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Abstract

Self-control problems have typically been understood to express
themselves through a preference for commitment. For instance, an
addict may deal with his addiction by making drugs unavailable to
himself in the future, say, via rehabilitation. We suggest, however, that
self-control problems may in fact cause the absence of a preference for
commitment: an addict may be tempted to continue his addiction, and
thus, may postpone rehabilitation indefinitely. How do self-control
problems express themselves in such decision-makers?

To address this question, we provide revealed preference founda-
tions for a Gul and Pesendorfer [7, 8] style model – the primitive of the
model is a choice correspondence, rather than a preference over choice
problems as in [7, 8]. The center-piece of our analysis is the derivation
of a ranking that represents a decision-maker’s normative preference,
that is, his view of what choices he should make. The derivation is
based on preference reversals.
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1 Introduction

Research in psychology has documented a behavioral regularity called pref-
erence reversals. In a typical experiment, subjects prefer a small immediate
reward to a large delayed reward, but reverse their preference in favor of
the latter when both rewards are delayed by a common number of periods.
For instance, subjects may prefer $20 now to $30 in one month, but may
prefer $30 in two months to $20 in one month.1 The preference for the in-
ferior, but immediate reward has been interpreted in terms of a temptation
by opportunities of immediate gratification.

The idea that decision-makers experience temptation and have self-control
problems suggests that they may make choices that are, in their own view,
not the best choices. That is, there is a distinction to be made between
two ways that an agent may rank alternatives: one that reflects the choices
he makes, and one that reflects his view of which choices he should make
(call it the normative ranking). This raises two questions: first, how can one
identify an agent who has self-control problems, and secondly, can normative
preference of such an agent be elicited from observed choices?

1.1 The Commitment Approach

In [7, 8], Gul and Pesendorfer (henceforth GP) provide an axiomatic model
that addresses these questions. Their main hypothesis is that a preference for
commitment identifies the existence of a self-control problem.2 The following
example illustrates this ‘commitment approach’.

Let d denote the choice of taking an addictive drug, n the choice of not
taking the drug, and let a menu be represented by any nonempty subset of
{d, n}. Consider an addict who finds his addiction to be against his best-
interest. He is contemplating whether or not to go for rehabilitation. If
he declines rehabilitation, he faces the menu {d, n} tomorrow; otherwise he
faces {n}.3 He is aware of his self-control problem, that is, he knows that
if he faces {d, n}, he will find it hard to resist the temptation of d and may

1See Ainslie [1] for a survey of such experiments.
2Also see Strotz [18], Laibson [13] and O’Donoghue and Rabin [16].
3That is, if he declines rehabilitation, he has a choice of whether or not to take the

drug, whereas if he goes for rehabilitation, he commits himself to not taking the drug.
Disulfiram treatment for alcoholics is an example of a treatment procedure that removes
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even succumb to it. Hence, he prefers to go for rehabilitation, exhibiting the
preference

{n} � {d, n}.

That is, self-control problems lead to a preference for commitment. The
above ranking also suggests that the addict normatively prefers n over d.

However, to the extent that the addict is tempted by drugs, he may also
be tempted to continue drug usage. This may be understood in terms of
temptation by menus: temptation by d leads to temptation by the menu
{d, n} which gives the option to indulge temptations later. In such a case, if
d (and so, {d, n}) is tempting enough, the addict’s self-control problem leads
him to decline rehabilitation and to exhibit the preference

{d, n} % {n}. (1)

Therefore, when menus are tempting, self-control problems may cause the
absence of a preference for commitment. If one adopts the commitment
approach, the ranking (1) would imply that the addict is not struggling with
a self-control problem, and that he finds consuming d is in his best interest!

It appears, then, that the commitment approach is appropriate only for
those agents who are not tempted by menus. Therefore, in order to provide
answers to the earlier questions, we need a means of identifying an agent who
is tempted by menus, and of eliciting his normative preference. The relevance
for welfare policy is clear. Should addicts who do not seek treatment (that
is, exhibit the ranking (1)) be given less access to drugs? That depends on
whether (1) is coming from an addict who finds addiction to be in his best
interest (a ‘happy addict’), or one who is unable to resist the temptation to
continue drug usage. If a consumer is not observed to commit part of his
savings to a retirement fund or IRA (that is, he is not exhibiting a demand
for commitment), are we to conclude that he experiences no temptation to
overspend and thus has no use for commitment mechanisms, or could it
be that he is too tempted to overspend to want to tie his hands just yet?
Without the answer, we cannot know whether or not the consumer saves
‘too little’ for retirement, and thus, whether or not government intervention
is called for.

the option d from the menu; after taking disulfiram, ingesting even small quantities of
alcohol leads to a severe reaction.
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The purpose of this paper is to address these issues. We axiomatize two
models, one of agents who are not tempted by menus, and one of those who
are. By contrasting the axioms of the two models we identify the behavior
that distinguishes the two types. The main step involves modeling the latter
type.

1.2 A Model of Tempting Menus

Let Z denote the set of infinite horizon menus. A menu x ∈ Z is a nonempty
set of alternatives, where each alternative yields some present consumption
c ∈ C and a continuation menu y ∈ Z to be faced in the next period.4

Take % to be a preference relation over Z, and consider the following
time-line:

t=0•
x%y

————–
t=1•

(c,z)∈x
————–

t=2•
(c′,z′)∈z

—

At time 0, the agent chooses a menu x. Then at time 1, he chooses an
alternative (c, z) from x, which in turn yields immediate consumption c and
a continuation menu z to be faced at time 2. At time 2 he chooses (c′, z′) ∈ z,
and the process is repeated ad infinitum.

GP [8] adopt the preference % as a primitive and axiomatize Dynamic
Self-Control (DSC) Preferences, which describe an agent who is tempted by
immediate consumption, but not by menus. Future Temptation (FT) Pref-
erences, axiomatized in [15], extend DSC preferences to allow for temptation
by (continuation) menus in any period t > 0. However, temptation by menus
in period 0 is excluded, and thus, period 0 is ‘special’ in that it is the period
prior to the experience of temptation.

This is a problem for the FT model. Since the preference % is adopted
as a primitive, the FT agent is characterized by restrictions on %. That is,
he is identified by restrictions on his behavior in the absence of temptation.
But is this behavior observable? How do we tell if an agent is experiencing
temptation in any given period? If, somehow, we know that he is experiencing
temptation, is it possible to deduce how he would behave in the absence of

4The set Z may be viewed as homeomorphic to K(C×Z), the set of nonempty subsets
of C × Z. This is simplified version of the set Z used in subsequent sections.
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temptation? Without a means of identifying preference %, it is not clear that
the model’s foundations are based on observables.

A solution to this problem is provided in this paper. We drop the period
0 preference % as a primitive, and instead, adopt a choice correspondence C
defined over Z that summarizes choices in each period t > 0. That is, we
characterize the FT model in terms of choices from menus instead of choices
between menus. Specifically, we derive an FT preference % from C that,
firstly, represents the ranking of menus in a hypothetical period 0 where no
temptation is experienced, and secondly, generates C in a sense made pre-
cise in Section 2. This may be viewed as a non-standard revealed preference
model. In standard revealed preference theory, choices over alternatives are
generated by a preference over alternatives, while here choices over alterna-
tives are, in a sense to be made precise, generated by a preference over sets
of alternatives (menus).

It merits emphasis that choices captured by C are subject to temptation,
whereas the preference % derived from C represents choices that would be
made in the absence of temptation. The derivation of such a temptation-free
preference is accomplished via preference reversals.

1.3 The Preference Reversal Approach

The opening example of a preference reversal suggests that the temptation
of the earlier reward could not be resisted when subjects chose between $20
now and $30 in a month, but it became possible to resist when both re-
wards were delayed sufficiently. Hence, preference reversals lend themselves
to the observation that delayed temptations are easier to resist than imme-
diate temptations.

This observation suggests a way of deriving the hypothetical period 0
preference % from C. For any menu x, let x+t denote the menu in Z that
gives fixed consumption c for t periods, and x in period (t + 1). Consider
menus of the form x+t ∪ y+t that offer a choice between receiving x after
t periods and receiving y after t periods. For t that is sufficiently large to
induce a preference reversal, C(x+t∪y+t) reveals the agent’s ranking of x and
y after any possible temptation by the menus is resisted. This ranking, by
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construction, represents choice between menus in the absence of temptation,
and thus uncovers %.5

To connect with earlier discussion, we note that preference reversals pro-
vide a way to elicit normative preference from observed choices. The observed
ranking of two alternatives a and b differs from the normative ranking only
when the agent submits to temptations. Hence the ranking of the alter-
natives in the absence of temptation reflects the normative ranking. Since
the post-preference reversal ranking of a and b is the ranking observed af-
ter temptation is resisted, it follows that this ranking uncovers normative
preference. Indeed, the preference % derived above is the agent’s normative
preference over menus.

1.4 Outline of the Paper

Section 2 provides formal details of our model of tempting menus and elu-
cidates the discussion in Section 1.2 regarding the problem associated with
taking preference over menus as a primitive. Section 3 presents axioms and
the representation result. Section 4 presents a behavioral definition of norma-
tive preference based on preference reversals, and clarifies how this definition
is used to derive the preference % from C. This section answers one of the
two questions raised in this introduction: how can we elicit the normative
preference of an agent who is tempted by menus.

Section 5 answers the other question: how can we distinguish between
an agent who is tempted by menus, and one who is not. Still adopting C
as a primitive, we axiomatize a model where menus are not tempting. By
contrasting the axioms of this model and our model of tempting menus, we
provide a test that distinguishes between the agents under consideration.
The behavioral expression of a temptation by menus is a preference for early
choice.

Section 6 summarizes the answers to the questions asked in the Introduc-
tion, and cites evidence in support of a preference for early choice.

Section 7 discusses in detail our definition of normative preference. It
provides sufficient conditions for its existence, contrasts the definition with

5This is not a perfectly accurate description of %. The actual construction involves
taking the limit of a sequence of preferences relations.
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that of GP, inquires into how normative preference can be approximated
in practice and argues that in suitable settings, the definition captures the
notion of an agent’s ethics.

All proofs are collected in appendices.

2 The Model

For any compact metric space X, ∆(X) denotes the set of all probability
measures on the Borel σ-algebra of X, endowed with the weak convergence
topology; ∆(X) is compact and metrizable [17]. Let K(X) denote the set
of all nonempty compact subsets of X. When endowed with the Hausdorff
topology, K(X) is a compact metric space [4, p. 222].

The set C is a compact metric space that contains possible consumption
levels. The set of choice problems is Z. Each choice problem z ∈ Z is a com-
pact set of lotteries, where each lottery is a measure over current consumption
and a continuation menu. Thus Z can be identified with K(∆(C × Z)). See
[8] for the formal definition of Z and the homeomorphism between Z and
K(∆(C × Z)). In particular, Z is compact metric.

Future Temptation Preferences
In [15], we study a GP-style model that allows for tempting menus. The

model adopts a binary relation % over Z as a primitive, and axiomatizes
Future Temptation (FT) preferences. Say that % is an FT preference if it
has a representation W : Z −→ R of the following form: there exist δ and γ,
0 < γ < δ < 1, and continuous functions u, v : C −→ R, U, V : ∆(C×Z) −→
R and V : Z −→ R such that for all x ∈ Z,

W (x) = max
µ∈x

{U(µ) + V (µ)−max
η∈x

V (η)}, (2)

where

U(µ) =

∫
C×Z

(u(c) + δW (y)) dµ(c, y),

V (µ) =

∫
C×Z

(
v(c) + γV (y)

)
dµ(c, y),

V (x) = max
η∈x

V (η).
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To understand the representation, begin by noting that W ({µ}) = U(µ)
for any singleton menu {µ}. Thus U captures the agent’s utility under com-
mitment. Anticipating results in Section 4, we interpret U as a represen-
tation of the agent’s normative preference, and thus refer to it as norma-
tive utility.6 Interpreting V as temptation utility, the non-positive term
(V (µ)−maxη∈z V (η)) can be understood as the cost of self-control, that is,
the cost incurred when the most tempting item in z is not chosen. Hence,
(2) states that the utility W of a menu x is the maximum value of normative
utility net of self-control cost.

According to the functional form for U , normative utility depends on
utility from current consumption, and the utility W from a continuation
menu discounted by δ. Temptation utility V depends on current consumption
and the temptation value V of continuation menus discounted by γ. The
restriction γ < δ embodies the property that it is easier to resist a temptation
when it is pushed into the future. As the form of V shows, continuation
menus are as tempting as the most tempting item contained in them. The
functional form with γ = 0 is a representation of GP’s Dynamic Self-Control
Preferences [8], which exhibit temptation by immediate consumption only.

Recall the time-line in the Introduction. The preference % is defined over
menus, and thus describes how the agent would choose between menus in
some period 0. But the representation is also suggestive of how he would
choose from a menu in subsequent periods: The term ‘maxη∈x V (η)’ in (2)
is a constant when x is given, and so, when maximizing over µ in x, he
maximizes

U(·) + V (·).

Thus, the representation suggests that choice from menus is captured by the
choice correspondence C(·,%) over Z defined by

C(x,%) = arg max
µ∈x

{U(µ) + V (µ)}. (3)

That is, his choice from any given menu is a compromise between normative
utility and temptation utility.

Though C(·,%) is defined in terms of one representation of %, C(·,%) does

6GP adopt the more neutral term ‘commitment utility’.
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not depend on the particular representation.7 That is, a given FT preference
% generates a unique choice correspondence C(·,%).

A Question of Foundations
The preference % represents choice in the absence of temptation. To see

this, observe that a period 0 choice between menus x and y is determined by
solving

max
{x,y}

{W (·)}. (4)

A parallel choice problem arises in any period t > 0 if the agent chooses from
the menu

{(c, x), (c, y)}.

Since no choice of current consumption is involved, the choice from this menu
may be viewed as a period t > 0 choice between menus x and y. The choice
between the menus is determined by C({(c, x), (c, y)},%), that is, by solving

max
{(c,x),(c,y)}

{u(·) + δW (·) + v(·) + γV (·)}.

Ignoring current consumption, the problem becomes

max
{x,y}

{W (·) +
γ

δ
V (·)}. (5)

Compare problems (4) and (5) and conclude that, in general, period 0
choice between x and y is different from the corresponding choice in any
period t > 0. That is, period 0 is special. Since V captures temptation
utility from menus, it is evident that period 0 choice between menus is not
subject to temptation by menus.

The characterization of the FT model offered in [15] therefore involves
restrictions on the ranking of menus in the absence of temptation – in order
to verify that an agent has FT preferences, one needs to obtain this ranking.
But can this be done? If there exists some period 0, how can it be identified,

7To see this, call (U, V ) a representation of%. If% exhibits a preference for commitment
(x � x ∪ y for some x, y) then, by [7, Thm 4], (U ′, V ′) is another representation of % if
and only if there exists α > 0 and βU , βV such that U ′ = αU + βU and V ′ = αV + βV . If
% does not exhibit a preference for commitment, then without loss of generality, V = 0,
and U is unique up to an affine transformation. In either case, any representation of %
would give rise to the same C(·,%).
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that is, how do we conclude that an agent is not experiencing temptation?
Even if we could identify period 0, an agent who is tempted by menus will,
in general, experience temptation in all periods. In such a scenario, can we
deduce how he would behave in the absence of temptation? Indeed, it is not
clear that the FT model’s primitive preference % is observable.8

Alternative Foundations
We provide an alternative characterization of FT preferences that is in

terms of restrictions on period t > 0 choices from menus, instead of period
0 choices between menus. Let these choices be summarized by a choice cor-
respondence C(·) over Z. For any choice correspondence C(·) and any FT
preference %, say that % generates C(·) if for all x ∈ Z,

C(x) = C(x,%).

