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Abstract

This paper presents an axiomatic model of decision making which incorporates objective
but imprecise information as a variable. The model achieves two primary objectives. First, it
permits the analyst to relate the choices made under different information. Second, it explains
how subjective belief varies with objective information. In contrast, note that in the von
Neumann-Morgenstern expected utility model information is objective and precise, and that
in Savage’s subjective expected utility theory and in the multiple-priors model due to Gilboa-
Schmeidler, information is implicit and fixed. This leaves subjective priors unexplained and
limits the ability to calibrate the model, that is, to relate behavior of the single DM in different
settings.

We adopt a Savage-style state space model. Information is assumed to take the form of a
probability-possibility set, that is, a set P of probability measures on the state space. The DM
is told only that the true probability law lies in P. She is assumed to rank pairs of the form
(P, f) where P is a probability-possibility set and f is an act mapping states into outcomes.

The representation result delivers multiple-priors utility at each probability-possibility set.
The subjective set of priors is obtained by (i) solving for the ‘mean value’ of the probability-
possibility set, and (ii) shrinking the probability-possibility set toward the mean value to
a degree determined by preference. This allows both subjective expected utility with the
prior selected as the mean value, and the other extreme where the DM takes the worst case
scenario in the entire probability-possibility set. The degree of shrinkage corresponds to the

DM’s degree of ‘imprecision aversion,” and it can be elicited by a simple procedure.

*T am grateful to Larry Epstein for his patient encouragement and invaluable advice, and to Mark Machina,

Faruk Gul and Massimo Marinacci for helpful comments.



1 Introduction

1.1 Objectives

Consider a decision maker (DM) who has multiple-priors preferences as in Gilboa-Schmeidler
[8]. To evaluate an act she computes the minimum value of expected utility as the probability
measure varies over her subjective set of priors. The DM faces two alternative Ellsberg urns.
Urn 1 contains 100 balls that are red, green or blue. She is told that there are 40 red balls but
she is told nothing about the numbers of green and blue balls. Suppose we observe the DM’s
choices between bets on this urn. Now consider the same DM confronted with a second urn
containing 100 balls with the same possible colors, but where she is told that the number of red
balls is between 40 and 80, the number of green balls is between 10 and 50, and nothing about
the number of blue balls.

The following two questions motivate this paper:
1. Given the DM’s behavior in urn 1, can we predict her behavior in the second urn?

2. How does the subjective set of priors vary with the objective information?

Consider the two principal theories of choice under uncertainty - the von Neumann-Morgenstern
expected utility theory [19] and the subjective expected utility theory due to Savage [14] and
Anscombe-Aumann [2]. Do they provide an answer?

In the vINM theory, the DM is given a lottery, a probability distribution over outcomes, as an
object of choice. Thus, information about consequence of any given choice is objective and precise.
This is not the case above, since the DM is not told the true proportions of the colors in either urn.
In subjective expected utility theory, the DM chooses between acts, random variables mapping
states of the world into outcomes. Information about states is implicit and fized. Therefore, the
model cannot be used to relate behaviors in two situations such as when facing two alternative
Ellsberg urns. A similar remark applies to Schmeidler [15] and Gilboa-Schmeidler [8]. Their

models accommodate ambiguity aversion, but do not relate preferences across two situations.

We present an axiomatic model of decision making which incorporates objective but imprecise
information as a variable. The model permits the analyst to relate the choices made under different
information. Further, it explains how subjective belief is related to objective information.

We adopt a Savage-style state space model. Information is assumed to take the form of a set

P of probability measures on the state space - the DM is told only that the true probability law



lies in P. We call such a set a probability-possibility set. In the Ellsberg example above, urn 1 is
represented by Py = {(pr,pc,pB) : pr = 0.4}, and urn 2 is represented by P, = {(pr,pc,pB) :
04 <pr <038, 0.1 <pg <05}

The DM is assumed to rank pairs each consisting of a probability-possibility set and an act;
as in Savage, an act maps states into outcomes. Let P and @ denote probability-possibility sets

and let f and g denote acts. When she prefers taking f under P to taking g under ), we write

(P, f) 2 (Q,9)-

When @ = P, the above preference relation represents the ranking of acts given the information
embodied by P. The Savage model may be viewed as this case with some fixed P. By varying P,
we obtain the ranking of acts conditional on different information. When g = f, the preference
relation represents the ranking of information given the action embodied by f. Thus, by varying
f we can look at the DM’s attitude toward information given an act. Finally, the model can be
viewed as a model of risk preference when information is precise, namely when the probability-

possibility set is a singleton.

1.2 Overview of results

The representation result delivers multiple-priors utility over acts conditional on each probability-
possibility set. The subjective set of priors is obtained by (i) solving for the ‘mean value’ of the
probability-possibility set, and (ii) shrinking the probability-possibility set toward the mean value
according to a degree given by preference (see Figure 1). The ‘mean value’ is the Steiner point
(see [17]). It is roughly the weighted average of extreme points of the probability-possibility set
in which the weight for each is proportional to its outer angle.

To illustrate, suppose the probability-possibility set is given by the triangle ABC' in Figure 0
where the outer angle is 120° at A, 135° at B and 105° at C. The Steiner point is computed by

120 135 105

For any probability-possibility set/act pair (P, f), its utility is expressed in the form

U(P, f) = pgsloi(r]g) Eyuo f] (*)
and
e(P)=(1—¢e){s(P)} +¢c P, ()

where ¢ € [0,1] and s(P) denotes the Steiner point of P.!

'E,[ - ] denotes expectation with respect to p.
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Figure 1: Objective information and subjective set of priors.

The parameter ¢ is obtained as a part of the representation result and can be interpreted as a
(subjective) degree of ‘imprecision aversion.” When e = 0, we obtain subjective expected utility
in which the prior is the Steiner point. When € = 1, the functional form expresses the extreme

case where the DM takes the worst case scenario in the entire probability-possibility set.

The degree of imprecision aversion € can be elicited by a simple procedure. Bring two urns,
each containing 100 balls which are possibly red or blue. The DM is told nothing about the
proportions in urn 1. For urn 2, she is told that the proportion of red is p. Denote a bet on red in
urn i by R;, where the bet yields payoff z* if red is drawn from ¢, and « if not, x < x*. Suppose p
is such that the DM is indifferent between R; and Rs. Such p may be called a ‘precise information
equivalent.” Then, the DM’s degree of imprecision aversion is given by € = 1 —2p. When the DM
faces another probability-possibility set P, her subjective set of priors is (1—¢){s(P)}+eP. Since
u(+) can be elicited through choice between lotteries, the model permits prediction of behavior
under different information.

Return to the example in the beginning. The subjective set of priors for each probability-
possibility set is given by ¢(P;) = (1 —¢){(0.4,0.3,0.3)} +e{p : pr = 0.4} and p(P) = (1 —
£){(0.55,0.25,0.2)} + e{p: 0.4 < pr < 0.8, 0.1 < pg < 0.5}.



1.3 Second-order prior model

An alternative Bayesian-style model of preference is one where the DM has a ‘second-order’ prior
over probability measures and updates it conditional on the given probability-possibility set. It

may be formulated as

Jp ¢ (Ep[uo f]) v(dp)/v(P) if  v(P)>0,
¢ (Ep[uo f]) it P={p},

U(P, f) = (%)

where v is a (non-atomic) probability measure over the probability simplex and where ¢ is a
function which expresses the DM’s attitude towards imprecision. When ¢ is concave, she is

averse to imprecision. When ¢ is linear, the functional form reduces to
U(Pvf) :EVP [uof]7

where
pr v(dp)/v(P) if v(P) >0,
p it P={p).

