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Preliminary

1 Introduction

In dynamic choice situations under uncertainty, preferences may need to be
updated as new information is gathered. Updated preferences are viewed as
governing choice upon the realization of a conditioning event. When multiple-
prior preferences are updated, dynamic inconsistencies may occur. Consider
Ellsberg’s example, in which bets are made over the color of a ball drawn ran-
domly from an urn with 90 balls, of which 30 are black (B) and the rest are
red (R) or yellow (Y), with no further information on the distribution. Taking
triples (up,ug,uy) € R3 to represent state contingent utilities of bets (utility
acts), the typical preference (1,0,0) > (0,1,0) ~ (0,0,1) and (0,1,1) > (1,1,0)
~ (1,0,1) has a max-min expected utility (EU) representation (Gilboa and
Schmeidler [4]), e.g. min{%uB +qrur+qvuy |qr > 0,9y >0 ,qr+qy = %},
or equivalently, %uB + %min{uR,uY}. Suppose that the utility acts (1,3,4)
>~ (2,2,4) are offered and then it is revealed that the drawn ball is not yellow.

Given this conditioning event, dynamic consistency requires that preference over
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the two acts is maintained since both provide equal utility when the ball is yel-
low. However, assuming an update that applies Bayes rule to all probability
measures and retains max-min EU, the conditional preference is represented by
min{qpup +qrur | g € [%, 1] ,qr = 1—¢qp} and thus (2,2,4) is now preferred.
A similar preference reversal occurs when (2,2,1) > (1, 3,1) are offered and the

preference is updated by maximum likelihood to %u B+ %u R-

Nevertheless, dynamically consistent update rules do exist for multiple-prior
preferences. Consider for example the following update rule for max-min EU
preferences. Given a convex (in utility space) set of feasible acts and given
a preference relation, choose an optimal act and one measure that is used by
the preference representation to minimize the evaluation of this act; then de-
fine the conditional as an EU preference by applying Bayes rule only to that
measure. Thus the conditional indifference curve through this act forms a sep-
arating hyperplane in utility space between the convex set of feasible acts and
the convex set of preferred-to-the-optimal-but-infeasible acts, ensuring that the

chosen optimal act remains optimal.

This extreme example, however, although ensuring dynamic consistency, vi-
olates an axiom which we claim to be elementary for any update rule. The
axiom, entitled ‘Generalized Bayesianism’ (GB), requires that given an event
F and a conditional certainty equivalent x of an act f, the unconditional indif-
ference fph ~ xgh holds for some act h, where fgh represents an act that gives
f on E and h otherwise!. Roughly speaking, the axiom requires that given a
multiple-prior preference, an act f is evaluated conditionally as an average x of
its values on the conditioning event E, according to the unconditional prefer-

ence where some reference act h is taken outside E. Both the Ellsberg update

1To see that the update rule example violates GB, assume the feasible (utility) acts in
co{(2,3,4) ,(2,1,4)} and the preference represented by I(u1,u2,u3) = min{d>_, qu; | ¢ €
c0{(0.2,0.6,0.2) ,(0.6,0.2,0.2)}}. The optimal act (2,3,4) is evaluated (minimized) by ¢ =
(0.6,0.2,0.2), so using its Bayesian update, the conditional is represented by 0.75u; + 0.25us2.
Thus a conditional certainty equivalent of the act (2,1,4) has utility 1.75. However, any
act (2,1,u3) is evaluated by ¢ = (0.2,0.6,0.2), so there exists no uz for which I(2,1,u3) =
1(1.75,1.75, ug).



examples given above satisfy this axiom. Although not defined explicitly before,
the axiom GB is satisfied by previous update rules considered in the literature,
e.g. Epstein and Le Breton [2], Gilboa and Schmeidler [5], Sarin and Wakker
[7], Epstein and Schneider [3] and Siniscalchi [10].

This paper presents dynamically consistent update rules of multiple-prior
preferences, which also satisfy the axiom GB. Attention is restricted to pref-
erences that have a max-min EU representation or the analogue max-max EU
representation. An update rule takes a preference relation and an event and
assigns to them a preference relation conditional on the event. Update rules
considered in this paper satisfy the following requirements. First, conditional
preferences have multiple-prior representations, so that all max-min EU prefer-
ences are updated to max-min and similarly for max-max. Second, the comple-
ment of the event being conditioned on is null. Third, the ordering of constant
acts (those with equal utility in all states) is preserved. Fourth, update rules
are constrained by dynamic consistency, which is the requirement that an un-
conditional optimal act remains optimal also conditionally. Finally, these rules

satisfy the axiom GB.