Our problem is to find restrictions on C(·) that imply the existence of an
FT preference % that generates C. That is, under what conditions can we
say that, in a hypothetical period 0 where no temptation is experienced, the
agent’s ranking of menus % is an FT preference? The problem is complicated
by the fact that our data, C, consists of choices that are subject to tempta-
tion, whereas we want to derive from C the agent’s choices in the absence of
temptation.

In the next section, we define a class of choice correspondences such that,
for any C in this class, there exists a unique FT preference % that generates
C. Thus, any agent whose choice correspondence belongs to this class may
be regarded as an FT agent. The converse also holds – any choice correspon-
dence C(·,%) generated by an FT preference % belongs to this class.

3 Axioms and Representation Result

To ease notation, let ∆ denote ∆(C × Z). Generic elements of Z are x, y, z
whereas generic elements of ∆ are µ, η, ν. For α ∈ [0, 1], αµ+(1−α)η ∈ ∆ is
the measure that assigns αµ(A)+(1−α)η(A) to each A in the Borel σ-algebra
of C ×Z. Similarly, αx + (1−α)y ≡ {αµ + (1−α)η : µ ∈ x, η ∈ y} ∈ Z is a

8GP note that DSC preferences do not suffer from this problem of non-observability.
When only immediate consumption is tempting (γ = 0), problems (4) and (5) are identical,
and hence, any period serves as period 0.
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mixture of the choice problems x and y. Denote these mixtures more simply
by µαν and xαy respectively.

The primitive of the model is a closed-valued choice correspondence C :
Z  ∆(C×Z) such that for all x ∈ Z, C(x) 6= φ and C(x) ⊂ x. It represents
the choices the agent would make out of menus at any point in time. We
introduce some notation to aid exposition:

• Fix c ∈ C throughout. For any x, define x+1 ≡ (c, x) and inductively
for t > 1, x+t = (c, x+(t−1)). Then x+t ∈ ∆ is the alternative that yields
menu x after t > 0 periods, and c in all periods between time 0 and t. We
write {µ}+t as µ+t and identify µ+0 with µ.

• The option that gives x ∪ y (resp. xαy), after t periods is denoted
(x ∪ y)+t (resp. (xαy)+t).

• Let ' denote the revealed preference relation (defined on ∆) that is
generated by choices from binary menus, that is,

µ ' η ⇐⇒ µ ∈ C({µ, η})
µ ≈ η ⇐⇒ {µ, η} = C({µ, η})
µ > η ⇐⇒ {µ} = C({µ, η}).

Consider the following axioms on C(·). The quantifiers ‘for all µ, η ∈ ∆,
x, y ∈ Z, c, c′, c′′ ∈ C, and α ∈ [0, 1]’ should be understood.

Axiom 1 (WARP) If µ, η ∈ x ∩ y, µ ∈ C(x) and η ∈ C(y), then
µ ∈ C(y).

This is the standard Weak Axiom of Revealed Preference. It imposes a
minimal consistency requirement on choices.

Axiom 2 (Continuity) C(·) is upper hemicontinuous.

Upper hemicontinuity of C suggests that ' is continuous.9 Indeed, upper
hemicontinuity results from the maximization of a continuous preference over
compact sets.

9Formally, upper hemicontinuity implies that if {xn} is a sequence of menus converging
to x, and µn ∈ C({xn}) for each n, then the sequence {µn} has a limit point in C({x}).
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Axiom 3 (Independence) µ > η =⇒ µαν > ηαν.

This is the familiar Independence axiom.

Axiom 4 (Separability) For all t ≥ 0,

(
1

2
(c, x) +

1

2
(c′, x′))+t ≈ (

1

2
(c, x′) +

1

2
(c′, x))+t.

Separability states that when comparing two lotteries (delayed by the
same number of periods), the agent only cares about the marginal distribu-
tions on C and Z induced by the lotteries. That is, only marginals matter,
and correlations between consumption and continuation menus do not affect
the agent’s choices.

Axiom 5 (Indifference to Timing) For all t > 0,

x+tαy+t ≈ (xαy)+t.

Under both rewards x+tαy+t and (xαy)+t, the agent faces x after t periods
with probability α and y after t periods with probability (1−α). However, un-
der x+tαy+t, the uncertainty will be resolved today, whereas under (xαy)+t,
the uncertainty will be resolved after t periods. That is, the two rewards
differ only in the timing of resolution of uncertainty. Indifference between
the rewards suggests indifference to the timing of resolution of uncertainty.

Axiom 6 (Set-Betweenness) For all t > 0,

x+t ' y+t =⇒ x+t ' (x ∪ y)+t ' y+t.

Set-Betweenness expresses the idea that the agent anticipates experienc-
ing temptation in menus and may exert self-control when making choices
from menus. To illustrate, fix some delay t > 0, and consider µ, η ∈ ∆ be
such that {µ}+t > {µ, η}+t. The preference for commitment to µ reveals that
η is tempting. When {µ, η}+t ≈ {η}+t holds, the indifference suggests that
the agent would choose the same item whether faced with {µ, η} or {η}. That
is, choice from {µ, η} is η and so, the agent succumbs to temptation. On the
other hand, the ranking {µ, η}+t > {η}+t suggests that µ is chosen from
{µ, η} and so, the agent resists temptation, that is, he exerts self-control.
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GP would interpret the ranking {µ}+t ≈ {µ, η}+t ' {η}+t as saying that
no temptation is experienced in the menu {µ, η}. However, this ranking
permits a weaker interpretation: it is also consistent with an overwhelming
temptation by µ. The reward µ is so tempting that he prefers {µ, η}+t

over {η}+t, that is, he submits to the temptation of the menu {µ, η} that
contains the tempting reward µ. The indifference between {µ}+t and {µ, η}+t

is another expression of the overwhelming temptation by µ – he foresees that
he will choose µ in either menu, and so he is indifferent between them.

Axiom 7 (Sophistication) Suppose µ+t > η+t for t > 0. Then,

{µ, η}+t ≈ {η}+t ⇐⇒ η ' µ.

As the name suggests, this axiom connects the agent’s expectation of his
future choices with his actual choices. The indifference between facing {µ, η}
or {η} after t periods suggests that the agent expects himself to choose η if,
after t periods, he faces the menu {µ, η}. The actual choice from {µ, η} after
t periods is given by C(·), since C(·) is time-invariant. The axiom says that
the agent’s expected choice and actual choice coincide.

Axiom 8 (Preference for Early Choice) For all t > 0,

x+t > (x ∪ y)+t ⇐⇒ {(c, x)}+t > {(c, x), (c, y)}+t.

Preference for Early Choice indicates that the presence of temptations in
a menu make it tempting. The preference for commitment exhibited by the
left-hand-side ranking implies that the menu y contains temptations. The
right-hand-side ranking states that y is a tempting menu. Thus, the axiom
states that y is tempting if and only if y contains tempting items.

The name of the axiom comes from the following observation about the
right-hand-side ranking. Under {(c, x), (c, y)}+t, the agent has the opportu-
nity to decide after t periods whether to face x in the (t + 1)th period or
y. Under {(c, x)}+t, the agent has no choice but to facing x in the (t + 1)th

period. Therefore right-hand-side ranking indicates that the agent would
rather not leave himself with the flexibility offered by {(c, x), (c, y)}+t. That
is, he prefers to make an early decision about whether or not to face x in the
(t + 1)th period. Hence the name.10

10Note that the axiom says more: such a preference arises if and only if y contains
tempting items.
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Axiom 9 (Reversal) If µ / η and µ+T ' η+T with at least one ranking
strict, then µ+t > η+t for all t > T.

This axiom imposes the structure of preference reversals on C. That
is, if pushing a pair of rewards into the future changes its ranking, then
the reversed ranking is maintained for all subsequent delays in the rewards.
Following the evidence on preference reversals, the axiom allows no more than
one reversal for any pair of rewards. However, the axiom can be weakened to
allow for at most finite number of reversals for any pair of rewards without
altering any results.

As a simple consequence of Reversal we obtain a function τ : ∆×∆ → R
such that for any pair of rewards µ, η, τ(µ, η) is the number of periods that
µ and η need to be delayed before a preference reversal is observed; if no
reversal is observed, then τ(µ, η) = 0.11

Axiom 10 (Commitment is Normative) Suppose x+t > (x∪y)+t. Then

τ(x+t, (x ∪ y)+t) = 0 and τ is continuous at (x+t, (x ∪ y)+t).

If, in addition, (x ∪ y)+t > y+t, then

τ((x ∪ y)+t, y+t) = 0 and τ is continuous at ((x ∪ y)+t, y+t).

Before interpreting the axiom, note that the ranking x+t > (x ∪ y)+t not
only reveals that y is a menu that contains temptations, but also that y is
not an overwhelmingly tempting menu; if it were, we would have observed
(x∪y)+t ' x+t. Hence a t period delay makes the temptation by y is resistible.
Consequently, and this is what the first part of the axiom essentially states,
the ranking between x+t and (x∪y)+t is temptation-free. Temptation-freeness
is expressed behaviorally in terms of the function τ , as explained below.

11Formally, for each µ, η there exists τ(µ, η) ≥ 0 such that if τ(µ, η) = 0, then for all t,

µ+τ(µ,η) ' η+τ(µ,η) ⇐⇒ µ+t ' η+t,

and if τ(µ, η) > 0 and µ ' η, then

µ >t η for all t ≥ τ(µ, η) and µ /t η for all t < τ(µ, η).

See Lemma 1, Appendix B.
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As argued in Section 1.3, reversals occur only when the agent experiences
overwhelming temptation. Since the ranking between x+t and (x ∪ y)+t is
temptation-free, pushing both alternatives into the future should not change
the ranking, that is, τ(x+t, (x ∪ y)+t) = 0.

Furthermore, the temptation-freeness of the ranking of x+t and (x∪ y)+t

suggests that the ranking of neighboring pairs of rewards should not be ‘sig-
nificantly’ influenced by temptation. In particular, if a preference reversal is
observed for neighboring rewards, the time of the reversal should be ‘small’
– the smaller a temptation, the smaller the delay required in order to resist
it. This can be expressed thus: if a pair of rewards (µ′, η′) is close to (µ, η),
then the time of the reversal τ(µ′, η′) is close to τ(x+t, (x ∪ y)+t) = 0. This
completes our explanation of the first part of the axiom.

The second part has the exact same justification once it is noted that if a
t period delay makes the temptation by y resistible, then it should also make
the temptation by x ∪ y resistible since x ∪ y is tempting only to the extent
that it contains y. That is, x+t > (x∪ y)+t implies that the ranking between
(x ∪ y)+t and y+t is temptation-free.

Finally, C(·) is said to be nondegenerate if there exist menus x and y such
that y+1 ' x+1 and for some t,

x+t > (x ∪ y)+t > y+t.

Nondegeneracy implies that the agent experiences temptation and exerts self-
control in some menu x ∪ y. Since y+1 ' x+1 and x+t > y+t, nondegeneracy
also implies that C(·) exhibits a preference reversal for the pair x+1, y+1.

Before stating the representation theorem, recall from Section 2 that an
FT preference % generates C(·) if for all x ∈ Z,

C(x) = C(x,%), (6)

where C(·,%) is defined by (3). Also, say that % is nondegenerate if there
exists x and y such that

x � x ∪ y � y.

Theorem 1 If the nondegenerate choice correspondence C(·) satisfies Ax-
ioms 1-10, then there exists a unique nondegenerate FT preference % that
generates C(·). Conversely, if C(·) is generated by an FT preference %, then
C(·) satisfies Axioms 1-10.
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Thus, an agent whose choice correspondence satisfies Axioms 1-10 can
be viewed as an FT agent. Conversely, the choices of an FT agent satisfy
Axioms 1-10.

4 Normative Preference and %

Turn to the construction of the FT preference % in Theorem 1. The con-
struction is based on a behavioral definition of normative preference. We will
also show that this definition gives us a way of justifying our interpretation
in Section 2 of the function U as normative utility.

The choice correspondence C(·) yields a set of preference relations {'t}∞t=0

defined over ∆, where for each t ≥ 0 and µ, η ∈ ∆,

µ 't η ⇐⇒ µ+t ∈ C({µ+t, η+t}).

That is, for any µ, η ∈ ∆, the preference 't ranks µ and η when both
rewards are to be received t periods later. Thus, {'t} captures how the
agent’s current period preference over ∆ changes as ∆ is pushed into the
future, so to speak.

By the Reversal axiom, C(·) exhibits preference reversals. As observed
earlier, preference reversals are a manifestation of the ability to resist delayed
temptations. Thus, as t increases, the influence of temptation on choice di-
minishes and 't provides an increasingly better approximation of the agent’s
underlying normative preference %∗ over ∆.12 For this reason, it is intuitive
that %∗ be identified with the ‘limit’ of the sequence {'t}.

To be formal, say that a binary relation B on ∆ is nonempty if µBη for
some µ, η ∈ ∆. Adapting Kannai [10], identify any nonempty continuous
binary relation on ∆ with its graph, a nonempty compact subset of ∆×∆.
Thus, the space of nonempty continuous preferences on ∆ can be identified
with P = K(∆ × ∆), the space of nonempty compact subsets of ∆ × ∆
endowed with the Hausdorff metric topology. See Appendix A for details
about the topology.

12Note that temptation is what causes choice to deviate from normative preference, and
hence, choice in the absence of temptation reveals normative preference.
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Definition 1 The normative preference %∗ over ∆ is the limit of the
sequence {'t} in P .

Normative preference plays a fundamental role in the construction of
the temptation-free preference % over Z in Theorem 1. Since normative
preference is essentially the temptation-free ranking of ∆, the preference %
is simply the normative preference over Z defined by

x % y ⇐⇒ x+1 %∗ y+1,

for all x and y. Theorem 1 establishes that under Axioms 1-10 imposed
on C(·), the normative preference %∗, and hence the preference %, is well-
defined. Furthermore, the Theorem establishes that % is in fact the unique
FT preference that generates C(·).

We interpreted the function U in the representation of FT preference as
normative utility (Section 2). Next, we provide justification for this inter-
pretation.

For any FT preference %, a normative preference %∗ is said to be elicited
from % if it is derived as above.13 Call (U, V ) a representation of the FT
preference % if U and V have the functional form given by (2). Theorem 2
establishes that U is a representation of the normative preference %∗ elicited
from %.

Theorem 2 If (U, V ) represents a nondegenerate FT preference % and the
normative preference %∗ is elicited from %, then U is a representation of %∗ .

5 No Temptation by Menus

Having modelled an agent who is tempted by menus, we now model one who
is not tempted by menus.

As noted in Section 3, temptation by menus is captured by Preference for
Early Choice. Observe that the axiom permits,

{(c, x)}+t > {(c, x), (c, y)}+t,

13First, the choice correspondence C(·,%) is derived from % by defining it as in (3).
Then, a set of preference relations {'t}∞t=0 defined over ∆ is obtained from C(·,%), where
for each t ≥ 0 and µ, η ∈ ∆, µ 't η ⇐⇒ µ+t ∈ C({µ+t, η+t},%). Finally, %∗ is defined as
the limit of the sequence {'t}, as in Definition 1.
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that is, committing now to receiving x in t+1 periods is preferred to leaving
the decision open till the tth period. The following axiom rules this out.

Axiom 11 (Menus Do Not Tempt) For all t > 0,

{(c, x)}+t ' {(c, y)}+t =⇒ {(c, x)}+t ≈ {(c, x), (c, y)}+t.

That is, there is no benefit of making earlier decisions about menus which
are to be faced in the future. This is to be expected from agents who are
not tempted by menus. We explore the consequences for the representation
of replacing Preference for Early Choice with Menus Do Not Tempt.

