo ® (1= a)lu] @ (1 — @) [vhe © (1 —3)I])

> 0oVt ) (fur )+ (L= @)WVt w) (o) + 01 — ) Vg 0y (L) + (1 = @) (1 = 1) Vigy (1)
and
(56)  Viw)(@lafu ® (1 —a)ly] & (1 —¢)[yhe & (1 —7)I1)])

= V(t,w)(afw’ ©(1-a)ly) = aV(t,w)(fw’) + (1 - O‘)V(t,w)(lw’)

= Vitw) (Yher © (L= I) = YVig ) (hor) + (1 = 7)Vigw) (1)

Note that V) on f € H is a weighted summation of Uy, (h(7,w)) under some fixed discount
factors. Therefore, in order for f, h € D; to satisfy (56) (i.e., (ii) of A11U-IA), the sets of effective
selection of discount factors for f,, and h,s must have a non-empty intersection, and the set for
waf, @ (1 — p)yhy only includes elements in this intersection. This result and superadditivity of
Vit wy on H implies that for all & € (0, 1), Viy ,,) (0 fur & (1—0)h,) attains the minimum value when we
use any such element (i.e., Vi ) (0 for @ (1=0)hy) = O0V(y o) (for) +(1—=0) V(g w)(her)). Hence, among
f,g9,h € D; that satisfy (i) and (ii) of A11U-IA, the intersection of the sets of effective selection of
discount factors for f, and h,, (also, that for g, and h,,) are non-empty for all ' € Q, and for all
0 € (0.1), Vira () > Vigeo(9) i and only if Vo) (6 @ (1= 0)) = 0o (F) + (1= )Wy (h) >
Vitw) (09 @ (1 = 0)h) = 0V(1 1) (9) + (1 — 0)V4 oy (h). Then, A11U-IA holds.H
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