In order to achieve update rules that satisfy the requirements above, we
allow non-consequentialist behavior through conditional preferences that may
depend on ex-ante choices. These choices then become reference points for
dynamic consistency, similarly to Machina [6], Segal [9] and Epstein and Le
Breton [2]. However, contrary to the latter, update rules in this paper are not
restricted to probabilistically sophisticated preferences. This is a result of the
separation we allow between the definition of an update rule and the requirement
of dynamic consistency, so that dynamic consistency does not define an update

rule uniquely.

Moreover, these rules do not imply necessarily the Bayesian update of all
measures, as in Sarin and Wakker [7], Epstein and Schneider [3] and Sinis-

calchi [10]. Nevertheless, exactly such updating is implied for the special case



of rectangular preferences ([3]), i.e. when the representing set of measures for
an unconditional preference satisfies stochastic independence given an event
and given its complement. Thus update rules in this paper extend recursive
multiple-priors and allow generalized Bayesian updating of all multiple-prior

preferences.

The paper is organized as follows. Section 2 contains an exposition of the
framework and axioms. Section 3 presents a family of update rules by first
defining conditional certainty equivalents of acts and then showing that the
resulting conditional preferences make up update rules that satisfy the axioms.
Section 4 characterizes the set of measures that are used in the representation
of conditional preferences, showing that these are Bayesian updates of a subset

of the measures used to represent the unconditional preference.

2 Axioms

Consider an Anscombe-Aumann framework [1], where X is the set of all simple
(finite) lotteries over a set of consequences Z, S is a set of states of nature
endowed with an algebra ¥ of events and A is the set of all acts, i.e. -
measurable simple (finite-valued) functions f : S — X. Abusing notation,
elements of X are also used to denote the constant acts, for which Vs € S,
f(s) = x for some z € X. Let PMMEU denote the set of max-min EU preference
relations over A (Gilboa and Schmeidler [4]), let PMXEV and PEV denote max-
max EU and EU preference relations respectively and let PMFU denote their

union (multiple-prior preferences).

For a preference =€ PMEU et u, I denote a utility function and a repre-

sentation functional for =, so that Vf,g € A, f = g <= I[uo f|] > I[uo g|.

Let C' denote the set of probability measures corresponding to Z. Thus for
=€ PMMEU and any act f € A, I[uo f] = mingec [(uo f)dg and similarly
for me PMXEU Jluo f] = maxgec [(uo f)dg. As usual, ~ and > denote the

symmetric and asymmetric parts of 7. Let A/(7) denote the set of events E € X



for which Vq € C, q(F) > 0. Let B denote the set of all subsets B C A such
that uwo B is convex. Elements of B are considered sets of feasible acts and their
convexity in utility space reflects independent randomization that produces act

mixtures.

Assume a multiple-prior preference ¢ PMEU

, a non-singleton event F €
N(z) and an act g € A assumed to have been chosen before the realization
of E. Denote by 7 the set of all such triples (7, E,g). An update rule is a

function U : T — PMEU

, producing a conditional multiple-prior preference
denoted by g 4. Such a conditional preference is viewed as governing choice
in dynamic situations, upon the realization of the conditioning event E. We
look for sets U of update rules, which satisfy the following axioms. The first
axiom requires that the unconditional and the conditional preferences belong to

the same family, thus preserving the overall attitude, either aversion or appeal,

towards uncertainty.

Axiom 1 CL (Closure). For anyU €U, (2, E,9) € T and Zp=U(Z, E,g),
the following holds: e PMMEUV =, € PMMEU & »c DMXEU —»-. €

PMXEU gnd —e PEV =7 E,g€ PEU,

The second axiom states that a preference conditional on an event F should
not depend on the consequences outside of E, a basic requirement on condi-
tional preferences. Next, an axiom is provided that requires the preservation of
the ordering of constant acts, in conjunction with a proper separation between
attitudes towards risk, reflected within this unchanged ordering, as opposed to

updated attitudes towards uncertainty.