Let %CT be a binary relation over Z that is represented by some function
WCT : Z −→ R. Say that %CT is a Current Temptation (CT) preference if
there exists δ ∈ (0, 1), γ ≥ 0 and continuous functions u, v : C −→ R such
that for all x ∈ Z,14

WCT (x) = max
µ∈x

{U(µ) + V (µ)−max
η∈x

V (η)},

where

U(µ) =

∫
C×Z

(
u(c) + δWCT (y)

)
dµ(c, y) (7)

V (µ) =

∫
C×Z

(
v(c) + γWCT (y)

)
dµ(c, y).

CT preferences differ from FT preferences in two ways. First, here γ may
be zero, yielding GP’s Dynamic Self-Control preferences where current con-
sumption is the only source of temptation utility. Second, if γ > 0, then
the temptation utility of a continuation menu is next-period utility from the
menu, as opposed to the maximum temptation utility in the menu for FT
preferences. Note that for CT preferences, if γ > 0, then commitment and
temptation utility never disagree when it comes to choice between continua-
tion menus, and hence, continuation menus do not tempt.

As before, say that %CT generates C(·) if

C(x) = arg max
µ∈x

{U(µ) + V (µ)}.

Theorem 3 is the main result of this section.
14Need to be sure that W is well-defined for any given u, v, δ, γ. Need some fixed point

theorem...Unique W not needed....
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Theorem 3 If the nondegenerate choice correspondence C(·) satisfies Ax-
ioms 1-5,7-11, then there exists a nondegenerate CT preference %CT that
generates C(·). Conversely, if C(·) is generated by a CT preference %CT ,
then C(·) satisfies Axioms 1-5,7-11.

Theorem 3 tells us that the preferences studied by GP [8] (where γ = 0)
and those studied by Krussel, Kurusçu and Smith [12] (where γ > 0) are
models of agents who are not tempted by menus, and furthermore, these are
the only models of this type.

Next we provide the counterpart of Theorem 2 for CT preferences. Call
(U, V ) a representation of the CT preference %CT , where U and V have the
above functional forms. The definition of ‘normative preference %∗ is elicited
from %CT ’ is analogous to the counterpart in the previous section.

Theorem 4 If (U, V ) represents a nondegenerate CT preference %CTand the
normative preference %∗ is elicited from %CT , then U is a representation of
%∗ .

6 The Addict Revisited

In the Introduction we asked two questions: first, how can we distinguish an
addict who finds taking drugs to be in his best interest (a happy addict) from
one who thinks otherwise but cannot resist the temptation to take drugs (an
unhappy addict), and second, how can the normative preference of the latter
be elicited. We answer these questions by summarizing and discussing results
from preceding sections.

6.1 Behavioral Distinction

One way to try distinguishing the two is through their respective demands for
commitment mechanisms. But as argued in the Introduction, in the presence
of a temptation by menus, the demand for commitment cannot distinguish
a happy and unhappy addict. To recall the argument, consider the following
table. Say that an unhappy addict is of type CT if he is not tempted by
menus, and of type FT if he is.
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happy unhappy unhappy
addict CT addict FT addict

commits no yes maybe

A happy addict has no use for commitment mechanisms, whereas an
unhappy addict does. However, while a CT addict demands commitment,
an FT addict may be tempted not to commit, and so may not demand
commitment. Hence, an addict who does not commit may either be a happy
addict, or an FT addict. Conclude that a happy and unhappy addict cannot
be distinguished by observing their demand for commitment.

The problem is solved if we can distinguish between a CT and FT addict.
As noted in the previous section, an agent who is tempted by menus prefers
to make early choices in order to deal with temptation, that is, he exhibits
the following ranking for some x, y and t:

{(c, x)}+t > {(c, x), (c, y)}+t.

The absence of such behavior implies the absence of temptation by menus.
Hence, a preference for early choice separates an FT addict from a CT addict.
The following table summarizes the discussion.

happy unhappy unhappy
addict CT addict FT addict

commits no yes maybe

prefers early choice no no yes

Having given behavioral meaning to the term ‘temptation by menus’, we
can ask if there is any evidence of such temptation. That is, is there any
evidence of a preference for early choice? The results of Benartzi and Thaler
[3] provide support. Benartzi and Thaler introduce a saving-enhancement
plan, called the ‘Save More Tomorrow’ (SMT) plan. Subjects in a firm are
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given the opportunity to commit in advance to allocating a portion of their
future salary increases towards retirement savings. Observe that opting for
this plan implies a preference for early choice since subjects would rather
not leave the allocation decision for when the salary increase actually takes
place.

The authors implemented the plan in several firms, and found a signif-
icant demand for it. In one implementation, 27% (216 of 816) of the firm’
employees opted to use the SMT plan. Of those employees who actually
attended a seminar on the plan, 46% (196 of 426) opted to use it. In another
implementation, the authors report that 78% of subjects (162 of 207) who
were offered the plan opted to use it. Of those who participated in the plan,
80% remained in the plan through four pay raises. Furthermore, average
saving rates for the participants increased almost four-fold (from 3.5% to
13.6%) over the course of 40 months.

6.2 Eliciting Normative Preference

Now we come to the question of how the normative preference of unhappy
addicts may be elicited. Since FT preferences model an FT addict and CT
preferences model a CT addict, Theorems 2 and 4 tell us that normative
preference %∗ of each type can be elicited by taking the limit of the ranking
of alternatives as the delay with which the alternatives are to be received
goes to infinity (Definition 1). See Section 7.5 for more on how to elicit %∗.

An alternative means of obtaining information about %∗ is through a
preference for commitment or preference for early choice. For instance, con-
sider an addict’s choice of whether or not to enter rehabilitation. Entering
rehabilitation leads the addict to face the menu {n} in the next period and
declining it leads to {n, d}, where n denotes ‘no drugs’ and d denotes ‘drugs’.
A CT addict exhibits a preference for entering rehabilitation immediately:

{n}+1 > {n, d}+1,

revealing n �∗ d. That is, a preference for rehabilitation reveals that he
finds n better for his welfare. An FT addict may not prefer rehabilitation
immediately due to a temptation to postpone rehabilitation. However, he
prefers to commit in advance to entering rehabilitation:

{{n}+1}+t > {{n}+1, {n, d}+1}+t,
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for some large t. This commitment to entering rehabilitation in the future
reveals that he finds n preferable to d in terms of best-interest, that is n �∗ d.

7 Discussion: Normative Preference

This section presents and discusses an abstract definition of normative pref-
erence that is independent of the setting of the models in this paper. We
provide sufficient conditions for the existence of normative preference, con-
trast our definition with that of GP, inquire how normative preference can
be approximated in practice and finally, look at another interpretation of the
definition.

7.1 Definition

First define normative preference for a more general setting. Let ∆ be any
compact metric space that represents some set of rewards with generic ele-
ments µ, η, ν, and take as given a set of preference relations {'t}∞t=0 on ∆
which captures current period preference over ∆ as ∆ is delayed. Normative
preference %∗ over ∆ is defined as in Definition 1, repeated below:15

Definition 1 The normative preference %∗ over ∆ is the limit of the
sequence {'t} in P .

As before, the definition rests on the observation that delayed temptations
are easier to resist than immediate ones. Roughly speaking, the ranking of
alternatives that are delayed by an infinite number of periods reveals the
ranking in the absence of temptation. Normative preference is identified
with this temptation-free ranking, since temptation is what drives a wedge
between choice and normative preference.

7.2 Existence

In order to explore sufficient conditions for the existence of %∗, consider the
following axioms on {'t}.

Axiom A1 (Order ∗) 't is complete and transitive, for all t.

15The set P is defined as K(∆×∆), the space of nonempty compact subsets of ∆×∆
endowed with the Hausdorff metric topology.
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Axiom A2 (Continuity∗) The sets {η : µ 't η} and {η : η 't µ} are
closed, for all t.

Axiom A3 (Reversal∗) If µ /0 η and µ 'T η with at least one ranking
strict, then µ >t η for all t > T.

These arguably mild axioms are sufficient for the existence of a normative
preference %∗.

Theorem 5 If {'t} satisfies A1-3, then %∗ is well-defined, complete, tran-
sitive and continuous.

7.3 GP’s Definition

In order to define normative preference over ∆ at some time (say period 1),
GP’s definition requires an ex-ante (say period 0) preference relation % de-
fined over K(∆), the set of nonempty compact subsets of ∆. Their definition
of normative preference depends on the period 0 preference over alternatives
available for consumption in period 1. Formally, define commitment prefer-
ence as follows.

Definition 2 The commitment preference over ∆ is the restriction of
% to ∆ ⊂ K(∆).

That is, commitment preference over alternatives in ∆ is defined as the
agent’s preferences under commitment. GP claim that commitment prefer-
ence defines normative preference – a preference to go to restaurant {v} that
serves only vegetarian meals v rather than restaurant {b} that serves only
burgers b supposedly reflects a dieter’s period 0 view about what he should
have for dinner in period 1.

However, there are at least two objections to identifying normative pref-
erence with commitment preference. Firstly, as before, a temptation to have
a burger can induce a dieter to be tempted to go to a restaurant that serves
only burgers, thereby creating a gap between commitment preference and
normative preference (see the next subsection). Indeed, a necessary condi-
tion for the two to coincide is that the agent not be tempted by menus.
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A second objection arises from the fact that commitment preference is
a period 0 ranking of alternatives in ∆, and by itself, this ranking does not
communicate anything about the agent’s normative ranking of alternatives
in ∆ in period 1.16 The agent’s notion of his best interest in period 1 may be
inconsistent with his period 0 perspective. That is, he may have dynamically
inconsistent normative preferences. It follows that commitment preference is
not an appropriate definition of welfare in such a case. Indeed, the idea of
‘welfare’ is not even well-defined for this agent.

Our definition is immune to these objections. Firstly, whether an agent
is tempted by menus or not does not affect the intuition that goes into
our definition. Secondly, in order to derive the normative preference of an
agent at time t, we only need information about his preferences over delayed
alternatives at time t. Hence, any dynamic model that contains the data
necessary to derive normative preference at every t can also be checked for
dynamic consistency of normative preference. The models axiomatized in
this paper have dynamically consistent normative preference – normative
preference at every t > 0 is identical and stationary, and Theorems 2 and
4 assure us that the period 0 ex-ante preference % is constructed such that
there is no dynamic inconsistency between normative preference in period 0
and any other period.

7.4 Commitment Preference vs Normative Preference

We demonstrate that when menus are tempting, observed (t > 0) commit-
ment preference does not coincide with normative preference. Consider an
agent with a nondegenerate choice correspondence C that satisfies Axioms
1-10. The observed ranking of any pair of menus x, y is captured by

C({(c, x), (c, y)}).

That is, we observe a ranking � defined by

x � y ⇐⇒ (c, x) ∈ C({(c, x), (c, y)}).

From the representation of C it can be deduced that � is represented by the
function

16The objection holds for any ex-ante definition of welfare. For instance, see O’Donoghue
and Rabin [16].
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φ(x) = max
µ∈x

(U(µ) + V (µ))− (1− γ

δ
) max

η∈x
V (η).

However, � satisfies the axioms of GP [7].17 Therefore, by GP [7, Theo-

rem 1], there exist functions φ̂ : Z −→ R and Û , V̂ : ∆ −→ R such that

φ̂(x) = max
µ∈x

Û(µ) + V̂ (µ)−max
η∈x

V̂ (η),

where φ̂ represents �. Assuming that Û is not an affine transformation of
V̂ , the functions Û , V̂ are related to U, V by

Û(µ) = U(µ) +
γ

δ
V (µ),

V̂ (µ) = (1− γ

δ
)V (µ).

The function Û is a representation of commitment preference in GP’s model:
observe that φ̂({µ}) = Û(µ) for all µ, and apply Definition 2. By Theorem
2, the function U is a representation of normative preference (Definition 1).

Conclude that Û does not represent normative preference since some temp-
tations are incorrectly attributed to normative preference. This establishes
that commitment preference does not coincide with normative preference
when menus are tempting. When menus are not tempting (γ = 0), the two
coincide.

7.5 Approximation

Our definition of normative preference %∗ (Section 7.1) relies on a large
amount of information {'t}∞t=0. Eliciting the normative preference over two
alternatives apparently requires an infinite number of observations. This sec-
tion shows that if each 't satisfies the vNM axioms, %∗ may be conveniently
approximated by the preference 'τ that summarizes post-preference reversal
rankings. Formally, define 'τ by

µ 'τ η ⇐⇒ µ 'τ(µ,η) η,

for all µ, η ∈ ∆.

17This verified in Appendix C.
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First we show that %∗ and 'τ may differ in general. Consider the follow-
ing characterization of %∗. The set Ω of points in ∆×∆ on which τ is upper
semicontinuous is given by

Ω = {(µ, η) ∈ ∆×∆ : (µn, ηn) → (µ, η) =⇒ lim sup
n→∞

τ(µn, ηn) ≤ τ(µ, η)}.

Lemma 4 (Appendix B) establishes that

µ �∗ η ⇐⇒ [µ >τ η and (µ, η) ∈ Ω]. (8)

Hence, µ �∗ η if and only if, firstly, the post-preference reversal ranking is
given by µ >τ(µ,η) η and secondly, τ is upper semicontinuous at (µ, η). Note
that if µ ≈τ η, then µ ∼∗ η. It follows that the set Λ ⊂ ∆×∆ on which %∗

and 'τ differ is

Λ = {(µ, η) : µ >τ η and (µ, η) 6∈ Ω}.

By (8), µ ∼∗ η for every (µ, η) ∈ Λ.

To understand why %∗ and 'τ may differ, consider (µ, η) ∈ Λ such that
µ > η, τ(µ, η) = 0 and (µ, η) 6∈ Ω. That is, we have post-reversal non-
indifference µ >τ η and normative indifference µ ∼∗ η. This gap between
the two preferences is filled by temptation. If there is normative indifference
and temptation non-indifference, then we will observe the agent to be non-
indifferent in his choice between µ and η regardless of how far we push the
rewards into the future.

Hence, %∗ and 'τ differ when there is normative indifference and temp-
tation non-indifference. When such a situation arises, we may say that there
is a preference reversal at infinity. Intuitively, normative preference is the
ranking between rewards that are delayed by an infinite number of periods.
Hence µ >t η for all t and µ ∼∗ η implies that there is a switch in the
preference to indifference at infinity. Another reason for the name ‘reversal
at infinity’ is that for any (µ, η) ∈ Λ, there is a sequence {(µn, ηn)} such
that (µn, ηn) → (µ, η) and τ(µn, ηn) →∞ (see the proof of Lemma 27 in Ap-
pendix D.3). The fact that τ(µn, ηn) goes to infinity suggests that for rewards
(µn, ηn) that are close to (µ, η), temptation preference becomes increasingly
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stronger relative to normative preference, and that at (µ, η), temptation over-
whelms to the extent that a reversal is observed only at infinity.

Given that it is easier to elicit 'τ than %∗, it is natural to ask whether
'τ may serve as an approximation for %∗. Theorem 6 tells us that under the
following axioms on {'t}∞t=0, the preference 'τ serves as an approximation.
In what follows, ∆ is assumed to be a mixture space.

Axiom A1 (Order ∗) 't is complete and transitive, for all t.

Axiom A2 (Continuity∗) The sets {η : µ 't η} and {η : η 't µ} are
closed, for all t.

Axiom A3 (Reversal∗) If µ /0 η and µ 'T η with at least one ranking
strict, then µ >t η for all t > T.

Axiom A4 (Independence∗) µ >t η =⇒ µαν >t ηαν, for all t.

Axiom A5 (Non-triviality∗) µ >0 η and µ <T η for some µ,η and T .

Theorem 6 is the main result of this section.

Theorem 6 If {'t} satisfies Axioms A1-5, then Λ is no-where dense.

That is, the set Λ of pairs of rewards for which %∗ and 'τ differ is ‘sparse’.
Hence, 'τ approximates %∗.