This is subjective expected utility with prior vp. When v is uniform, vp is a conditional mean

Vp =

of P. Conditional mean and the Steiner point are distinct notions of mean value for sets. As a
result, even the Bayesian special cases of the two models, ¢ = 0 in (**) and ¢ linear in (%), are
distinct.

The relation between our model and the second-order prior model will be discussed further

below.

1.4 Outline and related literature

The paper proceeds as follows. In the remainder of the introduction, we summarize the related
literature. Section 2 introduces the primitives of the model. Section 3 presents the axioms. In
section 4, we present the main representation result. In section 5, we show how the parameter ¢

represents the DM’s imprecision aversion. Proofs are collected in the appendix.

Gajdos, Tallon and Vergnaud [9] assume that the DM chooses between triples consisting of a
‘base prior’, a probability-possibility set and an act. They characterize multiple-priors utility in
which the subjective set of priors is obtained by shrinking the probability-possibility set toward
the base prior to a degree determined by preference. In our model base priors are not taken to be
objective and observable by the analyst. Rather, they are subjective and delivered as a part of

the representation of preference. Wang [20] adopts the same domain as in [9] and characterizes



the extreme case where the DM takes the worst case scenario in the entire probability-possibility
set.

Damiano [6] studies a family of preferences over acts indexed by probability-possibility sets,
{7 p}, where P is given as the core of a lower probability. He characterizes a version of subjective
expected utility in which the prior is selected as the nucleolus of lower probability.

Another way of formulating objective but imprecise information is by adopting sets of lotteries
over outcomes as the objects of choice. In this approach, Olszewski [13] characterizes a version of
a-maxmin expected utility in which the DM puts weights both on the best-case and the worst-
case scenarios. Ahn [1] characterizes a conditional subjective expected utility in which the DM
has a prior probability over lotteries, and updates it according to each objective set. The relation
between their models and ours will be discussed further below.

Jaffray [11] studies a model in which capacities over outcomes are the objects of choice. He

characterizes a non-additive version of vINM expected utility.

2 Primitives

The set of possible states of the world, denoted (2, is assumed to be finite and |©2| > 3.2 Denote
the set of probabilities over 2 by A(£2) and its typical element by p. Denote by P the space
of non-empty compact convex subsets of A(2), endowed with the Hausdorff metric; then P is
compact (see pp. 49-50 in [17]). We call an element of P, typically denoted by P, a probability-
possibility set. When told P, the DM is assumed to know only that the true probability lies in
P. When a probability-possibility set is given as a singleton typically denoted by {p}, the DM
knows the true probability precisely and we say there is precise information.

The space of probability-possibility sets P is a mixture space under the operation defined by

AP+ (1-M)Q={\p+1—-XNg:p€ P,qecQ}.

Modelling information by sets of probabilities is restrictive; for example, it does not permit
distinguishing between two situations where the sets of possible probability laws are the same but
where some probabilities are more likely in one situation than in the other. Ellsberg [7] provides

an example where information does come in the form of a convex set of probabilities.

2Throughout the paper, we fix the state space Q. One may view our model as a variable state space model
by saying that €2 is the set of ‘potential’ states of the world, and that S C Q is the present state space when
probabilities of states outside of S are known to be zero. Also one can treat a two-state (one-state) case by saying
that probabilities of states other than the two (one) are zero. However, our analysis requires that there are at least

three potential states of the world.



The outcome space X is assumed to be compact metric. Let A(X) be the set of lotteries
(Borel measures) over X, endowed with the weak convergence topology. It is again compact

metric with respect to the Prokhorov metric. Let F = {f : Q@ — A(X)} be the set of lottery acts.

The domain of objects of choice is P x F. It is endowed with the product topology. The
DM has a preference relation over P x F, which is denoted by 7Z. The DM compares pairs of
probability-possibility sets and acts. When

(P f) Z (@ 9),

the DM prefers choosing f under P to choosing g under (). When Q = P, the preference relation
represents the ranking of acts given the information embodied by P. When g = f, the preference

relation represents the ranking of probability-possibility sets given the action embodied by f.

3 Axioms

First, we assume that the DM’s preference is a weak order.

Axiom 1 (Order): The preference relation 7~ is complete and transitive.

Second, we assume that preference is continuous.
Axiom 2 (Continuity): The preference relation 7 is continuous on P x F.

In particular, preference is continuous over the space of probability-possibility sets with respect
to the Hausdorff metric. It is not innocuous when non-convex sets are treated. Consider a three-
state case, and take two pp sets P = {(1,0,0),(0,1,0)} and @ = {(1,0,0), (0,1,0), (0.01,0.99, 0),
(0,0.99,0.01)} (see Figure 2). In the Hausdorff metric, they are very ‘close.” However, it may be
plausible that the DM views state 2 as much more likely given @) than in P and thus rank them
very differently. When the probability-possibility set is given as a convex set, any mixture of its
elements is also regarded to be possible (see Figure 3). We avoid the above kind of phenomena

by restricting attention to convex sets.



/\ A
G B G B
Figure 2: Non-convex probability-possibility sets
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Figure 3: Convex probability-possibility set

Axiom 3 (Outcome Preference): (i) For any P, P’ € P and | € A(X), (P,1) ~ (P',1), and
(ii) there exist P € P and [,I" € A(X) such that (P,1) = (P,l').

The third axiom states that the preference over lotteries is independent of probability-possibility
sets and is nondegenerate. When a lottery is given regardless of states of the world, information
about their likelihood is irrelevant. Also, we exclude the case that the DM is indifferent between

all the lotteries.

For probability p € A(2) and act f € F, define the induced distribution over outcomes by

(. f) = pw)fw)

weN

Axiom 4 (Reduction under Precise Information): For any p € A(Q2) and f € F,

({p}, 1) ~ (o}, Up, 1))-



This axiom states that the evaluation of an act under precise information depends only on its
induced distribution. We do not assume the counterpart of this for general probability-possibility
sets. As is discussed later, two probability-possibility set/act pairs may be differently evaluated

even if they induce the same sets of distributions over outcomes.

Axiom 5 (Independence): For any P,P',Q € P, f € F, and X € (0,1),
(P f) = (P f) = AP+ (1=XNQ, f) = AP+ (1 = NQ, f).

To interpret, consider the formal object ‘Ao P + (1 — A) o @Q’. Given this, the DM knows
that ‘P is true with probability A and @) is true with probability 1 — A.” Suppose the DM is to
evaluate the two objects Ao P+ (1 —X)o @ and AP’ o +(1 — \) o Q in choosing an act. Then, the
difference between them is only in P and P’ which are true ‘with probability \’. It is intuitive
that the ranking of these should depend only on the ranking of P and P’, and the common
probability-possibility @@ being true ‘with probability 1 — A’ should not matter.

We explain why the axiom permits the above interpretation, by arguing how the DM identifies
the object Ao P+ (1 — A) o @ with AP 4 (1 — \)@. The argument consists of two steps.

First, the DM is indifferent between Ao P+ (1 —X)o@ and ‘{Aop+(1—A)og:p € P, g € Q}.
When the latter is given, the DM knows it is possible that p is true with probability A and ¢ is
true with probability 1 — A, for each p € P and ¢ € Q.

There are two kinds of uncertainty here. One is about outcome of randomization, which is
risk, and the other is about ultimate realization of true probability law. We assume that the DM
is indifferent in the order of these two uncertainties (see the left half of Figure 4).