Axiom 2 NC (Null Complement). For anyU €U, (77, E,9) € T, Zr=U(Z
7E7g) and f?h € A; f ~E,g fEh

Axiom 3 RP (Risk Preference). For any U e U, (Z,E,q9) € T, Zrq,=U(Z

7E7g) and$7y€X7 xiy@xiE,g Y-



The fourth axiom is dynamic consistency. A set of feasible acts B is included
in the axiom in order to identify optimal acts g. According to the axiom, for each
such set B, an update rule must exist that guarantees that for any preference
and any conditioning event F, if g is optimal within B, it remains optimal also

conditionally.

Axiom 4 DC (Dynamic Consistency). For any B € B, there exists U € U
such that for any (2, E,q) € T and Zg,,=U(Z, E,q), if [ € B andV frg € B,

9 % feygl, then for any frg € B, g Zp,q [

Optimality of g for the unconditional preference is checked with respect to
acts that are identical to g on E°, the complement of E. The justification for
this prescription is threefold. First, dynamic consistency is relevant only ceteris
partbus, i.e. when exactly the same consequences occur on E°. Second, the
specific choice of g on E° makes it a reference point for sequential decisions,
in conjunction with our non-consequentialist approach. Third, E' and E° are
usually thought of as the known events in two nodes of a decision tree, so that

f,g€ B— fpg € B.

Furthermore, the axiom does not define an update rule uniquely. This is
contrary to some of the definitions in the literature (e.g. Epstein and Le Breton
[2]), which are justified by arguments about closure of the update rule, that we
require separately. Moreover, some definitions require optimality implications
in both directions, i.e. require also that conditional optimality given an event
and its complement implies unconditional optimality. This other direction is
needed to ensure non-negative value of information in cases where sequential
decisions are made using backward induction, a procedure that does not fit
our non-consequentialist assumption. Thus for the update rules we consider,
negative value of information cannot obtain since dynamic consistency ensures

that a conditional preference always agrees with the original choice.

Finally, we assume generalized Bayesianism. As explained in the introduc-

tion, roughly speaking the axiom requires that given a multiple-prior preference,



an act f is evaluated conditionally as an average x of its values on the condi-
tioning event F, according to the unconditional preference where some reference

act h is taken outside FE.

Axiom 5 GB (Generalized Bayesianism). For any U € U, (Z,FE,g) € T,
~eg=U(Z,E,9), f € Aand x € X such that f ~g 4 x, there exists h € A

~

such that fph ~ xgh.

3 A Family of Update Rules

We construct a family of update rules satisfying the axioms. The construction
is based on defining for each act f, a conditional certainty equivalent z/ using
the Bayesian update of a measure that is used unconditionally to evaluate some
act which is identical to f on E. More precisely, for each act f € A, we define
a constant 2/ € X satisfying u(z/) = [, (uo f)d(ﬁ) for a measure ¢ € C for
which [wo (fgf)dq = I[uo (fgf)] for some specifically chosen act f € A that
depends on f. We then show that such an approach is consistent with all the

required axioms.

The update rules are described below for max-max EU preferences, but
analogue constructions hold for max-min EU preferences when the orders -, >,

> and > are reversed (as well as reversing max to min and sup to inf).

Fix me PMXEU F e N(z) and g € A. Axioms CL and DC allow that a
conditional certainty equivalent of g can be evaluated by the Bayesian update
of a measure ¢ € C for which [(uo g)dg = I[uo g]. So for f = g, we set also
f = g. Observe that for any act f € A and for any ='€ PEU defined by u and
C" = {q} for some q € C, I[uo f] = [(uo f)dq if, and only if, Vh € A, h T’ f
= h 7 f. Indeed, this is the case since the indifference curve of =’ through f
forms a supporting hyperplane at f for the convex set {uoh | f =~ h}. Using

this fact we define a conditional certainty equivalent 29 of g.



Definition 1 Let 29 € X such that there exists 7-9€ PEY where
(1)YVhe A,hZZ29g=h2Zg
and (2) g ~9 (29)gg.

Note that u(z9) = [ (uo g)d("=) for ¢4 € C such that Ifuog] = [(uo

g (E)
9)dg,. The following lemma shows order relations between conditional certainty
equivalents and is needed in order to define the update rules. For any act f € A,
let y/ € X be a conditional certainty equivalent of the act f that is achieved by

updating all measures in C, defined by fzy/ ~ 3¢ (Siniscalchi [10]).