Conclude with the observation that Λ is empty if τ is bounded: as ob-
served earlier, (µ, η) ∈ Λ implies that there is a sequence {(µn, ηn)} such
that (µn, ηn) → (µ, η) and τ(µn, ηn) → ∞. If τ is bounded then such a se-
quence cannot exist. Hence in such a case, Λ is empty, and so the normative
preference %∗ coincides with 'τ .
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7.6 Individual Ethics

A number of game-theoretic models (see for instance Fedderson and Sandroni
[5], Fehr and Schmidt [6]) have hypothesized that agents are motivated not
just by material concerns, but also psychological concerns that include ethics.
Karni and Safra [11] present a choice-theoretic model of an agent who has a
sense of justice, but whose actual choices reflect a compromise between this
sense and his self-interest. In their model, the ‘more-just-than’ ranking (call
it the ethical ranking) is one of the primitives. Therefore, the authors leave
open the question of whether the ethical ranking can be given choice-theoretic
foundations.

Let ∆ denote, say, a set of income tax regimes that redistribute income
in favor of the poor to varying degrees. We suggest that it is possible for a
rich person to believe in more redistribution, but nevertheless be tempted to
vote for less redistribution in order to avoid paying higher taxes. If delayed
temptations are easier to resist than immediate ones, then we can expect him
to prefer ‘more redistribution in the distant future’ to ‘less redistribution in
the distant future’. Thus, his preferences over ∆ when redistribution is to
take place in the distant future would give us information about his ethical
ranking over ∆.

That is, we suggest that in suitable settings, normative preference may
be interpreted as the ethical ranking. Choice between alternatives in the
distant future is less affected by myopic self-interest (temptations) and so
leads to impartial choices. Thus, Definition 1 provides foundations for an
individual sense of ethics. We saw in Section 7.2 that under Axioms A1-
3, the only restriction on the ethical ranking is that it satisfies order and
continuity (Theorem 5). That is, under Axioms A1-3, the set of possible
ethical rankings an agent may have is not unduly restricted.

We conclude by acknowledging that GP’s model can also be interpreted
as one that identifies an agent’s ethics. However, such an interpretation
has the undesirable implication that all agents succeed (through the use of
commitment mechanisms) in behaving ethically: a criminal with a sense of
ethics would turn himself in to the police before committing a crime. This is
a consequence of the assumption that choice between menus is not subject to
temptation. By contrast, in our model with tempting menus, an agent may
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be tempted to postpone commitment indefinitely, and therefore persistently
behave in a way that he himself believes he should not.

8 Conclusion

Choice has traditionally been viewed as a guide for welfare policy. However,
the existence of self-control problems can drive a wedge between choice and
welfare; an agent may make choices that are, in his own view, not in his best
interest. This raises the question of whether one can identify an agent who
has self-control problems, and whether one can elicit from an agent’s choice
behavior his view of what is best for his welfare.

This paper started with the question of what is the behavioral manifesta-
tion of self-control problems. The temptation literature starting from Strotz
[18] isolates a preference for commitment as the expression of self-control
problems. We noted that, when agents are tempted by menus, self-control
problems may be responsible for the absence of a preference for commitment.
This paper established that the behavioral manifestation of a temptation by
menus is a preference for early choice, evidence for which was also cited. This
completed our inquiry into the observable implications of self-control prob-
lems. Next, we studied a behavioral definition of normative preference based
on preference reversals. This definition provided an answer to the question
of how normative preference can be elicited from choice behavior.

A Appendix: Topology on P
Let (∆×∆, d) be a compact metric space and denote the space of nonempty
compact subsets of ∆×∆ by P . For any A, B ∈ P , let d(a, B) = infb∈B d(a, b)
and d(b, A) = infa∈A d(b, a). The Hausdorff metric hd induced by d is defined
by

hd(A, B) = max{sup d(a, B), sup d(b, A)},
for all A, B ∈ P . An ε-ball centered at A is defined by

B(A, ε) = {B : hd(A, B) < ε}.

The Hausdorff metric topology on P is the topology for which the collection
of balls {B(A, ε)}A∈P,ε∈(0,∞) is a base.
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View the set P as the space of nonempty and continuous binary relations
on ∆ by identifying any such binary relation B on ∆ with Γ(B), the graph
of B:

Γ(B) = {(µ, η) ∈ ∆×∆ : µBη}.

The relation B is continuous if and only if Γ(B) is closed (see Ali-Border..closed
graph theorem). Since ∆ (and hence ∆ × ∆) is compact metric, it follows
that if B is continuous, then Γ(B) ⊂ ∆×∆ is compact. By [2, Thm 3.71(3)],
compactness of ∆×∆ implies that P is compact. Also, under compactness
of ∆ ×∆, Γ(B) is the Hausdorff metric limit of a sequence {Γ(Bn)} ⊂ P if
and only if Γ(B) is the ‘closed limit’ of {Γ(Bn)} [2, Thm 3.79]. To define the
closed limit of a sequence {Γ(Bn)}, first define the topological limit superior
LsΓ(Bn) and topological limit inferior LiΓ(Bn) of the sequence:

LsΓ(Bn) = {a ∈ ∆×∆ : for every neighborhood V of a,

V ∩ Γ(Bn) 6= φ for infinitely many n}

LiΓ(Bn) = {a ∈ ∆×∆ : for every neighborhood V of a,

V ∩ Γ(Bn) 6= φ for all but a finite number of n}.

The sequence {Γ(Bn)} converges to a closed limit Γ(B) if Γ(B) = LsΓ(Bn) =
LiΓ(Bn).

B Appendix: Normative Preference and Proof

of Theorem 5

Define normative preference %∗ as in Section 7.1. Consider the following
axioms on {'t}. Axiom A4 requires that ∆ be a mixture space.

Axiom A1 (Order ∗) 't is complete and transitive, for all t.

Axiom A2 (Continuity∗) The sets {η : µ 't η} and {η : η 't µ} are
closed, for all t.

Axiom A3 (Reversal∗) If µ /0 η and µ 'T η with at least one ranking
strict, then µ >t η for all t > T.

Axiom A4 (Independence∗) µ >t η =⇒ µαν >t ηαν, for all t.
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In this Appendix, we prove two theorems, the first of which is stated as
Theorem 5 in Section 7.2.

Theorem A If {'t} satisfies A1-3, then %∗ is well-defined, complete,
transitive and continuous.

Theorem B If ∆ is a mixture space and {'t} also satisfies A4, then
%∗ also satisfies independence axiom.

B.1 Proof of Theorem A

This is proved in a series of lemmas.

Lemma 1 defines a function τ : ∆ × ∆ → R which captures the time
at which a reversal takes place in {µ, η}. Note that since time is discrete,
τ(∆×∆) ⊂ N ∪ {0}.

Lemma 1 For each µ, η there exists τ(µ, η) ≥ 0 such that if τ(µ, η) = 0,
then,

µ 'τ(µ,η) η ⇐⇒ µ 't η, for all t ≥ 0,

and if τ(µ, η) > 0 and µ '0 η, then

µ < tη for all t ≥ τ(µ, η),

µ ' tη for all t < τ(µ, η).

Proof. Define τ : ∆×∆ → R in the following way. Take any µ and η, and
without loss of generality suppose that µ '0 η. If for all t,

µ '0 η ⇐⇒ µ 't η,

then define τ(µ, η) = 0. If there exists T such that µ <T η, then define

τ(µ, η) = min{t : µ <t η}.

Given Reversal, this τ(µ, η) has the desired properties. Finally, if there is no
T such that µ <T η, then we must be in one of the two earlier cases. For
instance, if µ >0 η and µ ≈T η for some T , then by Reversal, µ <t η for all
t > T , and hence we are in the second case.
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Define %∗ over ∆ by

µ %∗ η ⇐⇒ there exists a sequence {(µn, ηn)} that converges to (µ, η)
and µn 'τ(µn,ηn) ηn for all n.

Lemma 2 µ 'τ(µ,η) η =⇒ µ %∗ η.

Proof. This is implied directly by the definition of %∗ .

Lemma 3 %∗ satisfies order and continuity.

Proof. To establish completeness, suppose η 6%∗ µ. By Lemma 2, η 6'τ(µ,η) µ,
and by completeness of 'τ(µ,η), µ 'τ(µ,η) η, and so, again by Lemma 2,
µ %∗ η. To establish transitivity, suppose µ %∗ η %∗ ν. Then by definition
of %∗, there exist sequences {(µn, ηn)}, {(ηn, νn)} such that (µn, ηn) → (µ, η)
and (ηn, νn) → (η, ν), and for each n, µn 'τ(µn,ηn) ηn and ηn 'τ(ηn,νn) νn.
By Lemma 1, µn 't ηn 't νn for all t ≥ T = max{τ(µn, ηn), τ(ηn, νn)}.
By transitivity of 't, µn 't νn for all t ≥ T, implying that for each n,
µn 'τ(µn,νn) νn. It follows that {(µn, νn)} is a sequence that converges to
(µ, ν) and µn 'τ(µn,νn) νn for all n. By definition of %∗, µ %∗ v, thus
establishing transitivity of %∗.

To establish continuity, we show that {η : η %∗ µ} is closed; the other case
holds by an analogous argument. Take a sequence {νn} such that νn %∗ µ
for all n and νn → ν. Also, take a sequence {Vi} where each Vi ⊂ ∆×∆ is
a ball of radius 2−i that contains (ν, µ). Because νn → ν, for every i there
exists n such that (νn, µ) ∈ Vi. Furthermore, νn %∗ µ and the definition of
%∗ imply the existence a sequence {(ν ′m, µ′m)} such that (ν ′m, µ′m) → (νn, µ)
and ν ′m 'τ(ν′m,µ′m) µ′m for all m. Since Vi is also a neighborhood of (νn, µ),
there exists m such that (ν ′m, µ′m) ∈ Vi. Define

(ν ′m,i, µ
′
m,i) ≡ (ν ′m, µ′m),

and note that ν ′m,i 'τ(ν′m,i,µ
′
m,i)

µ′m,i. Furthermore, by construction, (ν ′m,i, µ
′
m,i) →

(ν, µ) as i →∞, and so we are done.

The set Ω of points in ∆×∆ on which τ is upper semicontinuous will be
important. Formally,
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Ω = {(µ, η) ∈ ∆×∆ : (µn, ηn) → (µ, η) =⇒ lim sup
n→∞

τ(µn, ηn) ≤ τ(µ, η)}.

Lemma 4 is a useful characterization of %∗.

Lemma 4
µ �∗ η ⇐⇒ [µ >τ(µ,η) η and (µ, η) ∈ Ω].

Proof. ⇐=: Take µ and η such that µ >τ(µ,η) η and (µ, η) ∈ Ω. Lemma
1 implies µ >τ(µ,η)+1 η. Since 'τ(µ,η)+1 is continuous, for every sequence
{(µn, ηn)} that converges to (µ, η), there exists N such that

µn >τ(µ,η)+1 ηn, for all n ≥ N.

By hypothesis, lim supn→∞ τ(µn, ηn) ≤ τ(µ, η). Therefore, there exists N ′

such that
τ(µ, η) + 1 > τ(µn, ηn), for all n ≥ N ′.

It follows by definition of τ(µn, ηn) that

µn >τ(µn,ηn) ηn, for all n ≥ max{N, N ′}.

This establishes that for any sequence {(µn, ηn)} that converges to (µ, η),
there exists M such that µn >τ(µn,ηn) ηn for all n ≥ M . In particular, there
is no sequence {(µn, ηn)} that converges to (µ, η) such that ηn 'τ(µn,ηn) µn

for all n. Thus η 6%∗ µ, as desired.

=⇒: Take µ, η such that µ �∗ η. Lemma 2 yields

µ >τ(µ,η) η (9)

thus establishing the first assertion in the implication. To establish the second
assertion, take any sequence {(µn, ηn)} that converges to (µ, η). Since µ �∗ η
and since %∗ is continuous (Lemma 3), there exists N such that

µn �∗ ηn, for all n ≥ N.

By Lemma 2,
µn >τ(µn,ηn) ηn, for all n ≥ N. (10)
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Without loss of generality, let N = 1. Suppose by way of contradiction that

lim sup
n→∞

τ(µn, ηn) > τ(µ, η).

Then, there exists a subsequence {(µn(m), ηn(m))} ⊂ {(µn, ηn)} where for all
m,

τ(µnm
, ηnm

) > τ(µ, η). (11)

By construction, µnm
>τ(µnm

,ηnm
) ηnm

for all m. Thus, by Lemma 1 and (11),

ηnm
'τ(µ,η) µnm

, for all m.

However, since'τ(µ,η) is continuous and (µnm
, ηnm

) → (µ, η), we have η 'τ(µ,η)

µ, contradicting (9).

We now prove that %∗ is a normative preference. Since each 't is a
continuous weak order, {Γ('t)} is a sequence in P(∆). Define:

Γ(%τ ) = {(µ, η) ∈ ∆×∆ : ∃T such that (µ, η) ∈ Γ('t) for all t ≥ T},

and note that Γ(%∗) = Γ(%τ ).

Lemma 5 Γ(%∗) = limt→∞ Γ('t).

Proof. To establish the existence of a closed limit, it suffices to show that
LsΓ('t) ⊂ LiΓ('t), since LiΓ('t) ⊂ LsΓ('t) always holds.

Step 1: LsΓ('t) ⊂ Γ(%∗).
Let (µ, η) ∈ LsΓ('t). By Lemma 1, there exists T ∗ < ∞ such that either

(µ, η) ∈ Γ('t) for all t ≥ T ∗ or (µ, η) 6∈ Γ('t) for all t ≥ T ∗. If (µ, η) ∈ Γ('t)
for all t ≥ T ∗, then (µ, η) ∈ Γ(%τ ) ⊂ Γ(%∗) and we are done. Therefore,
suppose (µ, η) 6∈ Γ('t) for all t ≥ T ∗. By Lemma 4, it suffices to show
(µ, η) 6∈ Ω. So suppose by way of contradiction that (µ, η) ∈ Ω.

By definition (for instance, see [4, pg 110] ), (µ, η) ∈ LsΓ('t) implies that
there is a subsequence {Γ('t(n))} and a sequence {(µn, ηn)} that converges
to (µ, η) such that (µn, ηn) ∈ Γ('t(n)) for each n. By assumption, (µ, η) ∈ Ω,
and so,

lim sup
n→∞

τ(µn, ηn) ≤ T ∗.

It follows that there exists M such that τ(µn, ηn) < T ∗ + 1 for all n ≥ M .
Without loss of generality, assume M = 1. Also, since Γ('T ∗+1) is closed
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and (µ, η) 6∈ Γ('T ∗+1), there exists N such that (µn, ηn) 6∈ Γ('T ∗+1) for all
n ≥ N . By Lemma 1, these observation, namely τ(µn, ηn) < T ∗ + 1 and
(µn, ηn) 6∈ Γ('T ∗+1) for all n ≥ N , imply that for all n ≥ N and t ≥ T ∗ + 1,

(µn, ηn) 6∈ Γ('t). (12)

However, by construction of the sequence {(µn, ηn)}, we have (µn, ηn) ∈
Γ('t(n)) for all n. Let N ′ be such that t(N ′) ≥ T ∗ + 1. It follows that for all
n ≥ max{N, N ′},

(µn, ηn) ∈ Γ('t(n)),

contradicting (12).

Step 2: Γ(%∗) ⊂ LiΓ('t).
First show that Γ(%τ ) ⊂ LiΓ('t). Observe that if (µ, η) ∈ Γ(%τ ), then

there exists T < ∞ such that (µ, η) ∈ Γ('t) for all t ≥ T . Hence for every
neighborhood V of (µ, η),

V ∩ Γ('t) 6= φ for all but a finite number of t.

It follows that (µ, η) ∈ LiΓ('t), thus establishing that Γ(%τ ) ⊂ LiΓ('t), as
desired. To complete the proof of Step 2, note that since LiΓ('t) is closed
(see Ali-Border..), it follows that Γ(%τ ) ⊂ LiΓ('t). But Γ(%∗) = Γ(%τ ).
The assertion follows.