Second, compare {Aop+ (1—X)og:p€ P, g€ Q} and AP+ (1 —\)Q. The former is the set
of compound probabilities, and the latter is that of their reduced ones. We assume that the DM
is indifferent in the reduction of compound probabilities. That is, she is indifferent in the timing
of resolution of risk, which is assumed in the standard theory (see the right half of Figure 4).

Thus, we deduce that the DM views three objects Ao P+ (1 = A) o @, {Aop+ (1 —A)ogq:
p € P, g€ Q} and \P + (1 — A\)Q to be the same, and that the axiom allows the interpretation

discussed above.
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Figure 4: Independence

Axiom 6 (Set Dominance): For any f € F and p € A(Q2) and P € P,

('} f) = ({p}, f) for every p' € P = (P, f) = ({p}, f),

and
{p}, ) = ({p'}, f) for every p' € P = ({p}, f) = (P, f).

Fix an act and pick a probability-possibility set and a point. If every element of the set is better
(worse) than the point, it will be natural to conclude that the whole set is better (worse) than

the point.

Axiom 7 (Act Dominance): For any f,g € F and P € P,
({p}, /) = ({p}, g) for every p € P = (P, f) Z (P, 9).

If one act is preferable to another under every element of the probability-possibility set, it will

be natural to conclude that the ranking is unchanged even under the whole set.

10



Axiom 8 (Gains via Hedging): For any f,g € F, and p € A(Q), P € P,
(Pv f) ~ ({p}vf) and (Pa g) ~ ({p}vg) = (P7 )‘f_'_ (1 - A)g) i ({p}vAf + (1 - A)g)

The precise information {p} here will be seen as a ‘precise information equivalent’ of the imprecise
information P, which depends on acts. Suppose p is a precise information equivalent of P with
respect to each of acts f and g. When the DM mixes acts, it reduces variation across states. This
renders imprecision of information less costly, whereas it is neutral to precise information. Thus,
the imprecise information will be evaluated better than its precise information equivalent for the

original choices.

Axiom 9 (Cardinal Invariance): For any f € F,l € A(X), A€ (0,1) and P,Q € P,
(P, f) Z (@, f) if and only if (P, Af + (1= A1) Z (Q,Af + (1 = A)I).

To illustrate, suppose ({p}, f) == ({¢}, f) for precise information p,q € A(Q2) and act f. When
a constant act [ € A(X) is given, information about likelihood of states is irrelevant (Axiom
2). That is, we have ({p},!) ~ ({¢},!). Under axioms 1-5, the preference accommodates to the
expected utility structure when information is precise. Thus, the evaluation of precise information
is unaffected by mixing with a constant act, which leads to the ranking ({p}, Af + (1 — A\)I) =
({ah Af + (1= W),

The axiom states that such invariance is valid also for general probability-possibility sets.
Since the ranking of any probability is unchanged by mixing with constant act, it is intuitive that

even the ranking of probability-possibility sets is unchanged.

The last axiom we are going to introduce states that the DM’s attitude toward information
should not change in the transformation of state space which does not change its substance. Let
¥ A(Q) — A(Q) be such a transformation, and let ¢ : F — F be the transformation of act
associated with 1. Then, the axiom takes the form that for any P,Q € P and f € F,

(P, f) Z (@, f) = ((P), ¥(f)) Z (¥(Q), ¢ (f))-

Now the problem is what class of transformations should be considered for such .

The simplest one is permutation of state space. Consider a permutation 7 : Q@ — Q.
Then, the permutation of probability-possibility set is defined by 7P = {q € A(Q) : ¢(w) =
p(m~H(w)) for each w € Q, p € P}, and the permutation of act 7 f is defined by (7f)(w) =
f(rm=Y(w)) for each w € Q.

11



To illustrate, take the three-color urn example (see Figure 4) in which Q = {R, G, B}. Consider
f given by f(R) =100, f(G) =0 and f(B) = 0. Suppose first that given f the DM prefers P to
Q. Now rename balls as red to green, green to blue, and blue to red. That is, permutation 7 is
made according to the graph in Figure 5. Then, « f is given by (7 f)(R) =0, (7f)(G) = 100 and
(7 f)(B) = 0, which means betting on IIR = G. It is intuitive that given 7w f the DM prefers 7P
to 7Q (see Figure 6).

G B
1

Figure 5: Permutation

G B TR=G mG =B

Figure 6: Invariance to permutation

Thus, permutation is the natural candidate of transformation in which the DM’s attitude
toward information should be unchanged. Next, we consider a broader class which consists
of their ‘stochastic extensions’. An |Q] x |Q]-matrix II is bistochastic if it is nonnegative and
Y weq e = 1 for each w’ € Q, and 3 . L. = 1 for each w € Q. For a bistochastic matrix
ITand f € F, define the transformed act I1f € F by (ILf)(w) = > /cq ww f(w') for each w € Q.

Any bistochastic matrix may be expressed as a convex combination of permutation matrices
(see [3]). In that sense, it is a stochastic generalization of permutation. However, a bistochastic
matrix can change the substance of state space. To clarify, consider a transformation by a
bistochastic matrix according to the graph in Figure 7. Consider f given by f(R) = 100, f(G) =0
and f(B) = 0. Given f, state R is best and G and B are the worst cases. Thus, ({R}, f) >

12



({G}, f) ~ ({B}, f). Now transform the state space, to obtain IIR = (%, %,O), IIG = (%, %,0)
and IIB = (0,0,1) (see Figure 8). The transformed act ILf delivers (ILf)(R) = (100;%,0; %),
(If)(G) = (100;%,0; %) and (ILf)(B) = 0. View {IIR,IIG,IIB} as a ‘new state space.” Then
IIf can be seen as an act that maps {IIR,IIG,IIB} to outcomes, and delivers (IIf)(IIR) =
(1005 3,0; 4), (ILf)(IIG) = (100; 3,0; 2) and (ILf)(IIB) = 0. Thus IIf delivers a better outcome
in ‘state’ IIG than in ‘state’ IIB; that is, ({IIG},I1f) > ({IIB},I1f) even though ({G}, f) ~
({B}, f). Since even the ranking of precise probabilities is changed by the transformation, the

DM does not view the new probability simplex as substantially the same as the original one.

2/3
G
Y3/ 113
/3 1

Figure 7: Transformation by a bistochastic matrix.

R R

G B a

Figure 8: Transformation of state space by a bistochastic matrix.

We formulate the invariance axiom using a subclass of bistochastic matrices. A matrix II is
a similarity if there exists A > 0 such that ||IIp — Ig|| = A||p — q|| for any p,q € A(2). When a
matrix is bistochastic and is a similarity, we call it a similarity reshuffle. Let SR be the set of
similarity reshuffles. Note that the image of probability simplex by a similarity reshuffle is similar

to the original one in the sense of Euclidian geometry. It follows that the transformation in the

13



previous example is not a similarity, the simplex defined by {IIR,IIG,IIB} is not similar to the
original one.

To illustrate, consider a similarity reshuffle according to the graph in Figure 9. The probability
simplex is transformed into a new probability simplex spanned by IIR, IIG and IIB which are
viewed as new states of the world. The new probability simplex is similar to the original one (see
Figure 10).

There is a behavioral counterpart to the above geometric similarity. Similarity reshuffles

preserve the ranking of probabilities induced by acts. Precisely, we have

Lemma 1 Assume azioms 1-5. For any Il € SR, p,q € A(Q) and f € F, ({p}, ) = ({q}, f)
implies ({Ilp}, 11f) = ({Ig}, I1f).