Lemma 1 Let f € A, w,z,z € X and p,r € C such that f ~ zgf, I[uo
fl = J(uo f)dp, I[uo (zpf)] = [uo (zpf)dr, u(w) = [p(uo fld(5F) and
u(z) = [L(uo f)d( ) Then y! = w = x = z and there exist ¢ € C for which

u(x) = [g(uo f)d —E)

Proof. (1) u(x) > u(z) since r(E)u(z)+ [,. (uo f)dr = Iuc(zg f)] = Iuo f]
> [(uwo f)dr, thus z 7 z.
(2) w Z x since [(uo f)dp =I[uo f] = Ifuo (zpf)] > p(E)u(z)+ [ (uo f)dp.
(3) The existence of ¢ follows from convexity of the set of conditionals of mea-
sures in C' and w 2z 77 2.

(4) y! = w since for any ¢’ € C, specifically for ¢ = p, ¢'(E)u(y’) + [1 —
¢ (ENu(y’) = uy’) =I[uo (fey’)] = [uo (fey’)dq . m

Letting xz, € X satisfy g ~ (x4)gg, it follows that y9 == 29 = x, by the

lemma above.

We now extend the definition of 29 to any act f € A. Conditional certainty
equivalents z/ are defined so that the indifference curve through ¢ in utility
space is ‘tangent’ to the corresponding unconditional indifference curve when
g is fixed on E° (see figure 1 below). All other indifference curves are defined
accordingly for positive affinely related acts on FE in utility space, so that a
conditional in PMXEU is produced. In the definition below, W/ is a set of

candidate conditional certainty equivalents for f. The chosen act g is taken as a



reference point by considering acts that are identical to g on E¢ and indifferent
to g according to the unconditional preference = (condition (2)). Among these
acts, one is chosen for each subset of acts that are non-negative affinely related
on E in utility space (condition (1)). FEach such act is chosen so that the
corresponding conditional certainty equivalent (conditions (3), (4)) is maximal
according to 7~ but not better than 9 (condition (5)). We show later that such
a choice produces a conditional preference in PMXEU  For each act f, the act

g’ takes the place of f that is described at the beginning of this section.

Definition 2 For any f € A\{g}, define the set W7 of all w € X such that
Af' € A, w' € X, '€ PEU for which:

(1) 3z € X, A€ [0,1] such that f' = f+ (1 =Nz or f=Af"+(1—-XN)z

and (2) fog ~ g

and 3) Vh e A, h T frg=h 7 frg

and (4) fpg ~ weg and fpg ~ wig

and (5) x9 = w'.

Define xf,2f € X such that ©f ~ sup~{w € W'} and 2/ ~ sup~{w’ corre-
sponding to w € W7},

If sup~{w € WF} ¢ W' then define g/ = y/. Otherwise, take any f',z A
corresponding to ' and let g/ € A such that fp,g = M frg’) + (1 — Nz or
(F2g") = A(fig) + (1 - M)z

Let y/,xy € X such that fry’ ~y/ and frg’ ~ (z4)pg”.

The following lemma extends lemma 1 (a proof is provided in the appendix).

Lemma 2 For all f € A, /27 are well defined and y* = xf 7= xy. Moreover,
if 29 = 25 or af ¢ W7, then x/ ~ y/.

Using the definitions above we can now construct an update rule. We first

define the act h that appears in the definition of GB.

Definition 3 Let h~%9 : A — A such that for any f € A, feh=~FI(f) ~
(7)) gh~F9(f).



The existence of h~F9 is shown as follows. For any k € A, let w* € X
such that frpk ~ (w*)gk. Then wY ~ yf and w9 ~ xy, since fryl ~ yf,
feg? ~ (x4)pg’. Define h="E:9(f) such that w7 ()~ 2f | the existence of
which is ensured by 3/ = 2 = ¢ and sup-norm continuity of u(wh).

Now the conditional preference 2Zg , can be defined as follows.

Definition 4 f =g, f if 3v,2' so that feh~F9(f) ~ xph~EI(f), frh~E9

(f') ~ algh=E9(f") and x 3 o'

Clearly, for any f € A, f ~g4 /. Thus update rules can be defined by
U(z, E, 9) =7 E.g, depending on the choice of 29 in definition 1. Define UMV
as the set of all update rules U thus defined. Clearly, the set of rules U{MEU
satisfies GB. Axiom NC is satisfied since x/ does not depend on the definition
of f on E. The definition also implies that the order of constant acts is preserved
(axiom RP). Before we show that the definition also satisfies the axioms CL

and DC, the following is a 3-state example of an update rule in YMEV

Example 1 (1) Let S = {1,2,3} and let - be a Choquet preference (Schmeidler
[8]) with concave capacity (non-additive measure) v(-) such that v({1}) = 0.3,
v({2}) = 0.8, v({3}) = 0.4, v({1,2}) = 0.9, v({1,3}) = 0.5, v({2,3}) = 0.9.