By Steps 1 and 2, LsΓ('t) ⊂ Γ(%∗) ⊂ LiΓ('t). Hence,

LiΓ('t) = LsΓ('t) = Γ(%∗).

This completes the proof.

B.2 Proof of Theorem B

This is proved in 5 steps.
Step 1:

µ >t η ⇐⇒ µαν >t ηαν, for all t.

Axioms A1, A2 and A4 together imply this stronger version of Independence∗.

Step 2:

τ(µ, η) = τ(µαν, ηαν)

and µ > τ(µ,η)η ⇐⇒ µαν >τ(µαν,ηαν) ηαν.
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This follows from Step 1.

Step 3:
(µ, η) 6∈ Ω =⇒ (µαν, ηαν) 6∈ Ω.

If {(µn, ηn)} is a sequence that converges to (µ, η) and

lim sup
n→∞

τ(µn, ηn) > τ(µ, η),

then {(µnαν, ηnαν)} is a sequence that converges to (µαν, ηαν) and, by the
first assertion in Step 2,

lim sup
n→∞

τ(µnαν, ηnαν) > τ(µαν, ηαν).

Thus, (µαν, ηαν) 6∈ Ω.

Step 4:
µ ∼∗ η =⇒ µαν ∼∗ ηαν.

Suppose µ ∼∗ η. Then
µ ∼∗ η
=⇒ µ ≈τ(µ,η) η or (µ, η) 6∈ Ω by Lemma 4
=⇒ µαν ≈τ(µαν,ηαν) ηαν or (µαν, ηαν) 6∈ Ω by Steps 2 and 3
=⇒ µαν ∼∗ ηαν, as desired.

Step 5:
µ �∗ η =⇒ µαν �∗ ηαν.

By Herstein and Milnor [9], under order and continuity of %∗, Step 4
implies the result.

C Appendix: Proof of Theorem 1 (Necessity)

Define the function φ : ∆(C ×Z) → R by φ(µ) = U(µ) + V (µ) for all µ ∈ ∆
and consider the correspondence C : Z  ∆(C × Z) defined by

C(x) = arg max
µ∈x

φ(µ).

Clearly, C(x) ⊂ x. Since φ is continuous, the Maximum Theorem [2, Thm
16.31] yields that C is nonempty, compact-valued (in particular closed-valued)
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and upper hemicontinuous. Hence φ generates a closed-valued choice corre-
spondence C that satisfies Axiom 2. That C satisfies Axiom 1 can be checked
easily. We need to show that C satisfies Axioms 3-10. Proofs for Indepen-
dence, Separability and Indifference to Timing are omitted. Let ' be the
the binary relation that is represented by φ. For t ≥ 1, define 't over Z by

x 't y ⇐⇒ x+t ' y+t.

Lemma 6 C satisfies Set-Betweenness.

Proof. Note that

φ(x+t) = δtW (x) + γtV (y) + constant

= δt(max
µ∈x

U(µ) + V (µ)−max
η∈x

V (η)) + γtV (x) + constant

= δt(max
µ∈x

U(µ) + V (µ)− (1− γt

δt ) max
η∈x

V (η)) + constant.

Hence, 't is represented by

φ′(x) = max
µ∈x

U(µ) + V (µ)− (1− γt

δt ) max
η∈x

V (η).

Defining V ′(µ) = (1− γt

δt )V (µ) and U ′(µ) = U(µ) + γt

δt V (µ), we have

φ′(x) = max
µ∈x

U ′(µ) + V ′(µ)−max
η∈x

V ′(η),

and so φ′ represents a Self-Control preference [7]. Therefore, C satisfies Set-
Betweenness.

Lemma 7 C satisfies Sophistication.

Proof. In the proof of the previous lemma, we showed that 't is represented
by

φ′(x) = max
µ∈x

U(µ) + V (µ)− (1− γt

δt ) max
η∈x

V (η),

which can be re-written as

φ′(x) = max
µ∈x

U ′(µ) + V ′(µ)−max
η∈x

V ′(η),
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with U ′ + V ′ = U + V . Let µ >t η. Then, by [15, Lemma 1(b)],

{µ, η} >t {η} ⇐⇒ U(µ) + V (µ) > U(η) + V (η).

But C(x) = arg maxµ∈x(U(µ) + V (µ)),and so, U(µ) + V (µ) > U(η) + V (η) is
equivalent to {µ} = C({µ, η}), which in turn is equivalent to µ > η.

Lemma 8 C satisfies Preference for Early Choice.

Proof. Note that 't is represented by

W (·) +
γt

δt V (·).

Therefore, it suffices to show that

W (x) +
γt

δt V (x) > W (x ∪ y) +
γt

δt V (x ∪ y)

=⇒ W ({(c, x)}) +
γt

δt V ({(c, x)}) > W ({(c, x), (c, y)}) +
γt

δt V ({(c, x), (c, y)}).

Therefore, suppose W (x) + γt

δt V (x) > W (x ∪ y) + γt

δt V (x ∪ y). First some
preliminary results.

Step 1: U(c, x) + γt

δt V (c, x) > U(c, x ∪ y) + γt

δt V (c, x ∪ y)

By hypothesis, W (x)+ γt

δt V (x) > W (x∪y)+ γt

δt V (x∪y). Then, V (x∪y) ≥
V (x) implies

W (x) > W (x ∪ y) , (13)

which in turn implies

V (x ∪ y) = V (y) > V (x).

Given that γ
δ

< 1, it follows from the hypothesis that

W (x) +
γt+1

δt+1 V (x) > W (x ∪ y) +
γt+1

δt+1 V (x ∪ y). (14)

But adding u(c) + γt

δt v(c) to both sides of (14) yields

U(c, x) +
γt

δt V (c, x) > U(c, x ∪ y) +
γt

δt V (c, x ∪ y).
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Step 2: U(c, x) + γt

δt V (c, x) > U(c, y) + γt

δt V (c, x ∪ y)
The representation implies that if W (x) > W (x∪y), then W (x) > W (y).

Thus, U(c, x) > U(c, x ∪ y) implies U(c, x) > U(c, y). Applying this to the
result in Step 1 yields

U(c, x) +
γt

δt V (c, x) > U(c, y) +
γt

δt V (c, x ∪ y).

Step 3: V ({(c, x), (c, y)}) = V (c, x ∪ y) = V (c, y) > V (c, x)
By (13), V (y) > V (x), which implies

V (c, y) > V (c, x), (15)

and furthermore,

V ({(c, x), (c, y)}) = V (c, y) = V (c, x ∪ y). (16)

Step 4: The result.
Consider two possibilities:
a) W (c, x) > W ({(c, x), (c, y)}) = W (c, y)
Then,

W ({(c, x), (c, y)}) = U(c, y). (17)

Now,
W ({(c, x)}) + γt

δt V ({(c, x)})
= U(c, x) + γt

δt V (c, x)

> U(c, y) + γt

δt V (c, x ∪ y) by Step 2

= W ({(c, x), (c, y)}) + γt

δt V ({(c, x), (c, y)}), by (17) and (16)
as desired.

b) W ({(c, x)}) > W ({(c, x), (c, y)}) > W ({(c, y)}).
Then,

W ({(c, x), (c, y)}) = U(c, x) + (V (c, x)− V (c, y)).

Hence,
W ({(c, x)}) + γt

δt V ({(c, x)})− γt

δt V ({(c, x), (c, y)})
= U(c, x) + γt

δt (V (c, x)− V (c, y)) by (16)

> U(c, x) + (V (c, x)− V (c, y)) since γt

δt < 1 and (15).
= W ({(c, x), (c, y)}).
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That is, W ({(c, x)})+γt

δt V ({(c, x)}) > W ({(c, x), (c, y)})+γt

δt V ({(c, x), (c, y)}),
as desired

The proof of Lemma 9 establishes that C satisfies Reversal.

Lemma 9 Suppose U(µ) ≥ U(η). Then,

U(µ)− U(η)

V (η)− V (µ)
∈ (0, 1] =⇒ τ(µ, η) = min{k ∈ N : k >

ln U(µ)−U(η)
V (η)−V (µ)

ln γ
δ

} > 0

U(µ)− U(η)

V (η)− V (µ)
6∈ (0, 1] and V (η) 6= V (µ) =⇒ τ(µ, η) = 0

V (η) = V (µ) =⇒ τ(µ, η) = 0.

Proof. By the representation, for t ≥ 0,

µ+t ' η+t ⇐⇒ U(µ) +
γt

δt V (µ) ≥ U(η) +
γt

δt V (η).

Suppose U(µ)−U(η)
V (η)−V (µ)

∈ (0, 1). Since U(µ) ≥ U(η), we have U(µ) > U(η)

and V (µ) < V (η). Furthermore, U(µ)−U(η)
V (η)−V (µ)

≤ 1 implies U(µ) + V (µ) ≤
U(η) + V (η). Since γ

δ
< 1 and U(µ) > U(η), there exists τ(µ, η) such that

∀t < τ(µ, η), U(µ) +
γt

δt V (µ) ≤ U(η) +
γt

δt V (η)

∀t ≥ τ(µ, η), U(µ) +
γt

δt V (µ) > U(η) +
γt

δt V (η). (18)

To find τ(µ, η), first find the t∗ that solves

U(µ) +
γt∗

δt∗ V (µ) = U(η) +
γt∗

δt∗ V (η).

The solution is t∗ =
ln

U(µ)−U(η)
V (η)−V (µ)

ln γ
δ

. Then τ(µ, η) is the smallest integer greater

than
ln

U(µ)−U(η)
V (η)−V (µ)

ln γ
δ

, that is,

τ(µ, η) = min{k ∈ N : k >
ln U(µ)−U(η)

V (η)−V (µ)

ln γ
δ

}.
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If V (η) = V (µ) or if V (η) 6= V (µ) and U(µ)−U(η)
V (η)−V (µ)

= 0, then it is straight-
forward to establish that

µ ' η ⇐⇒ µ+t ' η+t,

and so τ(µ, η) = 0. Suppose V (η) 6= V (µ) and U(µ)−U(η)
V (η)−V (µ)

< 0. Then, V (µ) >

V (η). By hypothesis, U(µ) ≥ U(η), and so γ
δ

< 1 implies τ(µ, η) = 0.

Finally, suppose V (η) 6= V (µ) and U(µ)−U(η)
V (η)−V (µ)

> 1. Then V (µ) < V (η) and

U(µ) + V (µ) > U(η) + V (η). Again it follows that τ(µ, η) = 0. Hence,

τ(µ, η) = 0 if U(µ)−U(η)
V (η)−V (µ)

6∈ (0, 1) and V (η) 6= V (µ) or if V (η) = V (µ).

Lemma 10 If U(µ) > U(η) then µ >t η for all t ≥ τ(µ, η). In particular,
U(µ) > U(η) and µ > η imply τ(µ, η) = 0.

Proof. The first assertion is a corollary of Lemma 9. The second assertion
follows from the first.

Define Ω = {{µ, η} : for any sequence {(µn, ηn)} that converges to (µ, η),

lim sup
n→∞

τ(µn, ηn) ≤ τ(µ, η)}.

Lemma 11 If U(µ) 6= U(η) then (µ, η) ∈ Ω.

Proof. If U(µ) > U(η) and V (µ) > V (η), then for any sequence {(µn, ηn)}
that converges to (µ, η), there exists N such that for all n ≥ N,

U(µn) > U(ηn) and V (µn) > V (ηn).

Hence U(µn)−U(ηn)
V (ηn)−V (µn)

→ U(µ)−U(η)
V (η)−V (µ)

. Note that U(µ) > U(η) implies U(µ)−U(η)
V (η)−V (µ)

6=
0. Now consider the possibilities:

(a) V (µ) 6= V (η) and U, V agree on {µ, η}.
Then U(µ)−U(η)

V (η)−V (µ)
6∈ (0, 1]. Since U(µn)−U(ηn)

V (ηn)−V (µn)
→ U(µ)−U(η)

V (η)−V (µ)
, there exists N

such that U(µn)−U(ηn)
V (ηn)−V (µn)

6∈ (0, 1] for all n ≥ N , and hence by Lemma 9,

τ(µn, ηn) = 0 for all n ≥ N . Hence lim supn→∞ τ(µn, ηn) = 0 ≤ τ(µ, η),
implying (µ, η) ∈ Ω.

(b) V (µ) 6= V (η) and U, V disagree on {µ, η}.
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Consider three possibilities.
(i) If U(µ)−U(η)

V (η)−V (µ)
6∈ (0, 1] then argue as in (a).

(ii) If U(µ)−U(η)
V (η)−V (µ)

∈ (0, 1), then for any sequence {(µn, ηn)} that converges

to (µ, η), there exists N such that for all n ≥ N , U(µn)−U(ηn)
V (ηn)−V (µn)

∈ (0, 1). Wlog

let N = 1. By Lemma 9, τ(µn, ηn) = min{k ∈ N : k >
ln

U(µn)−U(ηn)
V (ηn)−V (µn)

ln γ
δ

} for each

n. Since U(µn)−U(ηn)
V (ηn)−V (µn)

→ U(µ)−U(η)
V (η)−V (µ)

, we have limn→∞ τ(µn, ηn) = τ(µ, η), which

establishes the result.
(iii) If U(µ)−U(η)

V (η)−V (µ)
= 1, then take any sequence {(µn, ηn)} that converges to

(µ, η). If there exists N such that ∀n ≥ N , U(µn)−U(ηn)
V (ηn)−V (µn)

≥ 1, then note that

τ(µn, ηn) ≤ τ(µ, η) for all n ≥ N and so (µ, η) ∈ Ω. If no such N exists, then
construct a subsequence {(µn(m), ηn(m))} by deleting all (µn, ηn) in {(µn, ηn)}
such that U(µn)−U(ηn)

V (ηn)−V (µn)
6∈ (0, 1). The subsequence {(µn(m), ηn(m))} converges to

(µ, η) and for all m, U(µn)−U(ηn)
V (ηn)−V (µn)

∈ (0, 1). Note that τ(µn, ηn) = 0 for all these

discarded (µn, ηn). If we show that lim supn→∞ τ(µn(m), ηn(m)) ≤ τ(µ, η), then
that establishes lim supn→∞ τ(µn, ηn) ≤ τ(µ, η). But the former assertion is
proved in (ii).

(c) V (µ) = V (η).
Take any sequence {(µn, ηn)} that converges to (µ, η). By continuity of

U, V,

lim
n→∞

U(µn)− U(ηn) > 0

lim
n→∞

V (ηn)− V (µn) = 0.

Thus, there exists N such that for each n ≥ N,

U(µn)− U(ηn) > V (ηn)− V (µn),

that is, for all n ≥ N, [U(µn)−U(ηn)
V (ηn)−V (µn)

6∈ (0, 1) or V (ηn) = V (µn)]. It follows from

Lemma 9 that τ(µn, ηn) = 0 for all n ≥ N. Hence, limn→∞ τ(µn, ηn) = 0.

The last lemma verifies that C satisfies Commitment is Normative. Note
that τ(µ, η) = 0 and (µ, η) ∈ Ω imply that that τ is continuous at (µ, η).

Lemma 12 (a)x >t x∪ y =⇒ τ(x+t, (x∪ y)+t) = 0 and (x+t, (x∪ y)+t) ∈ Ω.
(b) x >t x ∪ y >t y =⇒ τ((x ∪ y)+t, y+t) = 0 and ((x ∪ y)+t, y+t) ∈ Ω.
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Proof. (a) Let x >t x ∪ y, that is,

W (x) +
γt

δt V (x) > W (x ∪ y) +
γt

δt V (x ∪ y).

From x ⊂ x∪y it follows that V (x∪y) ≥ V (x). Hence the displayed inequality
implies W (x) > W (x ∪ y), which in turn implies U(x+t) > U((x ∪ y)+t). By
Lemmas 10 and 11, τ(x+t, (x ∪ y)+t) = 0 and (x+t, (x ∪ y)+t) ∈ Ω.