1/3

R

2/3 2/3

<:ji 2/3 iif>

1/3 1/3

Figure 9: Similarity reshuffle
R R

G B ¢ 1o B

Figure 10: New state space and probability simplex given by similarity reshuffle

Invariance to similarity reshuffles is implied by Axioms 1-5 when information is precise. The

sought-after final axiom imposes invariance also when information is imprecise.

14



Axiom 10 (Invariance to Similarity Reshuffles): For any Il € SR, f € F and P,Q € P,
(P, f) 2 (@, f) = (IIP11f) = (IQ, ILf).

To interpret, suppose that the DM prefers P to @ given f. Then under axioms 1-5, ILf
induces the same ranking of probabilities in the new simplex as f does in the original one. That

is, for any p € P and q € Q,

({r}, ) Z (g}, f) = ({Up}, 11f) Z ({Ilg}, ILf),

and

(g}, ) = (e}, f) = (g}, 11f) = ({Tp}, TLf).

Thus in the new probability simplex when given IIf, IIP and IIQ) play the same roles as P and
@ do in the original one when given f. Therefore, it is intuitive that the ranking of possibility
sets is unchanged, which leads to the ranking (IIP,I1f) = (IIQ,I1f).

To illustrate, take the three-color urn example again and consider f given by f(R) = 100,
f(G) =0and f(B)=0. Given f, state R is best and G and B are the worst cases. Suppose first
that given f the DM prefers P to (). Now reshuffle the names of the balls according the graph in
Figure 10. Then IIf delivers (ILf)(R) = (100; %, 0; ), (ILf)(G) = (100; 2,0; %) and (ILf)(B) = 0.
The similarity reshuffle IT gives the new state space {IIR,IIG,IIB}, and the reshuffled act IIf is
viewed as an act which maps {IIR,IIG,II1B} to outcomes and delivers (IIf)(IIR) = (100, g,() )
(ILf)(IIG) = (100;2,0; Z) and (ILf)(ILB) = (100; 2,0; ). Thus given ILf, the new state IR is
best, and IIG and IIB are the worst cases. Since the ranking of any probability is unchanged in

the same way, it is intuitive that also the ranking of probability-possibility sets is unchanged.

G B

Figure 11: Invariance to similarity reshuffle
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4 Representation Theorem

The representation result delivers multiple-priors utility at each probability-possibility set. The
subjective set of priors is obtained by (i) solving for the ‘mean value’ of the probability-possibility
set, and (ii) shrinking the probability-possibility set toward the mean value according to a degree
given by preference. The ‘mean value’ is the Steiner point. Let e = (ﬁ, e ,ﬁ) and V ={v e
R?: (v—e)e=0,|v—e| =1} be the || — 2 dimensional unit sphere around e. For a possibility
set P € P, its Steiner point is defined by

b
(12 = (V)

where hp is the support function given by hp(v—e) = max,cp(p—e)(v—e) and p is the spherical

s(P)=e+ /V(v —e)hp(v —e) p(dv)

Lebesgue measure over V.
Example 1 Steiner point of a segment is its midpoint.

Example 2 Steiner point of a polytope is the weighted average of its vertices, in which the weight

for each vertex is proportional to its outer angle.

Example 3 When a probability-possibility set is given as the core of a lower probability (convex

capacity), its Steiner point coincides with the Shapley value of the lower probability.

We state the main theorem.

Theorem 1 The preference relation = satisfies Axioms 1-10 if and only if there exists a function
U:P xF — R which represents 7~ and a mizture-linear and continuous function u: A(X) — R

and a number € € [0, 1] such that

Up, f) = pé?pi(l}v) weQU(f(w» p(w) (*)
where
e(P)=(1—¢){s(P)} +¢ P. (%)

Moreover, u is unique up to positive linear transformations and € is unique.

An immediate corollary is obtained by strengthening Axiom 8 to
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Axiom 8* (Hedging Neutrality): For any f,¢g € F, and p € A(Q), P € P,
(P, f) ~ ({p}, f) and (P,g) ~ ({p},9)
imply (P,Af + (1= N)g) ~ ({p}, Af + (1= \)g).
That is, hedging is neutral to the evaluation of possibility sets.

Corollary 1 The preference relation 7, satisfies Axioms 1-7,8%,9,10 if and only if there exists
a function U : P x F — R which represents -, and a mizture-linear and continuous function
u: A(X) — R and a number € € [0, 1] such that

UP, f) =Y u(f(w)) s(P)(w)

weN

Moreover, u is unique up to positive linear transformations.

One might also wonder about generalizing Theorem 1 by dropping Invariance to Similarity
Reshuffles. If that axiom is dropped, then the current proof shows that the remaining axioms
imply (*), where ¢ : P — P need not satisfy (xx). Instead, ¢ satisfies the following three

conditions.
Selection: For any P € P, o(P) C P.
Mixture linearity: For any P,Q € P, (AP + (1 = N)Q) = Ap(P) + (1 — N)p(Q).
and
Continuity: ¢ is continuous over P in the Hausdorff metric.

However, it is not clear how such a mapping is represented concretely.

5 Comparative Imprecision Aversion

The parameter € represents the DM’s degree of imprecision aversion.

Say that 71 is more imprecision averse than 7o if for any P € P, p € A(Q) and f € F,
({p}, f) Z2 (P, f) implies ({p}, f) 71 (P, f). This says that the two preferences coincide over
probability-possibility set/act pairs with precise information , but pp set/act pair with imprecise
information disliked by one is disliked by the more imprecision averse one.

Notice that this comparison is partial in the sense that the degree of imprecision aversion is

comparable only between the preferences with the same ranking of risky prospects.
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In the class of preferences characterized in the previous theorem, the degree of imprecision

aversion is parametrized by e.

Theorem 2 Maintain azioms 1-10. Let (ui,e1) and (ug,€2) represent 221 and 72, respectively.
Then, 71 is more imprecision averse than o if and only if there exists constants A, B with A > 0

such that w1 = Aus + B, and €1 > &s.

The degree of imprecision aversion € can be elicited by a simple procedure. Bring two urns,
each containing balls which are possibly n colors including red. The DM is told nothing about
the proportions of colors in urn 1. For urn 2, she is told that the proportion of red is p. Denote
a bet on red in urn ¢ by R;, where the bet yields payoff x* if red is drawn from ¢, and z < z*
if not. Suppose p, is such that the DM is indifferent between R; and R — thus p, is called
a ‘precise information equivalent.” One calculates immediately that p, = (1 — €)/n, and hence
€ = 1—np,. When the DM faces any other information represented by some set P, her subjective
set of priors is (1 —e){s(P)} + eP. Since u(-) can be elicited through choice between lotteries,

the model permits prediction of behavior under different information.

6 Further Discussion

6.1 Second-order prior model

We compare our model and the second-order prior model described in section 1.3. In order to be
precise, we introduce some technical details. Let C be the space of closed subsets of A(€2) and
let C*={PeC:intP=P or |P|=1}. Both are endowed with the Hausdorff metric. The
second-order prior model is well-defined on C*.

To facilitate comparison, we take the common domain P* x F where P* = P N C*. Table 1
compares the two models on P* x F. One critical difference is that the second-order prior model
violates Independence. Another difference is that Gains via Hedging and Cardinal Invariance are
violated when ¢ is nonlinear. This suggests that the imprecision aversion properties described by
the two models are different. Although both models are continuous in the subdomain P* x F,
there is an implicit difference between them also with regard to continuity. The second-order prior
model cannot be continuously extended to P or C, since it is not defined when the probability-

possibility set has empty interior.
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Axioms Present model | Second-order prior model
Order v v
Continuity v v
Outcome Preference v v
Reduction under Precision v v
Independence v X
Set Dominance v v
Act Dominance v v
Gains via Hedging v v if ¢ linear
Cardinal Invariance v v if ¢ linear
Invariance to SR v v if ¢ linear and v uniform

Table 1: Comparison of the two models on P*

The two models are not nested — in fact, they are disjoint. That is, there does not exist a
preference order on P* that can be represented both in the form described in Theorem 1 and in

the form given by (x). The proof is provided at the end of the appendix.