Therefore me PMXEU where

C = {q|VE€X q(E) <v(E)}

= ¢0{(0.1,0.5,0.4), (0.1,0.8,0.1), (0.3,0.5,0.2), (0.3,0.6,0.1) }.

Let wog = (1,20,18) and E = {1,2}. Then uo g is evaluated (mazximized)
unconditionally by (0.1,0.8,0.1), the Bayesian update of which is (%, %,0), 50
w(z9) = 17.889. This updated measure is used to evaluate conditionally all
utility acts that are positive affinely related (p.a.r.) on E to wo g (points above
the diagonal in figure 1). Note that u(zy) = 17.833 < w(z9) = u(y9). All

other non-constant utility acts (points below the diagonal) are p.a.r. to uo f =

(20,16.6, 18), which is evaluated unconditionally by (0.3,0.5,0.2) and fgg ~ g.

3 5

The Bayesian update of this measure is (3, g,0), according to which wo f has a

10



conditional expectation 17.875. This value is u(zf) since it is mazimal amongst
all conditional expectations u(w') < u(x9) computed this way for some utility act
which is p.a.r. on E to wo f. Thus the conditional preference =g € PMXEV,

where

18 39
Cpqg= -, —,0),(=,=,0)}.
E,g CO{(9797 )7(8587 )}
Note that all measures are updated, so g 4 ts defined by the certainty equiva-

lents y! for all acts f.

(2) Now let wo g = (17.833,17.833,18). Then uo g is evaluated unconditionally
by (0.1,0.5,0.4) and u(z9) = 17.833. For all acts frg ~ g, the corresponding
w' satisfies u(w') > w(a?), so all acts are evaluated conditionally by (¢, 2,0),
the Bayesian update of (0.1,0.5,0.4). Thus the conditional preference is in PEV
with Cpg = {(3,2,0)}, i.e. only a strict subset of the original set of measures

18 updated.

(8) Consider again the Ellsberg examples given in the introduction, where 7€
PMMEU with C = co{(3,0,2),(3,2,0)}. The conditional preference is gen-
erated by the Bayesian update of a subset of measures, depending on g. For
uog = (1,3,4), which is evaluated unconditionally by (%, %, 0), we have Cg 4 =
{(3,2,0)}. For wog = (2,2,1), evaluated unconditionally by (%,0,%), we
get Cg,y = {(1,0,0)}. For wog = (1,3,1) all measures are updated. Fi-
nally if wo g = (1,2,2) and 29 is chosen such that u(z9) = 3, then Cg, =

co{(3,3,0),(3,3,0)}.

The following proposition proves closure of update rules in UM £V directly by
showing that for any act f, the conditional certainty equivalent 7 maximizes the
expected utility of f over a set of measures. This set has measures corresponding
to all ='c PEFY which are used to define conditional certainty equivalents in

definition 2.

11



u(h,) u(gs)

u(h,)

Figure 1: Indifference curves in utility space of a 3-state example

Proposition 1 Let h € A, w, € W', ' € A, w), € X and =} € PFPY corre-
spond to wy, as in definition 2 and let f € A, v € X such that fgg ~) vEg.
Then zf = v.

Proof. If 29 = 2/ or ¥ ¢ W/, then 2/ ~ y/ by lemma 2 and thus z/ = v
by lemma 1. Suppose 29 ~ 2/ and zf € W/, then 2/ - w). Let f' € A and

EJ}E PEU correspond to 2/ as in definition 2. Let qf,qn € C be the measures

corresponding to Z'c, 27} respectively and let v € X such that frg ~} vg.

Then

[ue@edn = [ue(wiesdn
= [ e (Wog)dan = I (Hpg)) = Iuo g
— Tuo(fpo) = [ uo (Fpa)dm = [ uo (ohg)ian
Thus z/ > v and so 2 - v by definition 2. m

12



We close this section with the following proposition, which establishes dy-
namic consistency of UMEV. Note that the orders g = frg and g =g, f that
appear in the definition of DC are not reversed for max-max and max-min pref-
erences, so the proof is separated for the two cases. In fact, this proposition is

the unique result which is obtained for the two cases without reversing orders.
Proposition 2 The set of rules UMEY satisfies DC.