(b) Note that by [15, Lemma 1(a)], W (x) > W (x ∪ y) implies

V (x ∪ y) = V (y) > V (x).

Hence, x ∪ y >t y implies

W (x ∪ y) +
γt

δt V (x ∪ y) > W (y) +
γt

δt V (y).

It follows that W (x ∪ y) > W (y), which implies U((x ∪ y)+t) > U(y+t). By
Lemmas 10 and 11, τ((x ∪ y)+t, y+t) = 0 and ((x ∪ y)+t, y+t) ∈ Ω.

D Appendix: Proof of Theorem 1 (Sufficiency)

The proof is divided into three sections. The first studies ' and the second
studies the normative preference %∗ derived from '. The third defines a
candidate preference % in terms of %∗ and verifies that % is indeed an FT
preference that generates C.

D.1 Properties of '

Define the choice correspondence C∗(·,') by

C∗(x,') ≡ {µ ∈ x : µ ' η for all η ∈ x}.

Say that ' rationalizes C(·) if C(x) = C∗(x,') for all x.

Lemma 13 ' is the unique preference relation that rationalizes C(·) and
satisfies the vNM axioms.
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Proof. Step 1: ' is continuous.
We want to show that

{η : η ' µ} and {η : µ ' η} are closed.

Take {ηn} such that ηn ' µ for all n and ηn → η. Consider the sequence of
menus {{ηn, µ}n}. Since Z is endowed with the Hausdorff metric, ηn → η
implies {ηn, µ} → {η, µ}. Note that for all n, ηn ∈ C({ηn, µ}). By Continuity
(upper hemicontinuity of C) and by [2, Thm 16.20], η ∈ C({η, µ}), that is,
η ' µ, as desired. This establishes that {η : η ' µ} is closed. To see that
{η : µ ' η} is closed, take {ηn} such that µ ' ηn for all n and ηn → η,
and consider the sequence of menus {{ηn, µ}n}. Since {ηn, µ} → {η, µ} and
µ ∈ C({ηn, µ}) for all n, we have µ ∈ C({η, µ}), that is, µ ' η as desired.
Hence continuity of ' is established.

For the next steps, say that a binary relation is a weak order if it is
complete and transitive and define the revealed preference relation '′ (with
domain ∆) by

µ '′ η ⇐⇒ ∃x such that µ, η ∈ x and µ ∈ C(x).

Step 2: '′=' .
Suppose µ ' η. Therefore, by definition, there exists x (which is {µ, η})

such that µ, η ∈ x and µ ∈ C(x), and so µ '′ η. Hence, µ ' η =⇒ µ '′ η.
Conversely, if µ '′ η, then ∃x such that µ, η ∈ x and µ ∈ C(x). Nonemptiness
of C and WARP imply µ ∈ C({µ, η}). Hence µ '′ η =⇒ µ ' η.

Step 3: C∗(·,') is nonempty.
The domain Z consists of compact menus, ' is continuous (Step 1) and

thus C∗(·,') 6= φ by [2, Thm 2.41].

Step 4: ' is the unique weak order that rationalizes C(·).
The result follows from Steps 2 and 3, and [14, Prop 1.D.2].

Step 5: ' satsifies the vNM axioms.
This follows from Steps 1 and 5, and by Independence.

For t > 0, define 't over Z by

x 't y ⇐⇒ x+t ' y+t.

We establish that each 't satisfies the following properties.
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B1 (Order∗) 't is complete and transitive.
B2 (Continuity∗) The sets {y : x 't y} and {y : y 't x} are closed.
B3 (Independence∗) x >t y =⇒ αx + (1− α)z >t αy + (1− α)z.
B4 (Set-Betweenness∗) x 't x ∪ y 't y.
B5 (Separability∗) If µ1 = π1, µ2 = π2, η1 = ν1 and η2 = ν2, then,

{µ, η} ≈t {π, ν}.

Let ∆s ⊂ ∆ be the set of lotteries on C × Z with finite support and
∆s(Z) the set of lotteries on Z with finite support. Let δz denote the lottery
degenerate at menu z. Define ϕ : ∆s(Z) −→ Z by

ϕ(
∑

p(x)δx) =
∑

p(x)x.

B6 (Indifference to Timing∗) For all µ, η, π, ν ∈ ∆s, if µ1 = π1, η1 =
ν1, ϕ(µ2) = ϕ(π2) and ϕ(η2) = ϕ(ν2), then,

{µ, η} ≈t {π, ν}.

Start by showing that 't satisfies Order∗, Continuity∗, Independence∗

and Set-Betweenness∗, that is, 't is a Self-Control preference [7].

Lemma 14 't satisfies Order∗, Continuity∗, Independence∗ and Set-Betweenness∗.

Proof. It is clear that by Lemma 13, 't satisfies Order∗ and Continuity∗.
By Set-Betweenness, 't satisfies Set-Betweenness∗. To see that 't satisfies
Independence∗, observe that by Independence, for any x, y, z,

x+t > y+t =⇒ αx+t + (1− α)z+t > αy+t + (1− α)z+t,

and that by Indifference to Timing,

αx+t + (1− α)z+t ≈ (αx + (1− α)z)+t

αy+t + (1− α)z+t ≈ (αy + (1− α)z)+t.

Therefore, by Order∗ and definition of 't,

x >t y =⇒ αx + (1− α)z >t αy + (1− α)z,

that is, 't satisfies Independence∗.
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By Lemma 14 and [7, Theorem 1], each 't is represented by Wt : Z → R
such that

Wt(x) = max
µ∈x

(Ut(µ) + Vt(µ))−max
η∈x

Vt(η), (19)

where Ut, Vt : ∆ → R are linear and continuous.

Lemma 15 µ ' η ⇐⇒ Ut(µ) + Vt(µ) ≥ Ut(η) + Vt(η).

Proof. By [15, Lemma 1(b)], if η >t µ, then

{η, µ} ≈t {µ} ⇐⇒ Ut(µ) + Vt(µ) ≥ Ut(η) + Vt(η).

Therefore, Sophistication implies that for any η, µ, and all t ≥ 1,

η >t µ =⇒ [µ ' η ⇐⇒ Ut(µ) + Vt(µ) ≥ Ut(η) + Vt(η)]. (20)

We need to show that the conclusion holds even when η 6>t µ. First make
some observations.

By nondegeneracy, there exists ρ, ν such that18

ν ' ρ and ρ+1 > ν+1.

Furthermore, by Reversal,

ρ >t ν, for all t ≥ 1. (21)

Note that by (20) and (21), for all t ≥ 1,

ρ+1 > ν+1 ⇐⇒ Ut(ρ
+1) + Vt(ρ

+1) > Ut(ν
+1) + Vt(ν

+1). (22)

Now prove the lemma. We want to show

µ 't η =⇒ [µ ' η ⇐⇒ Ut(µ) + Vt(µ) ≥ Ut(η) + Vt(η)].

Suppose µ 't η, µ ' η and by way of contradiction, Ut(µ) + Vt(µ) < Ut(η) +
Vt(η). For all α ∈ (0, 1), 19

µαρ+1 >t ηαν+1 and µαρ+1 > ηαν+1,

18To be precise, µ = (c, x)+(τ(x,y)−1) and η = (c, y)+(τ(x,y)−1), where x, y are as in the
definition of nondegeneracy.

19This relies on earlier results that 't and ' satisfy Independence∗ and Independence,
respectively. Note that by (21), ρ+1 >t ν+1.

46



and so by (20), for all α ∈ (0, 1),

Ut(µαρ+1) + Vt(µαρ+1) > Ut(ηαν+1) + Vt(ηαν+1).

As α → 1, continuity of Ut + Vt yields

Ut(µ) + Vt(µ) ≥ Ut(η) + Vt(η),

a contradiction.

Next suppose µ 't η, Ut(µ) + Vt(µ) ≥ Ut(η) + Vt(η) and by way of
contradiction, µ < η. For all α ∈ (0, 1),

µαρ+1 >t ηαν+1 and Ut(µαρ+1) + Vt(µαρ+1) > Ut(ηαν+1) + Vt(ηαν+1),

and so by (20), for all α ∈ (0, 1),

µαρ+1 > ηαν+1.

As α → 1, continuity of ' yields

µ ' η,

a contradiction.

This establishes that for all µ, η ∈ ∆ and all t ≥ 1,

µ ' η ⇐⇒ Ut(µ) + Vt(µ) ≥ Ut(η) + Vt(η).

as desired.

Lemma 16 't satisfies Separability∗.

Proof. Step 1: Show that

Ut(µ) =

∫
C×Z

(
ut(c) + Ŵt(y)

)
dµ(c, y).

Take µ, η such that

µ =
1

2
(c, x) +

1

2
(c, x)

η =
1

2
(c, x) +

1

2
(c, x).
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By Separability,

{1

2
(c, x) +

1

2
(c, x)} ≈t {

1

2
(c, x) +

1

2
(c, x)}.

It follows that 't satisfies GP’s version of Separability, and so, by [8, Lemma
9(1)], U is additively separable, thus establishing Step 1.

Step 2: Show that

Ut(µ) + Vt(µ) =

∫
C×Z

(
ut(c) + Ŵt(y) + vt(c) + V̂t(y)

)
dµ(c, y)

and Vt(µ) =

∫
C×Z

(
vt(c) + V̂t(y)

)
dµ(c, y).

Since V is linear and continuous, there exists a continuous function vt :
C × Z −→ R such that for all µ ∈ ∆,

Vt(µ) =

∫
vt(c, x)dµ.

By Separability, 1
2
(c, x) + 1

2
(c, x) ≈ 1

2
(c, x) + 1

2
(c, x). Hence, by Lemma (15),

Ut(
1

2
(c, x) +

1

2
(c, x)) + Vt(

1

2
(c, x) +

1

2
(c, x))

= Ut(
1

2
(c, x) +

1

2
(c, x)) + Vt(

1

2
(c, x) +

1

2
(c, x)).

By Step 1, Ut(
1
2
(c, x) + 1

2
(c, x)) = Ut(

1
2
(c, x) + 1

2
(c, x)). Therefore,

Ut(
1
2
(c, x)+1

2
(c, x))+Vt(

1
2
(c, x)+1

2
(c, x)) = Ut(

1
2
(c, x)+1

2
(c, x))+Vt(

1
2
(c, x)+

1
2
(c, x))

=⇒ Vt(
1
2
(c, x) + 1

2
(c, x)) = Vt(

1
2
(c, x) + 1

2
(c, x))

=⇒ Vt(c, x) + Vt(c, x)) = Vt(c, x) + Vt(c, x))
=⇒ vt(c, x) + vt(c, x) = vt(c, x) + vt(c, x)
=⇒ vt(c, x) = vt(c, x)− vt(c, x) + vt(c, x).

Define vt(c) ≡ vt(c, x)− vt(c, x) and V̂t(x) ≡ vt(c, x). We can then write,

Vt(µ) =

∫
C×Z

(
vt(c) + V̂t(y)

)
dµ(c, y).

It also follows that,

Ut(µ) + Vt(µ) =

∫
C×Z

(
ut(c) + Ŵt(y) + vt(c) + V̂t(y)

)
dµ(c, y).
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Step 3: Show that if µ1 = π1, µ2 = π2, η1 = ν1 and η2 = ν2, then

{µ, η} ≈t {π, ν}.

Since µ1 = π1, µ2 = π2, η1 = ν1 and η2 = ν2, by Step 2 we have

Ut(µ) + Vt(µ) = Ut(π) + Vt(π)

Vt(µ) = Vt(π)

Ut(η) + Vt(η) = Ut(ν) + Vt(ν)

Vt(η) = Vt(ν).

Observe that

max
{µ,η}

(Ut + Vt) = max
{π,ν}

(Ut + Vt) and max
{µ,η}

Vt = max
{π,ν}

Vt.

Hence by (19), {µ, η} ≈t {π, ν}.

Lemma 17 't satisfies Indifference to Timing∗.

Proof. The proof follows steps that are similar to those in Lemma 16: for
the Ŵt and V̂t in the proof of Lemma 16, use Indifference to Timing to show
that Ŵt is linear, then show that V̂t is linear, and then use (19) to establish
the result.

D.2 Normative Preference %∗

For each t > 0, denote the restriction of 't to ∆ ⊂ Z by 't|∆ , and define
'0|∆='. Then {'t|∆}∞t=0 is a set of preference relations defined over ∆. Since
C(·) satisfies WARP, Continuity and Reversal, {'t|∆} satisfies the conditions
in Theorem A, Appendix B. Thus, there is a well-defined normative prefer-
ence %∗ defined over ∆ and a well-defined function τ : ∆ × ∆ → R as in
Lemma 1. Let Ω be the subset of ∆×∆ on which τ is upper semicontinuous,
that is,

Ω = {(µ, η) ∈ ∆×∆ : (µn, ηn) → (µ, η) =⇒ lim sup
n→∞

τ(µn, ηn) ≤ τ(µ, η)}.

Lemma 18 states some results from Appendix B.
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Lemma 18 (a) µ �∗ η ⇐⇒ [µ >τ(µ,η) η and (µ, η) ∈ Ω]
(b) µ %∗ η ⇐⇒ there exists a sequence {(µn, ηn)} that converges to (µ, η)

and µn 'τ(µn,ηn) ηn for all n.
(c) µ 'τ(µ,η) η =⇒ µ %∗ η.

Lemma 19 %∗ satisfies order, continuity and independence

Proof. Theorem A establishes that %∗ is complete, transitive and continu-
ous. To prove independence, it suffices by Theorem B (Appendix B) to show
that each 't|∆ satisfies independence. Recall that 't|∆ is the restriction of
't to ∆, and apply Lemma 14.

In the remainder of the subsection we establish a stationarity property of
%∗.

Lemma 20 (c, µ) %∗ (c, η) ⇐⇒ (c′, µ) %∗ (c′, η)

Proof. Step 1: (c, x)1
2
(c′, x′) ∼∗ (c, x′)1

2
(c′, x).

By Separability, for all t,

(
1

2
(c, x) +

1

2
(c′, x′))+t ≈ (

1

2
(c, x′) +

1

2
(c′, x))+t.

Hence, τ((c, x)1
2
(c′, x′), (c, x′)1

2
(c′, x)) = 0 and (c, x)1

2
(c′, x′) ≈ (c, x′)1

2
(c′, x).

Apply Lemma 18(c) to obtain (c, x)1
2
(c′, x′) ∼∗ (c, x′)1

2
(c′, x).

Step 2: The result.
Suppose by way of contradiction that (c, µ) %∗ (c, η) and (c′, µ) ≺∗ (c′, η).

Since %∗ satisfies the vNM axioms,

(c, µ)
1

2
(c′, η) �∗ (c, η)

1

2
(c′, µ). (23)

But by Step 1,

(c, η)
1

2
(c′, µ) ∼∗ (c, µ)

1

2
(c′, η) and (c, µ)

1

2
(c′, η) ∼∗ (c, η)

1

2
(c′, µ),

and so (c, η)1
2
(c′, µ) �∗ (c, µ)1

2
(c′, η), contradicting (23).

Lemma 21 µ+1αη+1 ∼∗ (µαη)+1
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Proof. By Indifference to Timing

µ+1αη+1 ≈ (µαη)+1

and by Lemma 17, for all t ≥ 1,

{µ+1αη+1}+t ≈ {(µαη)+1}+t

Hence, τ(µ+1αη+1, (µαη)+1) = 0 and µ+1αη+1 ≈ (µαη)+1. Apply Lemma
18(c) to obtain µ+1αη+1 ∼∗ (µαη)+1.

Lemma 22 µ %∗ η =⇒ (c, µ) %∗ (c, η).