6.2 Ambiguity as sets of lotteries

An alternative way to model objective but imprecise information is to specify sets of lotteries
over outcomes as the objects of choice. This approach is taken by Olszewski [13], Ahn [1] and
Stinchcombe [18].

Our model reduces to the lottery set model if the DM evaluates a probability-possibility
set/act pair (P, f) only via the set of distributions over outcomes (or lotteries) induced by (P, f).

Formally, the condition is expressed in the form of the following axiom,
Set Reduction: For any P,Q € P and f,g € F,
{ip, ) :pe Py ={llg.9) : q € Q} = (P, f) ~ (Q,9)-

When P = @ = {p}, Set Reduction asserts probabilistic sophistication in the sense of Machina-
Schmeidler [12], which is satisfied in our model (see Axiom 4). However, Set Reduction is not
always intuitive when information is imprecise. Two probability-possibility set/act pairs may be
evaluated differently even if they induce the same sets of induced distributions. Consider the
Ellsberg’s urn example. There are two urns each containing 100 balls which are red, green, blue

or yellow. The DM is informed that urn 1 contains only red or green balls, but knows nothing
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about urn 2. She holds a bet on red from the urn of her choice. She receives 100 dollars if red is
drawn and nothing otherwise. If the DM cares only about the sets of induced distributions, she

is indifferent between the two urns. However, she may plausibly prefer to bet on urn 1.
Appendix

A  Proofs

Necessity of the axioms is routine. We show sufficiency.

A.1 Precise information case

Proposition 1 There exists a mizture linear and continuous function u : A(X) — R such that

({r}, ) = (e}, 9) if and only if
> u(fw)) plw) = > u(gw)) qlw).

weN weN

Moreover, u is unique up to positive linear transformations.

Fix a possibility set P*. By Outcome Preference, we can define the preference over outcome
lotteries 7—* by
1=*0 if (P*,1) = (P, 1.

Lemma 2 For any l1,l2,l3 € A(X) and XA € (0,1), I1 Z* lo if and only if Xy + (1 — N)lg =*
o+ (1= N)ls.

Proof. Let f € F an act defined by

I if w=wi,

Iy if w = wa,
flw) =

I3 if w = w3

{4 otherwise.

and 61, d2, 03 be the probability degenerate on wi, ws, w3, respectively.
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Then, for any A € (0, 1)

h="ly & 101, f) =" U(b2 f)

({1}, f) = ({d21, f)

({Ad1 + (1 = A)ds}, f) = ({Ad2 + (1 = A)ds}, f)

I(NO1 + (1= N)d3, f) =" 1L(Ad2 + (1 — A)ds, f)

AU(S1, f) 4+ (1 = N)U(03, f) =" Al(d2, f) + (1 = A)U(d3, f)
AMi+ (1 =N)lg =" Mo+ (1= AN)3

¢ U

Thus, 77* satisfies the conditions for the vNM expected utility over lotteries. By Grandmont
[10], it has a mixture linear and continuous representation denoted by w : A(X) — R, which is
unique up to positive linear transformations. Without loss of generality, let I* € A(X) be such

that u(I*) =0. m

Proof of Proposition 1

Since w is mixture linear, by Reduction under Precise Information we obtain

({r} ) Z {a}9) = ({p}, l(p, )z {a}, g, 9))
< (P, f) Z (P, Ug,9))
< p, ) *U(g,9)
< u(l(p, )) u(l(q, 9))
& D u(f(w) pw) =Y ulg
we weN

This completes the proof. l

A.2 Construction of the utility function

Proposition 2 Given u, there exists a unique continuous function U : P X F — R such that:
1. (P, f) Z (Q.9) if and only if U(P, f) > U(Q, f)
U({p}, f) = Lwequlf(w)) p(w) over A(Q) x F

3. U(-, f) is mizture linear on P.

Set Dominance implies the following:

21



Lemma 3 For any P € P and f € F, ({p}, f) % (P.f) Z ({p}, [f) for p,p € P such that
{p}, f) = Upt 1) = (P}, f) for every p € P.

We show that under a fixed choice of act, any probability-possibility set has a precise infor-

mation equivalent, which is a precise information equally preferable to it.
Lemma 4 For any P € P and f € F, there exists p € A(Q) such that (P, f) ~ ({p}, f).

Proof. By the previous lemma, ({p}, f) = (P, f) = (p, f) for p,p € P such that ({p}, f) =
({r}, f) = {p}, f) for every p € P. It is immediate when ({p}, f) ~ ({p}, f). Otherwise, Mixture
Independence implies there is a unique X € [0, 1] such that (P, f) ~ ({(1 = A\)p+ Ap}, f). =

Independence implies that equivalent precise information is preserved under mixing.

Lemma 5 If (P, f) ~ ({p}, f) and (Q, f) ~ ({4}, f), then (AP+(1=2)Q, f) ~ ({Ap+(1=A)g}, f)
for any A\ € [0,1].

Proof of Proposition 2
For each P € P and f € F, define U(P, f) by

U(p, f) =U{p}, f)

where p € A(Q) is such that (P, f) ~ ({p}, f)-

By construction, (i) this represents the preference, and (ii) U({p}, f) = X_,cqu(f(w)) p(w)
over A(2) x F. By the above lemma, (iii) U(-, f) is mixture-linear over P for each fixed f.
Uniqueness follows from (ii). W
A.3 An intermediate representation result

The aim of this subsection is to prove:

Proposition 3 Given u and U, there exists a unique mapping @(P) : P — P such that

U(P, f) = min » u(f(w)) pw).
S9)

pep(P) 7

where ¢ satisfies: (1) ¢(P) C P for every P € P, (ii) continuity over P with respect to the
Hausdorff metric, (iii) o(AP + (1 — N)Q) = Ap(P) + (1 — N)e(Q) for any P,Q € P, and (iv)
o(IIP) = IIp(P) for every P € P and Il € SR.

First, we show a monotonicity condition holds.
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Lemma 6 (Monotonicity) For any P € P and f,g € F,
(P, f(w) Z (Pg(w))  for every weQ
implies (P, f) Z (P, g).

Proof. Take P € P and let (P, f(w)) ZZ (P, g(w)) for every w € Q. Under axioms 1-5, this implies
({p}, f) = ({p}, g) for every p € P. By Act Dominance, we get (P, f) 7 (P,g). m

For later use, let 2 be the ordering on P conditional on f, that is induced by 7Z; that is,
PZrQ—= (P f)Z(Q.f)
for any P,Q € P. Let R, = {uo f € R®: f € F}.
Lemma 7 Given u and U, there exists a unique function I : P x R, — R such that
1. I(Pyuo f) =U(P, f) for any P€ P and f € F.
2. I(-,x) is mizture linear for each x € R,,.
3. I(P,cl) = c for any c € [minea(x) u(l), maxzenx) u(l)].
Proof. By Monotonicity, I : P x R, — R is well-defined by
I(P,uo f)=U(P,f).

In addition I({p},uo f) = > u(f(w)) p(w) for every p € A(Q2) and f € F. Mixture linearity
follows from that of U. Monotonicity delivers I(P,cl) =c. =

Now we extend I to P x R by homogeneity.