Proof. Let B € B.
For max-max preferences. Choose any U € UMEV | Let (=, E,g) € T such that
[g € BandVfgg € B, g ZZ frg] and let g ,= U(Z, E,g). Let frg € B, so
g7 frg. Let we W/ so3f € A, w' € X and '€ PFY for which (1)-(5) of
definition 2 hold, where ¢’ € C corresponds to Z'. ¢ 77 frg implies fLg 7= frg

since frg ~ g by (2), so

/ wo (fi9)dd = Iluo (fig)] > Iluo (fzg)] > / wo (fg)dd

/

since ¢ € C. Thus frg =/ frg, so wypg ' wgg since frpg ~' wypg and

feg ~ wgg. Hence w' =" w by monotonicity of 2=/, so w’ 77 w and therefore

~ )

29 7 w since 29 = w’ by (5). It follows that 9 = w for all w € WY, thus

~Y ~Y

29 7z and therefore g =g, f.

For max-min preferences. Given (7, E,g) € 7, if [g € B and Vfgg € B,
9 7 frg], then the conditional certainty equivalent x9 and the corresponding -9
that appear in definition 1 can be chosen such that for any frg € B, g 729 frg.
Indeed, this is ensured by convexity of u o B and convexity of {uo f | f 7 g}
by uncertainty aversion of >~. Thus there exists a corresponding U € YMFU
satisfying this condition for any (=, F,g) € 7. Let (Z,F,g9) € 7 such that
[g € B and Vfgg € B, g = frg| and let Zg 4= U(Z, E,g). Let frg € B, so
g 79 frg. Let v € X such that fzg ~9 vgg. Then, v = =/ by proposition 1

with reversed orders, so
bj
159 ~? 920 frg ~ vEg Z¥ vy

13



Thus g =g, f since 29 = 2/ . m

4 Updating Probabilities

In this section we study the implication of updating preferences, as presented
above, in terms of updating the set of measures which is used to represent these
preferences. As a corollary of definition 2 and proposition 1 from the previous
section, the conditional preference g 4 is represented with the following set of

Bayesian updated measures.

Definition 5 The set of measures Cg 4 corresponding to g g is the conver

closure of {<%>F€E | ¢ € argmaxgec [uo (frg)dq for some fpg € A
such that fpg ~ g and ﬁ Jg(uo fldg < u(x9)}.

The following proposition shows the set Cg 4 in the special case of rectan-
gular preferences (Epstein and Schneider, [3]), i.e. when the representing set of
measures C' satisfies stochastic independence given an event and given its com-
plement. For these preferences, each act is evaluated by maximizing separately
the conditional expectation on F and on E¢ and then maximizing the expecta-
tion of these conditional expectations. As a result, the conditional preference is

defined using the Bayesian update of all measures (Vf € A, 2/ ~ y/).

Proposition 3 Suppose E,E¢ € N(Z) and C is rectangular with respect to
{E,E°}, i.e. V¢, q?,¢® € C, F¢* € C such that VF, ¢*(F) = q%E)% +
(Ec)%. Then Vf € A, y! ~af ~xy.

Proof. By rectangularity, for any h € A, if ¢, € argmaxgec [(uoh)dg then

qn € arg maxgec| (E) J(uoh)dg]. Otherwise, for any p € arg maxgecc| (E) S (uo
h)dg), 3¢' € C such that ¢'(F) = g, (E) 2552 + g, (F 1 E°), so

/(uoh)dqh _ qh(E)qh(lE)/E(uoh)dqh+/c(uoh)dqh

< qh(E)Zﬁ /E(UOh)dan/c(UOh)dqh:/(UOh)dq',

14



contradicting g, € arg maxgec [(u o h)dg.

Given f € A, let w € W/ and f’,=',w’ corresponding to w as in definition

2. Let qp 4 € argmaxgec [uo (fpg)dg, then u(w') = ﬁ Jg(wo fdgy
E

= maxqec[ﬁ Jp(uwo f)dq]. Let g . € argmaxgec [uo (fpw')dg, then

[ Genag = apuBymax s [ (wo £)dd + g (Bl

= u(w).

Thus fpw' ~ w', so w' ~yf". By c-independence of =, w ~ y/, so xf ~ 3.