Proof. Step 1: µ 'τ(µ,η) η ⇐⇒ µ+1 'τ(µ+1,η+1) η+1.
First show that if τ(µ, η) > 0, then

τ(µ+1, η+1) = τ(µ, η)− 1. (24)

For this purpose, suppose without loss of generality that µ / η. If τ(µ, η) >
0, then by Lemma 1, µ+t > η+t for all t ≥ τ(µ, η) and µ+t / η+t for all
t < τ(µ, η). It follows that

µ+t+1 > η+t+1, for all t ≥ τ(µ, η)− 1.

and µ+t+1 / η+t+1, for all t < τ(µ, η)− 1.

The assertion follows. Now prove the result. It follows by definition of τ if
τ(x, y) = 0 (in which case τ(x+1, y+1) = 0 as well). When τ(µ, η) > 0, then
note that µ+τ(µ,η) = (c, µ)+(τ(µ,η)−1) and η+τ(µ,η) = (c, η)+(τ(µ,η)−1). The result
follows from (24).

Step 2: µ %∗ η =⇒ µ+1 %∗ η+1.
If µ %∗ η, then by Lemma 18(b), there exists a sequence {(µn, ηn)} such

that (µn, ηn) → (µ, η) and µn 'τ(µn,ηn) ηn for all n. It follows by Step
1 that {(µ+1

n , η+1
n )} is a sequence such that (µ+1

n , η+1
n ) → (µ+1, η+1) and

µ+1
n 'τ(µ+1

n ,η+1
n ) η+1

n for all n. But then by Lemma 18(b), µ+1 %∗ η+1. The
result follows by Lemma 20.

Lemma 23
µ %∗ η ⇐⇒ (c, µ) %∗ (c, η).
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Proof. By Lemma 20, it suffices to show

µ %∗ η ⇐⇒ (c, µ) %∗ (c, η).

Define a binary relation %∗∗ over ∆ by

µ %∗∗ η ⇐⇒ (c, µ) %∗ (c, η).

Make three observations. Firstly, by Lemma 22, µ %∗ η =⇒ µ %∗∗ η. Hence,

µ ∼∗ η =⇒ µ ∼∗∗ η. (25)

Secondly, establish that %∗∗ satisfies the vNM axioms: Since %∗ is a contin-
uous weak order, so is %∗∗. To show

µ �∗∗ η =⇒ αµ + (1− α)ν �∗∗ αη + (1− α)ν,

note that
µ �∗∗ η
=⇒ (c, µ)} �∗ (c, η)
=⇒ α(c, µ) + (1− α)(c, ν) �∗ α(c, η) + (1− α)(c, ν)
=⇒ (c, αµ + (1− α)ν) �∗ (c, αη + (1− α)ν) by Lemma 21
=⇒ αµ + (1 − α)ν �∗∗ αη + (1 − α)ν. Hence, %∗∗ satisfies the vNM

axioms.

Lastly, show that %∗∗ (and hence, %∗) is non-trivial, in the sense that
there exist ρ, ν ∈ ∆ such that ρ �∗∗ ν. By Nondegeneracy of C, there exists
x, y such that x+t > (x ∪ y)+t . By Reversal, we can assume that t > 1.
By Commitment is Normative, τ(x+t, (x ∪ y)+t) = 0 and τ is continuous
at (x+t, (x ∪ y)+t), and so (x+t, (x ∪ y)+t) ∈ Ω. Hence, by Lemma 18(a),
x+t �∗ (x ∪ y)+t. It follows that x+(t−1) �∗∗ (x ∪ y)+(t−1), that is, %∗∗ is
non-trivial.

Now prove the lemma. By continuity of %∗ and compactness of ∆, there
exist %∗-best and %∗-worst elements µ, µ ∈ ∆, respectively. By Lemma 22,
for all µ ∈ ∆,

µ %∗ µ %∗ µ =⇒ µ %∗∗ µ %∗∗ µ,

and so µ, µ are also the %∗∗ −best and %∗∗ −worst elements, respectively. As
noted, %∗ and %∗∗ have EU representations, say, W ∗ and W ∗∗, respectively.
By non-triviality of %∗ and %∗∗, we can normalize W ∗ and W ∗∗ so that
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W ∗(µ) = 1 and W ∗(µ) = 0, and similarly for W ∗∗. Note that, for any
α ∈ [0, 1],

W ∗(µαµ) = α = W ∗∗(µαµ).

For any µ ∈ ∆ there exists αµ ∈ [0, 1] such that µ ∼ µαµµ. By (25),

µ ∼∗ µαµµ =⇒ µ ∼∗∗ µαµµ,

that is,
W ∗(µ) = W ∗(µαµµ) =⇒ W ∗∗(µ) = W ∗∗(µαµµ).

But then

W ∗(µ) = W ∗(µαµµ) = αµ = W ∗∗(µαµµ) = W ∗∗(µ).

Thus, W ∗ and W ∗∗ represent the same preferences and

µ %∗ µ′ ⇐⇒ µ %∗∗ µ′.

The assertion follows.

D.3 FT Preference %

The candidate for the FT preference % over Z that generates C(·) is defined
by

x % y ⇐⇒ (c, x) %∗ (c, y),

for some c ∈ C. By Lemma 20, the preference % is invariant to the choice
of c. We verify that % is an FT preference by checking that it satisfies the
conditions in [15, Theorems 1 and 3].

Lemma 24 For any x, y and t ≥ 1,
(a) x >t x ∪ y =⇒ x � x ∪ y.
(b) x >t x ∪ y >t y =⇒ x � x ∪ y � y.
(c) x >t x ∪ y ≈t y =⇒ x � x ∪ y ∼ y.

Proof. Suppose x >t x∪y, or equivalently, x+t > (x∪y)+t . By Commitment
is Normative, τ(x+t, (x ∪ y)+t) = 0 and τ is continuous at (x+t, (x ∪ y)+t),
and so (x+t, (x ∪ y)+t) ∈ Ω. Hence, by Lemma 18(a), x+t �∗ (x ∪ y)+t, and
repeated application of Lemma 23 establishes x+1 �∗ (x∪y)+1, which in turn
establishes (a). A similar argument establishes (b).
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Turn to (c). In what follows we prove that x∪ y ≈t′ y for all t′ ≥ t, since
then (x ∪ y)+1 ≈τ((x∪y)+1,y+1) y+1, and so by Lemma 18(c), (x ∪ y)+1 ∼∗ y+1,
that is, x ∪ y ∼ y.

As before, x >t x ∪ y implies x >t′ x ∪ y for all t′ ≥ t. It follows by
Set-Betweenness that x >t′ y for all t′ ≥ t. By [15, Lemma 1(b)], for all
t′ ≥ t,

x ∪ y ≈t′ y ⇐⇒ max
µ∈y

{Ut′ + Vt′} ≥ max
η∈x

{Ut′ + Vt′}. (26)

where Ut′ and Vt′ are as in (19). By Lemma 15, for all t′ ≥ t,

max
µ∈y

{Ut′ + Vt′} ≥ max
η∈x

{Ut′ + Vt′} ⇐⇒ max
µ∈y

{Ut + Vt} ≥ max
η∈x

{Ut + Vt}. (27)

By hypothesis, x ∪ y ≈t y. Thus, by (26) and (27), x ∪ y ≈t′ y for all t′ ≥ t,
as desired.

In the remainder of the proof we verify that % is a nondegenerate FT
preference and that it generates C(·). In A.1 we stated some axioms for the
preference 't. The same names will be used for axioms that impose similar
restrictions on %.

Lemma 25 % satisfies Order∗, Continuity∗. Moreover, % satisfies Independence∗:
for all α ∈ (0, 1),

{µ} � {η} =⇒ {αµ + (1− α)ν} � {αη + (1− α)ν}.

Proof. Follows from Lemma 19 and 23.

Lemma 26 % satisfies Stationarity∗:

z % z′ ⇐⇒ {(c, z)} % {(c, z′)}.

Proof. This follows from Lemmas 23 and 20, and by definition of %.

Lemma 27 % satisfies Set-Betweenness∗:

x % y =⇒ x % x ∪ y % y.
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Proof. Begin by establishing that if µ >τ(µ,η) η then

(µ+1, η+1) ∈ Ω =⇒ (µ, η) ∈ Ω. (28)

Suppose (µ, η) 6∈ Ω, so that there exists a sequence {(µn, ηn)} that con-
verges to (µ, η) and lim supn→∞ τ(µn, ηn) > τ(µ, η). Without loss of gener-
ality, τ(µn, ηn) > τ(µ, η) for all n. Suppose by way of contradiction that
lim supn→∞ τ(µn, ηn) = T < ∞. Thus, there exists N such that for all
n ≥ N , T + 1 > τ(µn, ηn). Also, for large enough n, µn >τ(µ,η) ηn, and since

T + 1 > τ(µn, ηn) > τ(µ, η),

it follows that for all large enough n, ηn 'T+1 µn. By continuity of 'T+1,
η 'T+1 µ. But since T + 1 > τ(µ, η), this contradicts the hypothesis that
µ >τ(µ,η) η. Therefore, lim supn→∞ τ(µn, ηn) = ∞.

To complete the argument, observe that {(µ+1
n , η+1

n )} is a sequence that
converges to (µ+1, η+1), and by (24) in Lemma 22, lim supn→∞ τ(µ+1

n , η+1
n ) =

∞.20 It follows that (µ+1, η+1) 6∈ Ω, thus proving (28).

To prove Set-Betweenness∗, we need to show

x+1 %∗ y+1 =⇒ x+1 %∗ (x ∪ y)+1 %∗ y+1.

Denote τ(x+1, y+1) by τ and consider two cases.

Case (a): x+1 �∗ y+1

Then by Lemma 18(a), x+1 >τ y+1. By Set-Betweenness, x+1 't (x ∪
y)+1 't y+1 for all t ≥ τ . Hence

x+1 'τ(x+1,(x∪y)+1) (x ∪ y)+1 'τ((x∪y)+1,y+1) y+1,

and by Lemma 18(c), x+1 %∗ (x ∪ y)+1 %∗ y+1.

Case (b): x+1 v∗ y+1

By Lemma 23, x+τ v∗ y+τ . Note that τ(x+τ , y+τ ) = 0. By Lemma 18(a),
either x+τ ≈ y+τ or [x+τ 6≈ y+τ and (x+τ , y+τ ) 6∈ Ω] holds.

(i) Suppose first that x+τ ≈ y+τ . Then by Set-Betweenness, x+τ ≈t

(x ∪ y)+τ ≈t y+τ for all t. Thus, τ(x+τ , (x ∪ y)+τ ) = τ((x ∪ y)+τ , y+τ ) = 0

20Note that we had assumed τ(µn, ηn) > τ(µ, η) for all n, and so τ(µn, ηn) > 0 for all
n, as required by (24).
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and x+τ ≈ (x ∪ y)+τ ≈ y+τ . By Lemma 18(c), x+τ v∗ (x ∪ y)+τ v∗ y+τ . By
repeated application of Lemma 23, x+1 v∗ (x ∪ y)+1 v∗ y+1, as desired.

(ii) Now suppose [x+τ > y+τ and (x+τ , y+τ ) 6∈ Ω]. Since, τ(x+τ , y+τ ) = 0,
we have x+τ >t y+τ for all t. By Set-Betweenness, x+τ 't (x ∪ y)+τ for all
t. If x+τ >t (x ∪ y)+τ for some t, then Commitment is Normative implies
that τ is continuous at (x+τ+t, y+τ+t), which implies (x+τ+t, y+τ+t) ∈ Ω. By
repeated application of (28), (x+τ , y+τ ) ∈ Ω, a contradiction. Therefore,
x+τ ≈t (x ∪ y)+τ for all t , and so, by an argument similar to the one in (i),
Lemma 18(c) and repeated application of Lemma 23 implies x+1 v∗ (x∪y)+1.

By hypothesis x+1 v∗ y+1 and we have seen that x+1 v∗ (x∪y)+1. Hence
by transitivity of %∗, (x∪y)+1 v∗ y+1. Put together, x+1 v∗ (x∪y)+1 v∗ y+1,
as desired.

Lemma 28 % satisfies Separability∗: if µ1 = π1, µ2 = π2, η1 = ν1 and η2 =
ν2, then,

{µ, η} v {π, ν}.

Proof. By Lemma 16, {µ, η} ≈t {π, ν} for all t ≥ 1. Thus, τ({µ, η}+1, {π, ν}+1) =
0 and

{µ, η}+1 ≈ {π, ν}+1.

From Lemma 18(c), we see that {µ, η}+1 v∗ {π, ν}+1, and so {µ, η} v {π, ν}.

Lemma 29 % satisfies Indifference to Timing∗: for any µ, η, π, ν ∈ ∆s, if
µ1 = π1, η1 = ν1, ϕ(µ2) = ϕ(π2) and ϕ(η2) = ϕ(ν2), then,

{µ, η} v {π, ν}.

Proof. Observe that by Lemma 17, {µ, η} ≈t {π, ν} for all t ≥ 1, and then
argue as in Lemma 28.

Lemma 30 % satisfies Temptation Stationarity∗:

x � x ∪ y ⇐⇒ {(c, x)} � {(c, x), (c, y)}.

Proof. By Preference for Early Choice, τ(x+1, (x∪y)+1) = τ({(c, x)}+1, {(c, x), (c, y)}+1).
Denote these by τ . Observe that

x � x ∪ y

56



⇐⇒ x+1 �∗ (x ∪ y)+1

⇐⇒ x+τ > (x ∪ y)+τ , by Lemma 18(a)
and (x+τ , (x ∪ y)+τ ) ∈ Ω by Commitment is Normative
⇐⇒ {(c, x)}+τ > {(c, x), (c, y)}+τ by Preference for Early Choice,
and ({(c, x)}+τ , {(c, x), (c, y)}+τ ) ∈ Ω by Commitment is Normative
⇐⇒ {(c, x)}+1 �∗ {(c, x), (c, y)}+1 by Lemma 18(a)
⇐⇒ {(c, x)} � {(c, x), (c, y)}, as desired.

Lemma 31 % satisfies Preference Reversal∗: there exist µ and η such that
{µ} � {µ, η} and T > 0 such that

{µ+t, η+t} ∼ {η+t} for all t < T,

{µ+t, η+t} � {η+t} for all t ≥ T.

Proof. By nondegeneracy of C(·), there exists µ, η such that τ(µ, η) > 0 and

µ+t ≤ η+t for all t < τ(µ, η),

µ+t > η+t for all t ≥ τ(µ, η).

Consider any t′ ≥ τ(µ, η) and t < τ(µ, η). We know {µ+t}+t′ > {η+t}+t′

and µ+t ≤ η+t, and by Sophistication this implies {µ+t, η+t}+t′ ≈ {η+t}+t′ .
Hence, for all t′ ≥ τ(µ, η) and t < τ(µ, η),

{µ+t}+t′ > {µ+t, η+t}+t′ ≈ {η+t}+t′ , (29)

and so, by Lemma 24(c), for all t < τ(µ, η),

{µ+t} � {µ+t, η+t} ∼ {η+t}.

Note that this implies, in particular, {µ} � {µ, η} and {µ+t, η+t} ∼ {η+t} for
all t < τ(µ, η). It remains to show that {µ+t, η+t} � {η+t} for all t ≥ τ(µ, η).

By (29), for all t′ ≥ τ(µ, η) and t < τ(µ, η),

{µ+t}+t′ > {µ+t, η+t}+t′ .

Repeated application of Preference for Early Choice yields that for any t′ ≥
τ(µ, η) and t ≥ τ(µ, η),

{µ+t}+t′ > {µ+t, η+t}+t′ .
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Moreover, for any t, t′ ≥ τ(µ, η), we know {µ+t}+t′ > {η+t}+t′ and µ+t > η+t,
and by Sophistication, this implies {µ+t, η+t}+t′ > {η+t}+t′ . Put together,
for any t, t′ ≥ τ(µ, η),

{µ+t}+t′ > {µ+t, η+t}+t′ > {η+t}+t′ .