Lemma 8 For any Pe P,z € R®, ¢c€ R and A > 0,
I(P,\x) = M[(P, ).

Proof. First, we consider the case 0 < A < 1. It is immediate when = is a constant vector.
Suppose z is non-constant.

Let  =wo f. Then Az = uo (Af + (1 — \)I¥).

By Cardinal Invariance, =2 r41-x)+- They are nondegenerate since the restricted rela-
tions over A(2) are nondegenerate. Since both I(-,x) and I(-, Ax) are mixture-linear functions

representing the same nontrivial order, we get cardinal equivalence
I(-, \x) =al(-,x)+ b,
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for a > 0 (a and b may depend on z).

When we restrict attention to singletons, then

I({p},2) = pz
I({p}, Az) = Apz,

which implies by varying pthat a = A, b = 0.

The result for A > 1 and A = 0 is immediate from the above. m
Lemma 9 For any P<€ P, 2 € R?, c€ R and X € [0, 1],
I(P, Az + (1 = XN)el) = MI[(P,x) + (1 — Ne.

Proof. The cases A = 0 or 1 are immediate. Also, it is immediate when x is a constant
vector. Thus, suppose 0 < A < 1 and z is a nonconstant vector. Wlog, let x = uw o f and
Az +(1=X)el = uo(Af+(1—MN)l) where f is a payoff-nonconstant act. Then, f and Af +(1— )l
are payoff nonconstant acts and induces the same and nontrivial ordering over P.

Since both I(-,z) and I(-, \x + (1 — A)c1) are mixture-linear functions representing the same

nontrivial ordering /Z =251 (1-x), We get cardinal equivalence
I, e+ (1=X)ecl)=al(-,z)+b

for a > 0 (a and b are depending on x and c here yet).

Take any p. Then,

I{p}, e+ (1—AN)ecl) = Ipzr+(1—N)c

apxr + b

Since this is true for arbitrary p and we can take another g so that px > gz, we obtain a = A and
b=(1—-Ac. m

Next, we show that I is concave in the second argument.
Lemma 10 I(P, Az + (1 = N)y) > M(P,z) + (1 = \)I(P,y).

Proof. It is immediate from the above lemma when either x or y is a constant vector. Suppose
both are non-constant vectors.

First, we consider the case prax }f pray, where prax is the projection of x over the affine
subspace of R spanned by A(Q).

Let t =uo f,y=wuog. Then, \e + (1 — ANy =uo (Af+(1—XN)g).
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Take any P € P. Let

V(P f) = {peA): (P f)~{rt f)}

v(Pg) = {peAl):(Pg)~({pr} 9}
Y(P, f) is represented as the intersection of the hyperplane {p € R® : p(uo f) = U(P, f)} and
the probability simplex A().
Case 1: (P, f)Ny(P,g) # 0. Take p € (P, f) N (P, g). Then,

I(PAz+ (1=Ny) = UPA +(1—N)g)
> U({p}h, A\f+ (1 =XN)g)

= NU({p}, /) + 1 =NU({p},9)
= M(Pz)+(1-\NI(P,y)

where the inequality on the second line follows from Gains via Hedging.
Case 2: Even when ¢(P, f) N¢(P,g) = 0, we can take ¢ € intA(Q) and sufficiently small
n > 0 so that Y(nP + (1 —n){q}, f) N¥(nP + (1 —n){q},g) # 0. When Az + (1 — Ny, we get
1P + (1= p){ah Aa+ (1= A)g) = AP+ (1 = ){a},2) + (1 = NI(P+ (1 — ){q}, ). Snce
InP + (1 —n){q},z) =nI(P,z)+ (1 —n)gz for any non-constant vector z, we obtain the result.
When Az + (1 — A)y, Continuity delivers the desired result.

When praz || pray, take an sequence of non-constant vectors (z",y") converging to (z,y)
such that praz™ Jf pray™ for every n. We have obtained (P, Az" + (1 —\)y") > M (P,z")+ (1 —
AN)I(P,y™) for every n. By Continuity, we obtain the desired result. m

Thus, we can apply the Gilboa-Schmeidler [8] argument so that we obtain

Lemma 11 For any P € P, there exists a unique closed (hence compact) convez set o(P) such
that

H(Pa) = mig, 3 o) plo)

for every x € RY.

Proof. Fix P € P. Then, I(P,-) satisfies the condition of GS. Thus, there is a closed convex set
©(P) € P such that

I(Pz)=9® ( min Zx(w) p(w);P)

pEP(P)
where ®(-; P) is a monotone transformation depending on P.
Recall that I(P,cl) = ¢ for any c¢. Therefore, ® (¢; P) = ¢ for any ¢, which implies ®(-, P) is
an identity map, and it this true for any P € P. =m
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Lemma 12 For every P € P, p(P) C P.
Proof. Suppose ¢(P) ¢ P. Then, there exists f € F such that
Up,f) = min > u(fw) pw)
< min » u(f(w)) pw)

= U({Bf}>f)>

which contradicts Lemma 3. m

Thus, the mapping ¢ : P — P with p(P) C P is well-defined.
Lemma 13 For any P,P' € P and A € [0,1], (AP + (1 = A\)P’) = Ap(P) + (1 — N)p(P’).
Proof. By construction,

UMP+(1=MNP,f)= min > u(f(w)) pw).

pEPAP+(1-X)P’) ”
for any f € F.
By mixture-linearity of U over P,

AU(P, f) + (L=NU(P', f) = /\pgloi(rlg) Y ulf(@) pw) + (1 =A) min > u(f(w)) p(w)

> ulfw) p(w)

w

= min
PEAP(P)+(1=A)p(P")

for any f € F. By uniqueness of ¢(+), we obtain the result. m

Lemma 14 The mapping ¢ : P — P is continuous with respect to the Hausdorff metric.

Proof. Let {P"} be a sequence in P converging to P € P. Because P is compact, it is wlog
to assume that {¢(P™)} is convergent. Suppose ¢* = lim,_,oc p(P") # ¢(P). Then there exists
f € F such that

U(P,f) = min Y u(f(w)) p(w)

pEp(P)

> min » u(f(w)) p(w)
pEY o

= lim min u( fw w
dim iy S u(/() ple)
= lim U(P",f),

which is a contradiction to Continuity. m

26



Lemma 15 Bistochastic matriz 11 is a similarity reshuffle if and only if there exists A € (0, 1]

such that II'IT = M\ + %E, where I is the identity matrix and E is a matrix in which all the

entries are 1.