To show z/ ~ zy, let z € X such that frg ~ zgg and ¢,y € argmaxgec [uo

(2£9)dq. Denote b= maxqec[ﬁ Jge(uo g)dg], so

Qf}’sg(E)u(wl) +ij’Eg(Ec)b = /uo (f]/':'}g)dej'Eg = /uo (zEg)dQZEQ

= Qepg(B)u(2) + qzpg(E°)D.

Since £ € N(Z), then qg o(E),¢zpg(E) > 0, so u(w') > b <= u(z) > b
and u(w') < b <= wu(z) < b. Therefore, by rectangularity, if u(w’) > u(b)
then gy, 4(E) = qzg(F) = maxgep q(E) and if u(w’) < u(b) then gy, 4(F) =
Q2pg(F) = minge g q(E), otherwise contradicting arg-maximality of either gy,
or q.pg. It follows that u(z) = u(w'), thus z ~ w' ~ yf" and so z; ~ y/ by

c-independence of . m

Next we show, as an illustration, how to calculate the set of updated mea-
sures Cg 4 when S is finite and E° is a singleton. Let p be a measure that
is used by > to evaluate g and where u(z9) is the evaluation of g using the
Bayesian update of p. The proposition shows that only all measures in either
{qge C|qFE)>pE)}or{qgeC|qF)<p(E)} are updated. For max-min

EU preferences, the inequalities <, > are reversed.

Proposition 4 Suppose S is finite and E° is a singleton. Let p € argmaxy cc

J(uwo g)dq' such that TlE) Jz(wog)dp =u(x?). Then Cg,4 has as members the
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Bayesian updates <M> of all g € C satisfying:
WE) [ pes

(1) ¢(E) = p(E) if g = g(E°)
(2) q(E) < p(E) if g(E°) =g
(3) No further restrictions if g ~ g(E°)

Proof. We first show the following property, establishing that measures ¢
that violate (1)-(3) are not updated. Let frg € A such that fpg ~ g and let
q € argmaxgec [uo (frg)dd; if g ~ g(E), then o5 [n(uo f)dg = u(x?)
= u(y9); if g = g(E*), then ﬁ Jp(uo fldg < u(x9) <= q(E) > p(E); and if
9(E%) = g, then = [, (wo f)dg < u(a?) <= q(E) < p(E).

To prove this, note that g 2 g(E°) implies 0 < [(uo g)dp — u[g(E®)] = [(uo
g)dp—p(E)ulg(E°)], so u(z9) > u[g(E*)] since ﬁ J(uog)dp = u(x9). Adding

fEg ~ g, we have

0 = Ifuo(frg)] —I[uog]

- [g(E)(TlE) [E (wo f)dq — ulg(E)]) + ulg(E)]

—[p(E)(w(z?) — ulg(E)]) + ulg(E)]],

50 4(E)(50gy J(u o flda — ulg(E%)]) = p(E)(w(z?) — u[g(E°)]) = 0. Thus,
if g ~ g(E°), then i [p(uo f)dg = ulg(E®)] = w(z9) and g(E°) ~ y,
so u(z9) = wu(y9). If g = g(E°) then all inequalities are strict and thus
ﬁ Jg(uo fldg < u(x?) < q(F) > p(E). The proof is similar in the case
9(E%) = g.

We now show that measures ¢ that satisfy (1)-(3) are updated. First, if g ~
g(E¢), then by the property above Vf € A, 2 ~ y/ andsoVq € C, <%>FEE
Cg,g, thus establishing (3). To prove (1), suppose g = g(E¢). Let 6ge be the
degenerate measure for which é gc (E€) = 1, then ége ¢ C since E € N (7). For
any g € C such that ¢(E) > p(E), if 3\ > 1 such that ¢ = A\g+ (1 — \)ég. € C,
then G(E) = Ag(E) > q(F) > p(E) and <q(£E;E)>FGE = <q(‘§2f)>FeE' Thus

> € Cg,y for ¢ € C which is also a
Fex

q(FNE)

it is sufficient to show that
q(E)
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boundary point of co{C U {6g-}}, so
q(E) > p(E) and YA > 1, A\g+ (1 — A\)dge ¢ C.