By Lemma 24(b),

{µ+t, η+t} � {η+t} for all t ≥ τ(µ, η),

as desired.

Lemma 32 % is nondegenerate.

Proof. By nondegeneracy of C(·) and Lemma 24(b).

The above Lemmas establish that % is a nondegenerate FT preference
and thus, by [15, Thm 1 and 3], % has the representation,

W (z) = max
µ∈z

∫
C×Z

(
u(c) + δW (x) + v(c) + γV (x)

)
dµ(c, x)

−max
η∈z

∫
C×Z

(
v(c) + γV (y)

)
dη(c, y),

where V (z) = max
µ∈z

∫
C×Z

(
v(c) + γV (x)

)
dµ(c, x) and 0 < γ < δ < 1.

It remains to show that % generates C(·). Let

U(µ) =

∫
C×Z

(u(c) + δW (x)) dµ(c, x) and V (µ) =

∫
C×Z

(
v(c) + γV (y)

)
dµ(c, y).

Lemma 33 % generates C(·).

Proof. By nondegeneracy, U is not an affine transformation of V (see proof
of [15, Theorem 2]). Lemmas 24(a) and 24(b) establish that for all t, % has
more preference for commitment than 't and % has more self-control than
't; see GP for definitions of these terms. By [7, Theorem 8],

Ut = αU + (1− α)V

Vt = α′U + (1− α′)V,
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for α, α′ ∈ [0, 1], which implies

Ut + Vt = (α + α′)U + (2− α− α′)V. (30)

Furthermore, by [7, Theorem 9],

Ut + Vt = β(U + V ) + (1− β)V = βU + V, (31)

for β ∈ [0, 1]. Since U is not an affine transformation of V , (30) and (31)
imply

Ut + Vt = U + V.

Hence, by Lemma 15,

µ ' η ⇐⇒ U(µ) + V (µ) ≥ U(η) + V (η),

as desired.

E Appendix: Proof of Theorem 1 (Unique-

ness)

Lemma 34 If U(µ) = U(η) and µ > η, then (µ, η) 6∈ Ω.

Proof. By the definition of ', U(µ) = U(η) and µ < η imply V (µ) < V (η).
By nondegeneracy, there exists ν, ρ such that U(ν) > U(ρ) and V (ν) < V (ρ).
Consider the sequence {(µαnν, ραnη)} that converges to (µ, η). Since U, V
are linear, for each n, U(µαnν) > U(ραnη) and V (µαnν) < V (ραnη) and by
Lemma 10,

µαnν >t ραnη for all t ≥ τ(µαnν, ραnη). (32)

The hypothesis (that is, U(µ) = U(η) and µ < η) implies that ∀t,

µ <t η. (33)

Suppose by way of contradiction that lim supn→∞ τ(µαnν, ραnη) = T ≤
τ(µ, η). Then there exists N such that

τ(µαnν, ραnη) < T + 1, for all n ≥ N . (34)

However, µ <T+1 η by (32) and so there exists N ′ such that

µαnν <T+1 ραnη, for all n ≥ N ′.

But by (32) this implies τ(µαnν, ραnη) > T + 1 for all n ≥ max{N, N ′}, a
contradicting (34).
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Lemma 35 If x � y, then there exists T such that (c, x) >t (c, y) for all
t ≥ T.

Proof. The hypothesis implies U(c, x) > U(c, y), and the result follows from
Lemma 10.

Lemma 36 If x ∼ y, then τ(x+1, y+1) = 0.

Proof. Since, for any t,

(c, x) 't (c, y) ⇐⇒ W (x) +
γt

δt V (x) ≥ W (y) +
γt

δt V (y),

the hypothesis x ∼ y implies

(c, x) 't (c, y) ⇐⇒ V (x) ≥ V (y).

It follows that for all t, t′, (c, x) 't (c, y) ⇐⇒ (c, x) 't′ (c, y), that is,
τ(x+1, y+1) = 0.

Lemma 37 C(·) is generated by a unique FT preference %.

Proof. Suppose, by way of contradiction, that % and %′ are two different FT
preferences that generate C(·). Then, there exist x and y such that x � y and
y %′ x. Let (U, V ) and (U ′, V ′) be representations of % and %′, respectively.
Consider three possibilities:

(a) x � y and y �′ x.
By Lemma 35, % and %′ do not generate the same choice correspondence,

a contradiction.

(b) x � y, τ(x+1, y+1) > 0, and y ∼′ x.
By Lemma 36, y ∼′ x implies τ(x+1, y+1) = 0, and so % and %′ do not

generate the same choice correspondence, a contradiction.

(c) x � y, τ(x+1, y+1) = 0, and y ∼′ x.
By the representation, x � y implies {(c, x)} � {(c, y)}, and so, U(c, x) >

U(c, y). By Lemma 11, (x+1, y+1) ∈ Ω. Furthermore, Lemma 35, x � y and
τ(x+1, y+1) = 0 imply (c, x) > (c, y). However, y ∼′ x and (c, x) > (c, y)
imply U ′(c, x) = U ′(c, y) and V ′(c, x) > V ′(c, y), and so, by Lemma 34,
(x+1, y+1) 6∈ Ω, a contradiction.
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F Appendix: Proof of Theorem 2

First prove the theorem for a representation (U, V ) of a nondegenerate FT
preference % for which V ≥ 0. Let ' be the preference relation that is
represented by ϕ : ∆(C × Z) → R where for all µ ∈ ∆,

ϕ(µ) = U(µ) + V (µ).

For each t > 0, define 't on ∆ by

µ 't η ⇐⇒ µ+t ' η+t.

It is straightforward to establish that 't is represented by ϕt : ∆(C×Z) → R
where for all µ ∈ ∆,

ϕt(µ) = U(µ) +
(γ

δ

)t

V (µ).

Lemma 38 The sequence {ϕt} uniformly converges to U .

Proof. The sequence {ϕt} is a sequence of continuous real functions defined
on a compact space ∆. Since V ≥ 0 and γ

δ
< 1, the sequence is monotone de-

creasing and ϕt converges pointwise to the continuous function U . Therefore,
by Dini’s Theorem [2, Theorem 2.62], the convergence is uniform.

Since % is nondegenerate, there is x, y such that x � y. By the represen-
tation, U(c, x) > U(c, y). Thus, there exists ρ, ν ∈ ∆ such that U(ρ) > U(ν).
By linearity of U ,

U(µ) ≥ U(η) =⇒ U(µαρ) > U(ηαν), for all α ∈ (0, 1) . (35)

This observation will be used in the next Lemma. Let %U be the preference
relation represented by U . As in the proof of Theorem 2, identify any binary
relation B on ∆ with its graph Γ(B) ⊂ ∆×∆.

Lemma 39 Γ(%U) = limt→∞ Γ('t).

Proof. First establish LsΓ('t) ⊂ Γ(%U). If (µ, η) ∈ LsΓ('t) then there is
a subsequence {Γ('t(n))} and a sequence {(µn, ηn)} that converges to (µ, η)
such that (µn, ηn) ∈ Γ('t(n)) for each n. Therefore, for each n,

ϕt(n)(µn) ≥ ϕt(n)(ηn).
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Since ϕt(n) converges to U uniformly, it follows that U(µ) ≥ U(η). Hence
(µ, η) ∈ Γ(%U), as desired.

Next establish Γ(%U) ⊂ LiΓ('t). Let (µ, η) ∈ Γ(%U) and take any
neighborhood V of (µ, η). By (35), there exists α ∈ (0, 1] s.t (µαρ, ηαν) ∈ V
and U(µαρ) > U(ηαν). By Lemma 38, there exists T < ∞ such that
ϕt(µαρ) > ϕt(ηαν) for all t ≥ T , that is, (µαρ, ηαν) ∈ Γ('t) for all t ≥ T .
Hence,

V ∩ Γ('t) 6= φ for all but a finite number of t,

that is, (µ, η) ∈ LiΓ('t).

This completes the proof.

By Lemma 39 and Theorem 2, %U=%∗, that is, U is a representation of
normative preference %∗, as desired.

To complete the proof, let (U, V ) be any representation of %. Given
nondegeneracy of %, [7, Theorem 4] implies that for any α such that V +α ≥
0, (U, V +α) is also a representation of%. Hence, it follows from the preceding
that U is a representation of normative preference %∗.

G Appendix: Proof of Theorem 3

⇐=: First address the question of whether a representation exists for any
continuous u, v, and discount factors δ ∈ (0, 1), γ ≥ 0. Let Cb(Z) denote the
space of bounded continuous real functions on Z endowed with the sup norm
topology. Consider the mapping from Cb(Z) to itself defined by

W ′
n+1(z) = max

µ∈z

∫
C×Z

(u(c) + δW ′
n(x) + v(c) + γW ′

n(x)) dµ(c, x)

−max
η∈z

∫
C×Z

(v(c) + γW ′
n(y)) dη(c, y).

Fixed point theorem.....?

FIX THIS! ......... Given a representation W ′, it is straightforward to
establish the necessity of Axioms 1-5. Necessity of Axiom 7 is as in Lemma
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7. Before considering the remaining axioms, we note that the representation
implies

∀µ, η and t > 1,

µ ' tη ⇐⇒ µ '1 η. (36)

Hence, in the CT model, preferences reverse tomorrow, if at all, that is,

∀µ, η, τ(µ, η) ≤ 1.

It follows that for any pair (µ, η) and any sequence (µn, ηn) that converges
to (µ, η),

lim sup τ(µn, ηn) < ∞.

Therefore, we do not need to check ......... The observation (36) establishes
Reversal..... Independence is obvious.

=⇒: In the proof of sufficiency of Theorem 1, Preference for Early Choice
is used only in Lemmas 30 and 31, that is, after a preference % over Z is
derived from C(·) and shown to satisfy Order∗, Independence∗, Continuity∗,
Set-Betweenness∗, Stationarity∗, Separability∗ and Indifference to Timing∗.
Furthermore, Preference for Early Choice is not needed to show that % is
nondegenerate and generates C(·). Hence, we start by assuming the existence
of a %′ with all these properties. By [15, Lemma ?], this is represented by
W ′ such that

W ′(x) = max
µ∈x

∫
C×Z

(
u(c) + δW ′(y) + v(c) + V̂ (y)

)
dµ(c, y)−max

η∈x

∫
C×Z

(
v(c) + V̂ (y)

)
dη(c, y),

where V̂ is linear and continuous.

Lemma 40 {(c, x)} %′ {(c, y)} =⇒ {(c, x)} ∼′ {(c, x), (c, y)}

Proof. Follows from Menus Do Not Tempt, Reversal, and Lemma 2.

Lemma 41 There exists γ ≥ 0 and θ such that for all x,

V̂ (x) = γW ′(x) + θ.
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Proof. There are two possibilities. First, V̂ may be constant (equal to

some θ). In that case, the result follows with γ = 0. Secondly, V̂ may

be nonconstant. Suppose by way of contradiction that V̂ is not ordinally
equivalent to W ′. That is, there exists x and y such that

V̂ (x) ≥ V̂ (y) and W ′(x) < W ′(y),

or V̂ (x) > V̂ (y) and W ′(x) ≤ W ′(y).

In either case, nonconstancy of V̂ and W ′ implies the existence of menus for
which both inequalities are strict. We prove this for the case that V̂ (x) =

V̂ (y) and W ′(x) < W ′(y). The same argument can be applied to the other

case, that is, V̂ (x) > V̂ (y) and W ′(x) = W ′(y). So suppose V̂ (x) = V̂ (y)
and W ′(x) < W ′(y). There are two possibilities to consider. First, there is

z such that V̂ (x) > V̂ (z).21 If W ′(x) < W ′(z), there is nothing to prove. If

W ′(z) ≤ W ′(x), then W ′(z) < W ′(y), and since V̂ (y) > V̂ (z), the assertion

is proved for this case as well. Second, there is z such that V̂ (z) > V̂ (x).

The argument is similar. Since V̂ is nonconstant, one of the two possibilities
must be true, and hence we are done.

Therefore we can assume without loss of generality that

W ′(x) > W ′(y) and V̂ (x) < V̂ (y).

Observe that

W ′{(c, x)} = u(c) + δW ′(x) > u(c) + δW ′(y) = W ′{(c, y)}.

If δW ′(x) + V̂ (x) > δW ′(y) + V̂ (y), then

W ′{(c, x)} = u(c)+δW ′(x) > u(c)+δW ′(x)+V̂ (x)−V̂ (y) = W ′({(c, x), (c, y)}).

This contradicts Lemma 40. On the other hand, if δW ′(x)+V̂ (x) ≤ δW ′(y)+

V̂ (y), then

W ′{(c, x)} = u(c) + δW ′(x) > u(c) + δW ′(y) = W ′{((c, x), (c, y)},

again contradicting Lemma 40. Thus we establish that V̂ is ordinally equiv-
alent to W ′. By [15, Lemma ?], there exists γ ≥ 0 and θ such that for all
x,

V̂ (x) = γW ′(x) + θ,

21A V̂−best and worst menu exists since V̂ is continuous and Z is compact.
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as was to be shown.

Uniqueness in GP... implies we can set θ = 0. Therefore,

W ′(z) = max
µ∈z

∫
C×Z

(u(c) + δW ′(x) + v(c) + γW ′(x)) dµ(c, x)

−max
η∈z

∫
C×Z

(v(c) + γW ′(y)) dη(c, y),

which completes the proof.

H Appendix: Proof of Theorem 4

I Appendix: Proof of Theorem 6

By Theorem B (Appendix B), normative preference %∗ is well-defined and
satisfies the vNM axioms. Axiom A5 leads to non-triviality of %∗. To see
this, note that by µ > η, µ <τ(µ,η) η and the continuity of each 't, for any
sequence {(µn, ηn)} that converges to (µ, η), there exists N such that µn > ηn

and µn <τ(µ,η) ηn for all n ≥ N . Hence, for all n ≥ N , τ(µn, ηn) ≤ τ(µ, η).
It follows that lim supn→∞ τ(µn, ηn) ≤ τ(µ, η), and hence (µ, η) ∈ Ω. The
non-triviality of %∗ follows from µ <τ(µ,η) η and Lemma 4.

Note that

Λ ≡ {(µ, η) : µ >τ(µ,η) η and (µ, η) 6∈ Ω}
= Ωc − {(µ, η) : µ ≈τ(µ,η) η},

and define
Ψ = Ωc ∪ {(µ, η) : µ ≈τ(µ,η) η}.

Clearly, Λ ⊂ Ψ.

Step 1: (µ, η) ∈ Ψ ⇐⇒ µ ∼∗ η.
Follows from Lemma 4.

Step 2: Λ ⊂ Ψ.
Take any sequence {(µn, ηn)} ⊂ Λ that converges to (µ, η). Suppose by

way of contradiction that (µ, η) 6∈ Ψ. Then, by Step 1, µ �∗ η. By continuity

65



of %∗ there exists N such that for all n ≥ N , µn �∗ ηn. But then, by Step 1,
(µn, ηn) 6∈ Ψ for all n ≥ N , and in particular, (µn, ηn) 6∈ Λ, a contradiction.

Step 3: Ψc is dense in ∆×∆.
By non-triviality of %∗, there exists ρ, ν ∈ ∆ such that ρ �∗ ν. Since %∗

satisfies the vNM axioms,

µ %∗ η =⇒ µαρ �∗ ηαν, for all α ∈ (0, 1) .

Hence, for any (µ, η) ∈ ∆ ×∆, there exists a sequence {(µn, ηn)} that con-
verges to (µ, η) such that for all n, µn 6∼∗ ηn. By Step 1, {(µn, ηn)} ⊂ Ψc.
Therefore, Ψc is dense in ∆×∆.

This establishes that Ψ, and hence Λ, has empty interior. It follows that
Λ is no-where dense.

——————
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