Proof. Recall e = (ﬁ, e ,|—1|)
(=>): Take any p,q € A(Q2). Then,

p + 11 Ip + 11
Mp Tlg) = o(-—P+t24_Pptia
2 2

+ (lp, e) + (Ilg, €) — (e, €)

(g — e, IIg —¢)

1 1
e>—2(Hp—e,Hp—e)—2

Since Ile = e and (IIp,e) = (p,e) = ﬁ for any p, by assumption the right-hand-side of the above

equality becomes

AP<p;q_ap;q_e>_;@_em_ey_;@-aq—@+wn@+w%@—wa@
+(1 = A) [(p, ) + (g, €) — (e, )]

= AMp,g) +(1-N)/[Q|

Thus, we obtain

(lp,1lg) = p'I'llg
= AMp,g) +(1=X)/19]

for any p,q € A(Q). Pick p = 6, ¢ = d,» where ¢, and 4, are probabilities degenerated on w,

w', respectively. Then, for all the column vectors IIy, - - - , jq), we obtain
I, = A when w # W'
I, = A+ (1-)N)/]Q

(<=): By the converse argument of the above. m
Lemma 16 For any P € P and I1 € SR, ¢(I1P) = Ilp(P).
Proof. Suppose ¢(IIP) ¢ Tp(P). Then, there is € R® such that

min w w) > min w) p(w
i, ST p(e) > iy 5 a) ()

By taking y = Iz, both sides are written as

pé?oi(%) 4 (z)(w) (Mp)(w) >p/£%ﬁp) 4 (z)(w) p'(w) (%)



By homogeneity with respect to x, wlog we can set x = u o f and for some f € F. Take
p* € argmin,e,p) Y, T(w) p(w). Since

S () (@) (Tp) () = A Y 2(w) plw) + TQ,A )

we have p* € argming,c,p) Y, (IIz)(w) (IIp)(w). Thus, the left hand side of (x) is equal to
U({Ilp*},I1f). On the other hand, the right hand side of (x) is U (ILP,IIf). Thus, U({IIp*},IIf) >
U(ILP, 11f)

By definition of p*, we have U({p*}, f) = U(P, f). This contradicts to the Invariance to
Similarity Reshuffles.

We similarly obtain a contradiction for the case ¢(ILP) 2 IIp(P). =

A.4 Analysis of the prior selection mapping

Let 1=(1,---,1) and e = ﬁl. For later use, we show the lemma below.

Lemma 17 Let F : A(Q) — A(Q) be a mizture-linear mapping satisfying F(e) = e. Then there
is a unique doubly stochastic matriz 11 such that F(p) = Ilp for every p € A(f2).

Proof. Given such F, define II by II;; = F;(d;) where ¢; is a probability which assigns unit mass
on state j € {2. By mixture linearity, II represents F'.

Suppose there are two matrices IT and II" which represent F. If II;; # H;j for some 7,5 € €Q,
this leads to Fj(d;) = Il;; # II;; = F;(J;), a contradiction. Thus II is unique.

If II;; < 0 for some i, j € €2, this leads to F;(d;) < 0, which is a contradiction.

For any j € Q, I10; = (IL;j)icq € A(Q). Therefore, } .. II;; = 1 for each j € Q.

Since Ile = e, for each ¢ € N, ﬁ ZjeQ II;; = ﬁ Therefore, ZjeQ Il =1foreachic Q. m

Now define ¢* : P — {e} — P — {e} by

" (K) = o(K +{e}) — {e}

Lemma 18 For any K € P —{e} and A > 0 with A\K € P —{e}, p*(AK) = \p*(K).
Proof. The case of A =0 or 1 is obvious. Let A € (0,1). Then,

P*(AK) = o(AK +{e}) — {e}
= @AE +{e}) + (1 = M) {e}) — {e}
= Ap(K +{e}) + (1= Ne({e}) — {e}
= Ap(K +{e}) + (1= A){e} — {e}
= Me(K +{e}) — {e})
= Ap*(K).
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The case of A > 1 is immediate from the above. m

Let H, be the || — 1 dimensional linear subspace of R which is orthogonal to e. Let K. be
the family of compact convex subsets of H., endowed with the Hausdorff metric. By the above

lemma, we extend ¢* to K.. This preserves continuity in the Hausdorff metric.

Lemma 19 For any K, K' € K¢, ¢*(K + K') = ¢*(K) + ¢*(K'). In particular, ¢*(K + {z}) =
©*(K) +{z}.

Proof. Take sufficiently small A > 0, then AK, A\K’' € P — {e}. By homogeneity,

« 2 ,(AK + K’
1) - 2 ()

Then, we have

o (AK;AK’) _ ()\K;r{e} N )\K’;—{e}) (e}

= SOOK +{e) + JoOK + {e)) — {e}
PO +{e}) ~ {e} | K+ {e}) — {e}
2 + 2
= P OK) + 3¢ (OK))
>\ * )\ * !

= 2P (E) + 5K,

which gives the result. m
For each II € SR, define a mapping 711 : A(Q2) — {e} — A(Q) — {e} by
Tr(z) =1(x +€) —e.

Since x4+ e € A(Q) implies I1(x + ¢), the mapping indeed satisfies T11(x) € A(Q2) — {e}. By nature
of IT, we have (i) Tir(Az) = ANT11(«x) for any A with Az € A(Q)—{e}, (i) Tn(z+y) = Tu(z)+Tu(y),
and (iii) there exists A\;p € (0,1) such that || T(z)| = Anljz|| for every z € A(Q) —{e}. By (i),
we can extend 771 to the whole linear subspace H..

We say that a linear transformation T is a sub-similarity if T(A(2) — {e}) C A(R2) — {e} and
there exists Ap € (0, 1] such that [|T(x)| = Ap||lz|| for any = € H..

Conversely to the above, any sub-similarity 7" : H, — H. has a corresponding SR. For T,
define Fr: A(2) — A(R2) by

Fr(p)=T(p—e) +e.
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Then, it is easy to see that I takes values in A(£2) and is mixture linear and Fr(e) = e. By
the previous lemma, it has a representation by a doubly stochastic matrix Il and Fr(p) = II(p).

Since Frp satisfies (iii), IIp is an SR.
Now we show that ¢* is equivariant in sub-similarities.
Lemma 20 For any sub-similarity T : He — H., ¢*(TK) = Tp(K).

Proof. By homogeneity of ¢*, wlog we can take K € P — {e}. By the above lemma 7" has a
corresponding SR Il and T'(z) = Iy (z + e) — e for any x € A(R2) — {e}.

Then,
¢ (T(K)) = o(T(K)+{e}) —{e}
= @(r(K +{e}) — {e} + {e}) — {e}
= @(r(K +{e})) — {e}
= Hrp(K +{e}) — {e}
= T(p(K)).
]
A linear transformation I : H, — H, is called isometry if ||I(x)|| = ||z|. Let Z be the set of

isometries. For any isometry I € Z, its positive scaler multiplication AI where A > 0 is chosen so
that AI(A(Q) —{e}) C A(Q) — {e} is a sub-similarity. Conversely, any isometry is obtained from
a sub-similarity by reversing the above procedure.

By homogeneity of ¢*, we obtain

Lemma 21 The mapping ¢* is equivariant in isometries. That is, for any isometry I € I,

¢ (I(K)) = I(¢"(K)).

The || — 1 dimensional Euclidian space RII=1 is the image of the linear subspace H, by
some isometry. Let J : H, — RI®I=1 pe the isometry. All the relevant operations are preserved
under isometry. Let KII=1 be the space of compact convex subsets of RI®I=1. The space K/¢~!

is also the image of K, by the isometry. Define ¢** : KIU=1 — LI2I=1 by

Then, ¢** is continuous, additive and equivariant in isometries in RI®I=1 and translations, and

satisfies p**(K) C K for any K € KIU-1,
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Let W = {w € RII=1 : ||w|| = 1} be the || — 2 dimensional unit sphere. For a compact
convex set K € KIU=1 its Steiner point is defined by

S K) = [ whiw) ()

where hg is the support function given by hg(v) = max.,cx zw and p is normalized rotation

invariant measure over W.