Suppose such ¢, then 3f € A such that ¢ € argmaxy coofcufsg.y} J(wo f')dq,
so [(uo f")dg > u[f'(E)] since 6ge € co{C U{ég-}}. By closure of Cg g, it is
sufficient to consider the case of strict inequality, so 0 < [ (uo f/ —u[f'(E)])dq
= b(I[u o g] — u[g(E®)]) for some b > 0. Let frg € A such that uo (fgg)
= $(uo f/ —u[f'(E%)]) +ulg(E)], thus ¢ € argmaxgec [uo (frg)dq’ and
Juo (feg)dg = Ifuogl], so feg ~ g. Then ﬁfE(uo fdq < u(x9) by

q(E) > p(E) and the property initially proved, so <q(;7(‘g)E) >F€E € Cgy.

The proof of (2), where g(E¢) > g, is similar with the change that ¢ satisfies
q(F) < p(F) and YA € [0,1), \g+ (1 — N)dég- ¢ C and co{C U {6g-}} is
replaced by C' = {\¢” + (1 — N)ége | ¢ € C,\ > 1}. Thus 3f’ such that
q € argmaxgec [(uo f)dg, so [(uo f)dg < u[f'(E°)] since f" separates C’
from 6pe ¢ C’ and then 0 > [ (uo f' —u[f'(E°)])dq = b(I[uo g] — u[g(E°)]) for

someb>0. m

5 Appendix

Proof. (Lemma 2). Let f € A, then W/ is non-empty since it has as a member
w € X for which f' = w’ = z = 2, and A = 0 hold in the definition of W7.
Assuming that 2/ is well defined, lemma 1 may be used with f replaced by
feg’ to show that y/ = o = ay.

It is left to show that =/, 27 are well defined. If there exists w € W/ for which a
corresponding w’ satisfies 29 ~ w’, then clearly z/ and x/ are well-defined and
29 ~ z/. Suppose that for any w € W7 a corresponding w’ satisfies 29 = w’. In
this case, where 29 = 2/ or ¥ ¢ W/, we show that 2/ ~ y/. Let 3: R, — R,
q : Ry — C such that Vo > 0, I[(a(uo f)+ B(a))g (uo g)] = I[(uo g)] and
do € argmaxgec [ (a(uo f) + (@) g (uo g)dg. By the assumption above and
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the definition of W/, W/ = Usso{w € X | u(w) = me(u o fldgn}. Tt
is sufficient to show that SUPago{ﬁ [z(uo f)dge} exists and equals u(y’).
Start by showing that ﬁ f (uo f)dqq is non-decreasing with a.. Let a; > a.
Then

/ (an(uwo f) + Blon)) p (w0 g)dga, = / (a0 ) + Ba)) p (0 )i,
> / (an(uwo 1) + B(02)) p (0 ),

so (a1 —ag) [p(wo f)dga, > [B(a2) — B(a1)]qa, (F). Similarly, (az —a1) [L(uo
ddas = [Bler) = Ba2)]gas (E). Thus gy [p(uo fldaa, < Pe2=0) <
ﬁ [ (wo f)dqq, , establishing that m J(uo f)dgq is non-decreasing with
a. Hence by adding that it is bounded, supazo{m Jz(wo f)dga} exists and
equals lima_,oc{m Jz(wo f)dga}. By definition of f(a) and gq, Ya > 0,

1

0 = oo )+ A@)s (we g)] = Two g)]
I S BO , 1l o ghdgn — Il(uo
— i e e+ P2 [ (o e 1l(ue o)l

S0 llmaﬁx{_@} - hma—»x{m fE(uof)dqa+mI+(E)[fEc (uog)an —I[(UO
9]} = lima oo { gy [(u0f)dga}. By clinearity, Vo > 0, I[(uo ) ((22L2())]
— Hlweoll=8(2) -~ Thys at the limit @ — oo, Iu o f)p(limy o {—22})] =

lima_m{—%}, sou(y’) = lima_,oo{—@}. Hence u(xf) = supazo{m Sz (uo

Hdaa} = u(y?).

To prove that 2/ is well defined it is sufficient to show that supazo{ﬁ S (uo
[)dga~+3(c) } exists. This is the case since o [, (uo f)dga +qa(E)B(a) = I[(uog)]
— Jpe(u0g)daa, so ;%5 [5(uo f)dga+B3(e) is bounded. Moreover, let a > a.
By definition of 5(a), q» and the inequalities above,

qal(E)/E(uof)dqal+ﬁ(al) > m/E(Uof)anl + G(a2)
oy Jo e s o)
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establishing that -7 Jz(uo f)dge + B(c) is non-decreasing with o. Hence
WPasof 57 [ (10 e+ Aa)} = e {25 [ (w0 f)dae + Ba)}. m
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