Case 1 || = 3: Since image of a segment is its subsegment, we can apply Theorem 1.8 (b) in

Schneider [16] so that we obtain
P (K) =N [K = s7(K)] 4+ 0T [-K + s (K)] + {s™(K)}

with € > 0, § > 0 and 771,75 being some two dimensional rotation matrices.
Consider a segment with midpoint 0. Since its image is its subsegment, it must be the case
that (T1,T2) = (1,1) or (1,—1) or (—1,1) or (—1,—1). Thus, wlog

T (K) = e[K — s (K)]| + 0 [-K + s (K)] + {s™(K)}

We show ¢ € [0, 1] and § = 0 below together with the next case.
Case 2 |Q| > 4: Since ¢**(K) C K for any K € KI®I=1 the image of any segment is its
subsegment. Thus we can apply Theorem 1.8 (b) in Schneider [16] so that we obtain

P(K) =¢e[K = s7(K)|+ 0 [-K + s7(K)] + {s"(K)}
with e >0, 0 > 0.

We show ¢ € [0,1] and 6 = 0. Since ¢*(K) C K for any K, ¢ cannot exceed 1. Now consider

a family of triangles

cos cosf
Kp = {(21,72,0,+,0) € Ry < =y, w3 > —
sin

x1, 1 < sinf}

indexed by 0 < 6 < 5. Then we have s™(Kj) = (“779 sin#,0,0,---,0). Let Z1(Ky) =
MaX e (K,) T1. We get T1(Ky) = 7rT_‘gsine + 5% sin @ + 5”7_9 sinf. Since ¢**(Ky) C Ky, this
cannot exceed sinf. Since sin@ is positive, we can divide both sides of Z1(Kjy) < siné by sin 6

and by arranging we get

SIES

0 <

- (1—e).

SYES

Since this is true for any § € (0, §), we obtain § = 0.
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Thus
e(K) =e[K — s"(K)] + {s™(K)}

with e € [0,1]. Since Steiner point and every relevant operation are preserved by isometry, we

obtain
p(P)=¢e[P—s(P)]+{s(P)}.

A.5 Comparative imprecision aversion
Below all preferences are assumed to satisfy the conditions of Theorem 1.

Lemma 22 Let 71 be more imprecision averse than 7=o. Then ({p}, f) Z2 ({P'}, f) if and only
if o}, f) 21 ({P'}, f) for every f € F.

Proof. ‘Only if’ part is obvious by applying the definition to the singleton case. We prove the
other direction. Suppose ({p}, f) =1 ({p'}, f). This satisfies the hypothesis of the contrapositive
of definition applied to the singleton case (Take P = {p} and negate ({p'}, f) 1 (P, f)). Thus,
({p}, f) =2 ({P'}, f). This delivers the desired result by Continuity. m

Lemma 23 Assume continuity. Let 71 be more imprecision averse than =s. Then, they have

the same preference over outcome, i.e., 7 =3

r ~l T A2
Proof. Take any [,I’ € A(X). Let A be a nonempty nonuniversal subset of ). Define f € F by

[ if wE A,
flw) =
" otherwise.
Let | 77 I'. This is equivalent that (04,f) Z1 (da\a,f). By the above lemma, this holds iff
(64, f) Z2 (dg\ 4, f), which holds iff I 225 1", =
Let u; and wug represent 77 and 725, respectively. By the above lemma, they are cardinally

~

equivalent. Wlog let u; = uo = u below.

Proof of Theorem 2
Proof. (‘==") Take P € P and f € F. Choose ¢ € A(Q2) so that

(1—e2) Y u(f(w)) s(P)(w) +e2 min D ulfw) pw) = ulfw)) gw)
weN wel wel
By comparative imprecision aversion,

(1—e1) Y u(f(w)) s(P)(w) +ermin > u(f(w)) pw) < D u(f(w)) q(w)

weN weN weN



Combining the above two formulas delivers

(61— €2) <Z u(f(w)) s(P)(w) —min »_ u(f(w)) p(W)) >0
we we

Since Y cqu(f(w)) s(P)(w) > minyep > cqu(f(w)) p(w) and it is strict for some P and f,
we obtain 1 > e9.

(‘=) Let €1 > 9. Take P € P, g € A(2) and f € F. Let

(1—22) > u(f(w)) s(P)(w) + &2 min > u(fw) plw) < > u(f(w)) gw)
we we wef
From &1 > g3 and ) g u(f(w)) s(P)(w) > mingep Y~ ,cqu(f(w)) p(w), we obtain

(1—21) 3 ul(f() s(P)(w) +e1min 3 u(f(@)) p(w) < 3 u(f(©)) a(w)

weN weN weN

A.6 Comparison with the second-order prior model

The second-order prior model satisfies the following condition on P* x F:

Convex Disjoint Union Betweeness: For any non-singleton P, QQ € P* with PUQ € P* and
int(PNQ)=0and f €F,

(P f) 2 (@, f) = (P, f) 2 (PUQ, [) Z(Q, [)

The following is a stronger condition.

Lower Union Indifference: For any non-singleton P, Q € P* with PUQ € P* and int(PNQ) =
() and f € F,
(P f) 2 (Q, ) = (PUQ, [) ~(Q,f)

Lemma 24 The second-order prior model satisfies Convex Disjoint Union Betweeness on P*x F.

Proof. Let u(P; f) = [p¢(Epluoc f]) v(dp) for P € C. Then pu( -; f) is an additive set function
over C for each f € F such that int(P) = () implies u(P, f) = 0.
Take non-singleton P,Q € P* with PUQ € P* and int(P N Q) = (), and suppose that

(P,f) % (@, f). By assumption,
p(Pf) Q)

v(P) v(Q)
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Now consider P U (). Then, simple calculation delivers

pP f) o mPUQ, f) (P f)+ (@
v(P) v(PUQ) v(P) +v(Q)

~
~—

>

Next, we show that our model ‘almost always’ violates Convex Disjoint Union Betweeness.

Lemma 25 The representation given in Theorem 1 satisfies Convex Disjoint Union Betweeness
on P* x F only if e = 1.

Proof. When ¢ = 1, the representation obviously satisfies Lower Union Indifference, which is
stronger than Convex Disjoint Union Betweeness.

Now assume ¢ < 1. Define f € F by

[ if w = wi,
flw) =

[* otherwise.
Wlog, take u(l) > u(l*) = 0. Let 01, d2, d3 be the probability measures degenerate on wy,wo, ws, re-
spectively. Disregard the other states wlog. Take P = con{d, d2, %} and @ = con{dy, 03, %}.
Then, s(P) = (39,15, 3) and ©(P) = {(p1,p2,p2) : p1 = M,m —p3 > %,m > %}-
Similarly, s(Q) = (32, 2 1) and p(Q) = {(p )ip1 > 10(1—¢) > 308) by > 8(1_5)}

) 54 24 24 1,P2,P2) * P1 o4 P2 2 57 sP3 — P2 2 —57 .
Thus, U(P, f) = U(Q, f) = 572 u(l).
On the other hand, since PUQ = con{d1, 02,03}, we have s(PUQ) = (% V5 3) and p(PUQ) =

{p1,p2,02) : P1,D2,P3 > %} Thus U(PUQ, f) = %u(l) < %ja)u(l), which violates Convex

Disjoint Union Betweeness. Also it violates Lower Union Indifference. m

The only remaining possibility of intersection between the two models is in the class of prefer-
ences satisfying Lower Union Indifference. However, the second-order prior model excludes Lower

Union Indifference.

Lemma 26 The second-order prior model violates Lower Union Indifference.

Proof. Define f € F by
I if w = w1,

flw) =

[* otherwise.

Wlog take u(l) > u(l*) = 0.
Take P = {p € A(Q) : (uo f,p) > Ju(l)} and @ = {p € A(Q) : (uo f,p) < Fu(l)}. Then
UP,f)>UPUQ, f)>U(Q,f), which violates Lower Union Indifference. m
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